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Highly efficient four-wave mixing in double-A system in ultraslow propagation regime
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We perform a time-dependent analysis of four-wave mixiRg/M) in a doubleA system in an ultraslow-
propagation regime and obtain the analytical expressions of pulsed probe laser, FWM-generated pulse, phase
shifts and absorption coefficients, group velocities, and FWM efficiency. With these analytical expressions, we
show that an efficiently generated FWM field can acquire the same ultraslow group ve(ufgity
~10-10") and pulse shape of a probe pump and that the maximum FWM efficiency is greater than 25%,
which is orders of magnitude larger than previous FWM schemes in the ultraslow-propagation regime.
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Multiwave mixing processes in the ultraslow-propagation[25-32 but in different contexts. Here we shall give a time-
regime have been the focus of several recent studies becausependent analysis of the FWM scheme in an ultraslow-
of their potential wide range of applications in diverse fieldspropagation regime. We shall obtain the analytical expres-
such as high-efficiency generation of short-wavelength cosions of pulsed probe laser, FWM-generated pulse, the
herent radiation at pump intensities approaching the singlecorresponding phase shifts, absorption coefficients and group
photon level, nonlinear spectroscopy at very low light inten-yelocities, and the FWM efficiency as well. We shall show
sity, quantum single-photon nonlinear optics, and quanturnhat an efficiently generated FWM field can acquire the same
information sciencg1-25. One of the major problems of yjtraslow group velocity and pulse shape of a probe pump
multivave mixing in the ultraslow-propagation regime is its and that the maximum FWM efficiency is greater than 25%,
low efﬁCiency, Usua”y smaller than 0.1% for four-wave mix- orders of magnitude |arger than previous four-wave mixing
ing in the ultraslow-propagation regini8,4], which limits  schemes in the ultraslow-propagation regime.

somewhat its applications. It is thus desirable to search for e begin with the Hamiltonian in the interaction picture
new efficient multiwave mixing schemes or approaches. (taking A=1),

In this paper, we consider four-wave mixiggWM) in a )

doubleA psylztem as shown in Fig. 1, whEere )Iifetime- H:_A‘*’c|1><1|_A‘*’p|2><2|_A‘”d|3><3|_(ch'k°'r|2><1|
broadened four-state atoms interact with two continuous- +Qdeikd-r|3><1|+H_C_)_(Qpeikp-r|2><o|+Qmeikm-r|3><o|
wave (cw) laser pump fieldsc, d) and a weak-pulsed probe
laserp, and a pulsed FWM fieldn can then be generated +H.c), (1)
efficiently. Such a FWM scheme with all four waves consid-yhere Awy=w,~(e;-€) is the single-photon detuning,
ered as cw waves has been intensively studied prewouslch:(wp_wc)_(61_60) is the two-photon detuningAwy

13) =(wp—wct wg) — (&3~ €) |s'the thrlee-photon detuning; is
the energy of the atomic statg), and o, and 2}, (n
=c,d,p,m) are the frequencies and Rabi frequencies of the
relevant fields. Defining the atomic state &8)=Ay|0)
+ A KK T 1)+ AdkpT[2) + Agd pketkdT|3)  we  then
readily from the Schrddinger equation obtain the atomic
equations of motion,

Oy s
oA . .
) ?1 =i(Awg+iy) A +iQgAs +iQA,, (2a)
oA
Ez:i(Awp+i72)A2+i‘Q'cAl+iQpA0’ (2b)
| A
|0> ?3:i(Aa)d+i’)/3)A3+iQon+iQdAlv (ZC)

FIG. 1. Schematic of FWM in a doubl&-system. Lifetime- . ]
broadened four-level atoms interact with two cw laser pump fieldsvhere y; , 3 are addeq.to describe the corre§pond|ng _decay
(frequenciesw, and wg and Rabi frequencies(®, and A)y) and a  rates and we have utilized the phase matching condkjgn

weak pulsed probe punifrequencyw, and Rabi frequency(2,) to =kp—kc+ kg
generate a FWM-generated pulsed fi¢lcequency w,, and Rabi Taking the Fourier transform of Eq2) and the wave
frequency 2)). equations for the pulsed probe field, and the FWM-
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generated field),, and using the nondepleted ground-state = &-

approximation(Ay=1), we obtain

(0+Awc+iy) B+ QyBs+ QB =0, (3a)
(w+Awp+ iv2) B+ QB = _Apv (3b)
(0+Awg+iys)Bz+ QgBr=—An, (30)

N, .o . N, o .
EE_IEAp=IKOZB2! (9_Zm"EAm=|K0353, (4)

where §;, A, and A, are the Fourier transforms &, (),
and Q,, respectively.w is the Fourier variable anegyqs
= 2Nwp(m|Dozog)|?/ (ch) with N andDgy3 being the concen-
tration and dipole moment between staj@sand |2) (|3)),
respectively.

