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Qubit decoherence and non-Markovian dynamics at low temperatures via an effective
spin-boson model
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Quantum Brownian oscillator modéDBM), in the Fock-space representation, can be viewed as a multilevel
spin-boson model. At sufficiently low temperature, the oscillator degrees of freedom are dynamically reduced
to the lowest two levels and the system behaves effectively as a twofERE) spin-boson modalSBM) in
this limit. We discuss the physical mechanism of level reduction and analyze the behavior of E2L-SBM from
the QBM solutions. The availability of close solutions for the QBM enables us to study the non-Markovian
features of decoherence and leakage in a SBM in the nonperturbative regggnevithout invoking the Born
approximation in better details than before. Our result captures very well the characteristic non-Markovian
short time low temperature behavior common in many models.
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[. INTRODUCTION it is more desirable to study open system models which
maintain the multilevel structure.

(Ij?ecentt developmter:_t mhquantttum tln&‘ormaltqlo?t pr?_cestsn:g In the present paper, we study certain aspects of realistic
and quantum computation has attracted much attention to bits residing in the multilevel system, taking advantage of

study of discrete quantum systems with finite degrees o ur fairly good understanding from the detailed studies of

freedom. The most commonly used model is an array ophgy over the last few decades. In particular, we focus on
interacting two-level system@2L$S) each of which represent- harmonic QBM, which can be viewed as anlevel spin-

ing a qubit. As the system almost a'.WayS el itSboson model. Commonly used two-level spin-boson model
environment, quantum decoherence in the system usually |, e optained by restricting the harmonic oscillator Fock

the most.serious'obstacle to the actual i.mplementation %pace to the lowest two levels. This correspondence allows
quantum information processofs—3|. For this reason a de- o 5 etajled analysis of the spin-boson model from the
tailed understanding of quantum decoherence in Open Sygn,n results of QBM. In particular, we will focus on the
tems Is crucial. There are a h.andful qf models useful for SUCIFHon—Markovianaspects of decoheren’ce. Non-Markovian dy-
StUd'eSf’ the quantum B“’W.”'a” mot@BM) [4-7] is ON€,  namics, often neglected in the literatyraodels are mainly
the spm-bospn modaj4,$] IS qnother: th? system in the paqeq on a Markov approximatipfor technical simplicity,
former caseIs a hf"“mO’?'C oscﬂlato_r and in the latter case g actually of crucial importance for the realistic implemen-
2LS, both interacting with an environment of & harmonicyasong of quantum information processing. The “effective”
oscillator bth(HOB)' odel we consider here invokes a two level simplification
_Most qubit models presently employed are the _re5ults Ofrom a multilevel structure. How realistic this is certainly
picking out the levels most relevant to the description of thedepends on the way the qubits are defined and realized in the

qlublt frqm a mu!tllevel strlchture. In gtom (()jptt)lcs, énLtgrnal multilevel structure usually encountered in actual experimen-
electronic excitations are often approximated by a CONt5| conditions. Nevertheless, our model is able to capture the

sisting .Of the ground state and the excited state. A sim_ila haracteristic short time behavior in many physical ex-
model is used for the study of low temperature tunnellngam les

process where the two levels degrees of freedom represent Beydnd the commonly assumed Ohmic spectrum for the
the quasi ground states in a double well potential. The SIMpath, generic non-Ohmic environments can be studied with

plification to two-levels allows for detailed analytical or nu- this model. Contrary to the Ohmic case, the sub-Ohmic en-
merical treatment, but this remains an approximation appliy;onment(including 1/ type) causes nontrivial long time
cable only when the effects of higher levels are negligible

| h hen hiaher level hehavior such as anomalous diffusion or localizafi®now-
€.g., at low enough temperature when higher levels are.nqﬁg to the long range temporal bath correlation. In the present
well-populated. However, in the presence of gate operatio

. : aper, we will mainly focus on the opposite case of super-
the existence of higher levels causes a leakage of the 2L P Y PP P

d . h her levels. S b hmic environment$4,8,27. Owing to the ultrashort time
lue to transitions to these other levels. Some extra penurbgy, i, ¢orrelations, nontrivial short-time system dynamics en-
tion may be necessary to select or restrict multi-level strucye, s \yhich is particularly difficult to describe by means of
ture the particular levels of interef®]. In order to make a

o N ; other models or approximations. The decoherece time scale
quantitative estimation of decoherence with a leakage effec

tn the super-Ohmic environment can be much shorter than
the one in the Ohmic case and thus is hard to remove by
external pulses. Thus super-Ohmic environment can be a ma-
*Email address: kshiok@physics.umd.edu jor obstacle for the realization of quantum computation and

