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We perform a time-dependent analysis of four-wave mixing(FWM) in a double-L system in an ultraslow-
propagation regime and obtain the analytical expressions of pulsed probe laser, FWM-generated pulse, phase
shifts and absorption coefficients, group velocities, and FWM efficiency. With these analytical expressions, we
show that an efficiently generated FWM field can acquire the same ultraslow group velocitysVg/c
,10−4–10−5d and pulse shape of a probe pump and that the maximum FWM efficiency is greater than 25%,
which is orders of magnitude larger than previous FWM schemes in the ultraslow-propagation regime.
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Multiwave mixing processes in the ultraslow-propagation
regime have been the focus of several recent studies because
of their potential wide range of applications in diverse fields
such as high-efficiency generation of short-wavelength co-
herent radiation at pump intensities approaching the single-
photon level, nonlinear spectroscopy at very low light inten-
sity, quantum single-photon nonlinear optics, and quantum
information science[1–25]. One of the major problems of
multiwave mixing in the ultraslow-propagation regime is its
low efficiency, usually smaller than 0.1% for four-wave mix-
ing in the ultraslow-propagation regime[3,4], which limits
somewhat its applications. It is thus desirable to search for
new efficient multiwave mixing schemes or approaches.

In this paper, we consider four-wave mixing(FWM) in a
double-L system as shown in Fig. 1, where lifetime-
broadened four-state atoms interact with two continuous-
wave(cw) laser pump fields(c, d) and a weak-pulsed probe
laser p, and a pulsed FWM fieldm can then be generated
efficiently. Such a FWM scheme with all four waves consid-
ered as cw waves has been intensively studied previously

[25–32] but in different contexts. Here we shall give a time-
dependent analysis of the FWM scheme in an ultraslow-
propagation regime. We shall obtain the analytical expres-
sions of pulsed probe laser, FWM-generated pulse, the
corresponding phase shifts, absorption coefficients and group
velocities, and the FWM efficiency as well. We shall show
that an efficiently generated FWM field can acquire the same
ultraslow group velocity and pulse shape of a probe pump
and that the maximum FWM efficiency is greater than 25%,
orders of magnitude larger than previous four-wave mixing
schemes in the ultraslow-propagation regime.

We begin with the Hamiltonian in the interaction picture
(taking "=1),

H = − Dvcu1lk1u − Dvpu2lk2u − Dvdu3lk3u − sVce
ikc·r u2lk1u

+ Vde
ikd·r u3lk1u + H.c.d − sVpe

ikp·r u2lk0u + Vmeikm·r u3lk0u

+ H.c.d, s1d

where Dvp=vp−se2−e0d is the single-photon detuning,
Dvc=svp−vcd−se1−e0d is the two-photon detuning,Dvd

=svp−vc+vdd−se3−e0d is the three-photon detuning,e j is
the energy of the atomic stateu jl, and vn and 2Vn sn
=c,d,p,md are the frequencies and Rabi frequencies of the
relevant fields. Defining the atomic state asuCl=A0u0l
+A1e

iskp−kcd·r u1l+A2e
ikp·r u2l+A3e

iskp−kc+kdd·r u3l, we then
readily from the Schrödinger equation obtain the atomic
equations of motion,

]A1

]t
= isDvc + ig1dA1 + iVd

*A3 + iVc
*A2, s2ad

]A2

]t
= isDvp + ig2dA2 + iVcA1 + iVpA0, s2bd

]A3

]t
= isDvd + ig3dA3 + iVmA0 + iVdA1, s2cd

whereg1,2,3 are added to describe the corresponding decay
rates and we have utilized the phase matching conditionkm
=kp−kc+kd.

Taking the Fourier transform of Eq.(2) and the wave
equations for the pulsed probe fieldVp and the FWM-

FIG. 1. Schematic of FWM in a double-L system. Lifetime-
broadened four-level atoms interact with two cw laser pump fields
(frequenciesvc andvd and Rabi frequencies 2Vc and 2Vd) and a
weak pulsed probe pump(frequencyvp and Rabi frequency 2Vp) to
generate a FWM-generated pulsed field(frequencyvm and Rabi
frequency 2Vm).
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generated fieldVm, and using the nondepleted ground-state
approximationsA0.1d, we obtain

sv + Dvc + ig1db1 + Vd
*b3 + Vc

*b2 = 0, s3ad

sv + Dvp + ig2db2 + Vcb1 = − Lp, s3bd

sv + Dvd + ig3db3 + Vdb1 = − Lm, s3cd

]Lp

]z
− i

v

c
Lp = ik02b2,

]Lm

]z
− i

v

c
Lm = ik03b3, s4d

whereb j, Lp, andLm are the Fourier transforms ofAj, Vp,
and Vm, respectively.v is the Fourier variable andk02s03d
=2NvpsmduD02s03du2/ sc"d with N andD02s03d being the concen-
tration and dipole moment between statesu0l and u2l (u3l),
respectively.

