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Photon-echo quantum memory with efficient multipulse readings
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We present ghoton-echo quantum memory technidoemanipulating quantum states of photons interact-
ing with an atomic gas medium. The technique offers vast potential for the complete nonlocal-in-time multi-
pulse reconstruction of a stored light as a superposition of echo fields, irradiated from the medium at different
moments of time. Using this technique the dynamic control of quantum states is effectively possible by simply
varying the laser parameters.
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[. INTRODUCTION view). Using traditional properties of the photon echoes
o ] ) 21,22 for storage of optical information in the spectral pro-
There has been significant interest in the development dfje of atomic excitation[23,24, new ideas have been pro-
an opticalquantum memoryQM) technique motivated by posed for the implementation of QM techniques by modify-
topical subjects of quantum information and communicationsng the photon-echo techniquikl—13,25%. These ideas rely
[1-3], particularly in investigations of fundamental aspectson modified schemes of photon echoes in gaseous and solid-
of quantum entanglement and nonlocality based on macrastate resonant medigl1,13 as well as a combination of
scopic object§4—7]. In comparison with a classical optical photon echo with EIT effectgl2,15. In comparison with the
memory the QM technique should preserve very fragileEIT technique, photon-echo QM utilizes full absorption in an
guantum correlations of light from the irreversible disappear-optically dense medium and a completely reversible recon-
ance both for the weak photon fields and for the relativelystruction process between the light and medium. Such re-
intensive light pulses. Optical QM processes have alreadyersibility is realized by the control of atomic coherence
been demonstrated with quantum fields interacting witrdephasing in an inhomogeneously broadened system. Al-
single atoms(molecule$ [8,9] and macroscopic coherent though currently there are no immediately relevant experi-
media[10-20, where the unitary evolution can be used for Ments based on these ideas, some indirect experiments on
the reconstruction of the stored light. trilevel ph(_)ton echoe_EZG,Zﬂ give a degree of credibility to
Manipulation of quantum states of arbitrary fields with t€ Potential applications of the photon-echo QM technique.
either multiple photons or a single photon is one of the prin- ﬁR?.CeTtly Iy: has btﬁen shhown th?t Fhet.EIT ]Eechmque ma;(/j
cipal topics of research in the development of QM tech-c"ectively change the phase, polarization, requency, an

niques. A macrosconic coherent svstem mav plav a ke roIEropagation direction of the reconstructed field with respect
ques. P y y play Y TOI% that stored in the QM medium, where additional magnetic

in Q.M research .Of lights with arbitrary spe_ctral e_md temporalﬁelds and reading laser fields with variable parameters are
profiles. A key Interest .Of the .QM tgchnlque is related toused[ZO,Za. Such manipulations do not involve any quan-
quantum information science in which entangled quantum, ., specificity and can be performed with both classical and

states of light can be stored and retrieved on de_mand. R%{uantum fields, while some manipulations with quantum
cently, QM techniques based efectromagnetically induced  gi4e5 of light, which are of interest for quantum communi-

transparency(EIT) [14] have been demonstrated using bOthcations, can be realized using the EIT techni¢@@q.

fast light[15] and slow light propertiegl6-19. The funda- In this paper we demonstrate how to manipulate gquantum

mental concept behind the EIT QM techniques is based Oltates of reconstructed light using photon-echo QM tech-

the storage of optical information in dark atomic states ex-.; : . :
. . niques. We also discuss weak figlt a single photonQM
cited by the resonant Raman fields whose photons ar d ¢ gle photonQ

fising Doppler broadening i dium. Th k field
trapped in a small volume of the medium. The EIT techniqu >Ing oppler troacehing in a gas megium € weax e

eQM is important because interactions of a single photon with

utilizing quantum properties of the medium such as absor[:ﬁ macroscopic system should determine basic quantum optic

tion and dispersion allows one to achieve reconstruction o henomena such as quantum information processing and
the stored field with efficiency near 100%, as confirmed b communications. It should be noted that investigations of

the proof-of-principle experiments with intensive lasery,qoqe hrohlems give rise to the development of new experi-

pulses in atomic vaporl6,17, Bose-Einstein condensate o techniques for single-photon wave-packet generation

(BEC) atoms[18], anq solid—stgte mediufL]. . using various single atomic and molecular emitt&9).
Currently, the main properties of the QM techniques are This paper is organized as follows. In Sec. Il, we intro-

being intensively investigatetsee Ref.[20] for recent re- duce a physical model of the photon-echo QM technique. In

Sec. lll, we present a quantum mapping where a single-

photon field interacts with a three-level gas medium. In Sec.
*Electronic address: samoi@yandex.ru IV, we analyze a complete on-demand reconstruction of the
"Eletronic address: bham@inha.ac.kr absorbed single-photon wave packet as a quantum superpo-
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WRITE pulse (m=1) READ pulses (m=2,3) sition of |1)-|3) as aDATA signal entering an optically dense
ﬂ / / atomic gas medium at=0 will be fully absorbed. The pho-
) /£ A\ toexcited atoms to levdB) start to diphase due to Doppler
13 broadening. This phenomenon is well known as free induc-
tion decay[30]. A WRITE pulse followed by thedATA signal
DATA l: with time delayt;, where thewRITE pulse is resonant to the
& 6 transition of|2) and|3), transfers the atomic excitations to
the long-lived level2). Here, the time intervai, should be
3 . 12) comparable or longer than the inverse of inhomogeneous
=0 F ° ™ broadeningA but less than the inverse of the optical coher-
re Y e ence decay rate.. Thus, quantum information of a single

photon is mapped into the macroscopic coherence between
the levels|1) and|2). Owing to the very slow decay process

FIG. 1. A tempora| diagram of quantum mapping' storage' an(pn IeVe||2>, the Optica| quantum information can be retained
readout process. All atoms are initially on the ground légelThe  for a long period of timet< 5", where y, is coherence
photon is absorbed by the inhomogeneously broadened atomic sygecay rate of the staf@).
tem. ThereAD pulse whose pulse areadscompletely transfers the To retrieve the stored quantum information on lef| a
atomic excitations onto the levi) after the time delay=t;. Two ~ READ pulse resonant to the transition [@&-|3) with an op-
echo signals are irradiated after the action of the consecutive twposite propagation direction to therRITE pulse follows att
READ pulses with time delays, while the atoms are transferred =t,, wheret, must be shorter than the decoherence tiy)jb
back onto the ground levél). These two echo signals correspond of the level|2). At this point the reexcited atomic dipoles
to a single-photon state in the form of two wave packets. The temstart to rephase, and the medium can then irradiate the pho-
pore_1| _p_rofile of the echo signals is reversed in time with respect tqgn of the data signal as an echo pulse in the opposite direc-
the initial photon. tion with respect to theDATA at t=t,+t,. In an optically

dense medium the photon emission probability can be close
sition of time separated multiple wave packets irradiated byo unity if the time delay of the echo irradiation is small
the medium at different moments. In Sec. V, we discuss genenough with respect to the typical time scale of the decoher-
eralization of the proposed photon-echo QM technique anént process of the system. In the read-(eiconstruction
its connection to the slow-light-based EIT QM technique. process the interaction system gradually evolves to the final
separable state through the entangled states of the atoms and
field. Therefore, we can develop a reading process in this
Il. PHYSICAL MODEL scheme by using multipulse laser excitations. We are able to

The presently conceptualized photon-echo QM techniqufhow that the complete reconstruction of the stored informa-
can be realized in an inhomogeneously broadened atomic g gn 1s also possible \.N'th t.he m_uItlpuIse technique, which
medium composed of-type three energy levefd1]. Tem- opens a door fqr ma}nlpulatlon with quantum state of a pho-
poral and spatial schemes of the proposed photon-echo anlnuleing ;liizﬁﬁlitgjlgts(.)mic state is represented as
technique are shown in Figs. 1 and 2, respectively. As an 9- 4 P

initial condition, we assume that all atoms stay on the ground

0 4 Loty Loty Time

N
level |1). A single-photon wave packet resonant to the tran-
| A®) =TT, (1)
WRITE pulse (m=1) READ pulses (m=2,3) =1
Lst nd 3xd where [¢(t));=8"Ar;-r;(t)[1);, &(r;-rj(t)) describes the
classical movement of @h pointlike atom in the gas with

the spatial coordinate,(t):r?+vit, vl is the velocity of the

jth atom, andN is the macroscopic number of the atoms. The

optical dipole transition$l) < |3) and|2)+«|3) are allowed

to transit to the excited stat8), where the level|2) is ini-

tially unpopulated but energetically close [t. The initial

atomic state in Eq¢l) can be prepared by an optical pump-

ing with a cw laser light resonant from the levi@) to the

‘ level |3).

