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We present aphoton-echo quantum memory techniquefor manipulating quantum states of photons interact-
ing with an atomic gas medium. The technique offers vast potential for the complete nonlocal-in-time multi-
pulse reconstruction of a stored light as a superposition of echo fields, irradiated from the medium at different
moments of time. Using this technique the dynamic control of quantum states is effectively possible by simply
varying the laser parameters.
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I. INTRODUCTION

There has been significant interest in the development of
an opticalquantum memory(QM) technique motivated by
topical subjects of quantum information and communications
[1–3], particularly in investigations of fundamental aspects
of quantum entanglement and nonlocality based on macro-
scopic objects[4–7]. In comparison with a classical optical
memory the QM technique should preserve very fragile
quantum correlations of light from the irreversible disappear-
ance both for the weak photon fields and for the relatively
intensive light pulses. Optical QM processes have already
been demonstrated with quantum fields interacting with
single atoms(molecules) [8,9] and macroscopic coherent
media[10–20], where the unitary evolution can be used for
the reconstruction of the stored light.

Manipulation of quantum states of arbitrary fields with
either multiple photons or a single photon is one of the prin-
cipal topics of research in the development of QM tech-
niques. A macroscopic coherent system may play a key role
in QM research of lights with arbitrary spectral and temporal
profiles. A key interest of the QM technique is related to
quantum information science in which entangled quantum
states of light can be stored and retrieved on demand. Re-
cently, QM techniques based onelectromagnetically induced
transparency(EIT) [14] have been demonstrated using both
fast light [15] and slow light properties[16–19]. The funda-
mental concept behind the EIT QM techniques is based on
the storage of optical information in dark atomic states ex-
cited by the resonant Raman fields whose photons are
trapped in a small volume of the medium. The EIT technique
utilizing quantum properties of the medium such as absorp-
tion and dispersion allows one to achieve reconstruction of
the stored field with efficiency near 100%, as confirmed by
the proof-of-principle experiments with intensive laser
pulses in atomic vapors[16,17], Bose-Einstein condensate
(BEC) atoms[18], and solid-state medium[19].

Currently, the main properties of the QM techniques are
being intensively investigated(see Ref.[20] for recent re-

view). Using traditional properties of the photon echoes
[21,22] for storage of optical information in the spectral pro-
file of atomic excitation[23,24], new ideas have been pro-
posed for the implementation of QM techniques by modify-
ing the photon-echo techniques[11–13,25]. These ideas rely
on modified schemes of photon echoes in gaseous and solid-
state resonant media[11,13] as well as a combination of
photon echo with EIT effects[12,15]. In comparison with the
EIT technique, photon-echo QM utilizes full absorption in an
optically dense medium and a completely reversible recon-
struction process between the light and medium. Such re-
versibility is realized by the control of atomic coherence
dephasing in an inhomogeneously broadened system. Al-
though currently there are no immediately relevant experi-
ments based on these ideas, some indirect experiments on
trilevel photon echoes[26,27] give a degree of credibility to
the potential applications of the photon-echo QM technique.

Recently it has been shown that the EIT technique may
effectively change the phase, polarization, frequency, and
propagation direction of the reconstructed field with respect
to that stored in the QM medium, where additional magnetic
fields and reading laser fields with variable parameters are
used[20,28]. Such manipulations do not involve any quan-
tum specificity and can be performed with both classical and
quantum fields, while some manipulations with quantum
states of light, which are of interest for quantum communi-
cations, can be realized using the EIT technique[3,20].

In this paper we demonstrate how to manipulate quantum
states of reconstructed light using photon-echo QM tech-
niques. We also discuss weak field(or a single photon) QM
using Doppler broadening in a gas medium. The weak field
QM is important because interactions of a single photon with
a macroscopic system should determine basic quantum optic
phenomena such as quantum information processing and
communications. It should be noted that investigations of
these problems give rise to the development of new experi-
mental techniques for single-photon wave-packet generation
using various single atomic and molecular emitters[29].

This paper is organized as follows. In Sec. II, we intro-
duce a physical model of the photon-echo QM technique. In
Sec. III, we present a quantum mapping where a single-
photon field interacts with a three-level gas medium. In Sec.
IV, we analyze a complete on-demand reconstruction of the
absorbed single-photon wave packet as a quantum superpo-
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sition of time separated multiple wave packets irradiated by
the medium at different moments. In Sec. V, we discuss gen-
eralization of the proposed photon-echo QM technique and
its connection to the slow-light-based EIT QM technique.

II. PHYSICAL MODEL

The presently conceptualized photon-echo QM technique
can be realized in an inhomogeneously broadened atomic gas
medium composed ofL-type three energy levels[11]. Tem-
poral and spatial schemes of the proposed photon-echo QM
technique are shown in Figs. 1 and 2, respectively. As an
initial condition, we assume that all atoms stay on the ground
level u1l. A single-photon wave packet resonant to the tran-

sition of u1l-u3l as aDATA signal entering an optically dense
atomic gas medium att=0 will be fully absorbed. The pho-
toexcited atoms to levelu3l start to diphase due to Doppler
broadening. This phenomenon is well known as free induc-
tion decay[30]. A WRITE pulse followed by theDATA signal
with time delayt1, where theWRITE pulse is resonant to the
transition of u2l and u3l, transfers the atomic excitations to
the long-lived levelu2l. Here, the time intervalt1 should be
comparable or longer than the inverse of inhomogeneous
broadeningD but less than the inverse of the optical coher-
ence decay rateg. Thus, quantum information of a single
photon is mapped into the macroscopic coherence between
the levelsu1l and u2l. Owing to the very slow decay process
on levelu2l, the optical quantum information can be retained
for a long period of time,tøg2

−1, where g2 is coherence
decay rate of the stateu2l.

To retrieve the stored quantum information on levelu2l, a
READ pulse resonant to the transition ofu2l-u3l with an op-
posite propagation direction to theWRITE pulse follows att
= t2, wheret2 must be shorter than the decoherence timeg2

−1

of the level u2l. At this point the reexcited atomic dipoles
start to rephase, and the medium can then irradiate the pho-
ton of the data signal as an echo pulse in the opposite direc-
tion with respect to theDATA at t= t2+ t1. In an optically
dense medium the photon emission probability can be close
to unity if the time delay of the echo irradiation is small
enough with respect to the typical time scale of the decoher-
ent process of the system. In the read-out(reconstruction)
process the interaction system gradually evolves to the final
separable state through the entangled states of the atoms and
field. Therefore, we can develop a reading process in this
scheme by using multipulse laser excitations. We are able to
show that the complete reconstruction of the stored informa-
tion is also possible with the multipulse technique, which
opens a door for manipulation with quantum state of a pho-
ton using classical fields.

In Fig. 1, the initial atomic state is represented as

uAstdl = p
j=1

N

ufstdl j , s1d

where ufstdl j =d1/2(r j −r jstd)u1l j, d(r j −r jstd) describes the
classical movement of aj th pointlike atom in the gas with
the spatial coordinater jstd=r j

0+v jt, v j is the velocity of the
j th atom, andN is the macroscopic number of the atoms. The
optical dipole transitionsu1l↔ u3l and u2l↔ u3l are allowed
to transit to the excited stateu3l, where the levelu2l is ini-
tially unpopulated but energetically close tou1l. The initial
atomic state in Eq.(1) can be prepared by an optical pump-
ing with a cw laser light resonant from the levelu2l to the
level u3l.

We assume that a photon wave packet enters the gas tube
at t=0 (see Figs. 1 and 2). The state of the photon and the
atoms ucinstdl before interaction is introduced formally for
time t→−` that closely corresponds to the physical situation
for t!dtph (dtph is the duration of the single photon wave
packet), where the interaction of the photon with the medium
is negligibly weak:

FIG. 1. A temporal diagram of quantum mapping, storage, and
readout process. All atoms are initially on the ground levelu1l. The
photon is absorbed by the inhomogeneously broadened atomic sys-
tem. TheREAD pulse whose pulse area isp completely transfers the
atomic excitations onto the levelu2l after the time delayt= t1. Two
echo signals are irradiated after the action of the consecutive two
READ pulses with time delayst, while the atoms are transferred
back onto the ground levelu1l. These two echo signals correspond
to a single-photon state in the form of two wave packets. The tem-
poral profile of the echo signals is reversed in time with respect to
the initial photon.

