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Bell's inequalities for particles of arbitrary spin in fixed analyzers
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We propose a new set of observables for experiments on entangled particles of arbitrarily large spin that
produce significant Clauser-Horne-Shimony-Holt inequality violations for fixed analyzer settings over a wider
range of spins than was previously possible. These observables are better suited for experiments where ana-
lyzer orientations must be chosen before the spin of the entangled particles is known, such as experiments
using polarization entangled downconverted photons.
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Bell's inequalities are a class of mathematical statementsarises because there are exacthy+2 eigenstates for both
which were derived assuming local realism, to point out conspin measurements on spirparticles and polarization mea-
tradictions between local realistic and quantum-mechanicaurements on 2 indistinguishable photons; for instance, a
predictions[1]. For instance, the Clauser, Horne, Shimony,spin measurement on a spin-1 particle can yield eithgr
and Holt(CHSH) inequality[2] is a statement about the joint |0), or|-1) while a polarization measurement on two photons
probabilities of spin measurements on entangled spin-1/2an yield eitherl2H), |HV), or [2V). With appropriate ma-
particles that must hold for a locally realistic theory. Quan-nipulation of birefringent elements, the second-order contri-
tum mechanics predicts violations of the CHSH inequalitybution of the downconversion field produced four photon
for certain analyzer orientations. Over the past few decadestates of the form
violations of the CHSH inequality have been observed in
several experiment§3—6]. Entangled particles have been W) =[2H,2V) - [HV,HV) + |2V, 2H)
used to achieve quantum teleportat{@h, quantum cryptog- =|1,-)-0,00+|-1,2). )
raphy[8], and quantum dense codifig]. The actual viola-
tion of the CHSH inequality in Ekert's quantum cryptogra- Here, |A,B) represents the eigenstate where the two en-
phy protocol verifies the security of the quantum informationtangled particles in spatial modes 1 and 2 are in statasd
channel. B, respectively. HLB measured the joint probabilities of po-

While entanglement experiments have traditionally fo-larization measurements with photon detectors and observed
cused on spin-1/2 particles because of their simple twoa violation of the CHSH inequality.
dimensional Hilbert spaces, higher-spin entangled particles HLB were limited to experiments with two photon pairs
have recently generated much interest because of their abilityecause, for the most part, the relatively high quantum effi-
to carry more quantum informatigii0]. Generalizations of ciency Geiger-mode detectors can only detect the presence of
the CHSH inequality for higher-spin particles provide testsphotons in the channel, not the actual number of photons. As
for the entanglement and a generalization of the Ekert proa result, differentiating between the possible polarization
tocol for these particles. Peres first demonstrated that quastates of multiple photons is difficult and requires many de-
tum mechanics predicts a finite violation of a CHSH-like tectors. However, a new generation of high quantum effi-
inequality with particles of arbitrarily large sp[d1,12. The  ciency detectors is being developed that will be able to de-
generalized CHSH statements are of the form termine the actual number of photons in the channel. With

S(n,6,f) < 2. (1) these detectors, experiments with multiple photon pairs will
be much easier and CHSH inequalities for higher-spin par-
Here, S is an observable that depends upon the spin of théicles can be tested. Further, these higher-order correlations
entangled particlegn), the orientations of the analyzet8), can be used to increase quantum information capacity.
and the combination of joint probabilities of spin measure- For experiments with these detectors, however, current
ments(f). generalizations of the CHSH inequality are limited. While

