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In this paper, we extend our previous works on the generalization of Keldysh’s theory to the photoionization
processes of molecules. In particular, we include the Franck-Condon factors into our photoionization rate
formulas which are based on the use of the molecular orbital theory to describe the electronic degrees of
freedom. The inclusion of Franck-Condon factors leads to the proper treatment of the molecular vibrational
degrees of freedom. All of our formulas consist of the preexponential and exponential factors, and have explicit
laser frequency dependence in the same manner as the original atomic Keldysh theory. The latter fact facilitates
the exploration of the laser frequency dependence of the photoionization rate, which is more advantageous than
the popular Ammosov-Delone-Krainov formulas. As a result, our analytical expressions turn out to be quite
instructive to deduce physical meanings of the photoionization processes of molecules. As an illustrative
example, we have applied our formulas to the photoionization process of H2 molecules and found that our
formulas reproduce the numerical results reported in the literature quite well. Without the Franck-Condon
factors, our formulas cannot fit the numerical results well, which implies the importance of including properly
the Franck-Condon factors for the tunneling photoionization processes of molecules. The results also indicate
that the exponential factors which depend on the nuclear equilibrium state play a key role in determining the
photoionization rates of the spatially aligned molecules. Comparing the Condon and non-Condon approxima-
tions shows that the Condon approximation is usually appropriate for the case of the laser polarization per-
pendicular to the molecular axis, while it is not necessarily true for the parallel case. Our theoretical results are
also applied to analyze the experimental data of Urbainet al. [Phys. Rev. Lett.92, 163004(2004)] for the
photoionization process of H2 molecules.
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I. INTRODUCTION

In recent years, many theoretical and experimental studies
on the interaction between the laser field and the matters
have been directed to the detailed investigation on molecular
photoionization processes in intense laser fields. Different
from the photoionization processes of atoms, due to multinu-
clei in nature, molecules exhibit interesting features which
cannot be adequately explained by the atomic theories.

For atomic tunneling photoionization, Keldysh-Faisal-
Reiss (KFR) [1–3] and Ammosov-Delone-Krainov(ADK )
[4] theories are frequently utilized for the analyses of the
experimental data. In general, these theories can reproduce
the experimental results of the atomic photoionization very
well. However, in recent years, theatomicADK model has
found more widespread use[4]. One of the reasons for this
may be due to the fact that the ADK theory succeeds in
predicting or reproducing experimental results much better
than the KFR theory. In addition, the formalism of the ADK
model is much simpler. Although it is an atomic theory, ADK
theory has been applied to simple molecular systems like
H2, O2, N2, etc. However, it should be recognized that the
ADK theory is theatomic theory,not the molecularone and
can be applied to tunneling ionization and not to photoion-
ization

For molecular systems, in addition to multielectrons con-
tributed from multinuclei, the molecular motion like rotation,
vibration, etc. has to be taken into account properly. How-
ever, this has been neglected in some theoretical studies
[5,6]. The importance of the nuclear degrees of freedom has
been reported in several works from the theoretical[7–9] and

experimental[10] points of view. The neglect of molecule-
specific degrees of freedom may cause serious problems es-
pecially if one is working with large polyatomic molecules.
This has already been pointed out by Saenz[8].

Recently, molecular ADK theory has been proposed by
Lin and co-workers[6], and the so-called intense-field many-
body S-matrix theory(IMST) has been developed for atoms
and later extended for the molecular systems by Faisal and
co-workers[11]. These theories appear to be able to repro-
duce experimental results quite well. As an alternative, many
numerical calculations have been carried out for simple mol-
ecules by a number of research groups[12], but because of
the huge computational efforts involved even for diatomic
molecules, these approaches are not promising for larger
molecules at present.

In our previous papers[13], we have generalized the
Keldysh theory[1], which was originally developed for the
ionization of the 1s state of hydrogenlike atoms. We have
treated the ionization of molecules by introducing the mo-
lecular orbital theory within the one-center approximation
and calculated the photoionization rates of molecules by ex-
tending the Coulomb-Volkov function of atomic systems to
the molecular counterpart and expressing the initial molecu-
lar state by a linear combination of atomic orbitals and mo-
lecular orbitals(LCAO MO).

In the present work, we shall extend our previous formu-
lations of the photoionization of molecules by introducing
the Born-Oppenheimer approximation to properly take into
consideration the electronic and nuclear degrees of freedom.
For the electronic part, we use the molecular orbital theory;
in particular, we use the LCAO MO theory for the initial
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electronic orbital state and the Volkov function for the final
electronic state of photoionized electron. In treating the
nuclear part of photoionization of molecules, the Condon
effect and the non-Condon effect arise. This formulation can
treat the photoionization of not only diatomic molecules, but
also polyatomic molecules, and as application and illustra-
tion, it will be applied to calculate the photoionization rate of
H2. Our computed results will be compared with experimen-
tal data.

The present paper is organized as follows. In Sec. II, we
derive the theoretical aspects of our method mentioned
above in detail. In Sec. III, the details of theab initio calcu-
lation of H2, the calculation of potential energy curves
(PECs) of H2

+ deformed by the laser field, and the calcula-
tion of Franck-Condon factors are described. In Sec. IV, we
demonstrate our numerical photoionization rates of H2 using
the formula derived in Sec. V. We investigate two cases
where the laser polarization direction is parallel and perpen-
dicular to the molecular axis. The behaviors of the two cases
are quite different, which agrees with the previously reported
work [14]. In addition, we compare Condon and non-Condon
approximations. This comparison shows that the more accu-
rate molecular photoionization rate can be obtained by taking
into account the relative geometries between the neutral and
ionic potential energy surfaces and the characteristics of the
ionic potential itself in addition to the equilibrium neutral
state. The concluding remarks are given in Sec. V.

II. THEORY

A purpose of this section is to derive the photoionization
rate of molecules within the approximation of the atomic
Keldysh theory. According to the time-dependent perturba-
tion theory, we have

i"
] C

] t
= ĤC, s2.1d

where

Ĥ = Ĥ0 + Ĥ8 s2.2d

and

i"
]

] t
Cn

0sq,td = Ĥ0Cn
0sq,td, s2.3d

whereĤ0 is the zero-order Hamiltonian andĤ8 the perturba-
tion. If the system is initially in thekth state, then from

Csq,td = o
n

cnstdCn
0sq,td s2.4d

we obtain

i"
dcmstd

dt
= kCm

0 sq,tduĤ8uCk
0sq,tdl. s2.5d

In the dipole approximation,Ĥ8 is given by

Ĥ8 = − M ·Fstd, s2.6d

where

M = − eo
i=1

Ne

r i s2.7d

is the dipole operator. Here,Ne represents the number of the
electrons in the system,r i the position of theith electron, and

Fstd = F cosvt, s2.8d

the optical electric field.
For molecular systems, the Born-Oppenheimer approxi-

mation is commonly used; thus for the photoionization from
the initial rovibronic stateav to the ionized rovibronic state
pv8, we find

i"
dcpv8std

dt
= kCpv8

0 sq,tduĤ8uCav
0 sq,tdl, s2.9d

wherea and p denote the initial bound electronic state and
the final ionized electronic state, respectively, whilev andv8
represent their corresponding rovibrational states. For ex-
ample, for the case of diatomic molecules, if the molecular
ion is a stable species, then we have the Franck-Condon
transition between the discrete rovibrational states.