FIG. 2. A spatial diagram of the two-pulse quantum recovery.
The first and secondREAD pulses propagate in the backward direc-
tion with respect to the direction of theDATA photon.
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ucinstdlut!dtph
= uc fstdl = uwinstdluAstdl, s2d

where uwinstdl=edkfkstdak
†u0l is the well-known state of a

photon wave packet,dkufkstdu2 is the probability to find a
photon with a wave vector in the intervalk andk+dk at the
moment of timet, fkst→−`d is a sharp function ofk, peak-
ing at k=kph=eWzvph/c, and the spectral widthdvph<dtph

−1.
The function fkst→−`d is normalized to satisfy the condi-
tion edkufkst→−`du2=1; u0l is the vacuum state of light, and
ak and ak

† are annihilation and creation field operators, re-
spectively. For simplicity, we do not consider photon polar-
ization dependence in the interactions with the atoms.

We describe the quantum evolution of the system with
Hamiltonian interaction of the atoms and the quantum fields,
in which the laser field is treated as classically:

H = Ha + Hf + Vaf + o
m=1

n

Vmstd, s3d

Ha = "o
j=1

N

fv31 + dv jstdgP33
j +"v21o

j=1

N

P22
j ,

s4d

Hf =E dk"vkak
†ak,

Vaf = "gE dko
j=1

N

hakP31
j expsikzjd + H.c.j s5d

Vmstd = −
1

2
"o

j=1

N

Vm„st − tm − nmzj/cd/Tm…hP32
j

3expf− isvmt − kmzjd + iwmg + H.c.j, s6d

whereVaf is the interaction energy of the quantum field with
atoms for the atomic transitionsu1l j → u3l j, g is the interac-
tion constant of the photon with thej th atom[30]; Vmstd is
the interaction energy of atoms with intensiveWRITE-READ

pulses, which are resonant to the transitionu2l j → u3l j; vnm is
the central frequency of the atomic transitionsunl j → uml j;
dv jstd is the fluctuation on the optical transition frequency,
which is determined by the interatomic collisions and inde-
pendent from eachj th atom in our consideration;Pnm

j

= unl j jkmu is a j th atom operator coupling the statesunl j to
uml j; Vmst /Tmd=dEmst /Tmd /" are Rabi frequencies; andTm

is the temporal duration of themth laser pulse( m=1, WRITE

pulse;m.1, READ pulse); d=d32=d23 is the dipole moment
of the atomic transitionu2l-u3l; Emstd, vm, and wm are the
amplitude of the electric field, the carrier frequency, and the
phase of them-laser pulse, respectively;tm is the time of the
mth laser pulse acting on the medium;nm=km/ ukmu; and
ukmu=vm/c. Here we set the energy of the ground level,E1

j

=0. We assume"=1 unless specifically stated otherwise.
A typical analysis of the three-dimensional spatial and

temporal sr ,td dynamics [31] shows that the two-
dimensionalsz,td model can be used for the timet!a/vn (vn

is average thermal velocity in the atomic gas, anda is the

photon beam cross-section diameter in thexy plane). Conse-
quently the atoms do not have enough time to leave the
volume, while the probe quantum field(a single-photon
wave packet) is being absorbed. Initial quantum state[Eq.
(2)] and Hamiltonians[Eqs.(3)–(6)] determine the following
structure of the wave functionucstdl in the evolution:

ucstdl = ucmstdl + uc fstdl, s7d

ucmstdl = ucm
s2dstdl + ucm

s3dstdl, uc fstdl =E dkfkstdak
†u0luAstdl,

s8d

ucm
s2dstdl = o

j=1

N

j jstdP21
j u0luAstdl,

ucm
s3dstdl = o

j=1

N

bjstdP31
j u0luAstdl, s9d

where the new valuesbjstd and j jstd are probability ampli-
tudes of finding thej th atom in the stateu3l j or in the state
u2l j.

Substituting Eqs.(7)–(9) into the Schrödinger equations
leads to the following forfkstd, bjstd, andj jstd:

]

] t
fkstd = − ivkfkstd − igo

j=1

N

bjstdexph− ikzjstdj s10d

]

] t
bjstd = − ifv31 + dv jstdgbjstd − igE dkfkstdexphikzjstdj

+ i
1

2
j jstdo

m=1

n+1

VmXFt − tm −
1

c
nmzjstdGY TmC

3exph− ifvmt − kmzjstdg + iwmj, s11d

]

] t
j jstd = − iv21jstd j + i

1

2
bjstdo

m=1

n+1

Vm„ft − tm

− nmzjstd/cg/Tm…exphifvmt − kmzjstdg − iwmj,

s12d

where fkst→−`d= f in(svk−vphd /c)e−ivkt acts for a model.
Equations(10)–(12) are obtained from the Schrödinger

equation by the multiplyingkAstduak or kAstduP13
j and inte-

grated over all the atomic spatial coordinatesr j h j
=1,2,3, . . . ,Nj: edr1. . .drNkAstduak andedr1. . .drNkAstduP13

j .
The optical frequency fluctuationsdv jstd lead to the

additional stochastic phasedw jstd=e0
t dt8dv jstd of the

j th atom with average valueskdw jstdlg=0. We consider
that these fluctuations are slow enough with respect to
the temporal duration of the light pulses that they
should be considered first of all for the temporal intervals
between the interactions with optical pulses. We use
the following well-known formulas for the average
values of the exponential functions including these
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fluctuations kexph−idw jst− t0djlg=kexph−iet0
t dt8dv jstdjlg

=exph−gst− t0dj, kexph−iet2
t2+t2dt8dv jstd− iet1

t1+t1dt8dv jstdjlg

=exph−gst2+t1dj.
In Sec. III, we will study the behavior of Eqs.(10)–(12) at

the initial condition bjst→−`d=j jst→−`d=0. Note that
Eqs.(10)–(12) describe the QM processes based on both EIT
and photon echoes, where the QM process is affected by
spatial, temporal, and spectral parameters of the photon wave
packet and the classical laser pulses. Note that Eqs.(11) and
(12) are transformed into the equations for the atomic coher-
encer13

j andr12
j if a weak classical probe field is considered

instead of a single-photon field. This means that each of the
two techniques can be used for QM with weak quantum
fields.

III. QUANTUM MAPPING

Storing a photon state onto atomic states can be per-
formed by complete resonant absorption for the atomic tran-
sition u1l→ u3l in optically dense gases if the inhomogeneous
(Doppler) broadeningDn is larger than the spectral width of
the quantum lightdvph:Dnldvph. Due to the Doppler broad-
ening, the complete absorption of the photon is accompanied
by the fast dephasing of the excited atomic states, so that the
subsequent coherent interactions between the atomic excita-
tions and the light that is suppressed play a positive role for
the indestructible storage of the quantum state of light.

Because a general analytical solution of Eqs.(10)–(12) is
not yet known, we rewrite the equations in a simpler form,
taking into account the absence of any overlapping of the
WRITE andREAD fields with the photon in the medium. The
photon absorption and emission take place in the absence of
overlapping with the laser fields:Vmstd=0,hm=1, . . . ,n,n
+1j, which characterizes the considered photon echo of the
QM technique. In this case the Eqs.(10) and(11) acquire the
following form before the action of theWRITE pulse:

]

] t
fk = − ivkfk − igo

j=1

N

b jexph− ikzj
0j, s13d

]

] t
b j = − ifv31 + D j + dv jstdgb j − igEst,zj

0d

3exph− isvpht − kphzj
0dj, s14d

whereD j =v31svz
j /cd andb jst ,zj

0;D jd=bjst ,zj
0;D jdexph−iD jtj.

We also use a new variableEst ,zd for the quantum field
e0

`dkfkstdeikz=Est ,zdexph−ivphst−z/cdj with vph=v31 and k
=vk/c in the chosensz,td model. Here we neglect the weak
reflection of the photonff−ukustd>0g, which results from the
resonant interactions of the field with the atoms. We have
also put exphisk−v31/cdvz

j tj>1 in the derivation of Eqs.(13)
and (14), which limits the time scale of our theoretical ap-
proach by the inequalityt, techo=v31/ sdvphacd [31]. This
condition means that atomic movement in thez direction
cannot be any longer than the Beer’s depth of the resonant
absorption, so the excited atoms are localized in the volume
where the quantum field was absorbed.