The solution to Eq(3) is

@+ Ao +iy) QeAp+ (0 + Awp +iy) Q4
D 1
(53)

1=

*

QchAp _ D_m
D D

Am1 BB =

D Q.0
o= Aot 5 A,

P D
(5b)
whereD=D(w), Dp=Dy(®), Dyn=Dp(w), and
D(w) = |[Qe’(@ + Awg+iys) + Qe A0+ Awy +i7,)
~(w+Awctiy)(w+ Ay +iy)(w+Awg+iys),

(6a)
Dp(@) = Q> = (0 + Awc +iy1)(@+Awg+iys), (6)

D(w) = |Qc|2 —(0+Aoc+iy)(o+ Awp +iyy). (60)
Substituting Eq(5b) into EqQ. (4) and making use of the

initial condition for the FWM-generated field—i.e.,
Am(0,w)=0—we obtain
A (0,0)[U,e7% — U_e?%+]
Aplz.0) = === . (79
U+U_A O, eiZK_ _ aizKy
Am(Z, w) - p( 0))[ € ] (7b)

U,-u_ '
whereK, =K, (w), U,=U,(w), and

Kelw) =2+ - [kosDim() + koD ()] + VG(w)
© 2D(w)
=Ka(0) + K+ O, (8a
Uy(w) = Ko2Dp(w) ;Kost((i)) + V,% o,
K022y
(8b)
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FIG. 2. The ratio of absorption coefficients_/«, versus
|Qq4l/ 7y, for |Qg|/y,=2 (uppermost, 1 (middle), and 0.4(lowes.
The inset shows the lowest cur\@|/y,=0.4 for |Qy|/ v, in the
small interval [0.4, 0.40]. The other parameters ary,= kg3,
il v,=10%, 3/ ¥2=2.5/1.2,A0.=Awp=0, andAwy=0.02y,.

W, = U.(0),

With G(w) =[ kogDm(@) = koD (@) 12+ 4kigarod Lol Q]

The analytical expressions of the pulsed fields are still
complicated in order to perform the inverse Fourier trans-
form, but much physical insight can be gained by seeking
their approximated inverse Fourier transform with the ap-
proximation of neglecting bot®(w) terms inU, andO(w?)
terms inK, (the approximation is fairly accurate for typical
parameters considered here; see Fig.TBen it is straight-
forward to obtain

_ W+Qp( n_)eiZK‘(O) — W—Qp( 77+)eiz|<+(0)

Q,(zt) = , (9
p(z) W W (93
= 0.25 AN
= SN
= 0.2 / \
2 / \
= / \
~ 0.15 / kY
3 0.1 / \
~ / \
o N
~ 0.05 / \\\
-5 S N,
< S .
-0.04-0.02 O 0.02 0.04
!y
FIG. 3. [An0.0)* versus w/y, with Ap0,0)

=Qpor\mexg—(wn)?/4] = Q(0,H)=Qyexp—t2/ ). The solid-

line curve represents the exact soluti@ip) while the dashed-line
curve denotes the approximated solution by neglecting the
exp(iK_z) term and takingJ, =W, and K+:K+(O)+K(+l)w in Eq.
(7b). The parameters are=10"® s andQ.=Qp=17,.
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B e | T
W, - W 0.0001 P
where Q,(1)=Q,(z=0,t) is the pump field az=0, »,=t //’/
—2/Vg, W.=U,(0), the group velocitie¥, are determined 0.00008 7
by 1/V,.=RdK"], R4K.(0)] denote the phase shifts per 7

unit length, and IfK,(0)]= a, are absorption coefficients.