If we let Qpv8 and Qav represent the rovibrational wave
functions with energiesEpv8 and Eav, then Eq.(2.9) can be
written as

i"
dcpv8std

dt
= kQpv8uHpa8 stduQavlexpH it

"
sEpv8 − EavdJ ,

s2.10d

where Hpa8 std denotes the electronic matrix element of the
dipole interaction. If the molecule is initially in a closed-
shell bound statea, then for the case of one-electron ioniza-
tion, Hpa8 std can be written as

Hpa8 std = − Î2kfpum ·Fstdufal, s2.11d

where fa denotes the highest occupied molecular orbital
(HOMO) while fp represents the ionized electronic wave
function. For the Keldysh theory,fp is described by the
Volkov function, i.e., the plane-wave state of the emitted
electron dressed by the laser field defined in the length
gauge:

fpsr ,td = expF i

"Hfp − eAstdg · r

−
1

2m
E

0

t

dt8fp − eAst8dg2JG . s2.12d

In the present work, we shall concentrate on the deriva-
tion and calculation of the following process:

H2 → H2
+ + e−. s2.13d

In this case,fa=fs1s and using the LCAO MO theory,

fs1s = b1x1,1s + b2x2,1s, s2.14d

wherex1,1s and x2,1s represent the 1s orbitals of nuclei 1
and 2, respectively, andb1 and b2 are the molecular orbital
coefficients for nuclei 1 and 2, respectively. If the laser in-
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tensity is not so strong or the molecular axis is perpendicular
to the direction of the laser polarization, we can simply write

fs1s =
x1,1s + x2,1s

Î2 + 2S12

, s2.15d

where S12 denotes the overlap integral. It should be noted
that a better basis set than the simple LCAO MO theory can
be used. For polyatomic molecules,fa will be much more
complicated than that used in Eq.(2.14).

Using Eq.(2.12), we obtain

Hpa8 std = − Î2o
j=1

2

bj ,1skfpsr ,tdum jsr d ·Fstdux j ,1ssr jdl

= − Î2o
j=1

2

bj ,1skfpsr j,tdum jsr jd ·Fstdux j ,1ssr jdl

3expH−
i

"
fp − eAstdg ·R jJ , s2.16d

where we have defined

R1 =
R0a

2
and R2 = −

R0a

2
. s2.17d

The vectorR0a is the instantaneous internuclear vector of H2.
In deriving this equation, we have used the notation defined
in Fig. 1.

In the Keldysh notation, we have

V0,1sfp − eAstdg = kfpsr j,tdum jsr jd ·Fux j ,1ssr jdl

3expH−
i

2m"
E

0

t

dtfp − eAst8dg2J .

s2.18d

In the above equations, we have defined the vector potential
Astd associated with the laser pulseFstd as follows:

Astd = −
F

v
sinvt. s2.19d

Therefore, we obtain

Hpa8 std = − Î2o
j=1

2

bj ,1sV0,1sfp − eAstdgcosvt

3expF i

"H 1

2m
E

0

t

dt8fp − eAst8dg2

− fp − eAstdg ·R jJG . s2.20d

For the photoionization process of H2, if Hpa8 std does not
change significantly with vibration, we can use the so-called
Condon approximation in Eq.(2.10) to obtain

i"
dcpv8std

dt

= − Î2kQpv8uQavlo
j=1

2

bj ,1sV0,1sfp − eAstdg cosvt

3expF i

"HsEpv8 − Eavdt +
1

2m
E

0

t

dt8fp − eAst8dg2

− fp − eAstdg ·R jJG . s2.21d

Finally, the photoionization rate can be written as

wav→pv8 = 2 lim
T→`

E d3p

s2p"d3Refċpv8
* sTdcpv8sTdg

=
4

"2 lim
T→`

ReE d3p

s2p"d3zkQpv8uQavlz2o
j=1

2

o
j8=1

2

bj ,1s
* bj8,1s

3E
0

T

dt cosvT cosvtV0,1s
* fp − eAsTdg

3V0,1sfp − eAstdgexpF i

"HET

t

dt8SIav,pv8

+
1

2m
fp − eAst8dg2D + fp − eAsTdg ·R j

− fp − eAstdg ·R j8JG , s2.22d

where zkQpv8 uQavlz2 is the Franck-Condon factor, and we
define

Iav,pv8 = Epv8 − Eav, s2.23d

and the transition dipole matrix element between the plane
wave and 1s atomic orbital is given by

FIG. 1. Configuration of the hydrogen molecular ion H2
+ com-

posed of two hydrogen nuclei1H+ and 2H+, and one electrone−.
The vectorR denotes the internuclear distance directing from2H+

to 1H+, r the position of the electron from the center of mass of the
molecule, andr 1 andr 2 the positions of the electron measured from
1H+ and 2H+, respectively. On the left-hand side, the polarization
direction of the linearly polarized electric field is indicated by the
arrows.
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V0,1sspd = kexpsip · r /"dueF · r ux1ssr dl

= −
213/4ÎpieFpz"

5/2I1s
5/4

m7/4sI1s + p2/2md3 . s2.24d

Performing the integration overt and taking the limitT
→` render

wav→pv8 =
4p

"
Reo

j=1

2

o
j8=1

2

bj ,1s
* bj8,1sE d3p

s2p"d3

3 o
n=−`

`

Lj ,1s
* spdLj8,1sspddSIav,pv8 +

p2

2m

+
e2F2

4mv2 − n"vD , s2.25d

where

Lj ,1sspd =
1

2p
R duV0,1sSp +

eF

v
uDICS−

1

"
Sp

+
eF

v
uD,R j,v,v8DexpF i

"v
E

0

uHIav,pv8

+
1

2m
Sp +

eF

v
u8D2J du8

Î1 − u82G . s2.26d

Here, we have defined

ICsk,R j,v,v8d = expsik ·R jdkQpv8uQavl, s2.27d

where the subscriptC denotes the Condon approximation.
Carrying out the contour integration in the above equation

and substituting it into Eq.(2.25), we obtain the general ex-
pression for the total photoionization rate of H2 molecule
from stateav to pv8 under the Condon approximation, which
consists of the individual rates and those from the quantum
interference effect[5,15,16]. The individual photoionization
rate can be expressed as

wav→pv8,C
j ,1s,j ,1s =

E1subj ,1su2uDj ,1s,CsIav,pv8du
2zkQpv8uQavlz2exph− 2gj ,1s,C

s1d sIav,pv8,R jdj

Bj ,1s,CsIav,pv8,R jd
s2.28d

for the individual atomsj =1 or j =2, where the definitions of
the terms here are

Bj ,1s,CsIav,pv8,R jd = Ssinh−1g1s +
Iav,pv8 − I1s

2I1s

g1s

Î1 + g1s
2

−
g1seF ·R j

2I1s
DHsinh−1g1s −

g1s

Î1 + g1s
2

+
Iav,pv8 − I1s

2I1s

g1s
3

s1 + g1s
2 d3/2J1/2

, s2.29d

Dj ,1s,CsIav,pv8d =
1

I1sg1s
S Iav,pv8 − I1s

Î1 + g1s
2

− eF ·R jD
−H 1

g1s
Î1 + g1s

2
+

Iav,pv8 − I1s

2I1s

g1s

s1 + g1s
2 d3/2J

−
1

2"vI1s
S Iav,pv8 − I1s

Î1 + g1s
2

− eF ·R jD2

, s2.30d

E1s = 2Î2pg1s
4 ÎvI1s

"
, s2.31d

gj ,1s,C
s1d sIav,pv8,R jd =

1

"v
S Ĩav,pv8sinh−1g1s − Ĩ1s

g1s
Î1 + g1s

2

1 + 2g1s
2

− eF ·R jg1sD , s2.32d

Ĩav,pv8 = Iav,pv8 +
e2F2

4mv2

seffective ionization potential of the moleculed,

s2.33d

Ĩ1s = I1s +
e2F2

4mv2

seffective ionization potential of the atomic 1s orbitald,

s2.34d

and

g1s =
vÎ2mI1s

eF

sKeldysh parameter of the atomic 1s orbitald.

s2.35d

Equation(2.28) is general in that it can be applied to any
fixed molecular geometries with respect to the laser polariza-
tion direction. From Eq.(2.28), we notice that the individual

MISHIMA et al. PHYSICAL REVIEW A 70, 063414(2004)

063414-4



photoionization rates depend on the molecular geometry with
respect to the laser polarization, which is different from at-
oms. They depend on the angle between the laser polariza-
tion direction and the vector of the molecular axis(due to the
termsF ·R j).