Multiplying Eq. (13) by eikz and integrating the product
overe−`

` dk, we obtain the macroscopic equation for the func-
tion Est ,zd in the medium:

S ]

c ] t
+

]

] z
DEst,zd = − is2pgn0/cdexphivphst − z/cdj

3kbst,z;DdlD, s15d

kbst,z;Ddlg,D = sSn0d−1o
j=1

N

b j„t,zj
0;D j ;dw jstd…dsz− zj

0d,

s16d

wheren0=N/ sLSd is the atomic density,S is the cross section
of the light beam, andD is frequency detuning from the
center of the atomic transitionu1l↔ u3l. For the macroscopi-
cally large number of atoms we calculate the summation in
Eq. (16) over the atoms using usual transfer to the continuum
atomic distribution. Thus, we can replace the Eq.(16) as
follows:

ukbst,z;Ddlg,DuN→`→QszdE
−`

`

dDGsD/Dndkbst,z;Ddlg,

s16ad

whereG(sv−v31d /Dn) is spectral inhomogeneous broaden-
ing and the functionQszd determines the spatial sizeL of the
gas tube withQszd=1 for 0,z,L andQszd=0 for z,0 and
z.L. Note that the continuous distribution in Eq.(16a) is
possible for the time intervalt shorter than the lifetime of the
excited optical atomic states, which is much longer than our
timescale.

If the spectral width of theDATA pulse is much narrower
than the inhomogeneous broadening,dvph!Dn [12], we find
that the simple solutions for Eqs.(14)–(16): the field decays
exponentially in the mediumEst ,zd=Eoft−s1/cdzge−az and

b j =−ig exph−isv31+D jdft−s1/cdzj
0g−azj

0jẼ0sD j ,tjd, where

Ẽ0sD j ,tjd=e−`
t j dt8E0st8dexphiD jt8j is a current spectrum of the

field on the j th atom at tj = t−s1/cdzj
0, and E0std

=exphivphtje0
`dkfkstd is the temporal envelope of the wave

packet in the entrance of the medium. We consider the opti-
cally dense mediumsaL@1d for all spectral components of
light. The solution for the fieldsfEst ,zd , fkstdg and atomic
excitationsb j is given in Appendix A for arbitrary ratios of
the field and atomic parameters. Immediately after the pho-
ton absorption these values are

ubjstjdut@tph
= b j exphiD jtj = − ib0sD j ;zj

0dexph− idw jstjd

− iv31tj + iD jzj
0/cj, s17d

b0sD j ;zj
0d = s2pg/cdf insD j/cdexph− as+dsD jdzj

0j, s18d

j jstd = 0, fkst . Dn
−1,dvph

−1,a−1/cd → 0, s19d

where as+dsDd=a0ksg+ ifD8−Ddg−1lD8 [see also Eq.(16)],
a0=2pn0g

2/c, and as+dsDd=Rehas+dsDdj+ i Imhas+dsDdj,
where Imhas+dsDdj reflects the dispersion of the field in the
medium and determines the additional phase Imhas+dsD jdjzj
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for the j th atomic excitation with frequency detuningD j.
Equations(17)–(19) describe the evolution of the excited

atomic system before the action of theWRITE laser pulse for
time t,T 2

col, g−1. The WRITE pulse propagates along thez
direction and acts upon the medium with the time delayt1
st1,g−1d (see Figs. 1 and 2). We use the temporal profile
E1std=E1;0sechhst− t1d /T1j and the carrier frequencyv1 reso-
nant to the transitionu2l↔ u3l. Assuming the quantum field is
in the vacuum stateffkstd>0g, Eqs.(10)–(12) can be rewrit-
ten as follows:

]

] t
bjstd = − ifv31 + dv jstdgbjstd + i

1

2
j jstdV1,0sechFSt − t1

−
1

c
n1zjstdDY T1Gexph− isv1t − k1zjstdd + iw1j,

s20d

]

] t
j jstd = − iv21jstd j + i

1

2
bjstdV1,0sechhst − t1

− n1zjstd/cg/T1jexphifv1t − k1zjstdg − iw1j.

s21d

The most preferable conditions of the photon-echo QM is
realized if theWRITE pulse completely transfers the atomic
excitations from the levelu3l onto the long-lived levelu2l
without their spectral selection. Such situation takes place if
the WRITE pulse area isu1=p and a sufficiently short pulse
duration tw less thandvph

−1 (i.e., a large spectral width as
compared to the spectrum of the stored fielddvls,1< tw

−1

@ dvph). It is necessary obviously to exclude any transfer of
the atomic excitation onto the levelu1l by the WRITE pulse.
For this, the energy splitting between the two lowest levels
u1l and u2l must be larger than theWRITE spectral widths
v21@dvls,1,2,. . .. Solution of Eqs.(20) and (21) in such con-
ditions gives the following values for the atomic amplitudes
after the action of theWRITE pulse with a pulse area ofp (see
Appendix B):

bjstd = 0, j jstd = b0sD j ;zj
0dexph− iv21t − idw jst1d + if jj

s22d

and fkstd=0, wheref j is the additional phase of thej th atom:

f j = v21s1 + nz
j /cdszj

0/cd − snz
j /cdv32t1 − w1

> v21zj
0/c − D jt1 − w1, s23d

where we have also assumed thatsnz
j /cdv32t1

=D jt1sv32/v31d>D jt1 for v21!v31. The properties of
atomic excitationsj jstd on the levelu2l are determined by the
spectrally varied amplitudeb0sD j ;zj

0d, which has the same
exponential spatial behavior if the stored quantum field spec-
trum is narrower than the inhomogeneous broadeningsdv f

,Dnd. Such type of quantum memory is completely different
from the slow-light-based EIT QM technique, where the
quantum information about theDATA pulse is recorded in the
spatial profile of the atomic excitationsj jst ,zjd (polaritons).
Due to this reason, the mechanism of stored field retrieval is
also different from the slow-light-based EIT QM technique

mechanism. For the reconstruction of the stored field in the
slow-light-based EIT QM technique, it is realizable by ap-
plying only one control field to the atomic transitions, while
shortp pulse or multipulses are used in the proposed photon-
echo QM scheme.

IV. TWO-PULSE MANIPULATIONS
WITH A STORED PHOTON

Initially we considered the reconstruction of the stored
DATA field by the firstREAD pulse(see Figs. 1 and 2), which
acts upon the medium att= t2 and has the pulse areau2Þp.
The pulse propagates along the “−z” axis, opposite to the
flight direction of theDATA photon. TheREAD pulse action
will create a wave of polariton excitation in the atomic sys-
tem propagating in the −z direction. At the same time we
assume that the atoms move in the gas tube without colli-
sions and that the atomic dipoles get an opposite Doppler
shifts to −z direction with respect to the shifts which they
had before the interaction with theWRITE pulse and theDATA

photon. Therefore, the subsequent phase evolution of the
atomic dipoles irradiating the field in the −z direction will
have the temporal behaviordjstd,d31exphiD jst− t2d− iD jt1j.
Thus the atomic coherence will be recovered att= te,1= t1
+ t2 and resulting in photon echo irradiation in the opposite
direction with respect to the initialDATA photon. The non-
trivial physical aspect of such collective atomic irradiation
takes place in the high optical dense medium, where the
weak optical fields are usually strongly absorbed. In the
present condition the echo signal is irradiated from the me-
dium without reabsorption. Such emission is due to coher-
ence retrieval of rephasing process, where each atom partici-
pates with the same efficiency both in the initial absorption
and in the subsequent irradiation of the echo signal. Thus, the
evolution stops leads at the ground levelu1l with a complete
phase recovery. This physical picture can be clarified addi-
tionally by the general physical explanation of the irradiation
process of the echo signal as a completely reversible process.
The action of all laser pulses plays the role of the Maxwell’s
demon, rotating the phases of the all atoms in the appropriate
manner in order to revive both the atomic coherence and all
the interactions between the atoms and field which are re-
versible in time. Since such coherence reversibility seems to
be possible in general for multiparticle systems, it is worth-
while asking the following question: how may be repeatedly
realize such reversibility without using a new photon?