"Email address: hub@physics.umd.edu information processing.
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We emphasize that to maximally preserve the coherence c2
of an open system, self-consistency is required, and because Jg(w) = >, > :
of the back-action from the environment, non-Markovian n
processs is often the norm rather than the exception. We WIWe assume the spectra| density has the form
argue that, for a generic class of environment, Markovian /A
approximations are not strictly valid. To facilitate compari- Jp(w) = 2Myw"e™ 7, (6)
son with results in related papers we will compare our methyyherer=1 is Ohmic,»<1 is sub-Ohmic, ana> 1 is super-

ods with other commonly used approximations to the spingpmic. We will discuss the Ohmic and super-Ohrtic 3)
boson model, such as the Born approximation and the Bormsaqes in detail.

o - wy,). (5)

mywp

Markov rotating-wave approximatiofi0] for two-level and The counterterm\V depends ort,, m,, oy, p andx and is
multilevel systems. given by e

The outline of this paper is as follows: In Sec. Il we
specify the model and cast it in the influence functional for- _ ) 2MyAX (v=1),
malism in the presence of an external field. In Sec. Ill we T 2MyAPIME T+ 2M YA T (v=23). @)

outline our idea of an effective 2LS using the QBM ap- o o

space representation discussed in Sec. Il with the Fock spaé@quency of the Brownian oscillator due to its interaction
representation. We compare our approach with other mettWith the bath which will become divergent when the fre-
ods based on Born-Markov and rotating-wave-approxduency cutoff A—o. As is customary, we consider the
imation. Our results are presented in Sec. IV A. In Sec. IV Brenormalized quantities after including a counter term as the
we discuss the limitations and potential extensions of thiPhysical observables with specified values.

approach. For a linear QBM, the potential is
MQ2x?
V(x) = : (8
II. QBM IN THE PRESENCE OF AN EXTERNAL FIELD 2
A. The model where () is the natural frequency of the system oscillator.
Our model consists of a Brownian particle interacting Fma"ﬁ’ ttheb Hamiltonian for the external fiel(t) is as-
with a thermal bath in the presence of an external field. weumed to be
follow the notion developed i1fi6,12. (We use the units in He = - xE(t). 9)
which kg=A=1.) The Hamiltonian for this model can be
written as B. The influence functional
H=Hg+Hg+H, +Hg, (1) We begin by making the connection with prior treatment

of QBM based on the influence functiorfdl3] with a phase
space representation for the Wigner functidd]. First we
consider the case without an environment. We define the

where the dynamics of the syste®(with coordinatex and
momentump) is described by the Hamiltonian

p? transition amplitude between the initial stdigq,) at t=0
Hs= M +Vo(X), (2)  and the final statéx g at timet to be
. . — —iH
and the(bare potential Vy(x) is related to the physical po- K(x,01;1X0,0o; 0) = (x gle™""[xo0lo)- (10)

tential by a counter term\V i.e., Vo(X)=V(x)+AV (see be-  The Liouville equation for the density matrix is

low). The bath is assumed to be composed\olfiarmonic P

oscﬂl_ator; with natural frequencias, and masses, with i—p(t) =[H,p(t)], (11)
Hamiltonian at

N
_ 2 (p_ﬁ + mnwﬁqﬁ

) where[,] is the commutator. In the coordinate representation,
2m,, 2 '

(3) the density matrix becomes
p(x.x',q,q",t) = (x gp(t)|x'q"), (12

with the collective notation for bath variables={q,}. The
time evolution of the density matrix is given by

where (qy,...,9x, P1,---,Pn) are the coordinates and their
conjugate momenta. The interaction between the system
and the batiB is assumed to be bilinear,

N

H, =X Colhn, (4)

n=1

p(x,x',q,q',t) = J dxgdxdaed oK (x,q; t|Xo, 0o; 0)

. . _ X p(X0, X0, G, Ao, OK” (X', 0" /%5, 60 0)..
wherec, is the coupling constant between the Brownian os-

cillator and thenth bath oscillator with coordinatg,. The (13)
coupling constants are related to the spectral dedsity) of For the problem under study, we assume that the charac-
the bath by teristic time scale for the bath is much shorter than the sys-
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harmonic oscillator variables to obtain an equation for the do Jg(w)sin wt (23
reduced density matriy,(x,x’)= fdgp(x,x’,q,q,t). For a
factorized initial condition between the system and the bathare the noise and dissipation kernels, respectively.