The quantum interference term for the transitionav to pv8

under the Condon approximationwav→pv8,C
j ,1s,j8,1s s j Þ j8d is given

in Appendix A. It should be noted that the individual photo-
ionization rate and the quantum interference term depend on
the molecular geometry in a different way. Different from the
individual ones, the quantum interference terms depend not
only on the angle between the laser polarization direction
and the vector of the molecular axis by the relationF ·R j but
also by the angle between the molecular axis and the direc-
tion of the emitted electron[due to the termsR j −R j8d ·p̂ in
Eq. (A9)]. Since we integrate over the solid angleVp to
obtain the total photoionization rate, the relation between the
quantum interference term and the molecular geometry is not
so obvious. However, we can predict that when the different
nuclei lie very far from each other, the termsR j −R j8d ·p̂ in
Eq. (A9) will contribute to a significant extent. Therefore, the
quantum interference terms are expected to be very different
for small and large internuclear separations if other param-
eters are identical. In addition, it is likely that the angular
dependence of the photoemitted electron in the quantum in-
terference terms will be quite sensitive to the angle between
the molecular axis and the direction of emitted electron in
the case of a large separation of the nuclei.

Mathematically speaking,wav→pv8,C
j ,1s,j ,1s and wav→pv8,C

j ,1s,j8,1s s j
Þ j8d are quite different. The former can always be obtained
in a closed form(no numerical integration is needed) as is
the case for the original atomic Keldysh theory, while in
general the latter contains the numerical integration over the
solid angle of the emitted electron and thus for simple mol-

ecules,wav→pv8,C
j ,1s,j8,1s s j Þ j8d can sometimes be obtained in a

closed form.
In summary, the total photoionization rate of the transition

av→pv8 under the Condon approximation,wav→pv8,C, is
given by

wav→pv8,C = o
j=1

2

wav→pv8,C
j ,1s,j ,1s + o

j=1

2

o
j8=1 s jÞ j8d

2

wav→pv8,C
j ,1s,j8,1s .

s2.36d

Using the individual ionization rates and the quantum inter-
ference terms, the total photoionization rate from the initial
stateav under the Condon approximation is given by

wa v,C = o
v8

wav→pv8,C. s2.37d

Next, we derive the photoionization formulas in the tun-
neling limit. These can be obtained by taking the limitv
→0 in the equations shown above. Thus, Eq.(2.28) reduces
to

wav→pv8,C,Tun
j ,1s,j ,1s =

E1s8 ubj ,1su2uDj ,1s,C8 sIav,pv8du
2zkQpv8uQavlz2

Bj ,1s,C8 sIav,pv8d

3exph− 2hj ,1s,CsIav,pv8dj. s2.38d

The definitions of the terms in Eq.(2.38) are given by

Bj ,1s,C8 sIav,pv8d =
Iav,pv8 + I1s − eF ·R j

I1s
S3Iav,pv8

I1s
− 1D1/2

,

s2.39d

Dj ,1s,C8 sIav,pv8d =
"eF

I1s
2 Î2mI1s

sIav,pv8 − I1s − eF ·R jd −
"eF

I1s
Î2mI1s

−
1

2I1s
2 sIav,pv8 − I1s − eF W R jd2, s2.40d

and

hj ,1s,CsIav,pv8d =
Î2mI1s

"eF
SIav,pv8 −

I1s

3
− eF ·R jD .

s2.41d

Next, it will be necessary to check the validity of the
Condon approximation in deriving the above formulas. For
this purpose, we consider the following simplest model sys-
tem. The system considered is depicted in Fig. 2, where two
identical harmonic oscillators for the neutral and ionized
states are displaced from each other byDR. Under the Con-
don approximation, we have

FIG. 2. Pictorial representation of the harmonic oscillator model
system used for the comparison between the Condon and non-
Condon approximations. The neutral and ionic PECs are identical
except that the latter is displaced from the former by distanceDR,
and the energy minimum of the latter is larger than that of the
former byDE.
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zkQpv8uQavlz2uv=0 =
Sv8e−S

v8!
, s2.42d

where

S= bDR2/2, b = mH2
vh/", and vh = Îkf/mH2

s2.43d

for the transition from the vibrational statev=0 to the vibra-
tional statev8. Here, S is the Huang-Rhys factor,mH2

the
reduced mass of H2, and kf the force constant. The above
formulas, Eqs.(2.28), (A6), and(2.38), using Eq.(2.42) are
applicable for both the parallel and perpendicular laser po-
larization cases.

For the derivation of the ionization rate under the non-
Condon approximation, we have only to change Eq.(2.27) to
the following form:

INCsk,R j,v = 0,v8d

= kQpv8ue
ik·R juQavluv=0

=
1

Îv8
Sb

2
Dv8/2SDR−

is− 1d j

2

k ·R

b
Dv8

expF−
b

4
HDR2

+ Sk ·R

2b
D2J +

i

2
s− 1d jk · sR0a + DRR/2dG , s2.44d

where R̂ denotes the unit vector alongR̂0a and it is also
assumed that the initial vibrational state isv=0. On the other
hand, under the Condon approximation, we have

ICsk,R j,v = 0,v8d

=
1

Îv8
Sb

2
Dv8/2

sDRdv8expH−
b

4
DR2 +

i

2
s− 1d jk ·R0aJ .

s2.45d

The difference betweenICsk ,R j ,v ,v8d and INCsk ,R j ,v ,v8d
is that the latter contains extra terms −fis−1d j /2gfsk ·R̂d /bg
in the preexponential factor, and −sb /4dfsk ·R̂d /2bg2 and

+si /4ds−1d jDRk ·R̂ in the exponent.
Under the non-Condon approximation with the molecular

axis parallel to the laser polarization, the individual photo-
ionization ratewav→pv8,NC,par

j ,1s,j ,1s is given by

wav→pv8,NC,par
j ,1s,j ,1s =

s2v8/v8!dE1subj ,1su2uDj ,1s,NC,parsIav,pv8du
2exph− 2ghar,j ,1s

s1d sIav,pv8dj
Bj ,1s,NC,parsIav,pv8d

s2.46d

The definitions of the terms are given in Appendix B.
In Eq. (B9), the term +sb /4dDR2 is nothing but one of the

factors of the Franck-Condon factor,e−S in the Condon ap-
proximation, while the term +fs−1d jÎ2mI1s/4"gDR
−smI1s/8"2bd purely stems from the non-Condon approxi-
mation. The first term on the right-hand side(rhs) of Eq.
(B9) is the same as that in the absence of the vibrational
degrees of freedom. From this, we notice that including vi-
brational motion in molecules under the Condon approxima-
tion decreases photoionization rate by the Huang-Rhys factor
S/2=sb /4dDR2, the inclusion of the vibrational motion un-
der the non-Condon approximation further changes it by the
factor fs−1d jÎ2mI1s/4"gDR−smI1s/8"2bd. Therefore, while
keepingS constant, an increase ofDR will bring about sig-
nificant change of the photoionization rate in the non-
Condon approximation using this factor; particularly forj
=2, the ionization rate will decrease significantly.

In the preexponential factors defined by the equations
from Eqs.(B1)–(B8), the terms

s− 1d jmv

4Î2mI1s
HDR−

s− 1d jÎ2mI1s

2"b
J

in Eq. (B1),

−
g1sseFd2

8b"v
+ s− 1d jeF

DR

4

in Eq. (B5), and +mv /8b"g1s
2 in Eq. (B6),

−s−1d jg1sseFd /2b"v in Eq. (B7), and −s−1d jg1sseFd /4b"v
in Eq. (B8) also originate purely from the non-Condon ap-
proximation. Note that the term on the third line of the rhs of
Eq. (B1) is independent of the Franck-Condon factor, and
Condon and non-Condon approximations.