To answer this question, let us consider the properties of
the first echo irradiation[11], which appears after the first
read pulse. The atomic state just after the first read pulse
sm=2d, taking into account the initial conditions of Eqs.
(18), (22), and(23) [see Eqs.(B3)–(B5)] is as follows. The
amplitudesbjstd andj jstd for time t. t2+T2 are

bjstdt.t2+T2
= bj

0stdexpH− iFdw jst1d + dw jSt − t2 +
1

c
zjDGJ ,

bj
0std = i sinS1

2
u2DsechspD jT2/2db0sD j,zj

0dexphim jstdj,

s24d
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uj jstdut.t2+T2
= 2F1„s2pd−1u2,− s2pd−1u2;g j ,2

1 ;1…b0sD j ;zj
0d

3exph− iv21t − idw jst1d + iw jj, s25d

m jstd = − v31St +
1

c
zj

0D + 2
1

c
v21zj

0 − D jSte,1 −
1

c
zj

0D + w2,1,

s26d

wherew2,1=w2−w1. Optical irradiation by the medium will
be determined by the coherent properties of the atomic exci-
tationsbjstd. The new atomic phasem jstd in Eq. (26) includes
the term −v31st+zj

0/cd, which reflects the appearance of the
coherence polariton propagating in the backwardz direction.
Such polariton can irradiate the light coherently in the me-
dium, if the term 2s1/cdv21zj

0 in m jstd does not suppress the
phase matching in the irradiating volume of the medium. We
have considered the echo irradiation, using for convenience

new notation for the backward field modeskW =−keWz andv−k
=vk; thus, Eqs.(13) and (14) take the formst. t2+T2d

]

] t
f−k = − ivkf−k − igo

j=1

N

h je
ikzj

0
, s27d

]

] t
h j = − ifv31 − D j + dv jstdgh j − igFst,zj

0d

3exph− iv31st + zj
0/cdj, s28d

where

h jstd = bjstdexphiD jtj,

h j
0std = bj

0stdexpH− iFdw jst1d + dw jSt − t2 +
1

c
zj

0DGJexphiD jtj,

s29d

E
0

`

dkf−kstde−ikz = Fst,zdexph− iv31st + z/cd, s30d

where h j
0std corresponds to the atomic excitation after the

first reading pulse in the new notations;Fst ,zd is an unknown
slowly varying envelope of the irradiated field with initial
condition Fst= t2+T2,zd=0. Taking into account Eqs.
(28)–(30) we obtain the equation for the field envelope
Fst ,zd similarly to the derivation of Eq.(15) at the photon
mapping stage:

S ]

c ] t
−

]

] z
DFst,zd = A1st,zd + A2st,zd

= − ig−1a0exphiv31st + z/cdjkh0st,z;DdlgD

− a0E
−`

t

dt8Fst8,zdkexphiDst − t8d

− idwst − t8djlg,D. s31d

From Eq. (31) we extend the integration from the interval
et2+T2

t dt¯ to e−`
t dt¯ assuming thatFst, t2+T2,zd=0.

The first termA1 on the right side of Eq.(31) is deter-
mined by the initial excitation of the medium[see Eq.(29)]
and the second integral termfA2,etdt8Fst8 ,zd¯g is the re-
sult of the echo field action on the medium that gives the
polarization responsible for the irradiation absorption at
usual conditions(see Appendix C). Using Eqs.(24), (29),
and (18) we find A1:

A1st,zd = s2pa0/cdsinS1

2
u2DexpH− gSt − t2 + t1

+
1

c
zDJexpHiS2

1

c
v21z+ w2,1DJ

3KsechSp

2
DT2D f inS1

c
DDexph− as+dsDdzj

3expHiDSt − te,1 +
1

c
zDJL

D

. s32d

Averaging Eq.(32) over the inhomogeneous broadening is
proportional to the valuekexphiDft− te,1+s1/cdzgj¯lD; i.e.,
the polarizationA1st ,zd will be recovered at the moment of
time t= te,1−s1/cdz that will be a source of the echo signal
emission(see Fig. 2). The analytical solution of Eqs.(31)
and(28) with initial condition of Eq.(29) is given in Appen-
dix C. In the case of a spectrally narrow probe field
sg ,dvph!T m

−1,Dnd we have the following equation for the
field’s envelopeFst ,zd:

−
]

] z
Fs§,zd = QszdHa sinS1

2
u2DexpS−

1

2
az− 2gt1 + iw2,1

+ 2i
1

c
v21zDE0ste,1 − §de−gs§−tt,1d −

1

2
aFs§,zdJ ,

s33d

where§= t+s1/cdz is independent coordinate in the equation,
which clearly shows the main temporal and spatial properties
of the echo signal emission. The signal is generated in the
medium by the atomic excitation whose amplitude increases
exponentionallyf,exps−1

2azdg from z=L to z=0. The term
−1

2aFs§ ,zd in Eq. (32) gives the exponential absorption
,exps 1

2azd for the field propagation without any initial co-
herence of the medium. Such behavior of these two expo-
nents plays a crucial role for the complete emission of the
excited energy from the atomic system. The solution of Eq.
(33) is

Fst,zd =

sinS1

2
u2D

f1 – 2is1/cdv21a
−1g

expH− 2gt1 + iw2,1− QszdS1

2
az

− 2i
1

c
v21zDJE0Ste,1 − t −

1

c
zDe−gst−te,1+z/cd. s34d

Thus, we see that the echo field amplitude increases expo-
nentially f,exps−1

2azdg from z=L to z=0 and which revives
the initial process of the photon absorption and temporal
profile of the reconstructed field, which is temporally re-
versed with respect to the initial wave-packet envelope.
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Complete reconstruction of the initial photon is limited by
the value sins 1

2u2d, phase relaxation term exph−2gt1j, and the
factor f1–2is1/cdv21a

−1g−1. The last term is determined by
the influence of the phase matching conditions on the echo
signal irradiation. A most interesting case occurs when the
absorption coefficienta is sufficiently large, but the fre-
quency splitting between the two lowest-energy levelsv21 is
enough small. In such a case the phase matching will only be
satisfied with any accuracy iff1–2is1/cdv21a

−1g−1<1,
which is possible for real gases witha<1 cm−1.

A general solution of Eqs.(28), (29), and (31) for the
large spectral widths of the stored fieldsdvph,T m

−1@gd is
given at Appendix C using the Fourier representation

F̃sD ,zd=s2pd−1e−`
` dtFst ,zdeiDst+z/cd:

F̃sD,zd >
sinS1

2
u2D

cH1 – 2i
1

c
v21a

−1s− DdJexph− 2gt1 + isDte,1

+ w2,1djexpH− QszdSas+ds− Dd

− 2i
1

c
v21DzJsechSp

2
DT2D f inS−

1

c
DD , s35d

whereas−Dd=2pa0Gs−D /Dnd is the absorption coefficient
at the frequency detuning −D. Using Eq.(35) we find the
solution for the field functionf−v/c

s1d stdsv=v31+Dd after echo
irradiation st. te,1d:

f−sv31+Dd/c
s1d st . te,1d = cF̃s− D,zdz,0

>
sinS1

2
u2DsechspT2D/2d

H1 – 2i
1

c
v21a

−1s− DdJ exph− 2gt1 − isv31

+ Ddt + isDte,1 + w2,1djf ins− D/cd, s36d

with the probability to find a photonPphst. te,1d in this echo
signal:

Pphst . te,1d =
1

s
uE

−`

`

dDuf−sv31+Dd/c
s1d st . te,1du2uT2dvph ! 1

asDd<a

=

sin2S1

2
u2Dexph− 4gt1j

h1 + 4v21
2 sacd−2j

, s37d

where we have assumed a short enough reading laser pulse
ssechfsp /2ddvphT2g>1d with the assumptionasDd<a and
the normalization of the initial state of light
s1/cde−`

` dDuf ins−D /cdu2=1. As follows from Eqs.(36) and
(37) the high-efficiency reconstruction of the initial photon
state will take place for, and if, the phase matching condition
fulfills all the reading of the spectral components 2v21sDd
!ca (where −dvph/2øDødvph/2). The numerical analysis
in Ref. [25] has shown that the condition of Eq.(34) can be

fulfilled for real experimental parameters within the spectral
interval dvph<108 s−1. As seen in Eq.(36), we must stress
that the dispersion effects, take place at the initial photon
absorption and then in the echo signal irradiation completely
compensate each other in the reconstructed field(for z,0).
This effect is a direct consequence of the perfect reversibility
of the echo process.