For the typical parameters and conditions for hyperﬁne—0 000086
split alkaline-earth-metal ato lines and the pump lasers,
it is found that the absorption coefficieat is usually much g . gpo004
greater than another absorption coefficient For instance,

Fig. 2 shows the ratiax_/ «, for the parameterd’;=2vy, —

~1.2x10° s}, T,=2y,~1.2x108 s, and [3=2y,~2.5 0.00002H ‘

X 108 s71, typical for transitions in hyperfine-split Na lines 0.5 1 1.5 2 2.5 3
[19]. The key consequence of this result is that under these | Qd | /72

ggngltln?unshofgitg mznc?r:g pgt?]ee?tsclgnggg?eﬁgd (g?t)e?:- sho FIG. 4. The relative group velocityy/c versus|Qq4|/y, with
y ’ q Y <=0.5y, (thick line) and Q.= (thin line). The parametersg,

characteristic propagation distance one has = k0= 2X 10 e S, 71/ 7,=10°%, 73/ %,=2.5/1.2, Awe=Aaw,
=0, Awg=0.02y,, and y,=0.6x 10° s7%,

Qp(z,t) = W Qp<t — i)eizd)—m, (106)

W - W, Vg
W, W 7\ group veIocity(Vg/c~1(T4—1(T5 for the parameters given
Qn(zt) = YR, Qp<t— —)e‘z"’"za, (10b)  in Fig. 4). It is possible to further reduce the already small
A 9

group velocity by increasingg, and «qz.
where Vg:Vg+:1/Re{K(+1)] is the group velocity, a Equation(10) demonstrates that the FWM-generated field
=Im[K,(0)] denotes absorption coefficient, andp and the probe field can, after a short characteristic distance,
=RgK,(0)] represents phase shift per unit length. The anatravel through the cold atom medium with the same temporal
lytical expressions of the quantitie¥,(0) and Kil) pr(.)fiile and ultraslow group velocity. We define the FWM
=[JK,(w)/ dw],-, can readily be obtained througk,(w) efficiency # as the ratio of the energy of the output FWM-
given in Eq.(84). generated field and the energy the input probe field—jpe.,
. —|g(oud  =(in)2 (oup) in fi 2

Figure 3 shows that Eq$10) represent a very accurate =|Ep, /Eg |%. Here E;™ is the electric fieldEy (|Eqn*
approximate solution for typical transitions in hyperfine-split =44°|Qm|*/ [Dog®) of the FWM-generated field at the exit
Na D lines and appropriate conditions for the pump lasers=L andE\" is the electric fieldE, (|E,|?=442Q|*/|DoJ?
Figure 4 illustrates that the probe field and the FWM-of the probe field at the entranee 0. According to Eq(10),
generated field as given by EA.0) travel with an ultraslow the efficiency has the form

n
3

0.

0.25

4 5 6 4I 5 6
19,17, Q7
FIG. 5. FWM efficiencyzn versusQq|/ v, for | Q¢ v,=2 (thick solid line), 1 (dashed ling and 0.5thin solid line). The left(right) panel

has kgy=Kg3=2X 10° et s71 (kgg=4kp=2x 10° cm 1 s71). The other parameters for both panels gyéy,=10%, 3/ ,=2.5/1.2,Aw,
=A0p=0, Awg=0.02y,, 7,=0.6X 10 5%, wy,=1.1w, andL=1 cm.
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wmKozKod Q2 Qgl?exp(— 2al) sidered here. The high efficiency originates from the fact that
=~ (FP + 4roarod 0 2100D) (11)  one of the two modeghe K_ modsa is heavily damped com-
P 0370217 %cl I%*d pared with another modghe K, mode, proving the concept
where F=kog Qo= kol Qo+ (Awe+iy)[ Ko Awg+iys) of the matched pulsef26]. Another important difference is
~ koslAwy+i9)] = kod Qel?~ kel Qg and a=Im[K,(0)] is  that the previous cw treatments of the FWM in the double-
determined by Eq(8a). In writing Eq. (11), we have made configuration are not in the ultraslow regime. One drawback
use of the relationkomwn/ (xoawp)=|Doa/Deg?. It is seen of the cw treatment is that it canngroperly include the

; gy ; ; coupling of the two fields and hence cannot obtain the cor-
gto 'r<n E?'é{l)'(thﬁ.; ﬁgear:c?);lvfglihmusfzgfenCWmax Is achieved rect group velocitiegnotice that each of the two modes, the
03[2~cl — Ro2=~dl »

