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Unified theory of Raman and parametric amplification in nonlinear microspheres

M. V. JouravleV and G. Kurizki
Department of Chemical Physics, Weizmann Institute of Science, 76100, Rehovot, Israel
(Received 21 June 2004; published 4 November 2004

We investigate the scattering threshold and cavity-enhanced gain in nonlinear spheres with second- or
third-order permeability. Pairs of pump-driven idler and signal modes are considered, satisfying morphology-
dependent resonance conditions. The thresholds and gain coefficients of amplified and stimulated Raman
scattering, parametric downconversion, and analogous parametric processes in microspheres are derived and
evaluated under typical conditions. Applications may include the measurement of chemical impurity concen-
trations or the creation of low-threshold optical parametric amplifiers using microspheres.
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[. INTRODUCTION modes[8]. By contrast, the analog of phase-matching condi-
) . ] tions [4,9] in spheres requires further consideration.

Raman Scatterlng and pal’ametrlc generat|0n of electro- In this article we deve|0p the theory of microcavity_
magnetic waves by a transparent dielectric sphere have longhhanced Raman or parametric generation gain and calculate
been subjects of both fundamental and applied interest ithe thresholds of spontaneous and stimulataterent Ra-
nonlinear opticg1-8. On the fundamental side, they pro- man or parametric amplification for nonlinear dielectric
vide examples of parametric amplification or harmonic genspheres with large MDR orders. To this end, previously sug-
eration that are determined by the spatial extent, boundargested approach¢$0,1]] are further developed to render the
conditions, and symmetry of the medium. On the appliedexplicit dependence of the gain and threshold on experimen-
side, spectral analysis of stimulated Raman scattering ani@l parameters. The present calculation involves the eigenfre-
other types of inelastic radiative scatterifgr parametric quencies and electromagnetic modes of a sphere and their
generatioi by microspheres is a powerful means of gainingspatial overlap. The general formulas obtained here for the
information about their size, chemical composition, and im-threshold and gain are valid in a resonator of any shape.
purities concentration and may be used for aerosol particlElowever, for each shape it is necessary to know the appro-
identification. Yet quantitative evaluation of the spectra ofPriate solution of the problem of diffraction by the dielectric
such inelastic scattering is challenging, because the radiatidgSenator and to obtain its eigenfunctions from the boundary

field within the microparticle depends in a complicated wayConditions. Analytical solutions for spherical eigenmodes
on its size, refractive index, and wavelength, at wavelength 12, which have been extensively investigated in the past

near the morphology-dependent resonandddR’s), also ecadd13], are used here to obtain closed-form expressions

known as Mie scattering resonancgk2]. Parametricall for the gain spectrum and the threshold conditions.
o . gre " . Y We are concerned with dielectric spherical media with
amplified scattering from microspheres is associated wit

¢ . MDR's of the incid enath uadratic, x'?, or cubic, x'®, nonlinear susceptibilities. A
two types of resonances: s of the incident wavelengt S:~1imp|ified model of two interacting modes satisfying both

Stie input and output resonant conditions may be used to
. . evaluate the threshold intensity and gain for parametric am-
have been observed in the Raman spectra of spherical aefgyfication or for Raman conversion of a pump into a Stokes
sol particles a_nd droplegg!,5). . _ field. In general, an infinite number of modes will be coupled
The experimentally observed drastic reduction of th&, g, ch 3 spherical resonator. However, we may ignore all

But the two nondegenerate modes with the higle&ictors

from micrometer-size Qroplets has been at.trlbuted to cavity,,q largest intermode coupling coefficients, obtainable from
quantum electrodynamic effects under the input-output resOzither experimental or numerical dete4—17

nance condition[5,6]. Cavity-enhanced fluorescence and = rpe most crucial variable describing the interaction of
stimulated Raman scattering under input resonance Co”dI'tht with a dielectric microsphere is the size parameter

tions were first explained by introducing the spatial overlap:k& wherea is the radius of the sphere alkds the wave

of inter.actir)g mode funqtions in the equations of Stimu.late%umber in the dielectric medium. The interest lies principally
scattering in Ref[7]. It is well established that spherical with input resonance conditions such that the laser pump
liquid droplets undergoing laser irradiation exhibit thresholdidler) and the Stokegor signaj modes both correspond to

behavior for stimulated and spontaneous Raman scatterir}qghQ modes of the cavity5,16. When the size parameter
that requires spatial overlap between the interacting part'agatisfies the equation gf=n, n being a large integer, the

scattering exhibits a complicated angular pattern due to in-
terference among many partial waves and has sharp peaks,
*Also at Karpov Institute of Physical Chemistry, Vorontsovo Pole corresponding tonth-order MDR’s [17]. Such resonances
10, 103064, Moscow, Russia. can be extremely narrow, wit®) factors as high as £Cor
"Electronic address: gershon.kurizki@weizmann.ac.il perfectly round, homogeneous, and transparent silica spheres

cally scattered light, known as output resonari@sMDR’s

1050-2947/2004/16)/0538049)/$22.50 70 053804-1 ©2004 The American Physical Society