Using the solution ofFst ,zd we can analyze the behavior
of the atomic excitationh jstd. The solution for the atomic
parameters just after the echo pulse irradiationst. te,1d

h jstd = h j
0std − h j

1std

> 1expH− iFdw jst1d + dw jSt − t2 +
1

c
zj

0DGJ

−

expF− idw jSt +
1

c
z− te,1DG

H1 – 2i
1

c
v21a

−1sDdJ exps− 2gt1d2
3bj

0stdexphiD jtj, s38d

where −h j
1std is the additional term in the atomic excitation

due to the interaction with the echo signal. After averaging
over the inhomogeneous broadening and phase fluctuations
we find the probabilityP33st. te,1d to find the atomic system
on the excited state(see Appendix C)

P33st . te,1d = o
j=1

N

h jstd

= o
j=1

N

huh j
0stdu2 + uh j

1stdu2 − „h j
0std…*h j

1std−„h j
0std…„h j

1std…*j

= Sn0E
0

L

dzE
−`

`

dDGsD/DndH1 −
exps− 4gt1d

h1 + 4v21
2 sasDdcd−2jJ

3uub0st,z,Ddu2u aL . 1
asDd>as0d=a

= sin2su2/2dS1 −
exps− 4gt1d

1 + 4v21
2 sacd−2D . s39d

Thus for a very slow phase relaxation 4gt1!1 and for a
good phase matching condition 4v21

2 sacd−2!1, we have
found thatP33<0; i.e., all atomic excitations will be trans-
ferred from levelu3l onto the ground levelu1l with the prob-
ability for the echo field emission beingPph<sin2su2/2d.
Such behavior of atomic systems and their fields can be ex-
plained only if we cannot separate atoms one from another in
their interactions with the echo signal, where the one group
of atoms stay initially on the levelu1l while the another
group of atoms is excited on the levelu3l before the echo
emission. Thus, we have an example of coherent atomic be-
havior where the interaction with the echo signal cancels the
field absorption due to the perfect phase matching between
the field and atomic phases.
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Below we have considered only the most preferable con-
ditions 4gt1!1 and 4v21

2 sacd−2!1 for the read process of
the stored state. After echo signal emission, the wave func-
tion of the field plus the atoms will be[see Eqs.(8), (9), (22),
(23), and(36)]

ucstdlut.te,1
= ucm

s2dstdl + uc f
s1dstdl,

uc f
smdstdl =E dkf−k

smdstda−k
+ u0luAstdl. s40d

Thus some atomic excitations in Eq.(40) still exist only on
the level u2l. We can initiate a similar emission of a new
photon echo signal by applying the secondREAD pulse at

time t= t3. te,1. Let us assume that this laser pulse also
propagates in the backwardz direction. The evolution of the
total quantum system in the laser pulse can be described by
Eqs. (18) and (19) with the new initial conditions of Eqs.
(25), (36), and (40) [i.e., bjstd=0, j jstdÞ0]. Following the
solutions of Appendixes B and C and ignoring the frequency
fluctuationssgt!1d, and assuming the phase matching ful-
filment we may find the wave function after the second echo
irradiation,

ucstdl = ucm
s2dstdl + o

m=1

2

uc f
smdst . te,mdl, s41d

where

bjstd > 0,j justdut.t3+T3
= 2F1„u3/s2pd,− u3/s2pd;g3

s1dsDd;1…2F1„u2/s2pd,− u2/s2pd;g2
s1dsD jd;1…bsD j ;zj

0dexph− iv21t + if jj,

s42d

f−sv31+Dd/c
s2d stdt.te,2

=
sinsu3/2d

coshspDT3/2d2F1„u2/s2pd,− u2/s2pd;g2
1sDd;1…f ins− D/cdexph− isv31 + Ddt + isw31 + Dte,3dj. s43d

Let us suppose that the secondREAD pulse has the pulse area
u3=p and its spectral width is larger than the photon spec-
trum width sdv3,T 3

−1@dvphd; thus, we obtain

sinsu3/2d
coshspDxT3/2d DT3!1 > usinsu3/2duu3=p = 1,

2F1u„s2pd−1u3,− s2pd−1u3;g3
s1dsDd;1…uDT3!1

> ucossu3/2duu3=p = 0. s44d

With such parameters of theREAD pulse we obtain

f−sv31+Dd/c
s2d stdut.te,2

= 2F1„u2/s2pd,− u2/s2pd;g2
s1dsDd;1…

3f ins− D/cdexph− isv31 + Ddt

+ isw31 + Dte,3dj, s45d

j jstdut.t3+T3
=0, sucm

s2dstdl = 0d. s46d

Thus the final wave function, Eq.(41), evolves from Eq.(40)
to the following quantum superposition of the two photon
wave packets[see Eqs.(36) and (45)]:

ucstdl = o
m=1

2

uc f
smdst . te,mdl, s47d

where, using Eqs.(36) and (45), we find

kcstducstdl > o
m=1

2

kc f
smdst . te,mduc f

smdst . te,mdl = 1. s48d

Equations(47) and (48) show that a photon is reradiated by
the medium with a probability close to one in the two wave
packets separated in time by the valuete,2− te,1= t3− t2@dtph,
which is much larger than the wave packet durations. If the
spectrally broadened first read pulse has the pulse area of
u2Þp, we obtain the amplitudes of the two echo signals
using formulas(44):

FIG. 3. A general scheme ofn-pulse quantum memory with
irradiation of a photon in a sequence ofn echo fields. The amplitude
and the phase of each echo signal can be controlled by controlling
the READ pulses.
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f−v/c
s1d st . te,1d > sinsu2/2df ins− D/cdexph− isv31 + Ddt

+ isw21 + Dte,1dj, s49d

f−v/c
s2d st . te,2d > cossu2/2df ins− D/cdexph− isv31 + Ddt

+ isw31 + Dte,3dj, s50d

where the terms sinsu2/2d and cossu2/2d determine the am-
plitude probability of the echo signal, and the terms
exphisw21+Dte,1dj and exphisw31+Dte,2dj determine the phase
and the timete,1 of these signal emissions. Thus Eqs.(49)
and (50) show how we can control the phases and the am-
plitudes of the two wave packets by varying the pulse areau2
of the first readout laser pulse and the laser field phasew1,
w2, andw3.

V. GENERALIZATION AND DISCUSSION

We can now generalize the obtained results for the case of
n+1 READ pulses. In a similar way to the previous section
we obtain the solution for the wave functionucstdl after the
sn+1dth pulse excitation with the irradiation of n echo sig-
nals for t. te,n (see Fig. 3) [te,m= tm+1+ t1 is the time of the
echo signal emission, wherem=1 in Eqs.(35) and(38)] (see
also Eqs.(42) and (43)]:

ucstdl = ucm
s2dstdl + o

m=1

n

uc f
smdstdl,

where

bjstd = 0,

uj jstdut.t3+T3
= p

m=2

n+1

2F1„um/s2pd,− um/s2pd;g j ,m
s1d ;1…bsD j ;zj

0d

3exph− iv21t + if jj, s51d

uf−sv31+Dd/c
snd stdut.te,n

=
sinsun+1/2d

coshspDTn+1/2d

3p
m=2

n

2F1„um/s2pd,− um/s2pd;gm
s1dsDd;1…f ins− D/cd

3exph− isv31 + Ddt + iswn+1,1+ Dte,n+1dj. s52d

We set the last pulse area in theREAD pulse sequence to be
un+1=p and its spectral width to be larger than the photon
spectrum width:dvph!dvn+1,T n+1

−1 . So 2F1(s2pd−1un+1,
−s2pd−1un+1;gn+1

s1d sD→0d ;1)uDTn=1!1>cossun+1/2d=0. Thus
we obtainj jst. te,nd=0, so

ucst . te,ndluun+1=p,DTn+1!1 = o
m=1

n

uc f
smdst . te,mdl , s53d

with the normalization

kcstducstdl > o
m=1

n

kc f
smdst . te,mduc f

smdst . te,mdl = 1.

s54d

Thus, after reirradiation of the initial single-photon wave
packet the state(6) is decomposed into the quantum super-
position, Eq.(53), of then different states of the nonoverlap-
ping wave packetsuc f

smdst. te,mdl sm=1, . . . ,nd. Obviously,
any subsequent action upon the medium by other laser pulse
with the frequencyv32 will not generate the photon echo
signal because all the atoms have already been transferred
onto the ground levelsu1l. We can control the parameters of
the each term in the quantum superposition, which is easy to
demonstrate in the case of all short pulses, where thesn8dth
term sn8ønd in Eq. (52) will be [see also Eq.(44)]

uf−sv31+Dd/c
sn8d stdut.te,n

= sinsun8+1/2dp
m=2

n8

cossum/2df ins− D/cd

3exph− isv31 + Ddt + iswn8+1,1+ Dte,n8dj.