which is assumed to be initially in thermal equilibrium, From Eqgs.(21) the Euler-Lagrange equations fBrandr
’ ' ’ ’ are
p(X0. X0, 90,90, 0) = ps(Xo0,Xg,0) ® pg(do, G, 0),  (14)
t

we can express the time evolution for the reduced density MgR.(t) + MoQ2R(t) + ZJ ds u(t - 9R(s) = E(1),
matrix in an integral form, 0

tem. Under this condition, we may integrate out the bath ® 1f°°
pt)=-—

m™Jo

(24)
pr(X,X',1) = f dxodXodr (X' /X0, X0: 0) ps(Xo, X0, 0)
t
(15) Mo o(S) + MQar(s) - 2J ds u(s—s')ry(s’) = 0.
where its time evolution operator is given by ° 25
Jr(x,x’;t|x0,x{);0):f dqda,dggK(x,d;t|Xo,qo; 0) The nonlocal kernel contains the information of the past
history of the bath in the presence of the system variables.
X pe(0o, G 0K (X', 013 tx4, 015, 0). Thus by solving these equations, self-consistency of the

system-bath interaction is taken into account. Nonlocal ker-
(16) nels imply that these equations normally contain time deriva-
The total action of the syste{x,x'] enters as tives higher than two. In earlier studies of QBM, higher or-
der terms were neglectédll]. Hence the damping effect was
not treated properly. Inclusion of the higher order terms leads
to unphysical runaway solutions. [@2], the order reduction
procedure similarly to the radiation damping problem is used
and consists of several contributions: to eliminate unphysical solutions reducing them into second
. , , , , order differential equations with well-defined initial value
SIxx]=Sdx X ]+ ASc[x X + Selx X' ]+ Sielx,x']. problems. After the order reduction procedure, the solutions
(18 can be specified uniquely by imposing the initial and final
conditions:Ry andR; (ro andry).
If we let the two independent solutions of the homoge-
neous part of Eq.24) and Eq.(25) beu;(s) andv,(s),i=1, 2,
t . 5 with boundary conditionsu;(0)=1,u;(t)=0,u,(0)=0,u,(t)
(SSJ'ASS)[RJ]:I ds{MoR(s)r(s) — MoQoR(S)r(s)}, =1 and v,(0)=1,v,(t)=0,v,(0)=0,v,(t)=1, respectively,
0 the solutions of these uncoupled equations can be written as

R.(s) = Rous(8) + Riux(s) + &(s),

(xx’ o,
J,(x,x’ ;t|X0,X6;O) = f DxDx’ gSxx'] (17)
(XoXp)

The sum of the actions for the syste$g plus its counterac-
tion ASg is given by

(19

where R=(x+x")/2,r=x-x'. For notational convenience,
we have assumed the bare médg and bare frequencgl, - +
take on the valuesy=M and MyQ2=MQ?+4MyA/ 7 for "e(8) = Fova(®) +rwalS), (26)
v=1 while Mg=M+4MyA /7 and MQ3i=MQ?+4MyA3/  wheree(t)=[tdsg.(t-S)E(s)/M. The solutions; andv, sat-

(3m) for »=3. The action for the external field is isfy the homogeneous part of the backward time equation
¢ (25) and are related ta; and u, by v(s)=uy(t—s) and
SR r]= J ds r(s)E(s). (20) v,(S)=uy(t—s). The functionsg,(s) and g_(s) also satisfies
0 the homogeneous part of E@®4) and Eq.(25) with bound-

ary conditionsy,(0)=0,9.(0)=1, respectively. The solutions
for g, for Ohmic and super-Ohmic cases are given in Appen-
dix A of [12]. From these solutions , and v, , can be
ot s determined.
Sie[Rr]= If dsf ds'r(s)u(s=s)r(s) Since the potentials in our model are harmonic, an exact
o -0 evaluation of the path integral can be carried out. It is domi-
t s nated by the classical solution given in Eg6). From these
- ZL dsfo dsr(s)u(s=s)R(S'), (21  classical solutions, we write the actidiix,x'] as

The influence actios,[x,x"] accounts for the effect of the
bath onS and is given by

where S[Re.re] = [MUy ()R + MUp(H)RJr = [MU,(0)Ry
1~ Bw + MU (O)R]ro +i{agy(t)rg + [ago(t) + @ (t)]ror
M= TJ , d0 Jalwlcotyeosat, (22 + a0} + e 1o+ es(Dr. (27
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Here (e,(t), ex(t)) =e"=[(ds(v4(s) ,v2(9))e(s) and

t t
akl(t):% J dSJ ds'vi(s)u(s—s")v((s'), (28)
0 0

for (k,1=1,2 contains the effects of induced fluctuations
from the bath on the system dynamics.