The solution to Eq.(3) is

b1 = −
sv + Dvd + ig3dVc

*Lp + sv + Dvp + ig2dVd
*Lm

D
,

s5ad

b2 = −
Dp

D
Lp +

VcVd
*

D
Lm, b3 =

Vc
*Vd

D
Lp −

Dm

D
Lm,

s5bd

whereD=Dsvd, Dp=Dpsvd, Dm=Dmsvd, and

Dsvd = uVcu2sv + Dvd + ig3d + uVdu2sv + Dvp + ig2d

− sv + Dvc + ig1dsv + Dvp + ig2dsv + Dvd + ig3d,

s6ad

Dpsvd = uVdu2 − sv + Dvc + ig1dsv + Dvd + ig3d, s6bd

Dmsvd = uVcu2 − sv + Dvc + ig1dsv + Dvp + ig2d. s6cd

Substituting Eq.(5b) into Eq. (4) and making use of the
initial condition for the FWM-generated field—i.e.,
Lms0,vd=0—we obtain

Lpsz,vd =
Lps0,vdfU+eizK− − U−eizK+g

U+ − U−
, s7ad

Lmsz,vd =
U+U−Lps0,vdfeizK− − eizK+g

U+ − U−
, s7bd

whereK±=K±svd, U±=U±svd, and

K±svd =
v

c
+

− fk03Dmsvd + k02Dpsvdg ± ÎGsvd
2Dsvd

= K±s0d + K±
s1dv + Osv2d, s8ad

U±svd =
k02Dpsvd − k03Dmsvd ± ÎGsvd

2k02VcVd
* = W± + Osvd,

s8bd

W± = U±s0d,

with Gsvd=fk03Dmsvd−k02Dpsvdg2+4k03k02uVcu2uVdu2.
The analytical expressions of the pulsed fields are still

complicated in order to perform the inverse Fourier trans-
form, but much physical insight can be gained by seeking
their approximated inverse Fourier transform with the ap-
proximation of neglecting bothOsvd terms inU± andOsv2d
terms inK± (the approximation is fairly accurate for typical
parameters considered here; see Fig. 3). Then it is straight-
forward to obtain

Vpsz,td =
W+Vpsh−deizK−s0d − W−Vpsh+deizK+s0d

W+ − W−
, s9ad

FIG. 2. The ratio of absorption coefficientsa−/a+ versus
uVdu /g2 for uVcu /g2=2 (uppermost), 1 (middle), and 0.4(lowest).
The inset shows the lowest curveuVcu /g2=0.4 for uVbu /g2 in the
small interval [0.4, 0.401]. The other parameters arek02=k03,
g1/g2=10−4, g3/g2=2.5/1.2,Dvc=Dvp=0, andDvd=0.02g2.

FIG. 3. uLms0,vdu2 versus v /g2 with Lps0,vd
=Vp0tÎp expf−svtd2/4g⇔Vs0,td=Vp0 exps−t2/t2d. The solid-
line curve represents the exact solution(7b) while the dashed-line
curve denotes the approximated solution by neglecting the
expsiK−zd term and takingU± .W± and K+.K+s0d+K+

s1dv in Eq.
(7b). The parameters aret=10−6 s andVc=Vb=g2.

Y. WU AND X. YANG PHYSICAL REVIEW A 70, 053818(2004)

053818-2



Vmsz,td =
W+W−fVpsh−deizK−s0d − Vpsh+deizK+s0dg

W+ − W−
, s9bd

where Vpstd;Vpsz=0,td is the pump field atz=0, h±= t
−z/Vg±, W±=U±s0d, the group velocitiesVg± are determined
by 1/Vg±=RefK±

s1dg, RefK±s0dg denote the phase shifts per
unit length, and ImfK±s0dg;a± are absorption coefficients.