From this we may deduce that the wave packet phase can be
controlled only by the phases of the first andsn8+1dth laser
pulse whereas the amplitude of thesn8dth packet is deter-
mined by the laser pulses fromm=1 to m=n8. It is also
possible to calculate the probability of finding a photon in
the sn8dth echo pulse, which is equal toPn8
=cos2su2/2d¯cos2sun8 /2dsin2sun8+1/2d. For equal probabili-
ties, P1=P2=¯ =Pn=1/n, the following parameters of the
laser pulse areas must be satisfied: sin2su1/2d=1,
sin2su2/2d=1/n, sin2su3/2d=1/sn−1d, . . . ,sin2sun8 /2d=sn
+2−n8d−1 (where 2øn8øn+1).

Here, it should be noted that the obtained results are based
on the phase matching, while in a three-level system witho
transitions the phase mismatching condition for photon-echo
QM processes[35] can be satisfied by tuning the laser pulse
wave vectors orientation. So in such atomic systems the pro-
posed manipulations with a photon can be successfully real-
ized without any limitations imposed by the phase mismatch-
ing.

It is also possible to generalize the result of Eq.(53) for a
three-dimensional spatial case and for the spectrally selective
excitation of the resonant atomic line. The simplest scheme
possible is shown in Fig. 4. The main difference of this
scheme is that the laser does not propagate exactly backward
along thez axis. The laser field wave vectors, however, must
be sufficiently close to the −z axis, if the phase matching
condition is to hold well enough, in order that the irradiation
of the echo signals are still able to be effective. It is impor-
tant that these echo fields can be irradiated in different direc-
tions with respect to each other, in order that the formula for
the final state of the echo fields after thesn+1dth laser pulse
action will be able to take on a more general form:

ucstdlut.te,n
> o

m=1

n

uc f
smdske,m;t . te,mdl , s55d

where we have introduced the wave vectors for eachmth
wave packetke,m=km−k1+kph.
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Formula(55) expands the initial wave function of Eq.(2)
into a superposition of the wave packets with different wave
vectorske,m and time moments of their irradiationste,m.

Another scheme of generalization is obtained by applying
readout laser pulsessm=2,3, . . . ,nd with different carrier
frequenciesvm within the spectral intervaldvm, which is
sufficiently small compared to theDATA signal spectrum
dvph. At the same time the last,sn+1dth READ pulse must
satisfyp pulse area in order to have a complete reconstruc-
tion of the storied state. In such a case each term in the
formula (55) acquires its own carrier frequencyve,m and the
spectral widthdve,m, so that we can rewrite Eq.(55) as fol-
lowing form (see Figs. 4 and 5):

ucstdlut.te,n
> o

m=1

n

uc f
smdske,m,ve,m,dve,m;t . te,mdl s56d

in Eq. (56), dve,m andve,m, which can be changed by vary-
ing the pulse area and the carrier frequency of theREAD

pulse. Accordingly, we can manipulate the echo amplitude by
choosing an arbitrary value for Eq.(56).

Finally, we should note that the proposed quantum ma-
nipulations can be greatly enriched by using additional
pulsed electrical and magnetic fields and by shifting the en-
ergy levels in the three-level system. An idealized scheme is
shown in Fig. 6. Using the pulses of magnetic or electrical
fields we can selectively change both the phase and carrier
frequency of each wave packet in the final quantum super-
position. In the case of aL-type atomic transition, the fre-
quency can be changed within the spectral interval deter-
mined by the valuev21. Detailed analysis of this process is
beyond the scope of this paper.

VI. CONCLUSION

We have shown that the proposed photon-echo QM tech-
nique can be used for quantum manipulations of a stored
quantum field. Here we must mention that the proposed
photon-echo QM technique can be applied to an arbitrarily
weak quantum field from the general properties of Eqs.
(10)–(12). The technique has been developed on the basis of
the strengths of the quantum approach, for qualitative QM
processes using a quantum state of a field interacting with a
macroscopic medium. In a semiclassical approach, only the
reconstruction of an optical field envelope has been usually
studied. Therefore, it is especially important in cases where it
acts as an amplifier at the reconstruction process of the stored
light [12]. In effect, the authors in Ref.[12] consider these
imperfect cases of the QM technique because the initial
ground quantum state of the medium could not be recon-
structed completely after the recovery of the optical pulse
profile, where it was necessary to check the quality of the

FIG. 4. (Color online) A three-dimentional spatial scheme of
reconstruction of a stored photon as a sequence of the four echo
pulses irradiated in different spatial directions. The angles of the
irradiationsf2 and f4 must be sufficiently small that the phase
matching condition at the stage of the echo signal emission can be
reliably held.

FIG. 5. (Color online) Spectral parameters of theREAD pulses vs
spectrum of the irradiated echo signals, carrier frequencies, and the
spectral widths. The total spectrum of all of the echo signals corre-
sponds to the spectrum of the initial photon where the complete
reconstruction of the stored field takes place.

FIG. 6. Schematic of selective control of the echo signal. The
additional shift of energies for the two lowest levelsu1l and u2l,
caused by additional magnetic and electrical fields, is shown. The
energy shifts change only the carrier frequency of the second echo
signal. The frequency shiftdv31 must be smaller thanv21 for theL
scheme of the proposed QM technique.
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arbitrary quantum state reconstruction in the technique.
It is worthwhile comparing the parameters in Eqs.(18),

(22), and(23) for atomic excitations with Eqs.(7)–(9), in the
context of the quantum information storage, with the atomic
parameters of dark states excited in the EIT technique after
the storage of a similar quantum light in the medium[10,20].
In accordance with Eq.(23), the stored photon wave-packet
state includes a specific phaseD jt1. Thus, the atomic excita-
tions on levelu2l are dephased with respect to each other due
to the inhomogeneous broadening of the transitionu1l - u3l.
Another major point of interest in Eqs.(18) and (22) is the
spatial localization of the stored light with exponential decay
with the absorption coefficientasD jd. The spatial localization
in Eq. (18) is independent of the spatial profile of the storied
light, while in the slow-light-based EIT QM technique the
light is stored within a small volume of the medium excita-
tion whose spatial shape is determined by the shape of the
field envelope. For comparison we also note that the slow-
light-based EIT QM technique cannot secure nonlocal-in-
time reconstruction of the stored states since any reconstruc-
tion in it is inevitably connected with the complete emission
of the stored information from the medium.

It is important to further develop the proposed technique
for various states of light. The photon-echo QM technique
can be put into practice with sufficiently weak classical op-
tical fields, where the ground level depopulation is noncru-
cial. We have shown that the photon-echo QM technique is
based on the complete reversibility of the quantum evolution.
The complete reversibility can be proven for intensive probe
fields, in particular using the area theorem for the photon-
echo signals[36]. This complete reversibility can be useful
for quantum information processing with intensive quantum
probe(DATA) fields, for example, in squeezed states[37].