Using the results abovd, in Eqg. (17) can be written in
the compact form,

J(Ry TRy, ro;0) = N(1)E'-, (29)

where £=R'ur+irTar+e'r, (a);=a;,R"=(Ry, R), and r’

g sl )

C. QBM in the phase space representation

= Uy(0) Uy(t)
—Uy(0)  Uy(t)

_ (U1 U

(30)
Uz Upp

The Wigner function is related to the density matrix by

1 .
Wr(R,P,t)zz—fdr e P p(R+r/2,R-r/2,1). (31)
o

The Wigner distribution function obeys the evolution equa-

tion

Wr(Rt-Ptvt):deOdPOK(Rta P 1R, Po; 0)W, (Ro, Po, 0),
(32
whereK(R,P;t|Ry, Py;0) is defined by
1 _
K(R,P;tho,Po:0)=2—fdrdroE'“Pr‘POrO)Jr(R,r;tho,ro;O).
T
(33
The propagatoK for the Wigner function is given by

N(t ,
K(R,P;t|Ro, Po;0) = ¥ f dr dryg “Pr+Poro*L)
ar

= Ny(hexg - sX™S 16X],

whereNy(t)=N(t)/2y|a and|a| is the determinant od. The
vector 6X=X—-(X), with

*—( R ) 34
- P_ez ' ( )
and
()15 2
) <<P> Cio Cx/\Pot+e
) e
Upp \ U] Up/ \Po+ey

Here 3 is a matrix characterizing the induced fluctuations
from the environment:

PHYSICAL REVIEW A 70, 062106(2004)

| :

At long times, fluctuations of the system are governed by
these terms a&;;—((AR)?),3,,—((AP)?), and 3,,=3;
—0.

It is seen that this solution for the density matrix obeys
non-Markovian dynamics in that the solution at a given time
depends on its past history. Owing to the time dependent
nature of their coefficients, despite its simple appearance,
these equations are not easy to solve without approximations.
The commonly used Markovian approximations can miss the
essential features in the description of quantum/classical cor-
respondence: it tends to underestimate the loss of quantum
coherence because the rapid initial increase of diffusion co-
efficients is crucial for decoherence at low temperature for
strong coupling. It is simply not a valid approximation for a
harmonic oscillator model with a generic spectral density.

2

-2
Uz,

apoUp1 — agaUsz
2 2
A1olpy ~ 813Upp  A11U5p — 283 5Up1Unp + 25U5

ap

Ill. EFFECTIVE SPIN-BOSON MODEL FROM QBM
A. Dynamical level reduction

We first illustrate our scheme of dynamical level reduc-
tion based on the harmonic QBM, which can be viewed as an
infinite-level system in a bosonic environment

Ng
HE) + H™ = Qa'a+\2Q(a+ a*)E1 Cln-  (37)

This can be viewed as a limit of the finité-level system:
Ng
HY +HY = 0SS+ (S+ V2 G (39)
n=1
when N—o. Here we have absorbe®Q by definingc,
=\2Qc,,.

At finite temperatureT, only those modes up tiN
~kgT/hQ) are occupied. Thus at low temperature- #(},
the effective number of levels of harmonic QBM is signifi-
cantly reduced. In particular, &T <7}, we expect that the
system is effectively reduced to two levels:

Ng

HY +H? = 0SS, +(S+ )X T (39)

n=1
The formal correpondence is achieved by replacing the har-
monic oscillator annihilation/creation operatara’ by the
two-level pseudospin annihilation/creatigRaul) operator
S,,S;. The spin-boson model can be obtained by rewriting
the Pauli operators as

Ng
1 ~
HE + HI? = Q(Sé + 5) + S5 Tl (40)
n=1
B. Fock states from phase space representation

The correspondence between the Fock state representation
for the pseudospin qubits and the phase space representation
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is given as follows. First we write the density matrix in terms
of the phase space variable as

d? et
p(t) = f fo(Z.z,t)e"zaTe"Za, (41)

where

Xo(zZh) = T =™ 42

is a characteristic function for th@ (or Hushimj represen-
tation [15,14. In a Fock space representation,

d? _ _—
pa(t) = f 72)(@(2,z,t)<k|e"zaTe"Za|l>, (43)

XQ(Z,ES is related to the characteristic function for the
Wigner representatiogy/(z,2) by

Xo(zZit) = €72y (270 (44)

These characteristic functions are Fourier components of the

phase space distribution functions, namely

Xo(zZt) = f d?aQ(a, a)g? e, (45)

XW(Z,ZI)=f RaW(a, @)e22e?e, (46)
The characteristic functioer(z,Zt) for the harmonic
QBM evolved from the initial ground state has the following

Gaussian form;

2 12
o) = eXp[— B2 02 @naliyl?