For v8 larger than zero, we can compare Condon and
non-Condon approximations. In the Condon approximation
limit, Dj ,1s,NCsIav,pv8d reduces to

Dj ,1s,NCsIav,pv8d → s− 1dv8

2v8/2
Sv8/2Dj ,1s,CsIav,pv8d, s2.47d

which means that the preexponential factors in the Condon
approximation limit also reproduce those of the Condon ap-
proximation.

The quantum interference term under the non-Condon ap-
proximation with molecular axis parallel to the laser polar-

ization,wav→pv8,NC,par
j ,1s,j8,1s , is given by
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wav→pv8,NC,par
j ,1s,j8,1s =

s2v8/v8 ! dE1sbj ,1sbj8,1sDj ,1s,NC,parsIav,pv8dDj8,1s,NC,parsIav,pv8dexph− 2ghar,1s
s1d sIav,pv8dj

B1s,NC,parsIav,pv8d
, s2.48d

where

B1s,NC,parsIav,pv8d = Ssinh−1g1s +
Iav,pv8 − I1s

2I1s

g1s

Î1 + g1s
2

−
mv

8"b
D

3Hsinh−1g1s −
g1s

Î1 + g1s
2

+
Iav,pv8 − I1s

2I1s

g1s
3

s1 + g1s
2 d3/2J1/2

s2.49d

and

ghar,1s
s1d sIav,pv8d =

1

"v
S Ĩav,pv8sinh−1g1s − Ĩ1s

g1s
Î1 + g1s

2

1 + 2g1s
2 D

+
b

4
DR2 −

mI1s

8"2b
, s2.50d

where j =1 and j8=2, or j =2 and j8=1. Here, it should be
noticed that in the quantum interference term the factor
fs−1d jÎ2mI1s/4"gDR, which is present in the individual
photoionization rate, is absent so that the quantum interfer-
ence term will not be affected significantly by the drastic
change ofDR. The factors pertaining to the non-Condon ap-
proximation, especially those of the preexponential factors,
Eqs.(B2)–(B4), are difficult to analyze so that we shall nu-
merically investigate them later. In any case, it clearly shows
that the displacementDR has to be included properly for the
accurate calculation of the molecular ionization rate.

For the case in which the molecular axis is perpendicular
to the laser polarization(the molecular axis is parallel to the
y axis), the individual photoionization rate and quantum in-
terference terms under the non-Condon approximation,

wav→pv8,NC,per
1s,1s and wav→pv8,NC,per

j ,1s,j8,1s , are presented in Appendix
C. The total photoionization rates under the non-Condon ap-
proximation are given by simply replacingC in Eqs. (2.36)
and (2.37) with NC.

In all the formulas presented above, it should be noted
that the slopes in the log–log plot of the molecular photoion-
ization rates versus laser intensity are not the same as those
of the atomic photoionization rates or those of the molecular
photoionization rates with the ionization potential being sub-
stituted by the molecular ionization potential in the atomic
photoionization formulas. This is most easily recognized, for
example, by inspection of Eq.(2.41):

hj ,1ssIav,pv8d =
Î2mI1s

"eF
SIav,pv8 −

I1s

3
− eF ·R jD . s2.51d

If it happens thatIav,pv8 is equal toI1s andF ·R j is equal to
zero (e.g., the molecular axis is perpendicular to the laser
polarization) at the same time, Eq.(2.51) becomes

hj ,1s =
2Î2mI1s

3"eF
I0. s2.52d

This is the same exponent as that of the hypothetical atom
having the atomic ionization potentialI0 which is equal to
Iav,pv8 or I1s. In this case, we can also see that the pre-
exponential factor is also almost the same as that of this
hypothetical atom and we will observe a good agreement
between the photoionization rates of the molecule of interest
and the hypothetical atom. However, in the actual molecules,
this will hardly happen. In reality,Iav,pv8 is not equal to
I1s, F ·R j is not equal to zero, and much worse,Iav,pv8 is not
a fixed parameter. Instead, we have to sum up photoioniza-
tion rates from each ionization potentialIav,pv8 as is shown in
Eq. (2.37). This implies that great caution must be taken
when applying the atomic photoionization rate formulas to
the real molecules as was done in previous investigations.

In the numerical calculations shown below, we include the
semiclassical Coulomb correction for the preexponential fac-
tors as was suggested by Keldysh[1],

Iav,pv8gav,pv8

"vÎ1 + gav,pv8
2
, s2.53d

for each vibrational excitation. In this case, we have different
preexponential factors as shown in the following. That is, we
have to substituteE1ssIav,pv8d andE1s8 sIav,pv8d for E1s andE1s8 ,

E1ssIav,pv8d =
2Î2pg1s

4 gav,pv8

Î1 + gav,pv8
2
Î I1sIav,pv8

2

"3v
, s2.54d

E1s8 sIav,pv8d =
217/4Î3pm5/4I1s

13/4Iav,pv8
3/2

seFd5/2"7/2 , s2.55d

and

gav,pv8 =
vÎ2mIav,pv8

eF

sKeldysh parameter of the moleculed.

s2.56d

Here, we have explicitly shown that these factors depend on
the vibrational excitations considered.

III. COMPUTATIONAL METHOD

A. Ab initio calculation

Ab initio quantum chemistry calculations are performed
for the ground state of H2 molecules. Its geometry is opti-
mized using the hybrid density functional method B3LYP
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with the 6-31G basis set and the corresponding harmonic
frequencies are characterized at the same level of theory.
From the force-constant matrix calculation, no vibrational
modes with imaginary frequencies are found, which means
that the truly local minimum has been obtained.

Using the optimized geometry calculated above, the mo-
lecular orbital coefficientsbj ,1s s j =1,2d are obtained by the
HF method with the STO-3G basis set. The package of
GAUSSIAN 98 is employed for all theab initio calculations
performed in this work[17]. In this preliminary work, higher
levels ofab initio calculations will not be carried out.

B. Calculation of Franck-Condon factors zŠQpv8 zQav‹z2

The potential energy of the H2 ground electronic state can
analytically be represented by the following Morse potential:

VasRd = Dafexph− 2basR− R0adj − 2exph− basR− R0adjg

− DVap, s3.1d

whereDa=4.7 seVd , ba=1.0338sbohr−1d , R0a=0.74168sÅd,
andVap=15.427seVd. On the other hand,sg andsu states of
H2

+ molecules are given by[18]

Vp,«sRd = Dpfexph− 2bpsR− R0pdj − 2t«exph− bpsR− R0pdjg,

s3.2d

whereDp=2.7925seVd , bp=0.72sbohr−1d , R0p=2.0 sbohrd,
and

t« = H1.0 for « = sg

− 1.1 for « = su.
J s3.3d

The PECs are depicted in Fig. 3(a).
The transition dipole moments between thesg and su

states of H2
+ molecules are calculated to obtain the field-

modified PECs of H2
+. The analytical expression is given by

[18]

msRd

= 5m +
m8

b«y
f1 − exph− b«ysR− R0p

djg for Rø 12 bohr

R/2 for R. 12 bohr,
6

s3.4d

wherem=1.07sa.u.d , m8=0.396sa.u.d, andy=−0.055.
The vibrational wave functionsv=0d of the ground elec-

tronic state of H2 is given by the analytical eigenfunction of
the Morse potential ofVasRd. In addition, analytical eigen-
functions of the Morse potentialVp,sg

sRd are used. For the
dissociative potentialVp,su

sRd, we only have continuum
states:Qp,EsRd. In order to obtainQp,EsRd, we numerically
solve the following time-independent Schrödinger equation,

H−
"2

2mH2

d2

dR2 + Vp,su
sRdJQp,EsRd = EQp,EsRd s3.5d

using the shooting method[19]. We normalize the continuum
eigenfunctions to satisfy

E Qp,E8
* sRdQp,EsRddR= dsE − E8d. s3.6d

This normalization is done by ensuring thatQp,EsRd is equal
to the Jordan-Wenzel-Kramers-Brillouin wave function

FIG. 3. Calculation results of PECs of H2 and H2
+ relevant to

the present work.(a) Potential energy curves(PECs) of H2 and H2
+

molecules relevant to the tunneling ionization of theH2 molecule.
(b) Field-modified PECsVp,±sRd of the H2

+ molecule.(c) Artifi-

cially cut PECsṼp,−sRd andVp,−sRd of the H2
+ molecule. The laser

intensity is 100 TW/cm2.
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S2mH2

p"2 D1/2
1

ksxd1/2sinSE
at

x

ksxddx+
p

4D
at some point far from the classical turning pointx=at where
ksxd=f2mH2

hE−Vp,su
sRdjg1/2/" [20].