We have demonstrated that the proposed photon-echo QM
method with multipulse reconstruction can be effectively ap-
plied to single photon fields. The properties of complicated
multiphoton states representation for manipulating and gen-
erating entangled multiphoton quantum states of light and for
testing fundamental problems of the mupliparticle decoher-
ence are determined by the interactions and absorption of the
photons by the macroscopic media. We note that these fun-
damental physical problems are studied now using also the
concept of Loschmidt echo[38] and experiments with Hahn
spin echo in the nuclei magnetic resonance. The proposed
photon-echo QM experiments are very close to this area,
which is devoted to a more precise theoretical investigation
of the echo phenomena in mutiparticle systems. Further in-
vestigation of the reversibility problems represents a special
interest.
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APPENDIX A

The wave function for the quantum mapping of a photon
field can be derived using Eqs.(13)–(16). By substituting Eq.
(14) for bst ,zj

0;D jd,

b jstd = − ig exph− ifv31t − zj
0/cgjE

−`

t

dt8 Est8,zj
0d

3exph− ifD jst − t8d + dw jst − t8dgj, sA1d

into Eqs.(16) and (15), we obtain

S ]

c ] t
+

]

] z
DEst,zd = − a0QszdE

−`

t

dt8Est8,zdE
−`

`

dDGsD/Dnd

3kexph− iDst − t8djexphdwst − t8djlg

= − a0QszdE
−`

t

dt8Est8,zdE
−`

`

dDGsD/Dnd

3exph− siD + gdst − t8dj, sA2d

where a0=2pn0g
2/c. Using the Fourier transform for the

function Est ,zd=e−`
` duẼsu,zdexph−iutj we obtain the equa-

tion for the spectral componentẼsu,zd:

S− i
u

c
+

]

] z
DẼsu,zd = − Qszdas+dsudẼsu,zd, sA3d

where[see also Eq.(16a)]

as±dsud = a0ksg ± ifD − ugd−1lD = a0E
−`

`

dD
GsD/Dnd

fg ± isD − udg
.

sA4d

Equation(A3) has the following solution:

Ẽsu,zd = Ẽ0su,0dexpHi
u

c
z− as+dsudE

−`

Z

QszddzJ ,

sA5d

Ẽ0su,0d =
1

c
f insu/cd.

Using Eqs.(A1) and(A5) and considering that the temporal
duration of the pulsedtph!g−1, we reach the following, for
the stage of complete absorption of a photonst.dtphd in an
optically dense medium(Reha+sdvphdjL<as0dL@1, Est
@dtph,zd→0):

b jst @ dtphd > − ig exph− idw jstdjE
−`

`

dt8Est8,zj
0d

3exph− iD jst − t8dj

= − ib0sD j ;zj
0dexph− idw jstd

− isv31 + D jdst − zj
0/cdj, sA6d

where

b0sD j ;zj
0d = s2pg/cdf insD j/cdexph− as+dsD jdzj

0j sA7d

and

bj = b j exphiD jtj, fkst @ dtphd → 0, j jstd = 0. sA8d
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APPENDIX B

Equations(10)–(12) are transformed into the following
equations for the atomic parameters at the action of eachmth
laser pulse:

]

] t
bjstd = − ifv31 + dv jstdgbjstd + i

1

2
j jstdVm,0 sechFSt − tm

−
1

c
nmzjstdDY TmGexph− ifvmt − kmzjstdg + iwmj,

sB1d

]

] t
j jstd = − iv21jstd j + i

1

2
bjstdVm,0 sechFSt − tm

−
1

c
nmzjstdDY TmGexphifvmt − kmzjstdg − iwmj,

sB2d

We assume that the spatial sizes of the laser(WRITE or READ)
pulses in thexy plane are large enough(see Figs. 1 and 2) as
compared to the size of theDATA quantum field. Thus, we
can consider uniform Rabi frequency applied to theDATA

quantum field: Vmst ,rd>Vm(ft− tm−s1/cdnmrg /Tm). It is
enough to have the solutions for the parametersbjstd and
j jstd after the action of the arbitrarymth laser pulseft. tm
+s1/cdnmzjstd+Tmg. Assuming that the pulse duration of the
mth laser pulse is short enough so the phase fluctuations
dw jstd=e0

t dt8dv jst8d>dw jstmd, the solution of Eqs.(B1) and

(B2) is bjstd= b̃jstde−idw jstd> b̃jstde−idw jstmd, where

x j
mstd = b̃jstdexpHiv31t −

1

2
iff j

m + dw jstmdgJ ,

§ j
mstd = j jstdexpHiv21t +

1

2
iff j

m + dw jstmdgJ ,

f j
m = kmr js0d + wm − D j

mtj
m, D j

m = vm − v32 − vmvnm

j /c,

vnm

j = nWmvW j, m= 1,2, . . . . sB3d

In the interaction picture, Eq.(B3) has the following equa-
tions:

]

] t
x j

mstd = i
1

2
§ j

mstdVm,0 sechfst − tj
md/Tm

j gexph− iD j
mst − tj

mdj,

sB4d

]

] t
§ j

mstd = i
1

2
x j

mstdVm,0 sechfst − tj
md/Tm

j gexphiD j
mst − tj

mdj,

sB5d

where

Tm
j = Tms1 − vnm

j /cd−1 > Tm,tj
m = Stm +

1

c
nmr js0dDs1 − vnm

j /cd−1

> Stm +
1

c
nmr js0dDs1 + vnm

j /cd . sB6d

The exact solution of Eqs.(B4) and (B5) is well known
[32–34]. The general solution forx j

mst@ tm+Tmd and z j
mst

@ tm+Tmd has the following form after interaction with the
mth laser pulse action:

z j
m = z j

ms− `d2F1„s2pd−1um,− s2pd−1um;g j ,m
s1d ;1…

+ ix j
ms− `d

sinS1

2
umD

coshSp

2
D j

mTmD , sB7d

x j
m = x j

ms− `d2F1„s2pd−1um,− s2pd−1um;g j ,m
s2d ;1…

+ iz j
ms− `d

sinS1

2
umD

coshSp

2
D j

mTmD , sB8d

where 2F1sa,b;c;zd is the hypergeometric function;um

=pVm,0Tm is the pulse area,

g j ,m
s1d = 1/2 − iDm

j Tm
j /2, g j ,m

s2d = sg j ,m
s1d d* ,

gm
s1dsDd = 1/2 − iDTm/2,

„gm
s1dsDd…* = gm

s2dsDd, sB9d

x j
mst ! tmd → x j

ms− `d, §m
j st ! tmd → § j

ms− `d.

sB10d

We introduce the initial conditionsx j
ms−`d and § j

ms−`d for
Eqs. (B4) and (B5) using the approximation of sufficiently
short laser pulses as compared to the time delays between the
pulses tm,m−1/Tm@1, tm+1,m/Tm@1. In particular, for the
WRITE pulse sm=1d it corresponds to the approximation
t1/T1@1 with the following initial conditions for Eqs.(B4)
and (B5):

x j
1s− `d = − ib0sD j ;zj

0dexpH−
1

2
iff j

1 + dw jst1dgJ ,

sB11d
§ j

1s− `d → 0,

based on Eqs.(B3), (17), and (18). We assumest− t1d /T1

@1. After the transition to laboratory coordinate system we
reach the solution

bjstd = − ib0sD j ;zj
0d2F1„s2pd−1u1,− s2pd−1u1;g j ,1

s2d;1…

3exph− ifv31t − sv31 + D jdzj
0/cg − idw jstdj,

sB12d
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j jstd = b0sD j ;zj
0d

sinsu1/2d
coshspD1

j T1/2d
expH− iFv21t −

1

c
sv31

+ D jdzj
0G − isf j

1 + dw jst2dgJ
= s2pg/cdf k=sv31+D jd/c

in sinsu1/2d
coshspD1

j T1/2d
exph− a+sD jdzj

0

− ifv21t + dw jst2dg + im1st1;v j ;r jdj, sB13d

where

m1st1;v j ;r jd = v1t1 − w1 − v32s1 + vn1

j /cdt1 + dm1sr jd,

sB14d

dm1sr jd = v31s1 + vz
j /cdzj/c − v32s1 + vn1

j /cdn1r js0d/c.

sB15d

We note that2F1(s2pd−1um,−s2pd−1um;g j ,1
s2d ;1)>coshum/2j

for very short laser pulsess 1
2pDm

j Tm/2,
1
2pdvphTm

!1, coshh 1
2pDm

j Tmj→1,vph=v31=v1d, and bjst. t1d=0
for um=p, which takes place for theWRITE pulse actionsm
=1d.

In the case of the parallel wave vectors of the photon
wave packet with theWRITE pulse,kph/ /k1 sn1=ezd, we have
dm1sr jd=v21s1+vz

j /cdzj
0/c. For v21L /c!c/vmax it is

dm1sr jd>v21zj
0/c.