For the typical parameters and conditions for hyperfine-
split alkaline-earth-metal atomD lines and the pump lasers,
it is found that the absorption coefficienta− is usually much
greater than another absorption coefficienta+. For instance,
Fig. 2 shows the ratioa−/a+ for the parametersG1=2g1
.1.23104 s−1, G2=2g2.1.23108 s−1, and G3=2g3.2.5
3108 s−1, typical for transitions in hyperfine-split NaD lines
[19]. The key consequence of this result is that under these
conditions one of the components in Eqs.(9a) and (9b) de-
cays much faster than the other. Consequently, after a short
characteristic propagation distance one has

Vpsz,td =
W−

W− − W+
VpSt −

z

Vg
Deizf−za, s10ad

Vmsz,td =
W+W−

W− − W+
VpSt −

z

Vg
Deizf−za, s10bd

where Vg=Vg+=1/RefK+
s1dg is the group velocity, a

=ImfK+s0dg denotes absorption coefficient, andf
=RefK+s0dg represents phase shift per unit length. The ana-
lytical expressions of the quantitiesK+s0d and K+

s1d

=f]K+svd /]vgv=0 can readily be obtained throughK+svd
given in Eq.(8a).

Figure 3 shows that Eqs.(10) represent a very accurate
approximate solution for typical transitions in hyperfine-split
Na D lines and appropriate conditions for the pump lasers.
Figure 4 illustrates that the probe field and the FWM-
generated field as given by Eq.(10) travel with an ultraslow

group velocity(Vg/c,10−4–10−5 for the parameters given
in Fig. 4). It is possible to further reduce the already small
group velocity by increasingk02 andk03.

Equation(10) demonstrates that the FWM-generated field
and the probe field can, after a short characteristic distance,
travel through the cold atom medium with the same temporal
profile and ultraslow group velocity. We define the FWM
efficiency h as the ratio of the energy of the output FWM-
generated field and the energy the input probe field—i.e.,h
= uEm

soutd /Ep
sindu2. Here Em

soutd is the electric fieldEm suEmu2
=4"2uVmu2/ uD03u2d of the FWM-generated field at the exitz
=L and Ep

sind is the electric fieldEp suEpu2=4"2uVpu2/ uD02u2d
of the probe field at the entrancez=0. According to Eq.(10),
the efficiency has the form

FIG. 5. FWM efficiencyh versusuVdu /g2 for uVcu /g2=2 (thick solid line), 1 (dashed line), and 0.5(thin solid line). The left(right) panel
hask02=k03=23109 cm−1 s−1 sk03=4k02=23109 cm−1 s−1d. The other parameters for both panels areg1/g2=10−4, g3/g2=2.5/1.2,Dvc

=Dvp=0, Dvd=0.02g2, g2.0.63108 s−1, vm=1.1vp andL=1 cm.

FIG. 4. The relative group velocityVg/c versusuVdu /g2 with
Vc=0.5g2 (thick line) and Vc=g2 (thin line). The parametersk02

=k03=23109 cm−1 s−1, g1/g2=10−4, g3/g2=2.5/1.2, Dvc=Dvp

=0, Dvd=0.02g2, andg2.0.63108 s−1.
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h .
vmk02k03uVcu2uVdu2exps− 2aLd

vpsuFu2 + 4k03k02uVcu2uVdu2d
, s11d

where F=k03uVcu2−k02uVdu2+sDvc+ ig1dfk02sDvd+ ig3d
−k03sDvp+ ig2dg.k03uVcu2−k02uVdu2 and a=ImfK+s0dg is
determined by Eq.(8a). In writing Eq. (11), we have made
use of the relationk02vm/ sk03vpd= uD02/D03u2. It is seen
from Eq. (11) that the maximum efficiencyhmax is achieved
at k03uVcu2.k02uVdu2, and we thus have

hmax.
vm

4vp
e−2aL. s12d

Figure 5 shows that the efficiency versus the amplitudeuVdu
of the cw pump fieldd for several amplitude values of an-
other cw pump field. From this figure, it is seen that the
maximum efficiency is indeed achieved at aroundk03uVcu2
.k02uVdu2 and the maximum efficiency is aboutvm/vp
325% even for a sample thickness as large asL=1 cm for
the typical transition parameters of hyperfine-split NaD
lines.