In the parallel laser polarization case, the PECs of H2
+ are

significantly modified by the laser field. In order to take into
account this Stark shift, we have to diagonalize the following
matrix:

FVp,sg
sRd − msRdF

− msRdF Vp,su
sRd G . s3.7d

Then we can obtain the field-modified adiabatic PECs
Vp,−sRd andVp,+sRd:

Vp,±sRd =
Vp,sg

sRd + Vp,su
sRd

2

±ÎHVp,sg
sRd − Vp,su

sRd

2
J2

+ hmsRdFj2.

s3.8d

These adiabatic potentials are depicted in Fig. 3(b).
When the laser intensity exceeds 200 TW/cm2, Vp,−sRd

becomes completely dissociative and does not have any dis-
crete vibrational states. In this case, we calculate the con-
tinuum statesQp,EsRd in the same way as described above.

On the other hand, when the laser intensity is smaller than
200 TW/cm2,Vp,−sRd has several quasibound vibrational
states. For the quasibound states with short lifetime, it is easy
to obtainQp,EsRd and to calculatezkQpv8 uQavlz2 which shows
a broad profile, while for those with very long lifetime,
zkQpv8 uQavlz2 shows a very steep and large peak, so that we
require very small energy steps and much more computa-
tional time. To avoid this, we numerically calculate the dis-
crete vibrational eigenstates for the potential cutoff artifi-

cially: Ṽp,−sRd [see Fig. 3(c)]. It is numerically assured

that ov8zkQ̃pv8 uQavlz2+edEzkQ̃p,EuQavlz2 is almost equal to
unity (the percentage of the numerical errors is of the order
of 0.1% for any laser intensities used in this work).

When the laser intensity becomes very large,Vp,+sRd be-
comes a steep potential well and has dense discrete eigen-
states. In this case, we calculate them numerically with the
method described above. We can then determine the Franck-
Condon factorzkQpv8 uQavlz2. Strictly speaking, even when
the laser intensity is low,Vp,+sRd forms a bound PEC. Since
this potential well is very shallow, we approximately regard
the eigenstate as continuum and calculate the Franck-Condon
factor zkQp,EuQavlz2 accordingly.

Although we did not take into account the field distortion
of the ground state PEC of H2 molecules, it is a reasonable
first-order approximation[8].

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we show numerical results of the tunneling
single-photoionization rate of a H2 molecule calculated by

using the formulas derived in Sec. III. The other factors, for
example, the molecular orbital coefficientsbj ,1s and the
quantities associated with PECs(the ionization potential
Iav,pv8, the internuclear distanceR1−R2, etc.) can only be
obtained numerically so that the numerical values obtained
in Sec. III will be used. In the numerical calculations for the
comparison between the Condon and non-Condon approxi-
mations, the molecular orbital coefficients are assumed to be
constant even if we are working with the parallel polarization
case. In all of the calculations shown below, we assume that
the initial vibrational statev is equal to zero. In addition, the
semiclassical corrections, Eqs.(2.54) and (2.55), are used
except for Fig. 6.

Figure 4 shows the molecular orbital coefficientsbj ,1s s j
=1,2d for the case of the parallel laser polarization. We can
clearly see thatb1,1s increases whileb2,1s decreases with laser
intensity due to the polarizability of the molecule. This is
characteristic of the molecules in intense laser fields.

On the other hand, the molecular orbital coefficients
bj ,1s s j =1,2d for the case of the perpendicular laser polariza-
tion are 0.548 36 in any laser field amplitudes. This value
agrees with the analytical value very well.

Figure 5(a) shows the photoionization rate versus laser
intensity in the tunneling limit when the laser polarization is
parallel to the molecular axis. In this figure, we compare our
results with those of Saenz calculated inab initio fashion
[Fig. 3(a) of Ref. [21]]. The comparison shows that the nu-
merical results calculated seem to be reliable so that we can
carry out benchmark tests. Another reason is that we do not
yet have experimental data to compare with our calculation
quantitatively(i.e., the absolute value of the photoionization
rate). From the figure, we can see that our results reproduce
Saenz’s results well. In addition, we notice that the hydrogen
atom 1H, which is upstream along the laser polarization di-
rection, contributes to the total photoionization predomi-
nantly. This is due to the fact that the exponential factor
exps2Î2mI1sF ·R j /"Fd of 1H is much larger than that of2H.

FIG. 4. Laser intensity dependence of the molecular orbital co-
efficients bj ,1s s j =1,2d of the ground electronic state of H2 mol-
ecule calculated at the HF/STO-3G level of theory. The laser po-
larization is parallel to the molecular axis.
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This is consistent with the results reported so far[22].
As mentioned in Sec. II, Eq.(2.38) does not include the

quantum interference terms appropriately. We have to check
if the total photoionization rate demonstrated in panel(a)
(solid line) is reliable. Figure 5(b) shows the quantum inter-
ference terms for the laser wavelengths 1450, 800, 600, and
400 nm calculated by using Eq.(A6). It is found that as the
laser wavelength increases, the quantum interference terms
decrease. This tendency indicates that it is reasonable to as-
sume that the quantum interference terms in the tunneling
limit are smaller at least than those with the laser wavelength
1450 nm. Comparing panels 5(a) and 5(b), we can see that
the quantum interference terms are several factors smaller
than the individual and total photoionization rates. This fact
leads to the conclusion that the quantum interference terms
are negligibly smaller than the individual or total photoion-
ization rates in the tunneling limit.

Figure 6 compares the total photoionization rates with and
without the quasiclassical correction of the long-range Cou-
lomb potential effect in the tunneling limit. We can see that if
the correction is not included, the photoionization rate be-
comes about ten times lower than that with the correction. In
general, the order of this difference becomes larger as the
laser intensity decreases orIav,pv8 increases since in the tun-
neling limit we have the semiclassical Coulomb correction
Iav,pv8

Î2mIac,pv8 /"eF from Eq. (2.53).
Figure 7 compares the total photoionization rates with and

without the Franck-Condon factors. The difference between
these two cases is not negligible, twice or thrice larger for the
case without Franck-Condon factor. However, we can see a
slight tendency that the inclusion of the Franck-Condon fac-
tors causes decrease of the photoionization rate, which is
consistent with that calculated by the ADK formula[8].

