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For further interferometric application on diffusive target, the phase fluctuation of a solid-state laser sub-
mitted to frequency shifted optical feedback is analyzed both theoretically and experimentally. As a drawback
of the laser high sensitivity to optical feedback, the phase fluctuations induced by a strong phase-amplitude
coupling noise are several orders of magnitude higher than the standard interferometric phase noise induced by
the laser frequency width(Schawlow-Townes limit). Nevertheless, by sending a few milliwatts output power
microchip laser beam on a diffusive target with an effective reflectivity of 10−9, a target displacement precision
of 0.1 Å/ÎHz has been experimentally determined.
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I. INTRODUCTION

Laser properties and behavior can be significantly affected
and modified by optical feedback[1]. Since the discovery of
lasers, parasitic coherent optical feedback has been the
source of serious laser problems, increasing noise and creat-
ing laser instabilities[2,3]. On the other hand, controlled
optical feedback can be of practical use[4]. For example,
line width narrowing can be obtained with an external cavity
laser diode[5]. Potential applications are also possible. One
of these is laser feedback interferometry(LFI), where the
steady state intensity of a laser is modified by coherent op-
tical feedback from an external surface[6]. This phase sen-
sitive technique is dependent on the reflectivity, distance and
motion of the target[7].

The remote characterization of noncooperative targets
such as diffusing surfaces is relevant for many applications
[8,9]. In these cases, the reinjected light is only partially
coherent. The nature of such light reduces drastically the
interference contrast occurring inside the laser cavity. To
overcome this problem, one solution is then to use the laser
dynamic which is several order of magnitude more sensitive
to optical feedback than the laser steady state properties
[10,11]. Nowadays, the dynamical sensitivity of lasers to fre-
quency shifted optical feedback is used in a self mixing laser
Doppler velocimetry(LDV ) experiment[12,13] and in a la-
ser optical feedback imaging(LOFI) experiment[14]. Com-
pared to conventional optical heterodyne detection, fre-
quency shifted optical feedback allows intensity modulation
contrast several order of magnitude higher(typically 103 for
a diode laser and 106 for a microchip laser) [15]. The maxi-
mum of the modulation was obtained when the frequency
shift was resonant with the laser relaxation oscillation fre-
quency(typically 1 GHz for a diode laser and 1 MHz for a
microchip laser).

For further interferometric application on diffusive target,
the phase fluctuations of a laser submitted to frequency
shifted optical feedback need to be analyzed both theoreti-
cally and experimentally[16]. The main objective of this
paper is then to study the phase fluctuations of the LOFI
signal induced by the laser quantum noise, in order to deter-
mine the ultimate displacement precision of a diffusive target

for a given laser output power and a given detection band-
width.

This paper is organized as follows. In the theoretical sec-
tion, we recall the rate equations governing the dynamics of
a laser submitted to frequency shifted optical feedback.
These equations are then solved in a linear approximation.
For weak optical feedback, we have compared the phase
fluctuations induced by the laser frequency width with the
phase fluctuations induced by the strong phase-amplitude
coupling noise inherent to the LOFI detection principle. For
strong optical feedback, the influence of the laser relaxation
frequency on the laser phase fluctuations is also reported. In
the experimental section, vibration measurements are real-
ized to study the LOFI phase fluctuations versus the target
effective reflectivity. The ultimate target displacement preci-
sion is then determined and compared to the theoretical pre-
diction.

II. THEORY

Figure 1 shows the experimental setup for the detection of
frequency-shifted optical feedback in a laser. The optical
feedback is characterized by: the optical frequency shift
sVed, the distancesded between the laser cavity and the target
and the effective power reflectivitysRed of the target under
investigation. For a microchip laser, typical operating param-
eters are given in Table I.

FIG. 1. Schematic of the laser detection with frequency shifted
optical feedback.Ve is the total optical frequency shift,Re is the
power effective reflectivity of the target under investigation, andde

is the feedback laser distance.