Howell, Linares, and Bouwmeest¢HLB) first experi- observables like Peres’ can be easily measured with the new
mentally demonstrated a CHSH inequality violation for adetectors, the range of analyzer orientatiehthat produce
spin-1 particle using polarization entangled photons genewiolations of Eqg.(1) depends heavily on the spin of the par-
ated by type-1l downconversigri3]. HLB noted that polar- ticles n, or in our case, the number of photons generated.
ization measurements omdairs of polarization entangled When photon pairs are generated through downconversion,
photons—that is, 2 photons in each of two spatial modes— however, there is a probability that any number of photons
are formally equivalent to spin measurements on one pair ofvill downconvert simultaneously. In these experiments, the
entangled spim particles, provided the r2photon pairs analyzer orientation must be chosen before the number of
were generated simultaneously and are therefore quantuphoton pairs is known. While the Peres observables were not
mechanically indistinguishablg17,1§. The equivalence specifically designed for downconversion experiments, the
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relative ease with which these experiments will soon be S=|E(a,B) - E(a,B') +E(a’,B) +E(a’,8')| < 2. (5)
implemented makes a new set of observables desirable. As a ) ) )
note, the discussion herein does not include the recently réuantum mechanics, however, predicts that for certain ob-
ported noise-resistant effects of multiport scherjids1g. ~ Servables and analyzer orientatiofrs{a, 8,a’, 8}, this in-

In this paper, we present a search for a set of observablg§uality does not hold. Here we study three different sets of
that will be possible to measure with the new multiple pho-analyzer orientations of the form={0,x,2x,3x}. These are
ton detectors and will also be able to achieve a significanthe settings used by Peres in his generalization and com-
CHSH violation for experiments where the orientation of themonly used in experiments where the spin of the entangled
analyzers must be chosen before the spin of the entangldfirticles being analyzed is known. The three sets analyzed

particles is known. That is, we are searchihgpace for a havex=/16, 7/24, andw/32. .
combination of joint probabilities that will reduce timede- The observables that can be measured with the new gen-

pendence OS(n, 6,f) in Eq(l) for a fixed set of orientations eration of photon detectors and that maximize CHSH viola-

6. The generalized observables found produce inequality vioions are linear combinations of joint probabilities with co-
lations over a significantly wider range of spins than wasefficients of +1 and —114]. For a spina measurement:

previously possible with other generalizations, making therfakes the form

better suited for entanglement experiments with downcon- +n
verted photons. This is a somewhat novel idea, because the E(a,B) = E i(Kj(Pk,1|a,B), (6)
observable is defined after the data are collected. Thus, there kl=-n

is_ a qual redefinition of _the obse_rvable dependen; on th(\a/vhere the local observables are

dimension of detected spin for a fixed analyzer setting. The

local redefinition is allowed because it does not affect the _

outcome of the measurement, it simply changes the math- AlaN) = 2 i(KP(Ka,N), (7)

ematics used to determine the violation of the inequality. It k=-n

should be also noted that the motivation for this work is to

determine analyzer settings to increase the CHSH inequality — _ .

violation for maximally entangled statesuch as those B(“’)‘)_znj(l)P(”a’)‘)'

which can be produced by downconversidrurther, as will B

be shown, the analyzer settings will be dependent on thélere,i(k) andj(l) are either +1 or —1 for each possible spin

average spin dimensionality of the field. Thus, in the case omeasuremerik andl and determine the coefficient of each of

the downconverted field, the experimenter must determingne |ocal outcomes foA and B. Observables of this form

thg average numper of coherent p_airs created to best deten[feet the CHSH assumption since bothK(a)|

mine the appropriate analyzer settings. o — -
Local realism asserts that the correlations of spacelikes 2ke-nP(K|a,\)=1 and [B(8)|<ZZP([B,N)=1. The

separated measurements on entangled particles do not indaair of functionsf={i,j} is an element of thé space over

cate that nature is nonlocal, but rather that the wave-functioihich we maximizeSin Eg. (1).

description of the particles is incomplete. More precisely, The CHSH derivation holds more generally for observ-

there is some additional information, called a local hiddenables where there are two functioitk) andj(l) for A andB,

variable, that accounts for the correlations. Mathematicallyrespectively, and wheréi(k)|<1 and |j(I)|<1. However,

this means that the joint probabiliti€of the measurements fynctions which take on values strictly between -1 and +1

can be factored into local probabilities that depend on thejo not maximizeS. Consider a pair of functionigk) andj(l)

