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The dynamics of stimulated emission in random lasers is studied using the system of rate equations for
population inversion and density of emitted photons. In order to model the behavior of random lasers with
nonresonant feedback, no coherence effects are intentionally taken into account. It has been shown that the
feedback in the system is necessary for the realization of the regime of relaxation oscillations and spatial
confinement of the stimulated emission to the interior regions of the pumped volume. The model also predicts
the possibility of localization of stimulated emission in several spatially separated subvolumes of the random
laser medium. Finally, it has been demonstrated that two adjacent random laser volumes can strongly enhance
the stimulated emission in each other(the “critical mass” effect in random lasers).
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I. INTRODUCTION

Random lasers are the simplest sources of stimulated
emission without cavity, with the feedback provided by scat-
terers. After their first theoretical prediction[1,2] and experi-
mental observation[3,4], a variety of random lasers has been
reported in the literature. This includes random lasers based
on highly scattering dielectrics materials doped with Nd3+

[5–9], Pr3+ [10], Ti3+ [11] and other ions, ZnO random lasers
[4,12,13], random lasers based on scattering polymers
[14–16], etc. Due to the easy manufacturing, low price, small
size, and robustness in operation, random lasers are very at-
tractive for potential applications, which include express
testing of novel laser materials[5], markers[17,18], high
brightness laser displays[19], etc. In spite of a large number
of studies and publications on random lasers, the mecha-
nisms of their operation are not completely understood,
which hinders optimization of random laser performance and
use of these unique sources of stimulated emission.

In this work, we theoretically study the dynamics of
stimulated emission in random lasers with nonresonant feed-
back, such as neodymium random lasers, which are charac-
terized by low coherence[8,20]. Therefore, we intentionally
neglected coherence and interference effects in our model.
That makes this work different from Refs.[21,22], where
coherence effects were claimed to play a determinant role in
the random laser behavior.(It is obvious that the model ne-
glecting coherent effects is not designed to describe multiple
narrow lines in the emission spectra of random lasers with
resonant feedback.)

II. MODEL AND COMPUTATION PROCEDURE

The system of rate equations for the population inversion
n and the density of emitted photonsE, which has been
proven to adequately describe the dynamics of a neodymium
random laser both qualitatively and quantitatively[9], is used
to model the dynamics of stimulated emission in this work,

dn

dt
=

Pstd
Slp

hnpump
−

n

t
−

E

hnem
csemn,

s1d
dE

dt
= −

E

tres
+

n

t
hnem+ Ecsemn.

HerePstd /S is the pumping power density,lp is the penetra-
tion depth of pumping(determined by absorption and scat-
tering), sem is the emission cross section at the wavelength
of stimulated emission,hnpump is the photon energy at the
pumping wavelength,hnem is the photon energy at the emis-
sion wavelength,t is the luminescence lifetime of the upper
laser level4F3/2 (which depends on both radiative and non-
radiative decay processes), tres is the effective residence time
of a photon in the pumped volume(in conventional lasers, a
similar term represents the lifetime of the photon in a cavity),
andc is the speed of light.

The spectroscopic parameters used in the calculations
were similar to those in NdAl3sBO3d4 powder, sem=1
310−18 cm2, hnabs=4310−19 J, hnem=2310−19 J, and t
=20 ms [9]. The pumping pulse was assumed to have Gauss-
ian form with the full width at half maximum(FWHM)
equal to 10 ns.
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FIG. 1. (Color online) Schematic diagram of a one-dimensional

strip of lasing volumes.
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We calculated the dynamics of stimulated emission in a
one-dimensional strip of amplifying volumes(cells) sepa-
rated by partially reflective walls, Fig. 1. The cell size was
equal to 1mm, which corresponded to a typical particle size
in neodymium random lasers. All cells were assumed to be
pumped uniformly. In our model, emission could propagate

only along the strip, one photon flux going to the right and
one to the left. Reflection coefficients of the cell wallsr were
calculated with the help of a random function generator and
were randomly distributed betweenr =0 andr =2raver, where
raver was the average reflection coefficient. In a similar way,
the photon lossl (caused, for example, by absorption) was
calculated for each cell, with the value ofl randomly distrib-
uted betweenl =0 and l =2laver, where laver was the mean
value of the loss. In the computation procedure, instead of
direct introduction of the residence timetres to the system,
two neighboring cells were allowed to “communicate” with
each other, exchanging with photons, in accordance with the
reflection and transmission coefficients assigned to each in-
tercell boundary. The bouncing of reflected photons back and
forth determined the photon residence time in a strip.