PHYSICAL REVIEW A 70, 053824(2004)

1050-2947/2004/70(5)/053824(8)/$22.50 ©2004 The American Physical Society70 053824-1



A. Phase detection by frequency-shifted optical feedback

1. Basic equations

In the case of weak optical feedback, the dynamical be-
havior of a reinjected solid-state laser can be described by a
simplified Lang and Kobayashi model[1,14,17]:

dN

dt
= P − g1N − BNuEstdu2,

d

dt
fEstdeivtg = Fivc +

1

2
sBN− gcdGEstdeivt

+ geEst − tedexpfivst − tedg + FEstd. s1d

Here,N is the population inversion,Estd is the complex
slowly varying amplitude of the electric field in reduced
units (photon units), vc is the laser cavity frequency which is
presumed resonant with the atomic frequency,v is the opti-
cal running laser frequency,B is the Einstein coefficient,P is
the pumping rate,g1 is the decay rate of the population in-
version andgc is the laser cavity decay rate. The laser quan-
tum fluctuations are described by the conventional Langevin
noise functionFE [18,19]. From the dynamical point of view,
the optical feedback is characterized by two parameters:

te =
2de

c
, ge = gc

ÎRe. s2d

The first one is the photon round-trip time between the
laser and the target and the second one is the reinjection rate
of the feedback electric field[1,14].

Let us consider now the case of a reinjected beam with an
optical frequency shiftVe. After a round-trip timete, the

reinjected electric field inside the laser cavity is given by

Ecst − tedeifcst−tedeisv+Vedte−isv+Ve/2dte, s3d

where Ecstd and fcstd are respectively the slowly varying
amplitude and the optical phase of the laser electric field.
The set of Eqs.(1) can then be rewritten:

dN

dt
= P − g1N − BNuEcstdu2, s4ad

dEcstd
dt

=
1

2
sBN− gcdEcstd + geEcst − tedcosFVet

− Sv +
Ve

2
Dte − fcstd + fcst − tedG + FEc

std,

s4bd

dfcstd
dt

= vc − v + ge
Ecst − ted

Ecstd
sinFVet − Sv +

Ve

2
Dte

− fcstd + fcst − tedG + FFc
std. s4cd

In the set of Eqs.(4a)–(4c), the periodic functions express
the coherent interaction(beating) between the lasing and the
feedback electric fields. The net laser gain is then modulated
by the reinjected light at the optical frequency shiftVe/2p.

The laser quantum fluctuations are now described by the
Langevin noise terms[19]:

FEc
std = RefFEstdexpf− jfcstdgg,

Ffc
std =

ImfFEstdexp„− jfcstd…g
Ecstd

, s5ad

which are defined as having a zero mean value

kFEc
stdl = 0, kFfc

stdl = 0, s5bd

and a white noise type correlation function

kFEc
stdFEc

st8dl =
gc

2
dst − t8d, s5cd

kFfc
stdFfc

st8dl =
gc

2ES
2dst − t8d, s5dd

kFEc
stdFfc

st8dl = 0. s5ed

2. LOFI signal

For weak optical feedback, the set of Eqs.(4a)–(4c) can
be solved by linearization. IfDNstd, DEcstd, andDFcstd are
small modulations of the laser variable around the stationary
values, we can write

Nstd = NS+ DNstd, s6ad

Ecstd = ES+ DEcstd, s6bd

TABLE I. Typical operating parameters.