+n

+n

hidden variablex, that define an observable where<](I’) <1 for some mea-
surement outcomé&’. We can construct an observable that
P(ABla, 8,\) = P(Ala,M)P(B|B,\). (3 achieves a greater value 8fby settingj(l’) to either -1 or
+1. LetF|(«, B) be another observable,

Here, A and B are possible outcomes of measurements on . .
each of the two spatial modes where analyzers are oriented at Fi(a.8) =i(=n)P(=n,l|a,f) +i(-n+1)

anglesa and B, respectively. XP(=n+11 i(+MP+n.l 8
CHSH considered any joint observalii¢a, 8) that can ( llef) . iGWPGnllaf). (8

be factored into local observabléga) and B(8) under the
assumption of local realism,

The quantityx =F(a, B)-F(a,8')+F(a’,B)+F|(a’, B') is
the sum of all the terms in E@5) that are multiplied by a
factor ofj(l). That is,S=|=,7",j(1)x|. We can assume without
_ _ loss of generality that the sudg™" j(l)x is positive as we
E(a,B) = f Ala,M)B(B,M)F(N)dN. (4)  can change the sign of each valyb, thereby changing the
sign of the sum. Since;, is a real number, we have that
. — eitherx;; <0 orx;; =0, in which case we can achieve a larger
Provﬂed that the two local observables satigfyo,\)| <1 value for S by changing the value df(l’) to -1 or +1, re-
and|B(B,\)|<1 for all analyzer orientations, the joint ob- spectively. Proceeding inductively through the+2l pos-
servablesE must obey the CHSH inequality in a locally re- sible outcome4’, we see that at least one of the functigns
alistic world, that maximizeS takes on values of £1. A similar argument
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illustrates that functions which maximizeS havei(k)=+1, tor which creates a singlet state from vacuum,

so we need only consider functions of this type in our search ottt

of f space for the new observables. L. =ayb, = a,by. ©)
We compute the quantum-mechanical predictions ofHere,a], a' (b},b]) are the creation operators for horizontal

E(a,p) from Eq. (6) by calculating each of the individual and vertical photons in spatial mode (hode 3, respec-

joint probabilities from the wave function for a system of 2 tively. Applying this operator & times to the vacuum state

entangled photon pairévhich is formally equivalent to a |0) yields the wave functioft,)) (up to renormalization by a

system of two entangled spimparticles. Using the notation factorN,,) for a system of @ entangled photon pairs and the

developed by Kok and Braunstejh9], we define an opera- corresponding system of entangled spiparticles,

2n n
1
(W) =NL3"0) = == (- D"mH(n - m)V,(n—- mHmMV) = == > (- )"k, - k). (10)
YN+ 1m0 N+ 1g=—n

The amplitude squared of the coefficients of each of theTable I. In each case, the functigfl), which achieved the
eigenketgk, —k) gives the joint probabilitie®(k,-k|0,0) of  largest CHSH violation, had the property thék)=j(-k). In
spin measurements on the two entangled particles. Fig. 1, we plot the quantum-mechanical predictionSafs a
To calculate the general joint probabiliti®éA,B|«, 8) of  function of particle spim using both the new observables
measurements along different analyzer orientatiorsd 3, and the Peres observables for comparison purposes. Here, the
we simply apply a standard two-dimensional rotation trans-analyzer orientation witkk=7/32 was used. While the Peres
formations to the vector basés,a'} and{b{,b}. Using the  observables were not specifically designed for experiments
guantum-mechanical predictions of the joint probabilities,where the spin of the particle is indeterminant at the time of
we numerically probed the pair of functiofis{i(k),j(1)} to = measurement like those using type-Il downconversion, they
find observables that maximiZfor several sets of analyzer provide a useful illustration of the importance of the optimi-
orientationsé (with x=/16, 7/24, and=/32 as remarked zation routine performed. The wide range of spins for which
earlien and for particles with spin between 1/2 and 9/2 by the new observables produce CHSH violations will enable
trying every function possible. high-spin Bell’'s inequalities to be violated using multiple
Our search off space revealed a set of observables thapairs of polarization entangled photons in the near future.
are less dependent on the spin of the particles being analyzed We searched the complete space for spins up tm
than previous CHSH generalizations. The functidil)  =9/2. Asnoted earlier, each of the functions had a symmetry