III. CALCULATION RESULTS

Only spontaneous emission and relatively weak amplified
spontaneous emission(ASE) with relatively low intensity
were calculated in the system at low pumping energies. With
increased pumping, after reaching the threshold, the first
short relaxation oscillation pulse occurred. The peak inten-
sity above the threshold was,1000 times greater than that
just below the threshold. With the further increase of pump-
ing intensity, the number of short stimulated emission pulses
increased, as well as their intensity. The pulses were getting
shorter, they were shifted toward the beginning of the pump-
ing pulse, and the frequency of relaxation oscillations was
getting higher. This type of behavior was similar to that ob-
served experimentally in many neodymium random lasers
[5,8,9]. The typical calculated two-dimensional(time/cell
number) kinetics of emission above the threshold is shown in
Fig. 2(a).

In the calculation presented in Fig. 2(a), the strip con-
sisted of 100 cells,raver was equal to 8%, and the mean
residence time of the photon in the system was equal to
tres=0.43 ps. As follows from this figure, in the system with
feedback the emission is getting localized(confined) in the
central part of the pumped volume. In a number of theoreti-

FIG. 2. (Color) Calculated emission dynamics in(a) a strip of
100 cells; pumping intensity corresponds to 1 J/cm2 of absorbed
energy,raver=8%, the residence timetres is calculated to be 0.43 ps,
the maximum emission intensity is equal to 24 566 rel. units.(b) A
strip of 400 cells pumped with the same intensity, with no reflection
at the boundaries of the cells; the residence time is calculated to be
0.67 ps, the maximum emission intensity is equal to 16 rel. units.
Loss is neglected in both(a) and (b).

FIG. 3. Input/output curves calculated for a strip of lasing vol-
umes. Diamonds:raver=10%, tres=0.50 ps, no loss; squares:raver

=10%,tres=0.50 ps, 1% loss; circles:raver=10%,tres=0.50 ps, 2%
loss; triangles:raver=5%, tres=0.35 ps, no loss. The units on the
axes correspond to the numbers of emitted or absorbed photons.
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cal and experimental works(see, for example, Refs.
[22–25]), localization of the random laser mode to the vol-
umes with characteristic sizes ranging from a fraction of the
wavelength to hundreds of wavelengths has been reported.
However, in the references above, localization was treated as
a property directly relevant to the coherence of a light wave.
As we show in this work, spatial localization of the random
laser intensity also takes place in the case of incoherent(non-
resonant) feedback.

Note that the relaxation oscillations calculated above are
similar to those predicted by the diffusion model[1,2]. How-
ever, spatial localization of emission was not explicitly con-
sidered in Refs.[1,2].

Figure 2(b) shows the dynamics of stimulated emission in
a strip consisting of a larger number of cells, 400, and with-
out reflection at the cell boundaries,raver=0. Because of the
larger size of the strip, the mean photon residence timetres
was equal to 0.67 ps, longer than that in the strip of Fig. 2(a).
The amount of pumping energy per cell in Fig. 2(b) was the
same as in Fig. 2(a). However, despite longer residence time,
no short high-intensity pulses of stimulated emission have
been predicted in the long strip. Furthermore, no spatial con-
finement of emission to the central part of the pumped vol-
ume is seen in Fig. 2(b). Instead, the emission has its maxi-
mum values at the ends of the strip, which is an expected
behavior in the case of amplification in open paths. Although
we have not proved this rigorously, it appears likely that
relaxation oscillations and the spatial confinement accom-
pany each other and can serve as evidence of a feedback in
the system.

The majority of known solid-state random lasers, includ-
ing optically pumped neodymium lasers[5,8,9], ZnO ran-

dom lasers[22], and random lasers based on scattering poly-
mers [26], operate in the pulsed regime with relaxation
oscillations. Based on the calculated result above, we con-
clude that all types of random lasers listed above do have a
feedback, which is necessary for the realization of relaxation
oscillations and the confinement of a lasing mode. Simple
ASE in photon open paths, which are elongated by scatter-
ing, is not enough to cause the stimulated emission dynamics
similar to that observed experimentally.