Laser parameters

Laser wavelengthlc=1064 nm

Cavity damping rategc=83109 s−1

Population inversion damping rategn=53103 s−1

Pumping parametersh=1.7

Relaxation oscillation frequencyVR/2p=0.84 MHz

Relaxation oscillation damping rateDVR/2p<1.6 kHz

Laser output powerPout=4 mW snout=231016 photons/sd

Feedback parameters

Feedback distancede=80 cm

Feedback time delayte=2de/c=5.33310−9 s

Feedback reflectivity 10−14,Re,10−8

Feedback coupling rate 83102 s−1,ge=gcÎRe,83105 s−1

Reduced parameters

LOFI enhancement factorgc/gn=106

Coupling parameter 4.3310−6,gete,4.3310−3

Dynamical parameterVete=2.8310−2
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fcstd = fS+ Dfcstd, s6cd

where the laser stationary values are given by

NS= gc/B, IS= uESu2 =
g1

B
sh − 1d, fS= 2p, s6dd

and whereIs is the stationary intensity of the laser field and
h=BP/gcg1 is the normalized pumping parameter[20].

We now suppose that the effect of the feedback on the
detuning of the cavity is weaksv>vcd and we only consider
the case where the round trip time outside the cavity is much
shorter than the period of the modulationste!2pVe

−1d.
From the dynamical point of view, this implies thatEcst
−ted>Ecstd andfcst−ted>fcstd.

In these conditions, by substituting Eqs.(6a)–(6d) into
Eqs.(4a)–(4c) and neglecting both the second order term and
the Langevin quantum noise, we obtain the following solu-
tion for the relative laser output power modulation:

DPoutst,Ved
Pout

=
2DEcst,Ved

Es
= 2ÎReGsVedcossVet

− vcte + FRd, s7ad

where GsVed is an amplification gain defined by the laser
parameters:

GsVed =
gc

ÎGR
2 + Ve

2

ÎsVR
2 − Ve

2d2 + GR
2Ve

2
, s7bd

whereFR is a dynamical phase shift defined by

tanFR =
VefsVR

2 − Ve
2d − GRg

GRVR
2 , s7cd

and wherePoutstd=gcuEcstdu2 is the photon output rate(num-
ber of photon per second), VR=Îg1gcsh−1d is the laser re-
laxation oscillation frequency, andGR/2=g1h /2 is the
damping rate of the relaxation oscillation.

As derived in the Appendix, the demodulation of the laser
oscillations[Eq. (7a)] by the means of a lock-in amplifier
gives us the amplitude and the phase of the LOFI signal[21]:

ALsRed = 2ÎReGsVedPout, s8ad

and

FLsded = vc
2de

c
. s8bd

Knowing the LOFI amplification gain[Eq. (7b)], the effec-
tive reflectivity Re and the positionde of the target can be
determined.

B. LOFI phase noise

The main objective of this section is to study the phase
fluctuations of the LOFI signalsÎkDFL

2ld induced by the
laser quantum noise[FEC

std and FFC
std], in order to deter-

mine the ultimate target displacement precisionsÎkDde
2ld for

a given detection bandwidthDF.

1. Interferometric phase noise

In a first step, the set of Eqs.(4a)–(4c) suggests that the
mean value of the LOFI phasesFL=vcted need to be com-
pared with the phase fluctuation induced by the inteferomet-
ric phase difference:

dfcst,ted = fcstd − fcst − ted. s9ad

From the dynamical point of view, if we suppose that the
round trip time outside the cavity is shorter than the LOFI
modulation periodste!2pVe

−1d, by using[Eq. (4c)], we as-
sume the following approximation for the phase fluctuations:

dfcst,ted < teḟcstd = teFfc
std. s9bd

From Eq. (9b), one easily obtains the power density spec-
trum of the phase difference fluctuation, by using the auto-
correlation function of the Langevin phase noise[Eq. (5d)]:

Pdfc
sVd = F fkdfcst,teddfcst8,tedlg = te

2 gc
2

2kPoutl
,

s10ad

where F fystdg denotes the Fourier transform ofystd and
wherekPoutl=gcES

2 is the steady-state photon output rate. Af-
ter the low pass filteringsDFd of the lock-in amplifier, the
noise power of the LOFI phase is then given by

kDFL
2la = Pdfc

sV = 0d2DF = te
2 gc

2

2Pout
2DF = te

22pdn2DF,

s10bd

where dn=s1/2pdsgc
2/2Poutd is the laser optical frequency

width first introduced by Shawlow and Townes[19,22].