Figure 8 shows the photoionization rate versus laser in-
tensity when the laser polarization is perpendicular to the

molecular axis. Comparing Figs. 5 and 8, we can see that the
photoionization rate with the perpendicular laser polarization
is much smaller than that with the parallel laser polarization.
In addition, we notice that the partial contributions from1H
and2H hydrogen atoms are of the same magnitude. This can
be easily understood by inspection of Eqs.(2.38)–(2.41).
In the perpendicular laser polarization,F ·R j for both
j =1 and j =2 is zero so thatwav→pv8,C,Tun

j ,1s,j ,1s is identical for
both j =1 andj =2. This comparison between the parallel and

FIG. 5. Photoionization rates versus laser intensity of the H2 molecule in the tunneling limit with the laser polarization parallel to the
molecular axis, calculated by using Eq.(2.38) [panel(a)] and quantum interference terms for the laser wavelengths 1450, 800, 600, and 400
nm calculated by Eq.(A6) [panel(b)]. Panel(a) is compared with that calculated by theab initio method[Fig. 3(a) of [21]]. In this panel,
the solid squares stand for the results taken from Fig. 3(a) of [21], the solid line for the total photoionization rate calculated by Eq.(2.38),
the broken line for the partial contribution from1H, and dotted line for that from2H of Fig. 1. Note that the solid and broken lines are
superimposed in panel(a). This means that the total photoionization rate is dominated by that of1H in the parallel laser polarization case.

FIG. 6. Comparison of the photoionization rates versus laser
intensity of H2 molecule in the tunneling limit with semiclassical
correction and without it. The solid line and the squares are the
same as those in Fig. 5 while the broken line is calculated under the
assumption of no correction. This figure indicates the importance of
the Coulomb correction for the accurate calculation of the photo-
ionization rates.
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perpendicular laser polarization cases actually indicate the
importance of the site-dependent exponential factor of
exps2Î2mI1sF ·R j /"Fd.

In Table I, we show the laser frequency dependence of the
total photoionization rateswa,v,C with the parallel laser po-
larization under the Condon approximation. We can see that
increasing the laser frequency leads to the enhancement of
the total photoionization rate provided that the laser intensi-
ties are identical. The frequency dependence of the photoion-
ization rates can be analyzed more conveniently by the
Keldysh type of theories than by ADK theory since the laser

frequency dependence cannot be included in an explicit fash-
ion in the latter case.

So far, the Condon approximation was assumed. Below,
we shall investigate the validity of the Condon approxima-
tions made in the above discussion. In the following calcu-
lations for the comparison between the Condon and non-
Condon approximations, the parameters are chosen to be
laser intensity 7.5931014 sW/cm2d , v=1.55seVd [or
wavelength=800snmd], R0a=0.735sÅd (very close to the
equilibrium distance of the H2 molecule in the electronic
ground state), andDE=17.33seVd.

Figure 9 shows that Huang-Rhys factorS defined by Eq.
(2.43) with the parameters defined above. We can see that as
far as both parametersb andDR are very small, the Huang-
Rhys factor is very small, which is reasonable in real sys-
tems. However, if these parameters are very large, the most
probable vibrational excitation is to the higher vibrational
states of the ionic potential.

Figures 10 and 11 compare the molecular ionization rates
under the Condon and non-Condon approximations for the
cases of the parallel and perpendicular polarizations, respec-
tively. In the case of the perpendicular polarization, we can
see the good agreement between the results under the Con-
don and non-Condon approximations; in particular, the
photoionization rate with the perpendicular laser polarization
is much more insensitive to the Condon approximation. In
the linear laser polarization case, we can see around a ten
times difference between the Condon and non-Condon ap-
proximations(from Fig. 10). In addition, we notice that asb
or DR becomes small, the total photoionization rate becomes
larger. This is due to that fact that in this case the quantum
number of the vibrational state of the ionic state with the
largest Franck-Condon factor isv8=0. In addition, the tran-
sition to the statev8=0 has the smallest ionization potential
Iav,pv8. Since the photoionization rate is very sensitive to the
value of Iav,pv8 but less sensitive to the Franck-Condon fac-
tor, the transition to the statev8=0, which has the largest
Franck-Condon factor, has the largest photoionization rate in
all the situations. From the figures, we can see that the photo-
ionization rates seem to be more sensitive tob than toDR.

In the area where the Condon and non-Condon approxi-
mations do not agree well, the photoionization rates under
the non-Condon approximation are larger than those under
the Condon approximation because of the several times dif-
ference of the exponential and preexponential factors. In ad-
dition, due to the lack of the termsÎ2mI1s/2hds−1d jR0a in the
exponent in the quantum interference terms, the contribution
from the quantum interference term is smaller by one or
three orders of magnitude than the individual photoionization
rate contributed from1H.

Finally, we note the recently published work concerning
the experimental results of vibrational distribution of H2

+

molecule in the tunneling photoionization of the process of
Eq. (2.13) [23]. This study has clearly demonstrated the im-
portance of including the vibrational degrees of freedom for
the molecular tunneling photoionization. They have found
that the relative populations of the vibrational states of H2

+

molecule after the tunneling photoionization of H2 molecule
do not follow the conventional Franck-Condon principle.

FIG. 7. Comparison between the molecular photoionization
rates, including the Franck-Condon factor, and those in its absence
i.e., only the photoionization rate of the transition to the vibrational
level v8=0 is considered.). The solid line and the squares are the
same as those in Fig. 5 while the broken line is calculated under the
assumption of no Franck-Condon factors.

FIG. 8. Photoionization rates versus the laser intensity of the H2

molecule in the tunneling limit, with the laser polarization perpen-
dicular to the molecular axis, calculated by using Eq.(2.38). The
broken and dotted lines are the partial photoionization rates from1H
and2H, respectively. The solid line is for the total photoionization
rate. Note that the broken and dotted lines are superimposed.

THEORETICAL STUDIES OF HIGH-POWER LASER… PHYSICAL REVIEW A 70, 063414(2004)

063414-11



The reason for this is the rapid variation of the photoioniza-
tion rate with the internuclear distance. They used the fol-
lowing formula to calculate the transition rates to the indi-
vidual field-modified vibrational levels of H2

+ molecules,

Gsv8d = UE G1/2sRdxv8sRdx0sRddRU2

, s4.1d

wherexv8sRd andx0sRd are the vibrational wave functions of
H2

+ and H2 molecules, respectively, andGsRd is the photion-
ization rate dependent on the internuclear distanceR. The
R-dependent photoionization rateGsRd is calculated by the
ADK formula [4].

We compare their results to those obtained by our formu-
las. The relative populationprelsv8d in the vibrational statev8
is given by

prelsv8d =
wav→pv8,C

wav,C
s4.2d

Figure 12 shows the relative populations for each vibra-
tional statev8 for the parallel and perpendicular laser polar-
ization cases. As in[23], when the laser intensity is very
large, the number of the bound or quasi-bound vibrational
states of H2

+ diminishes so that the total populations of the
bound or quasibound vibrational states of H2

+ decrease. For
example, the total populations from the bound or quasibound
states add up to 94%, 91%, and 70% for the Figs.
12(a)–12(c), respectively. This agrees well with the experi-
mental results reported in the literature[23]. Contrary to the
results obtained by Urbainet al. [23], the relative popula-
tions calculated in this work follow the same distributions
predicted by Franck-Condon factors, although they claim
that the dissociative photoionization does not follow the
Franck-Condon principle since the ADK photoionization rate
is dependent onR.

Some features are very similar between Fig. 2 of[23] and
Fig. 12 of this work. For example, we notice that as the laser
intensity increases, the relative populations of higher vibra-
tional quantum numberv8 becomes larger for the perpen-
dicular laser polarization case. This tendency agrees well
with that of Figs. 2 and 4 of the literature[23].

From the above comparisons, we can conclude that if the
laser intensity is very large, the prediction by the ADK
theory and that of our theory are very similar. But if the laser
intensity is not so large, these two theories yield very differ-
ent results. The decisive conclusion has to await more ex-
perimental studies of intense laser ionization of different
molecules.

V. CONCLUDING REMARKS

In this work, we have obtained the analytical Keldysh-
type expressions for the photoionization rates of H2 mol-
ecules in the linearly polarized electric field in the tunneling
region. For this purpose, we have extended the Keldysh
theory improved by us in previous works; especially, we

TABLE I. Total photoionization ratess−1d of H2 to H2
+ for various laser wavelengths when the laser polarization is parallel to the

molecular axis.