’T‘\ ’T‘\ We assume that a photon wave packet enters the gas tube

att=0 (see Figs. 1 and)2The state of the photon and the
atoms|#i,(t)) before interaction is introduced formally for
timet— —o that closely corresponds to the physical situation

FIG. 2. A spatial diagram of the two-pulse quantum recovery.for t<dty, (&t,y is the duration of the single photon wave

The first and secondeAD pulses propagate in the backward direc- packej, where the interaction of the photon with the medium

tion with respect to the direction of theata photon. is negligibly weak:
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[Yin()|i<a, = [41(D) = @in(DIAD), ©)

where |¢;,(1)) = fdkf(t)a]|0) is the well-known state of a
photon wave packetdk|f,(t)]? is the probability to find a
photon with a wave vector in the intervialandk+dk at the
moment of timet, f (t— —«) is a sharp function ok, peak-
ing at k=k;,=€,wpn/C, and the spectral widtibw,,~ &;ﬁ.
The functionf,(t— —=) is normalized to satisfy the condi-
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photon beam cross-section diameter in tlyglang. Conse-

quently the atoms do not have enough time to leave the

volume, while the probe quantum fielgh single-photon
wave packetis being absorbed. Initial quantum stgteq.

(2)] and Hamiltonian$Egs.(3)—(6)] determine the following
structure of the wave functiofy(t)) in the evolution:

[0 = |l D) + (1)), ()

tion [dk/f (t— —=)[2=1; |0) is the vacuum state of light, and
a, and a] are annihilation and creation field operators, re-
spectively. For simplicity, we do not consider photon polar-
ization dependence in the interactions with the atoms.

(D) = [ O) + 42O, (D) = f dkfi(t)al0)|A(D)),

We describe the quantum evolution of the system with ®
Hamiltonian interaction of the atoms and the quantum fields, N
in which the laser field is treated as classically: Iwﬁﬁ)(t)) =S gj(t)P121|O>|A(t)>,
n j=1
H=Ha+ Hy+ Vo + 2 V), (3)
m=1 N
() = 2 by())PL 0} A, (9)
N N =1
Ha= h% [w31 + 5“’j(t)]P]33+ﬁ"’2121 P, where the new valueb;(t) and &(t) are probability ampli-
= = @ tudes of finding thgth atom in the stat¢8); or in the state
2),.
Hf:f dkhwkaﬂak Substituting Eqs(7)—<9) into the Schrddinger equations
’ leads to the following forf(t), b;(t), and &(t):
N
! i Tt =—i -ig> bi(texp—ikz(t)} (10
vaf:ﬁgj dk> fa Phexplikz) + H.c} (5 o=l 95 Uexpika (O} (10
j=1
N d . . .
1 . —bi(t) =i +5-tb-t—|fdkftex ikz(t
02~ 215 0t - T P obi(0) = = ilwgy+ u,()Joy(0) - ig | dkf(expiikz (D)}
j:l n+1l
1 1
XeXF{— i(wm - kij) + i(Pm:l + H-C-}: (6) + iifj(t)z Qm(|:t “tn— Enmzj(t)] /Tm>
m=1

whereV,; is the interaction energy of the quantum field with
atoms for the atomic transitiorj$); —|3);, g is the interac-
tion constant of the photon with thigh atom[30]; V,,(t) is
the interaction energy of atoms with intensiweITE-READ
pulses, which are resonant to the transifi@p— (3);; ,, is
the central frequency of the atomic transitiong; — |w);;
dwj(t) is the fluctuation on the optical transition frequency,
which is determined by the interatomic collisions and inde-
pendent from eachith atom in our considerationP),
=|v);;{u| is a jth atom operator coupling the statgs; to
|w)j; Ot/ T =dE(t/T) /% are Rabi frequencies; arif,
is the temporal duration of thath laser puls¢ m=1, WRITE
pulse;m>1, READ pulse; d=d;,=d,5 is the dipole moment grated over all the atomic spatial coordinateg{j
of the atomic transition2)-|3); En(t), @y, and ¢y, are the =1,2,3,... N} [dry...dry(At)|ac and fdry...dry (A1) P
amplitude of the electric field, the carrier frequency, and the The optical frequency fluctuationsw;(t) lead to the
phase of then-laser pulse, respectively, is the time of the  additional stochastic phasﬁgoj(t):f})dt’ dwj(t) of the
mth laser pulse acting on the medium;=k./|k,; and jth atom with average valueédp(t)),=0. We consider
k| =wm/c. Here we set the energy of the ground lev], that these fluctuations are slow enough with respect to
=0. We assumé =1 unless specifically stated otherwise. the temporal duration of the light pulses that they
A typical analysis of the three-dimensional spatial andshould be considered first of all for the temporal intervals
temporal (r,t) dynamics [31] shows that the two- between the interactions with optical pulses. We use
dimensionalz,t) model can be used for the time&a/v, (v,  the following well-known formulas for the average
is average thermal velocity in the atomic gas, anis the  values of the exponential functions including these

xexp—i[ont — knz (D] +ien}, (12)

n+l

d . i
(0 = —Topé(t); + labj(t)n% Qn(t -ty

— Nz (Ol T explil ot — Knzi(D] — ien},
(12

where fy(t— ) =f"((wy— wyp) /c)e ' acts for a model.
Equations(10)<12) are obtained from the Schrodinger
equation by the multiplyingA(t)|a, or (A(t)|P}; and inte-

063809-3



S.A. MOISEEV AND B. S. HAM PHYSICAL REVIEW A70, 063809(2004

fluctuations  (exp{~idp;(t—to)}),=(exp{~i/} At w0}, Multiplying Eq. (13) by €% and integrating the product
—exp—y(t-tp)}, (exp-i f{zﬂzdt/ Sw;(t) =i ftlmdt/ Swj(t)}),  over JZ..dk, we obtain the macroscopic equation for the func-
=exgd—y(1,+ )} tion £(t,2) in the medium:

In Sec. lll, we will study the behavior of EqeL0)—(12) at 9 J ) )
the initial condition b;(t— —»)=¢(t—-»)=0. Note that cot 3z &(t,2) = —i(2mgny/c)expiwpy(t — Z/c)}