+iag(H)z+ iEf(t)?] . (47)

The time dependent coefficients are antinormal ordered op-

erator averages of second moments given (af)=c
+o,(aa"y=C+>+1/4, anda;, which have their origins in
the classical trajector€ of a damped harmonic oscillator in
Eq. (35), the induced fluctuation& from the bath in Eq.
(36), and the external fiel&. The relations of these compo-
nents are given as follows:

c2
8c=C5,— Ci,+ 0*CI,- 9_221 +21(C13Cio+ Cy1Cy0),

CZ
8C=C2,+02C%,+ 0—221 +C2,,
4= QEH— 2_22 + 2i212,
Q
3
45 =03, + 322 (48)

and

PHYSICAL REVIEW A 70, 062106(2004)

INCR
= + |1 — —_
ar(t) 20 JO Qi 9:(t—9)E(s), (49
whereg, satisfies the homogeneous part of the equation of
motion in Eq.(24).

From Eq.(43) we can directly evaluate the density matrix
in the Fock representation at arbitrary quantum number. Note
that Fock states are not Gaussian states in general. For in-
stance, for an initial ground stat@0)=|0)(0|, in the absence
of an external field, the ground state and the first excited
state population can be written as

1

pod) = F ey~ (a2 (50
and
b= 1 ~ (aa"
Pl = e (@@ DT [(ad)2~ (@Xa DT
(51

Let us introduce the Pauli spin representation for the two-
level system:

(oy(1)) = pox(t) + pro(t),
(oy(D) =ip1o(t) —ipoa(t),

(o 1)) = p11(t) = poo(D). (52

We can express them by the variables defined in Eqgs.
(47—49) for arbitrary two-level spin initial states as follows:

(o) = {[(UX(ODsz = (0y(0)QC4,]

[<aa‘r>2 _ <a2><a’r2>]3/2
X[Re(@?) - (aal)] + [<frx(0)>%21

- <0'y(0)>C11:| |m<a2>} : (53

{[(«rxw»% ~(0,(0)Cyy

(o) = [(aa)2— (a®a' 2
X[Re(@?) +(aal)] - [(5,(0))Czz
= (0(0))QCy,llm(@%) (54)
and
_ (aa)
A= Ladhe- @
4p1,(0)

[(aaT>2 _ <a2><a’r2>]3/2

{Re[aazﬂ -C(aa)-C
R c{a®)] - C(aa")

[(aa)?- <a2><a*2>]3’2} '

These identities relate expectation values in oscillator

+6(aa’)

(55)

variables and effective spin variables. In particular, the close
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relations between the time dependent nonequilibrium uncettime. In a sub-Ohmic bath, it diverges owing to the long
tainty principle and decoherence and dissipation in the lowcorrelation time. Only Ohmic spectrum gives the finite con-
level excitations become manifest. The uncertainty principlestant diffusion term.
generalized for mixed states in nonequilibrium implies that
(aa"?—(a’®)(a'®=1, which gives po(t)<1 in Eq. (50).
Thus the positivity of the density matri is guaranteed by For weak coupling, the off-resonant counter-rotating
the uncertainty principle. Uncertainties of oscillator variablesterms in the interaction Hamiltonian are often ignored by
will manifest themselves in a temporal decay of numberinvoking the rotating-wave-approximatigRWA). Although
states and can be observed, for instance, in Rabi oscillationthe use of RWA significantly simplifies the analysis, the dy-
Conversely, the crossover between the qubit decohereng@mics under this approximation cannot capture the fast dy-
from quantum fluctuation dominated regime to thermal fluc-namics at time scales less than the natural time scale of the
tuation dominated regimgl2,17 implies the similar quan- system. Furthermore, the spectrum of the Hamiltonian under
tum to classical crossover exists in the time-dependent urRWA is found to be unbounded from beld9]. These fea-
certainties in the phase spafés. tures suggest that the range of validity of RWA is restricted
The leakage at timet is given by L(t)=1 tothe leading order in the coupling constant only, where the
counter-rotating terms do not contribute. After neglecting the
e?ounter-rotating terms from the two-level spin-boson Hamil-
tonian in Eq.(40), we obtain

3. Born-Markov rotating-wave-approximation

—min Tr[lapr(t)], whereP is the projection operator onto the
computational subspace and the minimization is taken ov

initial conditions. In our caseP=X,-o 1/n)(n|. The source of
the leakage in our model is the transition to higher modes.
The leakage is typically estimated by perturbative methods. Hs* Hsg=QSS; + (S, + $) > €40y — Hs+ Hrwa
However, the exact temporal evolution of this function is n=1

highly nontrivial as we will see below. Note that from the - t

form of our effectiveHamiltonian in Eq.(40), the notion of 055+ EC”(Sb”+ Sobn), (56)
coherence and population between our model and some oth- i N o

ers in the literaturgfor example, in[8]) are interchanged. Whereb,=(wyGn+ipn)/ 2w, are bath annihilation operators.
They are related to each other by a change of basis. We cdf the presence of an external field, under the RWA, the
obtain similar expressions in the presence of an externdfduced density matrix for the Hamiltonian obeys an optical
field. We will examine this case in Sec. IV A. In the Mar- Bloch equation. This case is commonly described in quan-
kovian limit, if the limit exists, two-level spin states become tum optics text books.

coupled nontrivially and obey optical-Bloch type equations 4. Born-Markov-RWA in multilevel system (MLS)
[18].