K. modes, contains both the probe and FWM fields but dif-
Om _onl fers from either the probe or the FWM fields and the group
Mmax= Ee . (12 velocities of the two modes differ from those of the probe
p and FWM fields themselves when the coupling is omitted
Figure 5 shows that the efficiency versus the amplitiftl¢ ~ While our time-dependent treatment correctly accounts for
of the cw pump fieldd for several amplitude values of an- such a coupling. In this way, we have investigated the FWM
other cw pump field. From this figure, it is seen that theScheme in a doublé- configuration in theultraslow group
maximum efficiency is indeed achieved at arouagQ 2  regime and shown that there exists the phenomenon of
~ kol Qg2 and the maximum efficiency is about,/ w, matched pulses in the ultraslow-propagation regime. _
X 25% even for a sample thickness as large-ad cm for The phenomenon of matched pulses in our scheme is

the typical transition parameters of hyperfine-split Ba '€adily seen to come from multiphoton quantum interfer-
Iines.yp P yp P ence. For instance, the interference of the two pafhs

o . . . —|2)—[1)—[3) and [0)—|3) leads to the relation(,,
It is pointed out that one frequently in the previous litera =-Q4A, from Egs.(5) and(7) when the phenomenon takes

ture adopts another definition of the efficiency defined as, . . . .
(“)ZIQ“E”)/Q“”)FE Doa/Dos?. In particular t);1e axi- %Iace_. This rglanon and Ed@2c) imply that the probability

7 m_p | 03 - part amplitudeA; is nearly unchanged then and hence the FWM

mum efficiency»"" in our case, according to E¢l2), has  fie|d ceases to increase due to the multiphoton quantum in-

the form terference. It is pointed out that the phenomenon of matched
IDog® @i Dod? pulses greatly simplifies the calculation of the expression of

T Dy s = — g 2al (13)  the efficiency(notice that the efficiency defined as the ratio

IDog®  4wp|Doy) of the energy of the output FWM-generated field and the

gnergy the input probe field usually needs integrations over

maximum efficiency»'® can be much greater than 100% glther time or fre.quency mtervals. depending on whether the
fields are given in terms of the time or the frequency vari-

\évgseens g}ezéwrooocr“221|2||?gtwﬁigtssszgsg?r?' irztidD?/\l/'itllwntrggema abley because the involved integratiofis both the denomi-
9s, P *Kator and nominatgthave canceled out each other when the

mum efficiencynﬁgx never exceeding 25% in the cases of pulses have the same temporal shape.

From this expression and Fig. 5, it is readily seen that th

zero or small detunings in the previous studi@4,2q, Adapting the Schrédinger formalism with decay rates in-
while the FWM e(é?erlmental datg26] have indeed shown ¢|yded, just as done before by some autia®;26,33,3%
the situations ofy, .= 100%. permits us to obtain simple analytical expressions. It can

In summary, we have analyzed the four-wave mixing inreadily be checked by numerical computations that the re-
an ultraslow-propagation regime in a doullesystem with a  sults of such a treatment are essentially the same as those
time-dependent approach. We have derived the analytical exrom the usual density matrix formalism under the condition
pressions of the pulsed probe laser, FWM-generated pulséhat all atoms be initially in the ground std@. For instance,
phase shifts and absorption coefficients, group velocities, anid can readily seen that when we tak®=(.,=0, corre-
FWM efficiency. With these analytical expressions, we showsponding to the standard electromagnetically induced trans-
that an efficiently generated FWM field can acquire the sam@arency(EIT) in the (single A configuration, Eq(5) will
ultraslow group velocityV,/c~10"-10") and pulse shape lead to the standard EIT resulf83] in the (single) A con-
of a probe pump and that the maximum FWM efficiency isfiguration. When taking,,=0 andky;=0 as well as consid-
greater than 25%, which is orders of magnitude larger thaered the cw situatiorisimply taking =0 in all results, it
previous four-wave mixing schemes in the ultraslow-can readily shown that our results become those in the pre-
propagation regime. vious study on the same atom and field system with a cw

Before ending, we would like to mention the key points of treatment34].
the present study. One of the major differences between our Finally, although we have plotted figures and discuss the
FWM scheme with those previous studies in the sameesults by choosing the typical parameters and conditions for
doubleA configuration lies in the fact that previous studiestypical transitions of hyperfine-split N& lines and the pump
[25-37 considered all four waves as cw waves while welasers, we have actually done the same numerical calcula-
treat two of them(the probe and FWM fielgsas pulsed tions(not shown hergfor typical parameters and conditions
fields interacting with each other in a time-dependent way. Ifor typical transitions of hyperfine-split RD lines and pump
is important that such a time-dependent treatment results itasers, and find similar conclusions. We believe that similar
two coupled equations, leading to the two mo@i€smodeg  conclusions should also suitable for other alkaline-earth-
of greatly different absorptions in the typical parameters conmetal atomsD lines as well.
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