Egs.(10)—«(12) describe the QM processes based on both EIT

and photon echoes, where the QM process is affected by X(B(t,Z,A)), (15)
spatial, temporal, and spectral parameters of the photon wave

packet and the classical laser pulses. Note that @Gsand

(12) are transformed into the equations for the atomic coher-  (B(t.Z;A)),4 = (Srp)” 12 Bi(t,.2): Ay 5ei(1) 8z~ Z)),
encep}, andpl, if a weak classical probe field is considered

instead of a single-photon field. This means that each of the (16)
two techniques can be used for QM with weak quantu

fields rT\/\/heren0=N/(LS) is the atomic density§is the cross section

of the light beam, and\ is frequency detuning from the
center of the atomic transitigd) < |3). For the macroscopi-
Ill. QUANTUM MAPPING cally large number of atoms we calculate the summa?ion in
Eq. (16) over the atoms using usual transfer to the continuum
Storing a photon state onto atomic states can be pegtomic distribution. Thus, we can replace the EbB) as
formed by complete resonant absorption for the atomic tranfollows:
sition|1)—|3) in optically dense gases if the inhomogeneous -
(Dopplen broadeningA,, is larger than the spectral width of . . f .
the quantum lighbwp,: A,) Sw,p, Due to the Doppler broad- (BLZ ANy sh-— Q@) o AAG(A/A)AMZ A,
ening, the complete absorption of the photon is accompanied (163
by the fast dephasing of the excited atomic states, so that the
subsequent coherent interactions between the atomic excitethere G((w—ws3q)/A,) is spectral inhomogeneous broaden-
tions and the light that is suppressed play a positive role foing and the functiorQ(z) determines the spatial sizeof the
the indestructible storage of the quantum state of light. gas tube witmQ(z)=1 for 0<z<L andQ(z)=0 for z<0 and
Because a general analytical solution of Ed€)—«(12)is  z>L. Note that the continuous distribution in E(.63) is
not yet known, we rewrite the equations in a simpler form,possible for the time intervalshorter than the lifetime of the
taking into account the absence of any overlapping of thexcited optical atomic states, which is much longer than our
WRITE and READ fields with the photon in the medium. The timescale.
photon absorption and emission take place in the absence of |f the spectral width of th@aTta pulse is much narrower
overlapping with the laser field€)y(t)=0,{m=1,....n,n  than the inhomogeneous broadenifg,,<A, [12], we find
+1}, which characterizes the considered photon echo of thenat the simple solutions for Eq(;L4)—(16) the field decays
QM technique. In this case the E¢$0) and(11) acquire the exponentially in the mediung(t,z)=&,[t—(1/c)z]e"*? and

following form before the action of the&/RITE pulse: B':‘ig exp- i(w31+Aj)[t—(1/c)z°]—azo}E’O(AJ- ), where
9 _ _ N - SO(AJ 1= St dt’ Eq(t! yexp{iAjt'} is a current spectrum of the
Hfﬁ —iofy—ig> Bexp- k2, (13 field on the jth atom at t;=t-(1/0Z’, and &t)
j=1

=expliopit}[odkfi(t) is the temporal envelope of the wave
packet in the entrance of the medium. We consider the opti-

9 (= —ilwg+ A+ Sw (1B, - igE(t,2 ) gally dense mediun(naL>1) for all spectral components. of
light. The solution for the field$&(t,2),f (t)] and atomic
. excitationsg; is given in Appendix A for arbitrary ratios of
Xexp=i(wprt - phzo (14) the field ar% atgmic pararﬁgters. Immediately gfter the pho-
whereA; = w31(v‘/c) and g;(t, J,A) b( Z Ajexp(-iAjt}.  ton absorption these values are
We also use a new variablét,z) for the quantum fleld " —n ™ 0
[k (0= £(t, Dexpi—i wpyt-2/C)} With wy=ws; andk byt leor,, = By XPIiA T} = ~1B%(A i 2)expl=0,(t)
=w/c in the chosen(z,t) model. Here we neglect the weak —lwgtj +iAZ Orc}, a7
reflection of the photofif_(t) =0], which results from the
resonant interactions of the field with the atoms. We have ,BO(A], J) (2mglo)f M( (Aj/c)exp{— +)(Aj)z?}, (18
also put exfi(k—ws;/c)vlt}=1 in the derivation of Eq¥13)
and (14), which limits the time scale of our theoretical ap- &M =0, ft>A, 1 5wph, aYc) -0, (19

proach by the inequality <tgcn= w31/ (Swppac) [31]. This _
condition means that atomic movement in thalirection  Where ag(8)=aol(y+i[A’=A)] )y [see also Eq(16)],
cannot be any longer than the Beer's depth of the resonamo=2m0g°/C, and  a)(A)=Re{a)(A)}+i Im{a,)(A)},
absorption, so the excited atoms are localized in the volum@here In{a,)(A)} reflects the dispersion of the field in the
where the quantum field was absorbed. medium and determines the additional phaséa(A))}z;
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for the jth atomic excitation with frequency detuniny. mechanism. For the reconstruction of the stored field in the
Equations(17)—(19) describe the evolution of the excited slow-light-based EIT QM technique, it is realizable by ap-

atomic system before the action of thexiTE laser pulse for  plying only one control field to the atomic transitions, while

time t<T§°', v~ The WRITE pulse propagates along tize  shorts pulse or multipulses are used in the proposed photon-

direction and acts upon the medium with the time delay echo QM scheme.

(t;<y) (see Figs. 1 and)2We use the temporal profile

E.(t)=Ej.csecH(t—ty)/ T} and the carrier frequenay, reso- IV. TWO-PULSE MANIPULATIONS
nant to the transitiof2) < |3). Assuming the quantum field is WITH A STORED PHOTON
in the vacuum statgf,(t) = 0], Eqs.(10)~(12) can be rewrit- Initially we considered the reconstruction of the stored
ten as follows: DATA field by the firstREAD pulse(see Figs. 1 and)2which
P 1 acts upon the medium &tt, and has the pulse aréa+ .
abj(t) = —i[wg + 5wj(t)]bj(t)+i§§j(t)91,osec’{ (t_tl The pulse propagates along thez*-axis, opposite to the

flight direction of theDATA photon. TherREAD pulse action
1 i , will create a wave of polariton excitation in the atomic sys-
_Enlzj(t) Ty [expl- (@it = kez(V) +ig}, tem propagating in the zdirection. At the same time we
assume that the atoms move in the gas tube without colli-

(20) sions and that the atomic dipoles get an opposite Doppler
5 1 shifts to -z direction with respect to the shifts which they
=& () = — iy (1), +i=b(H)Qy gsech(t -t had before the interaction with therITE pulse and th®ATA
at 2 photon. Therefore, the subsequent phase evolution of the
~ iz (O/CHTJexplifwnt - kiz ()] — i} atomic dipoles irradiating the field in thez-direction will

have the temporal behaviak(t) ~ dgexpiA;(t—tp) —iA;t,}.
(21) Thus the atomic coherence will be recoveredtat,;=t;

The most preferable conditions of the photon-echo QM ist 2 @nd resulting in photon echo irradiation in the opposite
realized if thewRITE pulse completely transfers the atomic diréction with respect to the initiabara photon. The non-
excitations from the leve|3) onto the long-lived leve(2) trivial physical aspect of such collective atomic irradiation
without their spectral selection. Such situation takes place ifakes place in the high optical dense medium, where the
the WRITE pulse area i®h;=m and a sufficiently short pulse Weak optical fields are usually strongly absorbed. In the
durationt,, less thanﬁw;ﬁ (i.e., a large spectral width as Present condition the echo signal is irradiated from the me-
compared to the spectrum of the stored figd,,~t"* dium without reabsorption. Such emission is due to coher-

) W . . ..
> Swpy). It is necessary obviously to exclude any transfer of®Nc€ retrieval of rephasing process, where each atom partici-
the atomic excitation onto the levil) by the wRITE pulse. ~ Pates with the same efficiency both in the initial absorption
For this, the energy splitting between the two lowest leveldnd m_the subsequent irradiation of the ech_o signal. Thus, the
|1) and|2) must be larger than the/RITE spectral widths evolution stops Ieaqs at thg grou.nd lej@l with a com_plete _
wy> w1, . Solution of Eqs(20) and(21) in such con- phase recovery. This physpal picture can be cla_nﬁed_ a_dd|—
ditions gives the following values for the atomic amplitudest'ona”y by the general physical explanation of the irradiation

after the action of th/RITE pulse with a pulse area of (see ~ Process of the echo signal as a completely reversible process.
Appendix B: The action of all laser pulses plays the role of the Maxwell's

demon, rotating the phases of the all atoms in the appropriate
bi() =0, &) =BYAj;2)expl=iwyt —idg;(ty) +idy} manner in order to revive both the atomic coherence and all
(22)  the interactions between the atoms and field which are re-
. N . versible in time. Since such coherence reversibility seems to
andfy(t)=0, whereg; is the additional phase of thjéh atom:  pe possible in general for multiparticle systems, it is worth-

b = wyy(1+ vjzlc)(z(-)/c) _ (ij/C)wsztl_ o while asking the following question: how may be repeatedly
J 0 ! realize such reversibility without using a new photon?
= wZ/C— Ajty — ¢y, (23 To answer this question, let us consider the properties of

the first echo irradiatiof11], which appears after the first
read pulse. The atomic state just after the first read pulse
(m=2), taking into account the initial conditions of Egs.