2. Phase-amplitude coupling noise

The set of Eqs.(4a)–(4c) shows that for a laser with op-
tical feedback, the time evolution of the amplitude and the
phase of the laser electric field are coupled by the LOFI
modulation(i.e., by the coherent interaction between the las-
ing and the feedback electric fields). As a consequence the
LOFI amplitude noise and the LOFI phase noise are also
coupled.

In order to be able to calculated the phase-amplitude cou-
pling noise for a laser with optical feedback, let us recall the
main results concerning the LOFI amplitude noise[14].
First, for the small laser fluctuations induced by the Lange-
vin quantum noise, the power density spectrum ofEcstd is
given by

PEc
sVd =

gc

2

GR
2 + V2

fsVR
2 − V2d2 + sGRVd2g

. s11ad

Second, for a detection bandwidthDF narrower than the
laser relaxation resonance widths2pDF!GRd, the noise
power at the frequency shiftVe is given by

kDEc
2sVedl = PEc

sVed2DF. s11bd

In these conditions, the signal to noise ratio(S/N) of the
LOFI amplitude is obtain by using Eqs.(8a) and(11b) [14]:
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S

N
=

4ReGsVedPout
2

4gcPoutkDEc
2sVedl

=
RePout

DF
. s11cd

As we can see, the laser quantum noise[Eq. (11a)], as
well as the LOFI signal[Eq. (8a)] exhibit a resonance at the
laser relaxation frequencysVe=VRd, but the signal to noise
ratio is frequency independent[Eq. (11c)] and also shot noise
limited. Indeed the ultimate sensitivitysS/N=1d is obtained
when, during the integration timesT=1/DFd, only one pho-
ton is re-injected inside the laser cavity. As an example, for
an output beam of one milliwatt at a wavelength of one
micrometer, the minimum detectable value of the effective
reflection coefficient is minsRed=2310−13 for an integration
time of one millisecond(i.e., DF=1 KHz).

At this point, let us remark that Eq.(11c) can also be
directly obtained from the comparison of the LOFI modula-
tion driven function with the Langevin noise driven function
obtained from the laser differential equation[Eq. (4b)]:

geEcst − tedcosFVet − Sv +
Ve

2
Dte − fcstd + fcst − tedG ,

s12ad

FEc
std. s12bd

From the Appendix, one obtains directly the SNR given by
Eq. (11c) by using for the signalAS

2=ge
2Ec

2st−td<ge
2ES

2, and
by using for the noise the diffusion coefficient given by Eq.
(5c): DA

2 =gc/2.
As also mentioned in the Appendix, phase measurement

fluctuations are also induced by the laser amplitude noise
[i.e., by Langevin noise functionFEc

std]. By using Eq.(A7b),
the noise power of the LOFI phase induced by the laser
amplitude noise is then given by

kDFL
2lb =

DA
2

AS
2 2DF =

gc/2

ge
2ES

22DF =
1

RePout
DF. s13d

The phase-amplitude coupling noise is then frequency inde-
pendent and inversely proportional to the amount of optical
feedback.

3. Nonlinear phase-amplitude coupling noise

For higher feedback levels, a much more complicated
scheme is also possible to obtain phase-amplitude coupling
noise.