Wavelengthlsnmd
laser intensityg1s Tunneling limit 1450 g1s 800 g1s 600 g1s 400 g1s

1.0331014 1.6231011 3.5831011 0.58

1.3731014 1.1431012 2.1331012 0.50 3.7431012 0.91

1.8231014 6.5731012 1.0931013 0.44 1.6231013 0.79

2.4331014 3.2131013 4.7431013 0.38 6.2131013 0.68 8.0331013 0.91

3.2331014 1.2331014 1.7431014 0.33 2.1031014 0.59 2.5131014 0.79

4.2931014 4.2031014 5.6431014 0.28 6.3931014 0.51 7.2531014 0.69

5.7131014 1.2731015 1.6331015 0.25 1.7831015 0.45 1.9431015 0.60 2.4031015 0.89

7.6031014 3.4931015 4.2931015 0.21 4.5331015 0.39 4.8131015 0.52 5.5931015 0.77

1.0131015 8.8431015 1.0531016 0.19 1.0931016 0.34 1.1331016 0.45 1.2531016 0.67

1.3431015 2.1231016 2.4331016 0.16 2.4831016 0.29 2.5531016 0.39 2.7231016 0.58

FIG. 9. Huang-Rhys factorS defined by Eq.(2.40) when the
laser intensity is equal to 7.5931014 sW/cm2d ,v=1.55seVd [or
wavelength=800snmd], R0a=0.735sÅd, andDE=17.33seVd. The
value on each curve representsS.
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have included Franck-Condon factors to take the molecular
vibrational degrees of freedom into consideration The com-
parison of the numerical calculations performed by using
these formulas with the numerical results calculated by
Saenz[21] has actually shown the validity of our formulas.
Clearly, our formulas have more complicated structures than
the ADK theory, but we could obtain physical insights from
inspection of the formulas themselves and the numerical re-
sults. This feature is due to the simple structure of the for-
mulas derived by the Keldysh-type theory: our formulas are
expressed in the form of a combination of the exponential

and preexponential terms, which is very similar to the origi-
nal atomic Keldysh theory. However, in the case of mol-
ecules, there exists a special feature due to the interferences
between different atoms. The explicit dependence of the
photoionization rate on the laser frequency is also one of the
advantages over other tunneling theories, e.g., the ADK
theory.

We have only concentrated on the hydrogen molecule in
the present paper. However, it is an easy task to extend the
present procedures to other molecules whose molecular or-
bitals consist of the atomic orbitals such as 2s,2px,2py,2pz,

FIG. 10. Dependence of the total photoionization rates onb andDR with the same parameters used in Fig. 9 in the case of the parallel
laser polarization. The value on each curve represents log10stotal ionization rate in W/cm2d. In (a) and (b), the Condon and non-Condon
approximations are assumed, respectively.

FIG. 11. Dependence of the total photoionization rates onb and DR with the same parameters used in Fig. 9 in the case of the
perpendicular laser polarization. The value on each curve represents log10stotal ionization rate in W/cm2d. In (a) and (b), the Condon and
non-Condon approximations are assumed, respectively.
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etc. (e.g., polyatomic organic molecules) in a similar way as
the ADK expressions of the tunneling ionization rate of ar-
bitrary complex atoms and atomic ions[4].

For large polyatomic molecules, unless the molecular axis
is perpendicular to the laser polarization, the exponential fac-
tor pertaining to the molecules, exps2Î2mI1sF ·R j /"Fd, will
be large so that very different photoionization rates for the
molecule and the atom with the identical ionization potential
will be found; the same conclusion has been deduced by

other authors[22]. However, the comparison between the
numerical results obtained under the Condon and non-
Condon approximations has shown that the exponent,
+fs−1d jÎ2mI1s/4"gDR−smI1s/8"2bd, in Eq. (B9) also plays
an important role for determining the photoionization rate if
the molecular axis is parallel to the laser polarization. Again,
this indicates the importance of properly including the vibra-
tional degrees of freedom for the analysis of the molecular
photoionization processes. This feature will be more notice-
able for large polyatomic molecules, which must await ex-
periments that are carried out for this purpose.

An important feature of the Keldysh-type theory is that it
provides the absolute magnitude of photoionization rates.
This information is important when there exist other photo-
physical processes competing with photoionization.
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APPENDIX A: DERIVATION OF THE QUANTUM
INTERFERENCE TERMS

The quantum interference terms are derived as follows:
from Eq. (2.25), we obtain

wav→pv8,C
j ,1s,j8,1s =

4p

"
ReFbj ,1s

* bj ,1sC1s
* C1sDj ,1s

* sIav,pv8dDj8,1ssIav,pv8d

3ukQpv8uQavlz2exph− gj ,1s,C
s1d sIav,pv8,R jd − gj8,1s,C

s1d

3sIav,pv8,R j8dj E d3p

s2p"d3expF i

"
sR j − R j8d ·p

− ihgj ,1s
s2d sIav,pv8d − gj8,1s

s2d sIav,pv8djp cosup − hgj ,1s
s3d

3sIav,pv8d + gj8,1s
s3d sIav,pv8djp

2 − hgj ,1s
s4d sIav,pv8d

+ gj8,1s
s4d sIav,pv8djp

2cos2upG o
n=−`

`

dS Ĩav,pv8 +
p2

2m

− n"vDG , sA1d

where

gj ,1s
s2d sIav,pv8d =

1

"vH eF

mv
s1 −Î1 + g1s

2 d − sIav,pv8 − I1sd

3
g1s

Î2mI1s
Î1 + g1s

2
+

eF ·R jg1s

Î2mI1s
J , sA2d

gj ,1s
s3d sIav,pv8d =

1

2m"vHsinh−1g1s +
Iav,pv8 − I1s

2I1s

g1s

Î1 + g1s
2

−
eF ·R jg1s

2I1s
J , sA3d

FIG. 12. Vibrational distributions of the H2
+ molecule after the

tunneling photoionization of the H2 molecule. The laser intensities
are (a) 4.431013, (b) 5.8431013, and (c) 1.0331014 sW/cm2d.
These figures should be compared with Figs. 2 and 4 of the litera-
ture [23].
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gj ,1s
s4d sIav,pv8d =

1

2m"vH−
g1s

Î1 + g1s
2

−
Iav,pv8 − I1s

2I1s

g1s

s1 + g1s
2 d3/2

+
eF ·R jg1s

2I1s
J , sA4d

and

C1s = −
2Îps2mI1sd5/4"3/2v2

me2F2 sA5d

Integrating overp, we finally obtain the general quantum
interference terms for the homonuclear diatomic molecules
consisting of only 1s atomic orbitals:

wav→pv8,C
j ,1s,j8,1s = −ÎvI1s

p"
g1s

4 bj ,1sbj8,1s

3Dj ,1s,CsIav,pv8dDj8,1s,CsIav,pv8dzkQpv8uQavlz2

3 exph− gj ,1s,C
s1d sIav,pv8,R jd − gj8,1s,C

s1d sIav,pv8,R j8dj

3E dVp̄

Jj ,1s,j8,1s
2 sIav,pv8,p̂d − 2G1s,1ssIav,pv8,upd

G1s,1s
5/2 sIav,pv8,upd

3expH−
Jj ,1s,j8,1s

2 sIav,pv8,p̂d

4G1s,1ssIav,pv8,updJ , sA6d

where

j = 1 and j8 = 2, or j = 2 and j8 = 1, sA7d

G1s,1ssIav,pv8,upd = 2m"vfgj ,1s
s3d sIav,pv8d + gj8,1s

s3d sIav,pv8dhgj ,1s
s4d

3sIav,pv8d + gj8,1s
s4d sIav,pv8djcos2upg , sA8d

Jj ,1s,j8,1ssIav,pv8,p̂d =Î2mv

"
sR j − R j8d · p̂

+ cosuphKj ,1ssIav,pv8d − Kj8,1ssIav,pv8dj ,

sA9d

and

Kj ,1ssIav,pv8d =
g1s

Î"vI1s
S Iav,pv8 − I1s

Î1 + g1s
2

− eF ·R jD ,

sA10d

and p̂ is the unit vector defined byp. In this derivation, we
have used the fact thatbj ,1s, C1s, andDj ,1s,CsIav,pv8d are real.
It is clear from Eqs.(A8)–(A10) that the quantum interfer-
ence terms arise from the two-center geometry of the nuclear
field: Only two different j th and j8th atoms contribute to

each quantum interference termwav→pv8,C
j ,1s,j8,1s . In particular,

Jj ,1s,j8,1ssIav,pv8 ,p̂d depends on the distance betweenj th and
j8th atoms whileG1s,1ssIav,pv8 ,upd on the sum of the dis-
tances betweenj th andj8th atoms from the molecular center.