APPENDIX C

We are interested in the solution of Eqs.(27), (28), and
(31) for the medium localized in the space 0,z,` [where
Qszd=1 andQszd=0 if z,0] with the initial conditions of
Eq. (29). First of all we find the solution of Eq.(31) for
Fst ,zd fFst ,zduaZ@1→0g:

S ]

c ] t
−

]

] z
DFst,zd = QszdhA1st,zd + A2st,zdj. sC1d

We write the formulas forA1 andA2 taking into account[see
Eqs.(29), (24), and(18)]

h j
0std = expH− iFdw jst1d + dw jSt − t2 +

1

c
zj

0DGJbj
0stdexphiD jtj,

bj
0stdexphiD jtj = is2pg/cdsinS1

2
u2DsechspD jT2/2df insD j/cd

3exph− as+dsD jdzj
0jexpHiF− sv31 − D jd

3St +
1

c
zj

0D + 2
1

c
v21zj

0 − D jte,1 + w21GJ .

sC2d

Averaging of Eq.(31) over the phase fluctuations and inho-
mogeneous broadening with initial condition of Eq.(C2)
gives

A1st,zd = A01 expHiS2
1

c
v21zDJexpH− gSt − t2 + t1 +

1

c
zDJ

3KXsD,zdexpHiDSt − te,1 +
1

c
zDJL

D

, sC3d

A2st,zd = − a0E
−`

t

dt8Fst8,zdkexphiDst − t8dlDexph− gst − t8dj,

sC4d

where A01=s2pa0/cdsins 1
2u2dexphiw2,1j, XsD ,zd

=sechfsp /2DT2dgf infs1/cDdgexph−as+dsDdzj, a0=2pn0g
2/c.

For the analysis, let us consider two different cases.
(1) Case I: a spectrally narrowDATA field sg ,dvph

!T m
−1,Dnd. Under the approximations we obtain

kXsD,zdexphDft − te,1 + s1/cdzgjlD

> kf infs1/cdDg exphiDft − te,1 + s1/cdzgjlDexph− as+ds0dzj

and the following formulas forA1 andA2:

A1st,zd > a sinS1

2
u2DexpH−

1

2
az+ iw2,1+ 2i

1

c
v21zJ

3E0Ste,1 − t −
1

c
zD , sC5d

A2st,zd > − a0Fst,zdE
−`

t

dt8KexphiDst − t8dlDexph− gst − t8dj

= −
1

2
aFst,zd, sC6d

where we use

E0std = exphivphtjE
0

`

dkfkstd =
1

c
E

−`

`

f inS1

c
DDe−iDtdD.

If Gs−D /Dnd=GsD /Dnd, then we obtain

as±ds0d = a0E
−`

`

dD8UGsD8/Dnd
g ± iD8

U
g!Dn

> pa0Gs0d ;
1

2
a.

sC7d

Using the new independent variablesz and z [where §= t
+s1/cdz], we find simpler form for Eq.(C1):
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−
]

] z
Fs§,zd = QszdHa sinS1

2
u2DexpF−

1

2
az− 2gt1 + iw2,1

+ 2i
1

c
v21zGE0ste,1 − §de−gs§−tt,1d −

1

2
aFs§,zdJ .

sC8d

After integrating Eq.(C8) over z (from L to z) and transfer-
ing to the laboratory coordinatest andz, we get the follow-
ing solution forFst ,zd:

Fst,zd =

sinS1

2
u2D

S1 – 2i
1

c
v21a

−1DexpH− 2gt1 + iw2,1− QszdF1

2
az

− 2i
1

c
v21zGJE0Ste,1 − t −

1

c
zDe−gst−te,1+z/cd. sC9d

The solution is given for the arbitraryz coordinate of the
field from −̀ to L.

(2) Case II: a large spectral width of the stored field and
the laser pulsessdvph,T m

−1@gd. Using Fourier transforma-

tion Fst ,zd=e−`
` dDF̃sD ,zde−iDst+z/cd in Eq. (C1), we obtain

the following equation forF̃sD ,zd:

d

dz
F̃sD,zd = − QszdhÃ1sD,zd + Ã2sD,zdj, sC10d

where

Ã1sD,zd = A01expHiS2
1

c
v21zDJexph− 2gt1jexphiDte,1j

3K g

phsD + D8d2 + g2d
XsD8,zdL

D8
, sC11d

Ã2sD,zd = − as−ds− DdF̃sD,zd. sC12d

Taking into account boundary condition of the irradiated

field fF̃sD ,z→`duasDdz@1→0g, we get the following from
Eq. (C10):

F̃sD,zd =E
z.0

L

dz8Ã1sD,z8dexphas−ds− Ddsz− z8dj

= A01exph− 2gt1jexphiDte,1j

3E
z.0

L

dz8 exphas−ds− Ddsz− z8dj

3expHiS2
1

c
v21z8DJ

37g

sechSp

2
D8T2D f inS1

c
D8D

phsD + D8d2 + g2j

3exph− as+dsD8dz8j8
D8

. sC13d

In accordance with the previous approximations[see Sec. III
(quantum mapping): g!T m

−1,dvph,Dn m=1,2,3, . . ., for the
laser pulse], we find

7g

sechSp

2
D8T2D f inS1

c
D8D

phsD + D8d2 + g2d
exph− as+dsD8dz8j8

D8

> sechSp

2
DT2D f inS−

1

c
DDexph− as+ds− Ddz8jGs− D/Dnd

sC14d

and

as−ds− Dd + as+ds− Dd = 2a0E
−`

`

dD8U gGsD8/Dnd
g2 + sD8 + Dd2U

g!Dn

> 2pa0Gs− D/Dnd ; as− Dd, sC15d

whereas−Dd is the absorption coefficient on the transition
u1l-u3l at the detuning −D from the central frequency of tran-
sition u1l-u3l. Using Eqs.(C13) and(C14) for Eq. (C12) and
integrating Eq.(C13) over z8 (from z to L), we get

F̃sD,zd >
sinS1

2
u2D

cH1 – 2i
1

c
v21a

−1s− DdJexph− 2gt1 + isDte,1

+ w2,1djexpH− QszdFas+ds− Dd

− 2i
1

c
v21GzJsechSp

2
DT2D f inS−

1

c
DD . sC16d

Using Eq.(C16) and Fourier transformation, we find the
solution for Fst ,zd, which coincides with Eq.(C8), if we
assume as−Dd>a ,a+s−Dd> 1/2a, and sechfsp /2dDT2g
>1. The additional phaseiDte,1 in Eq. (C16) reflects the time
of the echo signal irradiation.

For the atomic excitations at the echo irradiation by using
the solution forFst ,zd, we determine the atomic excitations
h jstd just after the echo pulse irradiation. The formal solution
of Eq. (28) for h jstd is
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h jstd = h j
0std − h j

1std, h j
1std = ig exph− ifsv31 − D jdt

+ v31zj
0/cgjE

−`

t

dtFst8,zj
0dexph− iD jt8 − idw jst − t8dj,

sC17d

whereh j
0std [see Eq.(C2)]. The functionFst8 ,zj

0d has a sharp
maximum att8= te,1−s1/cdzj

0, so taking into account slowly
varying fluctuationsidw jst− t8d we obtain

h j
1std > ig expH− iFsv31 − D jdSt +

1

c
zj

0D + idw jSt +
1

c
z

− te,1DGJE
−`

t

dtFst8,zj
0dexpH− iD jSt8 +

1

c
zj

0DJ ,

sC18d

with the same accuracy as it shown in Eqs.(C9) and (C16).

The behavior of atoms after echo emissionst@ te,1+dte,1d we
find the following by the stretching the upper limit of the
integration in Eq.(C10) to the infinity:

uh j
1stdut.te,1

> 2pig expH− iFsv31 − D jdSt +
1

c
zj

0D
+ idw jSt +

1

c
z− te,1DGJF̃s− D j,zj

0d

=

expH− idw jSt +
1

c
z− te,1DJ

H1 – 2i
1

c
v21a

−1sDdJ
3exph− 2gt1jbj

0stdexphiD jtj. sC19d

Thus, the probability amplitude of thej th atom on the opti-
cally excited levelu3l after the first echo emission will be

h jstd = h j
0std − h j

1std > 1expH− iFdw jst1d + dw jSt − t2 +
1

c
zj

0DGJ −

expF− idw jSt +
1

c
z− te,1DG

H1 – 2i
1

c
v21a

−1sDdJ exps− 2gt1d2bj
0stdexphiD jtj.

sC20d
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