As previously mentioned(Sec. II B) the LOFI phase
sFL=vcted need to be compared with the phase fluctuation
induced by the inteferometric phase difference:

dfcst,ted = fcstd − fcst − ted < teḟcstd. s14ad

For higher feedback levels these phase fluctuations are
induced by the non linear interaction of the periodic LOFI
modulation with the laser amplitude fluctuation. By using
Eq. (4c), one obtains for the nonlinear phase fluctuations the
following equality:

dfcst,ted = tege sinfVet − vcteg
Ecst − ted

Ecstd
. s14bd

The power density spectrum of the nonlinear phase fluc-
tuations is then simply obtained from the Fourier transform
(FT) of the autocorrelation function of Eq.(14b):

Pdfc
sVd = F„kdfcst,teddfcst8,tedl…

< Sgete
2

2ES
D2

sV − Ved2PEC
sV − Ved, s15ad

where PEc
sVd is the power density spectrum of the laser

amplitude fluctuations given by Eq.(11c). After the low pass
filtering s2pDF!GRd of the lock-in amplifier, the nonlinear
noise power of the LOFI phase is then given by

kDFL
2lc = Pdfc

sV = 0d2DF

= Xgc
4te

4

4
C Re

Pout

Ve
2sGR

2 + Ve
2d

fsVR
2 − Ve

2d2 + sGRVed2g
DF.

s15bd

Compared to the interferometric phase noise[Eq. (10b)]
and to the linear phase-amplitude coupling noise[Eq. (13)],
the nonlinear LOFI phase noise is frequency dependant and
exhibits a strong resonance at the laser relaxation frequency
sVe=VRd.

4. Ultimate phase sensitivity

For a LOFI detection system using a microchip laser, Fig.
2 shows the ultimate precision of the target position calcu-
lated from the LOFI phase fluctuation:

ÎkDde
2l =

1

2

lc

2p
ÎkDFL

2l. s16d

Trace (a) shows that the interferometric phase noise in-
duced by the laser optical frequency width is only dependant

FIG. 2. Target displacement precisionÎkDde
2l versus the effec-

tive feedback reflectivitysRed for a LOFI detection system using a
microchip laser(see Table I for operating laser parameters). DF is
the lock-in filter bandwidth.(a) Interferometric phase noise[Eq.
(10b)]. (b) Phase-amplitude coupling noise[Eq. (13)]. (c) Nonlinear
phase-amplitude coupling noise[Eq. (15b)] with resonant optical
feedbacksVe=VRd.
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on the laser intrinsic parameters and consequently is inde-
pendent on the amount of optical feedback(Re).

For the linear phase amplitude coupling noise(traceb),
when the effective feedback reflectivity(Re) increases, the
LOFI modulation is better defined, resulting in a more pre-
cise phase measurement. As a consequence the ultimate pre-
cision of the target position increases.

Inversely, for the nonlinear phase amplitude coupling
noise(tracec), a strong laser interaction between the LOFI
modulation and the laser quantum noise fluctuation is neces-
sary. The ultimate precision of the target position decreases
with the amount of optical feedback.

In conclusion, at low feedback levelsRe,10−6d, the
phase fluctuations are mainly control by the phase
amplitude-coupling noise and are several order of magnitude
higher than the standard interferometric phase noise
sÎkDFL

2lb@ÎkDFL
2lad. This result is a direct consequence of

the high sensitivity of the microchip laser to optical feedback
(i.e., the high value of the cavity damping rategc).

At high feedback levelsRe.10−6d, a strong interaction
takes place between the LOFI modulation and the laser quan-
tum noise in the vicinity of the laser relaxation frequency. In
these conditions, the phase fluctuations increase with the
amount of optical feedback, leading to the deterioration of
the target displacement precisionÎkDFL

2lc.ÎkDFL
2lb.

In all cases[Eqs. (10b), (13), and (15b)] the phase mea-
surement precision is inversely proportional to photon output
rate sPoutd and then can be increased by increasing the laser
output power.