N

For comparison, we make the same Born-Markov-RWA in
our E2L-SBM. Since the naive high temperature limit of the
master equation obtained from QBM violates positijig],

1. Born approximation we start from the master equation in the Lindblad fddmf].

Although exact master equations for open systems arEO" & particle initially in the Fock statp(0) =|k)(K|, the Q
integro-differential equations, they can also be written in gdistribution function at time has the following form:

C. Limitations of other approximations

time-convolutionless forn{29] (differential equation with 1 |of?
time-dependent coefficients local in tim&he master equa- Qla,a) = mvelONs iy m_—:
tions in this form are still difficult to deal with. Most ap- 71 +ng(l-€7)] 1+ng(1-€7)
proachgs 'based ~on master .equations invoke Bprn— (ng+1)(1-e ¥ k 1 Kl
approximation, which is not applicable for strong coupling PR E—— TR
and the bath with long range correlation. Under Born- 1+ng(1-e7) i K It (k=1
approximation, one can obtain a tractable form, which can be [ a2 :|I
solved numericallyf20] or analytically in some casd21]. , (57
M20] or enalytcaly 4e] o+ DL -e L +ngi-e} | 7

The master equation under weak-coupling approximation

may be suitable for describing the short time dynamics bufyhere ng=1/(e#?-1) is a Planck distribution factor. For
tends to predict incorrect behavior for long tim@s8]. Our  50)=|1)(1|, from Eqgs.(43), (45), and(57),
nonperturbative approach does not require Born approxima-

tion and thus is applicable to arbitrary time scales. 1 _ _
t) = 1-e"+ng(1-e"M] (58
Poolt) [1+ng(1 —e"”t)]z[ B( )] (58)
2. Born-Markov approximation q
an
In this approximation, the bath correlation is neglected.

This may be obtained as a limit of high temperature or adia- B 1+e
batic system evolution in the Ohmic bath. For a generic bath pu(V) = 1+ng(l-€e) 1= 1+ng(l-e)
spectral density, however, there is no such limit. In a super- L
Ohmic bath, the bath correlation, when time-averaged for a + 2e (59)
long time, vanishes owing to the ultrashort time correlation [1+ng(1-e™]? |
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FIG. 1. (a) Plot of the time evolution of the population of the FIG. 2. The ground and the first excited state population, and the
ground and the first excited state population, and the leakkhge leakage (the dot-dashed curyeat T=10 mK. Q=1 GHz,y
dot-dashed curyeat T=50 mK with =1 GHz,y=0.1 GHz, and =0.1 GHz, andA =100 GHz. The thicktthin) curve is for the ex-

A =100 GHz. The thick soliddashegl curve is the exactMarkov- cited state with the pur@mixed) state initial condition. Pangb) is
ian) result for excited states while the thin solidashegl curve is  in the logarithmic time scale.
the exact(Markovian result for ground states. Pangl) is in the

logarithmic time scale. excited state population dt=0 is plotted. The large initial
growth is due to the rapid decoherence which sets in around
IV. RESULTS AND DISCUSSIONS the bath characteristic time scale. The rate reaches the value

given by the Markovian approximation asymptotically. The
A. Results Born-Markov RWA prediction from 2LS and multilevel sys-
In Fig. 1, the populations and the leakage &t tem(MLS) (dashed lingcoincide since there is no excitation
=50 mK,Q2=1 GHz,y=0.1 GHz, and A=100 GHz are from the ground state &=0 under RWA. In Fig. &) the
shown. The initial state is assumed to be the first excitedame quantity aT=20 mK is shown. The decay rate under
state. At this temperature, the exact and the Markovian re-

sults agree at an intermediate time sc@eoundt=10 n9 s @
but disagree at initial times. The slow oscillations in Figh)1 52

of the exact curve are from effects due to counter-rotating 45

terms. The large leakage indicates that at this temperature, 35

kgT>%(), 2LS description is not a good picture. In Fig. 2, 2n

T=10 mK case is shown. There is a drastic difference in the ,2

entire time range shown in the figure. The exact result fol- 1

lows the quick decay at early times uptte 10—50 ps. Late 08 b
time decay rate asymptotically approaches the value given o 08 1‘[,13]1'5 z 28
by the Markov approximation. The leakage is relatively large

initially but negligibly small at late times. This indicates that 4: ®
only the lowest two levels are essentially populated except 4

for the initial times,t<5 ns. The initial rapid decay of popu- 35

lation is the result of large initial leakage due to the transition 3

to noncomputational subspace. The large initial impact of the 2':

bath also appears in the diffusion constants in the generalized 15

master equation at low temperatu¢lote that at low tem- 1

perature, there is also an anomalous diffusion conggint ol —
The total decay slows down as the leakage is suppressed at 6 o5 1 15 2 25