where we have also assumed thaty/c)wssty
=Ajty(w3p/ wa) =Ajty for wy;<ws;. The properties  of

atomic excitationg;(t) on the leve|2) are determined by the :
. . oA . . (18), (22), and(23) [see Egs(B3)«B5)] is as follows. The

spectrally varled_ amplltuc_igé} (AJ,Z?), which has the_ same amplitudesb;(t) and (1) for time t>t,+T, are

exponential spatial behavior if the stored quantum field spec-

trum is narrower than the inhomogeneous broadefifag 0 ) 1
<A,). Such type of quantum memory is completely different Pi(Di>t,+7, = bj(Dexp) —i| Sgj(ty) + Sy t -t + PCIARE
from the slow-light-based EIT QM technique, where the

quantum information about theaTA pulse is recorded in the 1

spatial profile of the atomic excitatior&(t,z) (polaritons. b?(t) =j sin(—02>secthjT2/2),Bo(Aj,z?)exp{mj(t)},
Due to this reason, the mechanism of stored field retrieval is 2

also different from the slow-light-based EIT QM technique (24)
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§j(t)|t>t2+T2:zFl((ZTF)_laz,—(ZW)_lﬁziyjl,z;l)ﬁo(Aj;Z?) .The first te_rmA1 on Fhe. right side of Eq(31) is deter-
. _ . mined by the initial excitation of the mediufsee Eq(29)]
xexp—iwxt —i6pj(ty) +igj}, (25 and the second integral tefA, ~ ['dt'F(t’,2)---] is the re-

sult of the echo field action on the medium that gives the
1, 1 1, polarization responsible for the irradiation absorption at
() ==\ 1+ 2]+ 2 017~ Ajl tea — F | + @2, usual conditiongsee Appendix ¢ Using Egs.(24), (29),
and (18) we find A;:

(26)
1
where ¢, 1= @, - ¢;. Optical irradiation by the medium will At,2) = (Zwaolc)sin(—az)exp{— y(t—t2+t1
be determined by the coherent properties of the atomic exci- 2
tationsb;(t). The new atomic phase(t) in Eqg.(26) includes 1 1
the term -w31(t+z?/c), which reflects the appearance of the TRl (R 2szlZ+ ®2,1

coherence polariton propagating in the backwadirection.

Such polariton can irradiate the light coherently in the me- ™ in( 1 ) _
dium, if the term 21/¢)w,1Z) in u(t) does not suppress the ><<secl‘< 2AT2>f (cA eXpl- ) (A)Z}
phase matching in the irradiating volume of the medium. We 1
have considered the echo irradiation, usLng for convenience Xexp{iA(t—te’1+ —z>}> (32
new notation for the backward field modkes -k€&, and w_ A
=wy; thus, Eqs(13) and(14) take the form(t>t,+T,) Averaging Eq.(32) over the inhomogeneous broadening is
N proportional to the valudexp{iA[t—te;+(1/c)z]}--),; i.e.,
if—k: —iwfy - igE 77]_ei|<z§" (27) the polarizationA;(t, 2) Wi!l be recovered at the momer_1t of
at =1 time t=t,;—(1/c)z that will be a source of the echo signal
emission(see Fig. 2. The analytical solution of Eqg31)
and(28) with initial condition of Eq.(29) is given in Appen-
— =~ i[ w3y~ A + Soj(0)] 77~ igF(t,Z] dix C. In the case of a spectrally narrow probe field
at o1 . .
(v, 6wpn<T 7, Ap) we have the following equation for the
Xexp—iwg(t+ z?/c)}, (28) field’s envelope-(t, 2):

where J (1 1 .
- —F(s,2 =Q(2)\ « sin 502 ex —5012—2‘)/'[1+I(,02’1
(D) = b(DexpliAt), Iz

1 1
+ Ziszlz)fo(te,l —g)e sy — SaF(s, )},

(33

wheres=t+(1/c)zis independent coordinate in the equation,

. which clearly shows the main temporal and spatial properties
-ikz — . of the echo signal emission. The signal is generated in the

fo dkf(t)e Ft2exp~iws(t+20), (30) medium by the atomic excitation whose amplitude increases

0 . o exponentionally[~exd—%az)] from z=L to z=0. The term
where 7;(t) corresponds to the atomic excitation after the_%ap(g, 2) in Eq. (32) gives the exponential absorption

first reading pulse in the new notatiof},z) is an unknown ~exp(%az) for the field propagation without any initial co-

slowly varying envelope of the irradiated field with initial perence of the medium. Such behavior of these two expo-
condition F(t=t;+T5,2)=0. Taking into account EQS. pents plays a crucial role for the complete emission of the

(28~30) we obtain the equation for the field envelope excited energy from the atomic system. The solution of Eq.
F(t,z) similarly to the derivation of Eq(15) at the photon (33) is

mapping stage:

() = b}’(t)exp{— [ [ Sj(ty) + 5¢j(t —t,+ %z?) ] }exp{iAJt},
(29

; ; sin<—02>
(J - ,9_z>F(t,z) = Ay(t,2) + As(t,2) F(t.2) = .

1
exp) — 2¢1; +i -Q2| zaz
[1-2(1/c)wpa ] p{ Hutieza= QL )<2a
— o1 ; 0t o
= —ig  agexpliwg(t + ZC) K7 (t,2;A)) o 1 1
t ' - Ziszlz) go<te,l - EZ> & a0, (34)
—aof dt'F(t',2)(expliA(t - t")
—o Thus, we see that the echo field amplitude increases expo-
—iSe(t—t)). 5. (31) nentially[~exp(—%az)] from z=L to z=0 and which revives
& the initial process of the photon absorption and temporal
From Eq.(31) we extend the integration from the interval profile of the reconstructed field, which is temporally re-

f{z,rTzdtw to [*..dt-- assuming thaF(t<t,+T,,2)=0. versed with respect to the initial wave-packet envelope.
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Complete reconstruction of the initial photon is limited by fulfilled for real experimental parameters within the spectral

the value sih% 02), phase relaxation term ef2+1;}, and the

interval Swyn~10% s7%. As seen in Eq(36), we must stress

factor [1-2(1/c)wy Y] . The last term is determined by that the dispersion effects, take place at the initial photon
the influence of the phase matching conditions on the echabsorption and then in the echo signal irradiation completely
signal irradiation. A most interesting case occurs when th&€ompensate each other in the reconstructed fieidz<0).

absorption coefficientr is sufficiently large, but the fre-

quency splitting between the two lowest-energy levelsis

This effect is a direct consequence of the perfect reversibility
of the echo process.

enough small. In such a case the phase matching will only be Using the solution of=(t,z) we can analyze the behavior

satisfied with any accuracy if1-2(1/c)wya i t=1,
which is possible for real gases with=1 cni?t.