III. EXPERIMENTAL RESULTS

A. Experimental setup

The experimental setup is shown schematically in Fig. 3.
The laser is a Nd3+:YAG microchip laser with a cavity
length of 800 microns lasing at a wavelength of 1061.34 nm
[23,24]. The pumping laser is a 810 nm diode laser. In typi-
cal operating conditions the threshold pump power is of the
order of a few tens of mW. The maximum pump parameter
available is abouth<2. For such conditions, the infrared

output power is a few mW and the relaxation frequencyFR
=VR/2p is in the range of 1 MHz.

The frequency shift is generated by means of two
acousto-optic deflectors(AOD) respectively supplied by a
RF at 81.5 MHz and 81.5 MHz+Fe/2 whereFe=Ve/2p is
the frequency shift. By combining the diffracted beam(order
−1) of the first AOD with the diffracted beam(order +1) of
the second AOD, the resulting optical frequency shift of the
laser is then given byFe/2 sFe/2=−81.5 MHz+81.5 MHz
+Fe/2d. The laser beam is then focused by a lens and sent to
the target under investigation mounted on a piezoelectric
transducer(PZT). All other beams are stopped by absorbing
surfaces. The focused beam is diffracted and/or diffused by
the target and only a small part of the retroreflected light is
reinjected inside the laser cavity after a second pass through
the frequency shifters. After this round trip the optical fre-
quency of the reinjected beam is then shifted byFe. This
frequency can by adjusted and is typically of the order of the
laser relaxation frequency. The amount of light coming back
inside the laser cavity can be adjusted by means of a variable
attenuator(VA ). The PZT allows us to control the feedback
time delay (i.e., the optical phase shift) between the laser
cavity field and the feedback electric field.

A small fraction of the output beam of the microchip laser
is sent to a Si-photodiode loaded by a 50V resistor. The
delivered voltage is analyzed by by a spectrum analyzer
and/or a lock-in amplifier which gives directly the amplitude
and the phase of the LOFI signal. All these signals are A/D
converted and recorded by a PC for further analysis and/or
imaging.

3D images can be obtained from the LOFI amplitude(re-
flectivity) [25] or from the LOFI phase(profilometry) [26].
Images are obained either by moving the target in three di-
mensions using micrometric motorized stages or by moving
the laser beam using a galvanometric scanner.

B. Experimental observations

1. LOFI signal

Figure 4 shows a typical LOFI power spectra obtained
experimentally by using a spectrum analyzer. As we can see,
for weak optical feedback the laser fluctuations are princi-
pally composed of the LOFI signal at the optical frequency
shift Fe and of the laser quantum noise at the relaxation
frequencyFR. The LOFI oscillations are induced by the fre-
quency shifted optical feedback while the noise fluctuations
are mainly due to the resonant amplification of the Langevin
quantum noise at the laser relaxation frequency.

Figure 4 also shows a good agreement between the ex-
perimental and the theoretical noise power spectrum of the
microchip laser. The discrepancies between the two curves at
high frequency comes from the harmonic noise induced by
the nonlinear laser dynamics not included in our linear ana-
lytical development. For comparison, the power spectrum of
the photodiode detector is also shown on this figure. As we
can see, the laser quantum noise is several orders of magni-
tude higher than the detector noise. For a microchip laser, the
LOFI detection system is then shot noise limited[14].

FIG. 3. Schematic diagram of the LOFI experiment: L1-L3,
lenses; BS, beam splitter; AOD, acousto-optic-deflector; RF, radio
frequency generator;Fe, frequency shift; VA, variable attenuator;T,
target under investigation; PZT, piezoelectric transducers; PD,
photodiode.
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At the optical frequency shiftsFe=500 kHzd, a direct
comparison of the LOFI signal and of the experimental laser
quantum noise allows us to determined a S/N of the order of
20 dB (i.e., S/N<100). Then, for a frequency bandwidth of
DF=10 kHz, Eq.(11c) allows us to determine the effective
feedback reflectivity of the target under investigation:Re
<10−10.

2. LOFI vibration measurement

The demodulation of the LOFI oscillations by means of a
lock-in amplifier gives us the amplitude and the phase of the
LOFI signal [Eq. (8)].