. . . . . t[ns]
an intermediate time scale. The qualitative features are un-

changed for the more realistic mixed state initial condition F|G. 3. The decay rate of population &0 in (a) and atT
(starting from the local equilibrium with the lowest two =20 mK in(b). The solid curve is our exact result, while the dashed
population reversgdexcept for the initial value, which is lines are from using the Born-Markov apporoximatiot)
shifted to below unity. In Fig. @), the decay rate of the =1 GHz,y=0.2 GHz, andA=100 GHz.
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FIG. 4. The excited state populations and the leakage are plotted FIG. 5. Rabi oscillations and the leakageTat10 mK are plot-
for super-Ohmic environmentT=10 mK in panel(a) and T ted for Ohmic environment in panéh) and for super-Ohmic envi-
=50 mK in panel(b). The thick (thin) solid curves is our exact ronment in panefb). E(t)=EycoqQt) with E5=2.0. The thick solid
result for super-Ohmi¢Ohmic) case, while the dashed line is from curves are exact results, while the dashed curves are from using the

using the Born-Markov apporoximation=1.5 GHz, and A Born-Markov — approximation. =1.5 GHz,y=0.1, and A
=100 GHz. =100 GHz.

Markovian approximation is constant for the two-level sys-energy-time uncertainty relation. In the presence of tunneling

tem (thin dashed lingbut time-dependent for the multilevel \yith a biased potential, due to the dominance of resonant
system(thick dashed ling This is due to the fact that the transitions to the continuum modes, we expect the result will

Fock state is not an eigenstate of the interaction Hamiltoniape gualitatively similar to ours. In this case, the leakage in

(9). We will come back to this issue in the next section. Thegyr model can be interpreted as the effect often attributed to
exact result exhibits a large initial growth similar to tfie  tynneling. However, this rather corresponds to the hopping
=0 case indicating that this comes from quantum fluctuationghduced by environment to other metastable states. As the
of the environment, then reaches asymptotically the valugystem-bath interaction increases, this hopping rate will in-

given by the Markovian multilevel case. In Fig. 4, the resultcrease similarly to the thermal hopping while the tunneling
for a super-Ohmic environment is plotted. Compared to thgate will be suppressei®2].

Ohmic case, the initial decay of the excited state population
is much more drastic but it appears to saturate at late times. ) .
Thus if the initial decay is strong enough, the coherence in B. Discussion
the system can be totally washed out at an early stage, a Our nonperturbative calculation shows that at low enough
serious concern for the quantum devices. On the other hantemperatures, many conventional approaches based on the
if it is small, the system can remain coherent for a long time Born-Markov approximation can significantly underestimate
Note that our result disagrees markedly with the Markoviarthe environment-induced decoherence beyond the weak
prediction over the entire time range. system-bath coupling. In this regime, the visibility in Rabi
In Fig. 5, the Rabi oscillations in the presence of an ex-oscillations in the exact calculation tends to be lower than
ternal sinusoidal pulse at the resonant frequency are plotteghat is expected in the Markovian approximation. Low vis-
The most notable difference between the exact results froribility in Rabi oscillations is commonly observed in super-
the Markovian results is that the exact results show the lowconducting qubit§23—-24. The bath time scale is also im-
onset and low visibility for all times. The difference is more portant in causing the initial rapid decoherence and leakage;
evident for the super-Ohmic case. Our figures also suggeshis is completely neglected in analysis based on the Born-
that it is not easy to determine the characteristics of the enMarkov-RWA. This initial effect can manifest itself as an
vironment only from the experimental Rabi oscillation dataonset value of Rabi oscillations. In many practical imple-
without the precise knowledge of the dissipation. The largementations of qubits, the temperature of the environment
increase of leakage is due to the resonant transition to higheompared to the bath cutoff frequency is sm&ljT <7 A,
level states. The leakage can be suppressed by detuning thfus we are still in the low temperature regime.
the external field. Though increasing anharmonicity in the For a sufficiently small quality facto®, weak coupling
potential will also suppress these transitions to some extengpproximation is no longer valid. Our results indicate that for
the initial rapid increase of leakage is unavoidable due tdQ smaller thanQ~10-100, there can be an extra suppres-
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sion of Rabi oscillations such that their peaks largely deviatend will give a more precise estimate of the open system
from the exponential curve. There is an enhancement of nordynamics than the one based on the conventional 2LS ap-
perturbative correction including the off-resonant contribu-proximation. In particular, our results are directly relevent to
tion of the environment as temperature is lowered. or the superconducting phase qubit modg8,24,31. In the
>1000, nonperturbative effects are fairly suppressed. Nevesyperconducting qubits, the major source of decoherence is
theless, they should appear asanexponentialdeviation  the noise induced by the interaction with the current or
from the exponential damping, depending on other paramgharge sources mainly during the qubit manipulations. We
eters that can be extracted from the temporal evolution datgaye not considered other possible sources of decoherence
The E2L-SBM approach gives a precise evaluation of thg,ch a5 the coupling to defects or nuclear and magnetic