A general solution of Eqs(28), (29), and (31) for the
large spectral widths of the stored fie{dwpn, T ;]1> v) is

of the atomic excitationy;(t). The solution for the atomic
parameters just after the echo pulse irradiationt, ;)

7(0) = (1) = 7(t)

given at Appendix C using the Fourier representation

E(A Z)= (ZW)_lfiowth(t , Z)eiA(t+ﬂc):

! (1 )

sin 502

ESNT
C{l—zcw21a ( A)}

+ @2,1)}9Xp{_ Q(Z)(a(+)(— A)

1 1
- 2iEw21>z}sec}<gAT2>f '“<— EA), (35)

F(A,2) = exp{— 2yt; +i(Atgy

where a(-A)=27ayG(-A/A,) is the absorption coefficient

at the frequency detuningA~ Using Eq.(35) we find the
solution for the field functioﬁfﬂ,c(t)(w:w3l+A) after echo
irradiation (t>t, ;):

f(—l()w31+A)/c(t > te,l) = CF(— A'Z)z<0

1
sin( > 02> seclinrT,A/2)
= exp{— 29t —i(wz
1
{1 -2 Ew21a_1(— A)}

+A)t+i(Atgr + @o )M (= AlC), (36)

with the probability to find a photoR,(t>t. 1) in this echo
signal:

1 ” 1 a(A)=a
Polt> )=+ | AAID ot Ll

sir12< % 02> exp{— 4t,}
T 1+40i(a0) D

(37)

I

exp{— i [ Opj(ty) + &pj('[ -t + %z?) ]}
, 1
exp{— i 5goj<t + EZ_ te,l)}

- exp(— 29ty

1o
{1—2(:(1)216! (A)}
xb(t)expliA;t},

(38)

where —njl(t) is the additional term in the atomic excitation
due to the interaction with the echo signal. After averaging
over the inhomogeneous broadening and phase fluctuations
we find the probabilityPz3(t >t 1) to find the atomic system

on the excited statésee Appendix ©

N

Pas(t > te1) = X, (1)
j=1

N
= 2O+ |7 O = (72)1) 7 ()~ (0) (7 (1)}
j=1

L * exﬁ— 4’yt1) }
= AG(A/A -
Srbfo dzf_oc dAG(A/ n){1 1+ 20280

X [00(t,2,A) 2“4 <

exp(= 4ty ) .

T+ 4ok ac)? (39

= Sln2(02/2)<1 -
Thus for a very slow phase relaxationt4<1 and for a
good phase matching conditionwgil(ac)‘2<1, we have
found thatP33=0; i.e., all atomic excitations will be trans-
ferred from level|3) onto the ground levell) with the prob-
ability for the echo field emission beinBy,=~sin?(6,/2).

where we have assumed a short enough reading laser pulsgich behavior of atomic systems and their fields can be ex-

(sech(7/2) bwpyT,]=1) with the assumptiony(A) =~ a and
the normalization of the initial state of
(1/c)fZ, dAlf "(-A/c)]?=1. As follows from Eqgs.(36) and

plained only if we cannot separate atoms one from another in

light their interactions with the echo signal, where the one group

of atoms stay initially on the levell) while the another

(37) the high-efficiency reconstruction of the initial photon group of atoms is excited on the lev@) before the echo
state will take place for, and if, the phase matching conditioremission. Thus, we have an example of coherent atomic be-

fulfills all the reading of the spectral components,dA)

havior where the interaction with the echo signal cancels the

<ca (Where dwyp/2< A < dwyp/ 2). The numerical analysis  field absorption due to the perfect phase matching between

in Ref. [25] has shown that the condition of E(4) can be

the field and atomic phases.
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Below we have considered only the most preferable contime t=t3;>t.,. Let us assume that this laser pulse also
ditions 4yt;<1 and 4v3 51(ac)2< 1 for the read process of propagates in the backwarddirection. The evolution of the
the stored state. After echo signal emission, the wave fundotal quantum system in the laser pulse can be described by

tion of the field plus the atoms will bisee Eqs(8), (9), (22),
(23), and(36)]

WO, , = [ () + |9 (1)

™ () = f dk iR (t)a’ J0)|AD)). (40)

Thus some atomic excitations in E@0) still exist only on

the level|2). We can initiate a similar emission of a new

photon echo signal by applying the secoreab pulse at

Egs. (18) and (19) with the new initial conditions of Egs.
(25), (36), and (40) [i.e., b;(t)=0, &(t) #0]. Following the
solutions of Appendixes B and C and ignoring the frequency
fluctuations(yt< 1), and assuming the phase matching ful-
filment we may find the wave function after the second echo
irradiation,

bj(t) = 0,§ (V|i=t e, = oF (04 (27), — 05/(2); Y5 (A);1),F (8, (2m), = 6,1(2); 957 (A)); D BA;; Z J)exp{— iwyit +i ¢y},

sin(65/2)

=YY (6,2
2" cosHmAT,/2)? 1(6/(2m),

f—(w31+A (Dt

Let us suppose that the secariED pulse has the pulse area
0;= and its spectral width is larger than the photon spec-

trum width (Sws~ T 3> dwyy); thus, we obtain

sin(64/2)

el A T I sin(6/2)|,-.=1,
COSHﬂ-AXT3/2)AT3<1 (6/2)| g,

F1 (2m)705,— (2m) 165, ¥5P(A); l)|AT3<1

= 00103/2)|(93=7T: 0 (44)
With such parameters of tteAD pulse we obtain
e anc®]est,, = 2F 16 (27), = 61 (27); 75 (4) ;1)
X fIN(= Alc)exp{— i(wgy + At
+i(pa + Atg )}, (45)
O]ier,=0, (#2(1))=0). (46)

Thus the final wave function, E¢41), evolves from Eq(40)

to the following quantum superposition of the two photon

wave packetgsee Eqs(36) and(45)]:
2
|9(0) = 2 [ (> tom), (47)
m=1

where, using Eqg.36) and (45), we find

2
lg(®) =[R2 0) + > [ (> te), (41)
m=1
where
(42)
= 0,2 v3(A); 1) M(— Alc)exp(— i(wgy + At +i(pa; + Atgd)}. (43

2
OO = 2 P> tom) [ (> tem) = 1. (48)
m=1

Equations(47) and(48) show that a photon is reradiated by
the medium with a probability close to one in the two wave
packets separated in time by the vatye-t, ;=t3—t;> &y,
which is much larger than the wave packet durations. If the
spectrally broadened first read pulse has the pulse area of
6, , we obtain the amplitudes of the two echo signals
using formulag44):

(n+1) - laser pulses

1-st 2-nd 3-rd

£\

1t 2nd (@1t 2

FIG. 3. A general scheme of-pulse quantum memory with
irradiation of a photon in a sequenceroécho fields. The amplitude
and the phase of each echo signal can be controlled by controlling
the READ pulses.
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O (> te 1) = sin(0,/2)f (= Alc)exp{— i (ws; + A)t

+i(pp + Atg 1)}, (49)

f2 (1> te,) = cog 6,/2)f (= Alc)exp(—i(wg; + A)t

+ i((,031 + Ate’3)}, (50)

where the terms sii,/2) and co$6,/2) determine the am-

PHYSICAL REVIEW A 70, 063809(2004)

(PO[D) = 2 (Y™ (> to )™ (> to)) = 1.
m=1

(54)

Thus, after reirradiation of the initial single-photon wave
packet the stat€6) is decomposed into the quantum super-
position, Eq(53), of then different states of the nonoverlap-
ping wave packet$¢(fm>(t>tevm)> (m=1,...,n). Obviously,

plitude probability of the echo signal, and the termssny'syhsequent action upon the medium by other laser pulse
expli(¢p1+Ate )} and exgi(ps; +Ate o)} determine the phase yjth the frequencyws, will not generate the photon echo

and the timety, of these signal emissions. Thus E@49)

signal because all the atoms have already been transferred

and (50) show how we can control the phases and the ampnto the ground levelkl). We can control the parameters of
plitudes of the two wave packets by varying the pulse #ea the each term in the quantum superposition, which is easy to
of the first readout laser pulse and the laser field phase demonstrate in the case of all short pulses, wherethgh

P2, and ©3.