It is pointed out that one frequently in the previous litera-
ture adopts another definition of the efficiency defined as
hsVd= uVm

soutd /Vp
sindu2;huD03/D02u2. In particular the maxi-

mum efficiencyhsVd in our case, according to Eq.(12), has
the form

hmax
sVd = hmax

uD03u2

uD02u2
.

vmuD03u2

4vpuD02u2
e−2aL. s13d

From this expression and Fig. 5, it is readily seen that the
maximum efficiencyhsVd can be much greater than 100%
when the two dipole moments satisfyuD03u@2uD01u in the
cases of zero or small detunings, as compared with the maxi-
mum efficiencyhmax

sVd never exceeding 25% in the cases of
zero or small detunings in the previous studies[3,4,20],
while the FWM experimental data[26] have indeed shown
the situations ofhmax

sVd ù100%.
In summary, we have analyzed the four-wave mixing in

an ultraslow-propagation regime in a double-L system with a
time-dependent approach. We have derived the analytical ex-
pressions of the pulsed probe laser, FWM-generated pulse,
phase shifts and absorption coefficients, group velocities, and
FWM efficiency. With these analytical expressions, we show
that an efficiently generated FWM field can acquire the same
ultraslow group velocitysVg/c,10−4–10−5d and pulse shape
of a probe pump and that the maximum FWM efficiency is
greater than 25%, which is orders of magnitude larger than
previous four-wave mixing schemes in the ultraslow-
propagation regime.

Before ending, we would like to mention the key points of
the present study. One of the major differences between our
FWM scheme with those previous studies in the same
double-L configuration lies in the fact that previous studies
[25–32] considered all four waves as cw waves while we
treat two of them(the probe and FWM fields) as pulsed
fields interacting with each other in a time-dependent way. It
is important that such a time-dependent treatment results in
two coupled equations, leading to the two modes(K± modes)
of greatly different absorptions in the typical parameters con-

sidered here. The high efficiency originates from the fact that
one of the two modes(theK− mode) is heavily damped com-
pared with another mode(theK+ mode), proving the concept
of the matched pulses[26]. Another important difference is
that the previous cw treatments of the FWM in the double-L
configuration are not in the ultraslow regime. One drawback
of the cw treatment is that it cannotproperly include the
coupling of the two fields and hence cannot obtain the cor-
rect group velocities(notice that each of the two modes, the
K± modes, contains both the probe and FWM fields but dif-
fers from either the probe or the FWM fields and the group
velocities of the two modes differ from those of the probe
and FWM fields themselves when the coupling is omitted),
while our time-dependent treatment correctly accounts for
such a coupling. In this way, we have investigated the FWM
scheme in a double-L configuration in theultraslow group
regime and shown that there exists the phenomenon of
matched pulses in the ultraslow-propagation regime.

The phenomenon of matched pulses in our scheme is
readily seen to come from multiphoton quantum interfer-
ence. For instance, the interference of the two pathsu0l
→ u2l→ u1l→ u3l and u0l→ u3l leads to the relationVm
=−VdA1 from Eqs.(5) and (7) when the phenomenon takes
place. This relation and Eq.(2c) imply that the probability
amplitudeA3 is nearly unchanged then and hence the FWM
field ceases to increase due to the multiphoton quantum in-
terference. It is pointed out that the phenomenon of matched
pulses greatly simplifies the calculation of the expression of
the efficiency(notice that the efficiency defined as the ratio
of the energy of the output FWM-generated field and the
energy the input probe field usually needs integrations over
either time or frequency intervals depending on whether the
fields are given in terms of the time or the frequency vari-
ables) because the involved integrations(in both the denomi-
nator and nominator) have canceled out each other when the
two pulses have the same temporal shape.

Adapting the Schrödinger formalism with decay rates in-
cluded, just as done before by some authers[19,26,33,34],
permits us to obtain simple analytical expressions. It can
readily be checked by numerical computations that the re-
sults of such a treatment are essentially the same as those
from the usual density matrix formalism under the condition
that all atoms be initially in the ground stateu0l. For instance,
it can readily seen that when we takeVd=Vm=0, corre-
sponding to the standard electromagnetically induced trans-
parency(EIT) in the (single) L configuration, Eq.(5) will
lead to the standard EIT results[33] in the (single) L con-
figuration. When takingVm=0 andk03=0 as well as consid-
ered the cw situation(simply takingv=0 in all results), it
can readily shown that our results become those in the pre-
vious study on the same atom and field system with a cw
treatment[34].

Finally, although we have plotted figures and discuss the
results by choosing the typical parameters and conditions for
typical transitions of hyperfine-split NaD lines and the pump
lasers, we have actually done the same numerical calcula-
tions (not shown here) for typical parameters and conditions
for typical transitions of hyperfine-split RbD lines and pump
lasers, and find similar conclusions. We believe that similar
conclusions should also suitable for other alkaline-earth-
metal atomsD lines as well.
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