leakage due to the system’s interaction with the environmend s ‘uttilevel structure in the superconducting flux qubits

and the external control field. For temperatures higher tha P ) o :
the characteristic energy of the oscillator, the large Ieakag%ljnstrzﬁuﬁ;gslr[gz] by Born-Markov approximation without

makes the qubit based on the choice of the lowest two levels For many qubit models that involve electric chargesf, 1/

ill-defined. During gate operations, this can become a SEMOURise from background charge fluctuations are considered to
problem and remedies for stabilizing the system such as UE'e the dominant source of decoherence. Contrary to tie 1/
ing external pu!se control may be necessary. O_ur resu oise, the effect of super-Ohmic environment is most evident
shows that the time scale associated with leakage is charac-

terized by the dvnamical time scale of both the svstem ant the ultrashort time range as shown in Fig. 4, which makes
the bathy y y e detection of super-Ohmic environment a challenging

- . . ﬁask. Recent demonstration of spin-echo technique for the
In realistic macro- or mesoscopic systems, the potentia)

contains anharmonicity, which causes the deviation of th detection of 11 noise[33] and the use of similar technique

system dynamics from the harmonic motion. A measure o or the suppression of ¥/hoise[34] are conducive to further

anharmonicity near the ground state can be given b thglarifying decoherence in an super-Ohmic environment.
Y 9 9 y For the system-environment coupling we considered in

difference of energy level separation between the lowest IevK(g), the Fock state is not an eigenstate of the interaction

frlisswc(i)ilf:rae)zlr]_cgoisagri;“e ezcnellevelzléiznmg ;)rllo\r/tvgrenne Hamiltonian and is subjected to a complex decay even under
evolution around a me‘?allzstaal)a(itle s'(;;a()tlé is well-described b ththe Born-Markov approximation as shown in Sec. 11 C 2.
Y MBrevious study in the high temperature limit indicates the

linear dynamics for any metastable state. When the Correc'ointer state which is stable under this system-environment
tion to the energy level due to anharmonicity in the potentialp Y

becomes important, it is necessary to include such an effeétoummg is a coherent stafé]. Our calculation based on the

in our scheme. Although the large anharmonicity also pre- olutions of QBM indicates that, beyond the weak coupling
' 9 9 y P regime, the environment-induced effect has a crucial impact

://veemssaf/\r/lec;ili)?gt?e”::gr]ne Ilgtneglj tizrlwﬁi;g?ez"gzl \le?ergrer}]elzer:]ilil(()i%e n the system dynamics at an early stage. A pure and a mixed
pietely tate initial conditions are studied in accord with the initial-

before. When we apply our formalism to the metaStablelzation scheme by cooling commonly used in quantum infor-

oscillator phase space o other metastable states via nn 20T PTOCeSSIN3a], Our results are robust under both
ing. The harmonic approximation of coherent dynamics is‘?nmal _condlt_lons and also in accord with earlier studies of
exbected to be accurate at initial times when the time scaleﬁB'\/I mcludm_g the preparation effegd,36. We expect that

. X . ur results will hold for a more general class of initial con-
associated with these nonlinear effects are large compared Q..

. . = itions.

the decoherence time scale. In our example, the deviation
from the Markovian prediction is evident in the very early
stage of the system evolution up tte-1 ns even for an in-
termediate temperature. For the realistic implementation of This work was supported in part by ARDA Contract No.
qubits, the underlying potential landscape leading to the disMDA90401/C0903. We thank colleagues in the Supercon-
crete energy level is already known by desjg8-26,30,31L ductivity Center at the University of Maryland, College Park,
Our approach based on E2L-SBM is suitable in this situatiorfor showing us their phase-qubit experiments.
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