Figure 5(a) shows the time evolution of the LOFI phase
when the optical feedback distance between the target and
the laser is periodically modulated at a low frequency by
means of a PZT:

de = kdel + dv coss2pFvtd, s17d

with kdel<80 cm, dv<150 nm, andFv<100 Hz. In good
agreement with Eqs.(8b) and(17), the LOFI phase shows a
steady periodic oscillations1/Fv=0.01 sd with a peak to
peak amplitude given bys2p /ld4dv<p rad.

Figure 5(b) shows the fast Fourier transform(FFT) of the
time evolution of the LOFI phase. The power spectrum is
principally composed of the LOFI phase modulation at the
vibration frequencyFv and of the phase noise which is a first
order approximation frequency independent(i.e, white noise
type function). The integration of the power spectrum hori-
zontal base line over the full frequency bandwidth(i.e.,
10 kHz) allow us to determine the LOFI phase fluctuation
sÎkDFL

2l<0.14 radd and then by using Eq.(16) the target
displacement precisionsÎkDde

2l<10 nmd [27].

C. Phase measurement precision

Figure 6 shows the dependence of the target displacement
precision ÎkDde

2l with the effective feedback reflectivity
sRed. As we can see, when the amount of optical feedback
increases, more precise phase measurement are made result-
ing in a better target displacement precision(i.e., a lower
value of ÎkDde

2l). The experimental results also show a
qualitative good agreement with the theoretical prediction
obtained when the phase-amplitude coupling noise is taken
into account in the LOFI experiment[Eq. (13)]. The LOFI
phase fluctuations are therefore several order of magnitude
higher than the standard interferometric phase noise induced
by the laser frequency width(Schawlow-Twones limit).

When the amount of optical feedback increases, the dis-
agreement between the experimental result and the theoreti-
cal prediction also increase. As we can see in the theoretical
section, this effect can be explained by the nonlinear phase-
amplitude coupling noise which increases with the amount of
optical feedback[Eq. (15b)].

To confirm the effect of the nonlinear phase-amplitude
coupling noise, we have studied the LOFI phase fluctuations

FIG. 4. Typical experimental power spectrum of a LOFI experi-
ment with a Nd3+:YAG microchip laser(see Table I for operating
laser parameters). Acquisition time 100ms. Feedback parameters:
Fe=500 kHz, de=80 cm, andRe<10−10. The power spectrum of
the laser quantum noise and of the photodiode noise are shown for
comparison.

FIG. 5. (a) Experimental time evolution the LOFI phase.(b)
Fast Fourier transform(FFT) of the LOFI phase. Acquisition time:
8192 samples3100 ms. Feedback parameters:F0=500 kHz, de

=80 cm, andRe<10−10. Vibration parameters: vibration frequency,
Fv<100 Hz; vibration amplitude,dv<150 nm.

FIG. 6. Experimental and theoretical target displacement preci-
sionÎkDde

2l versus the effective reflectivityRe. Laser output power:
nout=231016 photon/s; lock-in integration time:T=100ms.
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in the case of moderate optical feedbacksRe<10−7d. In a
good qualitative agreement with the theoretical predictions,
the vibration measurements(Fig. 7) show clearly an increase
of the LOFI phase noise when the optical frequency shift
becomes resonant with the laser relaxation frequencysFe

=FRd.
For strong optical feedbacksRe@10−7d, nonlinear effects

appear in the laser dynamic(bursting, parametric oscillations
and chaotic oscillations). The LOFI signal is then very un-
stable and difficult to analyze. In these conditions, the study
of the nonlinear phase amplitude coupling noise is not rel-
evant for further interferometric application. As a conse-
quence the corresponding experimental results are not shown
in this paper.

IV. CONCLUSIONS

We have studied both theoretically and experimentally the
phase fluctuations of a laser submitted to frequency shifted
optical feedback.