The diffusion model predicts high quantum slope effi-
ciency of random laser emission, approaching 100% when
all incident pumping energy is absorbed in the sample. How-
ever, the experimentally measured slope efficiencies in
neodymium random lasers are much lower(0.2% in Ref.[9],
,1% in Ref. [27], or 20–25 % in Ref[5]). To describe the
reduced slope efficiency in our theoretical model, we intro-

FIG. 4. (Color) Calculated emission dynamics in a 100-cell strip
with loss introduced to the system,laver=4%, pumping intensity
corresponds to 10 J/cm2 of absorbed energy, and the maximum
emission intensity is equal to 29 270 rel. units. Multiple regions of
light localization are seen in the figure.

FIG. 5. (Color) Calculated emission dynamics in(a) two adja-
cent pumped volumes separated by an opaque screen, pumping in-
tensity corresponds to 1 J/cm2 of absorbed power, and emission
maximum is equal to 6.6 rel. units;(b) two volumes separated by an
80% transmissive screen, pumped with the same intensity as in(a);
emission maximum is equal to 19 655 rel. units. In both parts,
raver=3%, laver=0.
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duced a loss to the system. In the one-dimensional model,
the loss can have a physical meaning of passive absorption.
However, in two-dimensional or three-dimensional models,
loss can also be due to the escape of emitted photons from
the pumped volume. Figure 3 shows input/output curves cal-
culated in the system with and without loss and with differ-
ent photon residence times. As follows from this figure, the
change of the photon residence time influences the threshold
but does not influence the slope efficiency. On the other
hand, loss in the system simultaneously increases the thresh-
old and reduces the slope efficiency. Thus, we demonstrate
that loss can be the mechanism responsible for a significant
reduction of the slope efficiency in random lasers.

In the presence of loss, multiple spatially confined loca-
tions of stimulated emission can be predicted in a strip of
lasing cells, Fig. 4.(At the threshold, the stimulated emission
in a strip occurs only in one localized spot. However, with
the increase of the pumping energy, the number of locations
of confined stimulated emission increases.) A qualitatively
similar result was reported in Ref.[22], where the coherence
effects were taken into account and claimed to be principally
necessary for the predicted stimulated emission dynamics.
As we show in this work, multiple spatial localizations of
stimulated emission can also be predicted in random lasers
with incoherentfeedback.

In the last example, we demonstrate stimulated emission
in two adjacent pumped laser volumes, which can exchange
with photons. First, we show that at a certain pumping den-
sity, the intensity of emission in two volumes separated with
an opaque screen(no exchange with photons) is low and no
relaxation oscillations are observed, Fig. 5(a). No loss is
taken into account in this particular calculation. At the same
pumping, but with a partially transparent screen
stransmittance=80%d, stimulated emission characterized by
relaxation oscillations appears in the system of two coupled
laser volumes, and the maximum emission intensity is in-
creased approximately 3000 times, Fig. 5(b). In contrast with
the stimulated emission in a single strip, where the stimu-
lated emission is confined to its central part, the maximum of

the emission intensity in a couple of adjacent volumes is
close to the gap separating the volumes. Thus, effectively the
two volumes operate as a single one. This phenomenon is
similar to the critical mass effect in nuclear fusion. This anal-
ogy was first suggested by Letokhov in Ref.[2]. In a similar
calculation, but with a loss introduced to the system, the
volumes did not communicate with each other and the ab-
sence of an opaque screen did not cause any significant
changes in the stimulated emission.

IV. SUMMARY

To summarize, we have shown that(i) feedback in ran-
dom lasers is essential for the regime of relaxation oscilla-
tions. Elongation of open photon paths by scattering is not
enough to produce a train of short stimulated emission pulses
in response to one longer pumping pulse(relaxation oscilla-
tions). (ii ) Relaxation oscillations and the spatial localization
of the stimulated emission accompany each other and appar-
ently serve as evidence of a feedback in the system.(iii ) The
photon residence time influences the stimulated emission
threshold and does not affect the output slope efficiency. At
the same time, loss in the system increases the threshold and
lowers the slope efficiency. This may partially explain low
slope efficiency, which is experimentally observed in many
random lasers.(iv) In the system with loss, multiple spatially
localized volumes of stimulated emission can be predicted in
random lasers with nonresonant feedback.(v) We have dem-
onstrated that two adjacent random laser volumes enhance
each other’s performance when they can exchange with pho-
tons. This phenomenon is analogous to the critical mass ef-
fect known in nuclear fusion.
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