V. GENERALIZATION AND DISCUSSION

We can now generalize the obtained results for the case of
n+1 READ pulses. In a similar way to the previous section

we obtain the solution for the wave functida(t)) after the

term (n’ <n) in Eq. (52) will be [see also Eq44)]

n’

Coarrarc®list,,, = SN0y ,1/2) [T cod 6,/2)F (- Ale)

m=2

><exp{— i(w31+ At+ i(‘Pn’+1,1+ At(-:'.n’)}-

(n+1)th pulse excitation with the irradiation of n echo sig- From this we may deduce that the wave packet phase can be

nals fort>t., (see Fig. 3 [tem=tmn.1+t; iS the time of the

echo signal emission, where=1 in Eqs.(35) and(38)] (see
also Eqgs(42) and(43)]:

(D) = [P0 + 2 [f™(©),
m=1

where
b(t) =0,

n+1

&§Oryem, = [T Fo(0/2m), = 0/ 27); /i DB} D

m=2

Xexd_ i(1)21t + Id)]}’ (51)

f(—T)w31+A>/c(t) [t

_ SiN(641/2)
 cosHmAT ,4/2)

X [ JF1(0:(27),— 0(27); ¥ (A); 1) f (= Alc)
m=2

Xexp{— i(wgy+ At +i(@nep 1+ Atenin)}. (52

controlled only by the phases of the first afml+ 1)th laser
pulse whereas the amplitude of tle’)th packet is deter-
mined by the laser pulses from=1 to m=n’. It is also
possible to calculate the probability of finding a photon in
the (n’)th echo pulse, which is equal toP,
=c0%(60,/2)- --coS(6,,12)sir?(6,.1/2). For equal probabili-
ties, P;=P,=---=P,=1/n, the following parameters of the
laser pulse areas must be satisfied: %#p2)=1,
SirP(6,/2)=1/n, sirf(65/2)=1/(n-1), ...,sirf(6,/2)=(n
+2-n")"! (where 2<n’<n+1).

Here, it should be noted that the obtained results are based
on the phase matching, while in a three-level system With
transitions the phase mismatching condition for photon-echo
QM processe$35] can be satisfied by tuning the laser pulse
wave vectors orientation. So in such atomic systems the pro-
posed manipulations with a photon can be successfully real-
ized without any limitations imposed by the phase mismatch-
ing.
It is also possible to generalize the result of Esf) for a
three-dimensional spatial case and for the spectrally selective
excitation of the resonant atomic line. The simplest scheme
possible is shown in Fig. 4. The main difference of this
scheme is that the laser does not propagate exactly backward
along thez axis. The laser field wave vectors, however, must
be sufficiently close to the z-axis, if the phase matching
condition is to hold well enough, in order that the irradiation

We set the last pu|se area in tREAD pu|5e sequence to be of the echo Signals are still able to be effective. It is impor-
6,.,=7 and its spectral width to be larger than the photontant that these echo fields can be irradiated in different direc-

spectrum  width: Swpn< dwny~ Tty SO HF1((277) 24,
=(2m) 11} Yir(A = 0): D, 1=C0%612/2)=0. Thus

. n+l
we obtaing;(t>t.,)=0, so

n
|¢(t > te,n)>|49n+1:'fr,ATn+1<1 = 2 |'7//$m)(t > te,m))- (53
m=1

with the normalization

tions with respect to each other, in order that the formula for
the final state of the echo fields after ttrer 1)th laser pulse
action will be able to take on a more general form:

YOy, = El ™ (Kemit > tem), (55)

where we have introduced the wave vectors for eath
wave packeke m=Kn—k; +Kpp,
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Laser pulses

7\

| 3)

DA ™ ) % ECHOES

- Y o

|2)
I 'rj T =|1)

P_,,ll k! ti f b time

photon oMfZPgli:)gion St(?rage and frequency manipulation
with photon wave packet
i 3 4 FIG. 6. Schematic of selective control of the echo signal. The

additional shift of energies for the two lowest levéls and|2),
caused by additional magnetic and electrical fields, is shown. The

—f=_

9 6;\\\\\1 - oy energy shifts change only the carrier frequency of the second echo

= o W///// = 4 — signal. The frequency shifiw3; must be smaller thaw,, for the A
/,?“/V' = scheme of the proposed QM technique.
_ g " o
- e i (t > te,4)
- n
FIG. 4. (Color onling A three-dimentional spatial scheme of |l/f(t)>|t>tenE 2 U™ (Ko Wem Swemit > tem)  (56)
' m=1

reconstruction of a stored photon as a sequence of the four echo

pulses irradiated in different spatial directions. The angles of thgp, Eq. (56), dwem and we, Which can be changed by vary-
irradiations ¢, and ¢, must be sufficiently small that the phase ing the pulse area and the carrier frequency of wEaD
ma_ltching condition at the stage of the echo signal emission can bﬁulse. Accordingly, we can manipulate the echo amplitude by
reliably held. choosing an arbitrary value for E(56).

Finally, we should note that the proposed quantum ma-
- _ nipulations can be greatly enriched by using additional
. Formula(55) expands the initial wave function of E() puﬁsed electrical and gr;nagnyetic fields andyby sh?fting the en-
into a superposition of the wave packets with different wavey gy evels in the three-level system. An idealized scheme is
vectorsk, , and time moments of their irradiatiotg, ~ shown in Fig. 6. Using the pulses of magnetic or electrical

Another scheme of generalization is obtained by applyingie|ds we can selectively change both the phase and carrier
readout laser pulseém=2,3, ... n) with different carrier  fequency of each wave packet in the final quantum super-
frequencieson, within the spectral intervabw, which is  position. In the case of A-type atomic transition, the fre-
sufficiently small compared to theaTa signal spectrum  guency can be changed within the spectral interval deter-

Swpre At the same time the lasn+1)th READ pulse must  mined by the valuao,;. Detailed analysis of this process is
satisfy 7 pulse area in order to have a complete reconstrucheyond the scope of this paper.

tion of the storied state. In such a case each term in the
formula (55) acquires its own carrier frequenay, ,, and the
spectral widthdwe , so that we can rewrite E@55) as fol- VI. CONCLUSION

lowing form (see Figs. 4 and)5 We have shown that the proposed photon-echo QM tech-

niqgue can be used for quantum manipulations of a stored
quantum field. Here we must mention that the proposed
photon-echo QM technique can be applied to an arbitrarily
weak quantum field from the general properties of Egs.
(10)«12). The technique has been developed on the basis of
the strengths of the quantum approach, for qualitative QM
processes using a quantum state of a field interacting with a
macroscopic medium. In a semiclassical approach, only the
reconstruction of an optical field envelope has been usually
studied. Therefore, it is especially important in cases where it
acts as an amplifier at the reconstruction process of the stored
FIG. 5. (Color onling Spectral parameters of tkeap pulses vs  light [12]. In effect, the authors in Ref12] consider these
spectrum of the irradiated echo signals, carrier frequencies, and tHgperfect cases of the QM technique because the initial
spectral widths. The total spectrum of all of the echo signals correground quantum state of the medium could not be recon-
sponds to the spectrum of the initial photon where the completstructed completely after the recovery of the optical pulse
reconstruction of the stored field takes place. profile, where it was necessary to check the quality of the

We,1 2,0 We,3 We,4
1-st 2-nd 3-rd 4-th
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arbitrary quantum state reconstruction in the technique. t
It is worthwhile comparing the parameters in E¢&8), Bi(t) = —ig exp{- i[wslt—Z,o/C]}J dt E(t’,2))
(22), and(23) for atomic excitations with Eq$7)—9), in the —
context of the quantum information storage, with the atomic xexp{=i[Aj(t—t") + Sg;(t =t} (A1)

parameters of dark states excited in the EIT technique after

the storage of a similar quantum light in the medi[40,2Q.  into Egs.(16) and(15), we obtain

In accordance with Eq23), the stored photon wave-packet . .

state includes a specific phasg;. Thus, the atomic excita- (_ i) __ f e J

tions on level2) are dephased with respect to each other due\ ¢ gt Tz &t =~ aQ(2) 3 dt'E(t’,2) 3 dAG(A/Ay)
to the inhomogeneous broadening of the transitiha|3).