Because many terms which depend on the nuclear posi-
tion cancel out in Eq.(A8) or completely disappear in the
exponent in Eq.(A6) for the homonuclear diatomic mol-

ecules the quantum interference terms are less sensitive to
molecular geometries than the individual photoionization
rates for such a simple diatomic molecule.

APPENDIX B: DEFINITIONS OF THE TERMS
IN EQ. (2.46)

The definitions of the terms appearing in Eq.(2.46) are
given by

Bj ,1s,NC,parsIav,pv8d = Fsinh−1g1s +
Iav,pv8 − I ls

2I1s

g1s

Î1 + g1s
2

+ s− 1d jeF
R0a

2

g1s

2I1s
+

s− 1d jmv

4Î2mI1s
HDR

−
s− 1d jÎ2mI1s

2"b
JGHsinh−1g1s −

g1s

Î1 + g1s
2

+
Iav,pv8 − I1s

2I1s

g1s
3

s1 + g1s
2 d3/2J1/2

, sB1d

Dj ,1s,NC,parsIav,pv8dv8=0 =
X1,jsIav,pv8dv8=0

g1sI1s
− X2sIav,pv8dv8=0

−
X1,jsIav,pv8dv8=0

2

2"vI1s
sB2d

or

Dj ,1s,NC,parsIav,pv8dv8=1

=
s− 1d jeF

4g1sI1s
Îb

+
ÎbX1,jsIav,pv8dv8=1

g1sI1s
X3,j

−HX2sIav,pv8dv8=1 +
X1,jsIav,pv8dv8=1

2

2"vI1s
JÎbX4,j , sB3d

or

Dj ,1s,NC,parsIav,pv8dv8ù2

=
v8s− 1d jeFbv8/2−1

4g1sI1s
X4,j

v8−1 −
v8sv8 − 1dseFd2bv8/2−2

32"vI1s
X4,j

v8−2

+
bv8/2seFdX1,jsIav,pv8d

vg1sI1s
HX4,j

v8 −
v8s− 1d jseFdg1s

4b"v
X4,j

v8−1J
− bv8/2HX2sIav,pv8d +

X1,jsIav,pv8d
2

2"vI1s
JX4,j

v8 , sB4d

X1,jsIav,pv8d =
Iav,pv8 − I1s

Î1 + g1s
2

+ s− 1d jeF
R0a

2
−

g1sseFd2

8b"v

+ s− 1d jeF
DR

4
, sB5d
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X2sIav,pv8d =
1

g1s
Î1 + g1s

2
+

sIav,pv8 − I1sd

2I1s

g1s

s1 + g1s
2 d3/2

+
mv

8b"g1s
2 sB6d

X3,j = −
DR

2
−

s− 1d jg1sseFd
2b"v

, sB7d

,

X4,j = −
DR

2
−

s− 1d jg1sseFd
4b"v

, sB8d

and

gharj ,1s
s1d sIav,pv8d =

1

"v
S Ĩav,pv8sinh−1g1s − Ĩ1s

g1s
Î1 + g1s

2

1 + 2g1s
2 D

+
Î2mI1s

2"
s− 1d jR0a +

b

4
DR2

+
s− 1d jÎ2mI1s

4"
DR−

mI1s

8"2b
sB9d

for the homonuclear diatomic molecules.

APPENDIX C: TOTAL PHOTOIONIZATION RATE
WITH THE PERPENDICULAR POLARIZATION
UNDER THE NON-CONDON APPROXIMATION

The individual photoionization rate with the perpendicular
polarization under the non-Condon approximation is given
by

wav→pv8,NC,per
j ,1s,j ,1s = E1subj ,1su2uDj ,1s,CsIav,pv8du

2zkFpv8uFavlz2

3exph− 2gj ,1s,C
s1d sIav,pv8,0

Wdj

3o
l=0

v8

v8
Cl

s2l + 1d ! !

23l+3/2p
S mv

"b2DR2Dl

3E
0

p

sinuduE
0

2p

dfHh1 + h2cos2u

+
mv

8"b
sin2usin2fJ−s2l+3d/2

, sC1d

while the quantum interference terms are given by

wav→pv8,NC,per
j ,1s,j8,1s = E1sbj ,1sbj8,1suDj ,1s,CsIav,pv8du

2ukFpv8zFavlz2

3exph− 2gj ,1s,C
s1d sIav,pv8,0dj

3o
l=0

v8

o
l8=0

v8

v8
Clv8

Cl8
s− 1d jl+j8l8+l8

3
1

2l+l8p3/2
S mv

"b2DR2Dsl+l8d/2

3E
0

p

dussinudl+l8+1E
0

2p

dfssinfdl+l8

3Refil+l8J j ,j8sl + l8,u,fdg, sC2d

where

h1 = sinh−1g1s +
Iav,pv8 − I1s

2I1s

g1s

Î1 + g1s
2

, sC3d

h2 = −
g1s

Î1 + g1s
2

−
Iav,pv8 − I1s

2I1s

g1s

s1 + g1s
2 d3/2, sC4d

J j ,j8sl + l8,u,fd =E
0

`

daal+l8+2expH− Sh1 + h2cos2u

+
mv

8"b
sin2u sin2fDa2

+ iah3s j , j8dsinu sinwJ , sC5d

h3s j , j8d =
− s− 1d j + s− 1d j8

2
Îmv

"
SR0a +

DR

2
D , sC6d

and j =1 and j8=2, or j =2 and j8=1.
The integrations in Eqs.(C1), (C2), and (C5) have been

performed numerically. For the integration overa in Eq.
(C5), we have used the following formula:

E
0

`

da exps− Aa2 + iBad

=
1

2
Îp

A
expS−

B2

4A
D +

i
ÎA

expS−
B2

4A
DE

0

B/2ÎA

expst2ddt.

sC7d

From the above equations, we notice that the non-Condon
approximation does not affect the exponential factor, but the
preexponential factor is affected in the perpendicular polar-
ization case.

We can see that the terms wherel=0 andmv /8"b=0 on
the rhs of Eq.(C1) for the individual photoionization rate,
and l=l8=0 in Eq. (C2), smv /8"bdsin2u sin2f=0 in Eq.
(C5), andDR/2=0 in Eq.(C6) for the quantum interference
terms correspond to those under the Condon approximation.
The other terms stem purely from the non-Condon approxi-
mation. Comparing this with Eq.(2.46), we notice that under
the non-Condon approximation, the parallel polarization case
will be affected more than that of perpendicular case because
the former contains many more terms.

As has already been shown above, the termDR/2 in Eq.
(C6) and the summations forlÞ0 or l8Þ0 purely stem
from the non-Condon approximation. In their absence, Eq.
(C2) reduces to Eq.(A6). J j ,j8sl+l8 ,u ,fd in Eq. (C5) can
be calculated by using Eq.(C7). We can see that the nuclear
distanceR0a does not affect the individual photoionization
rates but the quantum interference terms are affected.
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