At low feedback level(typically Re,10−7 when working
with a Nd:YAG microchip laser), the LOFI phase fluctua-
tions are mainly controlled by the phase-amplitude coupling
noise induced by the optical reinjection and are several or-
ders of magnitude higher than the standard interferometric
phase noise induced by the laser frequency width
(Schawlow-Twones limit). This result is a direct conse-
quence of the high sensitivity of the microchip laser to opti-
cal feedback(i.e, the high value of the cavity damping rate
gc). In this regime when the effective feedback reflectivity
(Re) increases, the LOFI modulation is better defined, result-
ing in a more accurate phase measurement and as a conse-
quence to a better target displacement precision.

At high feedback levelsRe.10−7d, a strong interaction
takes place between the LOFI modulation and the laser quan-
tum noise in the vicinity of the laser relaxation frequency. In
these conditions, the phase fluctuations increase with the
amount of optical feedback, leading to the deterioration of
the target displacement precision.

In all cases the phase measurement precision is inversely
proportional to the photon output ratesPoutd and then can be
enhanced by increasing the laser output power. Finally, by
sending a few milliwatts output power microchip laser beam
on a diffusive target with an effective reflectivity of 10−9, a
target displacement precision of 0.1 Å/ÎHz has been experi-
mentally determined.

APPENDIX: LOCK-IN AMPLIFIER OUTPUT NOISE

By using a reference frequency given by the optical fre-
quency shiftsVref=Ved, the lock-in amplifier generates, from
an input signalSstd, two quadrature components given by

VX =
2

T
E

0

T

SstdcossVreft + Frefddt,

VY =
2

T
E

0

T

SstdsinsVreft + Frefddt, sA1d

whereFref is an adjustable reference phase andT is the in-
tegration time of the lock-in amplifier.

For a noisy input signal modulated at the optical fre-
quency shift one can suppose thatSstd can be written in the
following form:

Sstd = AS cossVet + FSd + dAstd, sA2d

where AS and FS are respectively the amplitude and the
phase shift of the modulation signal and where we assume
that dAstd is an additional noise with a zero mean value
skdAstdl=0d and a white-noise type correlation functions

kdAstddAst − tdl = DA
2dstd. sA3d

By substituting Eq.(A2) into Eq. (A1) and after a low
pass filteringsT@Ve

−1d, the mean values of the quadrature
components are given by

kVXl < AS cossFref − FSdI , sA4ad

kVYl < AS sinsFref − FSd, sA4bd

while their standard deviations are related to

kDVX
2l = ŠsVX − kVXld2

‹ = DA
22DF, sA5ad

kDVY
2l = ksVY − VYd2l = DA

22DF, sA5bd

kDVXDVYl = ŠsVX − kVXldsVY − kVYld‹ = 0, sA5cd

whereDF=1/T is the low-pass filter bandwidth.
With a lock-in amplifier, the modulation amplitude and

the phase shift of the input signal are then simply extracted
by using the following equations:

AS= ÎkVXl2 + kVYl2, sA6ad

FS= Fref − a tanS kVYl
kVXl

D , sA6bd

while the amplitude and the phase fluctuations are respec-
tively given by

FIG. 7. Time evolution the LOFI phasesFLd for strong optical
feedbacksRe.10−7d and for different values of the optical fre-
quency shift:(a) Fe=750 kHz,FR; (b) Fe=FR=820 kHz; (c) Fe

=850 kHz.FR. Vibration parameters: vibration frequency,Fv
<100 Hz; vibration amplitude,dv<150 nm atde=80 cm.
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2 =

kVX
2l
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2l + kVY

2l
kDVX

2l +
kVY

2l
kVX

2l + kVY
2l

kDVY
2l = DA

22DF, sA7ad

DFS
2 =

kVY
2l

skVX
2l + kVY

2ld2kDVX
2l +

kVX
2l
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