found to produce the largest CHSH violations are listed ini(k)=j(=K). By restricting our search df space to the much
smaller space of only those functions with this symmetry, we

were able to find observables that produce significant CHSH

analyzer orientations are listed. In each case, the fungtiorhad violations for experiments with even higher spin particles

i(k)=j(-K). The strings of 0's and 1’s listed give the signi@) in  (SPINSN=7). We hypothesize that these are in fact the ob-
ascending order ok read from left to right. The string of digits Servables yielding the largest CHSH violation because of the

d;dods- - -dyy, corresponds to the functiditi-n+j)=(-1)% for j be-  inductive evidence provided by the smaller spin cases. More-
tween 0 and 8. For instance, fon=1 andx=/16, d;d,d;=101,  over, a search of this restricted space in the larger spin cases
implying that the best-suited observable higs1)=-1,i(0)=+1, did yield observables that achieve significant CHSH viola-

TABLE I. The values fori(k) for each spinn and each set of

andi(+1)=-1. tions. In Fig. 2, quantum-mechanical predictions ®are
= = = 3
n x=m/16 x=1/24 x=/32 Soel T T f’ﬁg%? 8%231{33 gl'_*;'_'_
1/2 10 10 10 % 26 -
1 101 101 101 > 241 AN §
3/2 1001 1010 1010 3 =2r A i
2 10001 10010 10101 218l ® i
5/2 100001 100110 101101 e LN,
3 1000001 1000110 1011001 o 1 2 S?;) o (13 5 6 7
712 10000001 10001110 10011001
4 100000001 1001110 100111001 FIG. 1. The quantum mechanical predictionis plotted as a
9/2 1000000001 10000110 1001110001 function of the entangled particle spinfor both the Peres and the

new observables when the analyzers are oriented=se/ 32.
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The results of Fig. 2 show that the experimenter must
determine the expectation value of the spin dimensionality.
For example, if downconversion is the means of realizing the
spin states, the experimenter must know the expectation
value of the number of coherent pairs before determining the
analyzer settings most appropriate for the experiment. As
shown in the figure, a larger number of average pairs would
then require smaller analyzer settings.

With the improved generalization of the CHSH inequality,

FIG. 2. Quantum mechanical predictions®plotted as a func- we can decrease the spin dependence of the range of analyzer
tion of particle spinn for each of the three analyzer orientations orientations that produce violations of CHSH-like inequali-
using the new observables. The observables are studied over thies. These observables are ideal for experiments where the
whole of f space for spine<9/2 and are optimized only over the spin of the particles is unknown before the analyzers are
restrictedf space for 9/2<n<7. oriented such as experiments on multiple pairs of polariza-

tion entangled photons generated by downconversion. In
plotted with respect ton for all three analyzer orientations these experiments, the nonlocal properties of entangled par-
studied forn between 1/2 and 7. We believe the violationsticles can be observed for a wider range of spins than was
achieved by these new observables for spins<lhZ9/2  previously possible with other generalizations. This will fa-
represent the upper bound for violations of the CHSH in-cilitate the generalization of many quantum applications, like
equality in experiments involving polarization entangled Ekert's cryptographic protocol, in the near future with the

photons or maximally entangled spin particles. advent of a new generation of photon detectors.
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