Another major point of interest in Eq§18) and (22) is the X(exp(-iA(t—t')jexp{op(t - 1)},
spatial localization of the stored light with exponential decay t o

with the absorption coefficient(A;). The spatial localization =-9Q(2) f dt’E(t’,2) J dAG(A/A,)
in Eq. (18) is independent of the spatial profile of the storied - -

light, while in the slow-light-based EIT QM technique the xexp— (iA+ y)(t=t)}, (A2)

light is stored within a small volume of the medium excita-

tion whose spatial shape is determined by the shape of thehere ay=2mn,g?/c. Using the Fourier transform for the

field envelope. For comparison we also note that the slowfynction &(t,2)= [, du€(u, z)expi—iut} we obtain the equa-

light-based EIT QM technique cannot secure nonlocal-in-i n for th tral compon %( 2):

time reconstruction of the stored states since any reconstruEp or the spectral componeatu, z):

tion in it is inevitably connected with the complete emission U9\~ ~

of the stored information from the medium. (— i—+ —)5(u,z) = - Q@ aw(We(u,2), (A3)
It is important to further develop the proposed technique ¢ dz

for various states of light. The photon-echo QM technique

can be put into practicg with sufrlziciently weak classical gp_where[see also Eq(163]

tical fields, where the ground level depopulation is noncru- % G(A/A,)

cial. We have shown that the photon-echo QM technique is a(u) = ag((yi[A - u)™H,= aof — 0
based on the complete reversibility of the quantum evolution. — LyxiA-u)]
The complete reversibility can be proven for intensive probe (A4)

fields, in particular using the area theorem for the photon-
echo signalg36]. This complete reversibility can be useful Equation(A3) has the following solution:
for qguantum information processing with intensive quantum .
probe(DATA) fields, for example, in squeezed staf8g)]. ~ -~ u

We have demonstrated that the proposed photon-echo QM £u,2) = 50(“'0)6""{'52‘ a(+)(u)f_x Q(Z)dz}’
method with multipulse reconstruction can be effectively ap-
plied to single photon fields. The properties of complicated 5 1
multiphoton states representation for manipulating and gen- Eo(u,0) = =f "(u/c).
erating entangled multiphoton quantum states of light and for c
testing fundamental problems of the mupliparticle decoher: , . .
ence are determined by the interactions and absorption of th(%jrlggoiq;;(ﬁlle) aSIiQS);nfjl C&Zﬂiﬁgﬂ%ggiﬁﬁ,&iﬁmpf(())rral
photons by the macroscopic media. We note that these fur%he stage of COI’?‘I Ietepgbs)c’)r ,tion of a photon ot,p) “?'an
damental physical problems are studied now using also the . 9 plete P P P
concept of Loschmidt echg88] and experiments with Hahn optically den§e mediunfRe{a. (SwpniL~ a(0L>1,  £(t
spin echo in the nuclei magnetic resonance. The propose% o, 2) — O):
photon-echo QM experiments are very close to this area, o
which is devoted to a more precise theoretical investigation Bi(t> dtyy) = —ig exp[—i&pj(t)}f dt’E(t’,z?
of the echo phenomena in mutiparticle systems. Further in- —
vestigation of the reversibility problems represents a special

(A5)

xexp{—iA(t-t")}

interest.
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APPENDIX A BY(A;;2) = (2mgle)f M(Aj/c)exp- a(ADF} (A7)

The wave function for the quantum mapping of a photonand
field can be derived using Eq4.3)—(16). By substituting Eq.
(14 for B(t,2;A)), by =B, expliAfty, fi(t> oty —0, &(1)=0. (A8)
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APPENDIX B

Equations(10)—«12) are transformed into the following
equations for the atomic parameters at the action of edlkh
laser pulse:

1
%bj(t) = = ilway+ 80y(D]bi(0) +iZ (0o secht ~ty

- %nmzj(t)) / Tm:| exp{— i[wnt - kmzj(t)] +igm),
(B1)

d . 1
Efl(t) = - |(1)21§(t)j + Iébj(t)Qm,O Sec}{ (t - tm

- %nmzj(t)>/Tm}exp{i[wmt—kmzj(t)]—igom},
(B2)

We assume that the spatial sizes of the |&@s@&1TE or READ)
pulses in thexy plane are large enougkee Figs. 1 and)Zas
compared to the size of theata quantum field. Thus, we
can consider uniform Rabi frequency applied to th&a
quantum field: Q,(t,r)=Q([t-t,—(1/c)ng]/Ty). It is
enough to have the solutions for the parametg(s and
&(t) after the action of the arbitraryth laser pulsdt>t,

+(1/c)nmzi(t) +Tp]. Assuming that the pulse duration of the
mth laser pulse is short enough so the phase fluctuations

Se;(t) = [odt’ Sw;(t") = 5¢(tyy), the solution of Eqs(B1) and
(B2) is bj(t)=b;(t)e7 %4V =, (t)e ' %i(tm, where

- 1
Xj(® = bj(t)eXp{iwslt - Ei[s‘bjm + b (tm)]} :

1
sf(t) = §j(t)exp{iw21t + Ei[dﬁm‘* 5<Pj(tm)]},

=Kt §(0) + = AT,

AJm =Wy~ W32~ wmv#m/C,

j =_) 37 =
Up, = Nmvj, M 1,2, ...

(B3)

In the interaction picture, EqB3) has the following equa-
tions:

—tx}“(t)—l SO Qo sechi(t - M/ Jexp{— ATt - t")},

(B4)

jt ](t)_l Xm(t)Q o sechi(t = tM)/T) JexpliA™(t - ")},
(B5)
where
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Th=Tn(1 -0} /071 =Ty, t7= (tm+ Enmf;(0)>(1 ~up O

= (tm+%nmrj(0))(1 +o) /c) (B6)

The exact solution of EqeB4) and (B5) is well known
[32-34. The general solution fox["(t>t,+Ty) and 't
>t,*+T,) has the following form after interaction with the
mth laser pulse action:

= (= 20)F 1 (27) 2= (270) 201 ¥ 1)

(1
sin Eam

+ix)(= w)w—, (B7)
cos)’(EA;“Tm>
X;Tl = X;.n(_ Oo)2|:]_((277)_10m1 - (277)_10m! Y, m! 1)
(1
SIﬂ(EHm)
(B8)

+ig'(- 00)77—,
cosl‘(—A}“Tm)
2

where ,F,(a,b;c;2) is the hypergeometric functiong,
=mQmoTn is the pulse area,

YU =12-iakT2, 2= ()

YD(A) = 1/2 -iAT2,

(Y (A)" = %), (B9)

X<ty = x"(=2),  sht<ty) —s(=).

(B10)
We introduce the initial conditiong["(->) and s{"(—) for
Egs. (B4) and (B5) using the approximation of sufficiently
short laser pulses as compared to the time delays between the
pulses tym-1/Tm>1, toim/ Tms1. In particular, for the
WRITE pulse (m=1) it corresponds to the approximation

t,/T,>1 with the following initial conditions for Eqs(B4)
and(B5):

1
Xj (=) = =i B4, ,2?)exp{— Silgr+ 5<p,—(t1)]} :

(B11)
5i(=%) =0,

based on Eqgs(B3), (17), and (18). We assumgt-t;)/T;
> 1. After the transition to laboratory coordinate system we
reach the solution

by(t) = =i8°(A};2),F1((2m) 7 01, ~ (2m) 61 %33 1)
xexp(~ i[wgit = (wg + Ap)ZYC] ~ i 5g;(1)},
(B12)
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in(6,/2 1
&(t) = B4, ;Zjo)%exl?{‘ [ [wzlt - E(wSl
+ Aj)ZJQ] —i(¢ + 5‘Pj(t2)]}

sin(6,/2)
coshmAlT,/2)

—i[wpt + Spj(to) ] +iu(ty;vjir))},

= (2mglc)f :(r‘:(w31+Aj),c exp{- (JzJ,(AJ-)zJQ

(B13)

where

m(ty;v)5r)) = 01ty — @1 — w31 +UL1/C)I1 + Ouq(ry),
(B14)

Spa(r)) = way(1 +0YC)zj/c - way(1 + vjnl/c)nlr J(0)/c.
(B15)

We note thatzFl((27r)‘10m,—(277)‘1t9m;y}’zl);l)zco,{emlz}
for very short laser pulses(3mALT, /2<3m8wuTn
<1, COSH%WA%Tm}Hl,wphZ w31=wy), and bi(t>t,)=0
for 6,,=, which takes place for the/RITE pulse action(m
=1).
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Ault,2) = Agy exp{i <2%w212> }E‘XD{— y(t —trtt + %z)}
><<X(A,z)exp{iA<t—teyl+}z>}> ,
c A

t
Ay(t,2) = - aof dt'F(t',2)(expliA(t —t"))exp— y(t —t")},

(C3

(C9

where Ag1=(2magl ©)sin(3 8,)expli @z 1}, X(A,2)

=secli(7/2AT,)]f "[(1/cA)lexp-a(A)Z}, ap=2mmng?/c.
For the analysis, let us consider two different cases.
(1) Case I: a spectrally narrowaTA field (y,dwyy

<Tr’n1,An). Under the approximations we obtain

(X(A,2)expA[t - te 1+ (1/c)z]})a
= (f"[(1/c)ATexp{iAlt -t + (1/c)Z]}) sexp{~ a(,)(0)Z}

In the case of the parallel wave vectors of the photon,q ihe following formulas foA, andA,:

wave packet with thevrITE pulse,ky,/ /K, (n;=€,), we have
Su(r) =wpy(1+vl/c)ZIc. For wyl/C<Clumay it is
5,(1,10‘]) = lesz/C.

APPENDIX C

We are interested in the solution of Eq&7), (28), and
(31) for the medium localized in the space<@<<o [where
Q(2=1 andQ(2)=0 if z<0] with the initial conditions of
Eq. (29). First of all we find the solution of Eq(31) for
F(t,2) [F(t,2)|sz51— 0]

(ﬁ i aiz>F(t,z) =Q@{ALD + A2} (CD

We write the formulas foA; andA, taking into accounfsee
Egs.(29), (24), and(18)]

() = exp{— i { Sp;(ty) + 5¢j<t —t,+ %z?ﬂ }bjo(t)exp{iAjt},
b?(t)exp[iAjt} = i(27-rg/c)sin<%62>secr(rrA]-T2/2)f in(AJ-/c)
X exp{— a(+)(AJ)z?}exp{i [— (w31—4))

1, 1 0
X|t+ EZ]- + 25“’212] _Ajte,1+ P21 (-

(C2)

Averaging of Eq.(31) over the phase fluctuations and inho-

mogeneous broadening with initial condition of E@2)
gives

1 1 1
At =a sin(§62>exp{— Eaz+ igaqt ZiEwﬂz}

1
Xg()(te'l_t_ EZ) y (CS)

t
Ast,2) = - aoF(t,z)J dt’<exp{iA(t —t')exp— y(t-t)}

1
=- EaeF(t,Z), (Co)

where we use
; : 17 (1 FiAt
€O(t):exp[|wpht} dkfk(t):E fm EA e'*dA.
0 —o0

If G(-A/A,)=G(A/A,), then we obtain

“  G(A'IA,)

: - _1
. dA Y = 7ayG(0) = e

a(i)(O) = aof

y<A,

(C7

Using the new independent variablésand z [where s=t
+(1/c)z], we find simpler form for Eq(C1):
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d (1 1 .
—a—ZF(s,Z)=Q(z) @ sin 502 ex —Eaz—27t1+|<p2,1

1 1
+2i E(l)2121| gO(te,l - g)e_‘}/(g_tt’l) - ECYF(G,Z)} .
(C8)

After integrating Eq(C8) overz (from L to z) and transfer-
ing to the laboratory coordinatésand z, we get the follow-
ing solution forF(t,2):

sin(ie)
2t

F(t,2 = ex —27t1+i<p2'1—Q(z)[%az
(1 - Zszla_1>

1 1

The solution is given for the arbitrary coordinate of the
field from - to L.

PHYSICAL REVIEW A70, 063809(2004

xexp{- ag(A)Z'} (C13

A

In accordance with the previous approximati¢sse Sec. llI
(quantum mapping y<T I, dwpn, Ay, m=1,2,3,..., for the
laser pulsg we find

(1
sec)’(zA’B)f '”(—A’)
2 c

m{(A+A")%+ )

Y

!

exp{— a)(A")Z'}
A

= secf( gAT2>f i”(— %A)exp{— (= A)Z'}G(= AIA)

(2) Case II: a large spectral width of the stored field and®d

the laser pulses&uph,T;}> v). Using Fourier transforma-

tion F(t,2)=/~,dAF(A,2)e 229 in Eq. (C1), we obtain
the following equation foﬂE(A,z):

9202 = - Q@{A(A,2) + AfA D),

iz (C10

where

Rl(A,z) = AOlexp{ i (2%(»212) }exp{— 2yt fexpliAty 1}
x{ ——X ——x(A',2) (C11)
{(A+A")?+9) A

Ay(A,2) = - (- A)F(A,2). (C12

Taking into account boundary condition of the irradiated

field [E(A,z—>w)|a<mz>l—>0], we get the following from
Eq. (C10:

L
FA,2) = f dZ A (A,Z)expla (- A)(z-Z)}
z>0

= Agiexp{— 27t fexpliAte ,}
L
xf dz expla(—A)(z-2)}
z>0

Xex i<2} z’)
szl
(1
secl’<7—TA’T2>f '“(—A’)
2 c

(A + A7+ )

X\y

(C14)
* A'IA,
(= A) + (- 4) = 20‘0f da’ ;—?EA—WA))Z A
—0 y< n
= 2ma,G(- AIA,) = (- A), (C15H

where a(-A) is the absorption coefficient on the transition
|1)-|3) at the detuning A from the central frequency of tran-
sition |1)-|3). Using Eqs(C13) and(C14) for Eq.(C12) and
integrating Eq(C13) overz’ (from zto L), we get

| (1 )

sin 502

Lol
C{l—Zszla ( A)}

+ <P2,1)}EXP{‘ Q(Z)|:a(+)(_ A)

1 1
- 2i5w21] z}sec»@ﬂz)f '”(— EA). (C16)

Using Eq.(C16) and Fourier transformation, we find the
solution for F(t,z), which coincides with Eq(C8), if we
assume a(-A)=a,a,(-A)=1/2a, and sech(7/2)AT,]
=1. The additional phasét,, in Eq.(C16) reflects the time
of the echo signal irradiation.

For the atomic excitations at the echo irradiation by using
the solution forF(t,z), we determine the atomic excitations
7;(t) just after the echo pulse irradiation. The formal solution
of Eq. (28) for (1) is

F(A,2) = exp(— 29ty +i(Atg
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(1) = 77]0(»[) - 77;1('[), njl(t) =ig exp{—i[(ws— At The behavior of atoms after echo emissio te 1+ dte 1) We
find the following by the stretching the upper limit of the

+ w3lz?lc]}J th(t’,zQ)exp[— A~ i8g;(t—t)}, integration in Eq(C10) to the infinity:
e 1
1 — - -0
(C17) 7, (t)|t>te,l = 27ig exp{— i [(wgl— AJ-)(t + Czj)
0 ; 1 0 1 ~
where;(t) [see Eq(C2)]. The functionF(t’,z) has a sharp N i5(p]-<t+ —Z—te,1>”|:(— Al-,z?)

maximum att’:teyl—(llc)z?, so taking into account slowly
varying fluctuations dg;(t-t’) we obtain

1
expy —id -(t+— -t )}
70 =g eXp{_i{(wsl_Aj)<t+%ZJ'0>+i5¢j(t+%z _ xp{ oA\t e e
1
t 1-2A=wya XA
_te,l)]}f th(t’.ZQ)exp{—iAj(t’+%z?>}, { c@2t ( )}

18 xexp(~ 29t} (DexpliA;t}. (C19

Thus, the probability amplitude of thigh atom on the opti-
with the same accuracy as it shown in EG39) and(C16). cally excited level3) after the first echo emission will be

1
exp[— i5(pj(t + EZ_ te,lﬂ

1
{1—2 Rt (A)}

() = 7(0) = 7(t) = exp{— i[&pj(tl) + 5¢j<t —t,+ %z?)]} - exp(— 29ty |bY(expliA;t).

(C20)
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