M. V. JOURAVLEV AND G. KURIZKI PHYSICAL REVIEW A 70, 053804(2004

[18] and spherical aerosol droplefd9]. The highes® 2F 22 () —

MDR'’s, whose electromagnetic energies are concentrated in VD + K 5" =0, ®

a narrow surface laygR0], governs the nonlinear properties. respectively, obeying the cavity boundary conditions and sat-

Special attention in our calculations is paid to the depenisfying the normalization condition within the cavity volume

dence of the threshold intensity and enhanced Raman gaM:

upon the MDR orders. Enhancement of the Raman scattering

is explained here by the Raman power integrated over the féi(ﬂéj(ﬂdV: 5. (6)

MDR volume, as determined by the characteristics of the

mode-overlap integral.
This paper is organized as follows: in Sec. Il we deriveWe shall quantize the Raman-amplified modes or those para-

the basic expressions for threshold intensities and cavitymetrically generated or amplified at frequencigs w; upon

enhanced ga_in for Ramgn amplification and for paramet”?eplaeing Iii(F,t), Iij(F,t) by their corresponding quantum

d_ownconversmn under 'f‘p“t and output resonance Co.ndhwechanical operators. By contrast, we shall treat the field

tions, as well as the functional dependence of Raman gain

%Mode excited by a laser pump classically and assume that it

the active molecules concentration. In Sec. Ill we descangmams undepleted by the nonlinear interaction. This quan-

the implementation of these expressions in typical cases andy, approach is widely employed for parametric nonlinear
the pertinent numerical calculations. In Sec. IV we discus rocesses in cavity electrodynamice]

the results of the calculations and predict the decrease of the After some standard manipulations, the Hamiltoniehs

threshold pump intensity when the parametric interaction oty >\ for nonlinear interactions in the cavity may be cast in
surface modes takes place. We then survey some possi e energy-conserved form that consists of two parts
applications of these results and summarize our conclusior\[%’ll,z&zqr: (a) the part responsible for Raman scattering or

in Sec. V. The Appendix provides explicit formulas for the coupling between the pump and the Stokes waves
spherical mode eigenfunctions and MDR frequencies used in ping pump '

the text. Hramar= i 2 {S"aa] + H.c}, (7)
ij

\%

Il. BASIC EXPRESSIONS FOR THRESHOLD AND GAIN and(b) the parametric amplificatiofPA) part responsible for

parametric down-conversigi*DC) of the pump wave ad,

into a sum of signal and idler waves or the inverse process
The interactions between modes in a nonlinear cavity argthree-wave mixingin x? media(n=2), satisfyingw,=w;

described by the field-interaction Hamiltonian density in the+wj, and for four-wave mixing in¢® media(n=3), satisfy-

form of [21,22 ing 2wy=w;+w;:

A. Hamiltonians

2y e - _ g o
Hou= - 2 3 XREEE, & Hon=h 2 (TS a2y + Ho. ) ®

Here H.c. denotes Hermitian conjugatioma’. The PA

or Hamiltonian(8) is proportional to the classical amplitude of
R the incident pumpA, (taken to be realin x® media(n
—_ B EE , i
Hine = %Xiikl EEEE, @ =y and AZ (number of photons aby) in x® media(n=3).
In both Raman and PA Hamiltonians“‘) are thenth-order
wherei, j, k or i, j, k, | indicate three or four interacting integral coefficient$n=2) or (n=3) of nonlinear coupling of
partial waves. Because of the energy conservation conditionthe form[9,21,23
the fieldsE;, E;, E, andE, in Egs.(1) and(2) are centered at by w; ;)2 ..
cavity eigenfrequencies satisfying + w; = wy 0 w;+w;=wy §?7= k—'zl—;(,(fk)f E/(NE;(NE(NdV 9)
+wy, respectively. The coefficien (jzk) and Xi('3|'<)| are the cor- 6m v
responding effective nonlinear susceptibilities. The electro- 2
magnetic fields inside the cavity can be quantized as for x'“ processes or
2 12
) ho \ 12 . g _ Plw)™ g [z oz o2 e
E(F,H)=—> ,(2_‘”1) [aJ-T(t) ~a(0)]E (D), 3) Sl(j =T o Xk Ei(NE;(NE(NE(NdV  (10)
o
i

i %
wherea! and a; are the creation and annihilation operatorsfor )((3) processes. Hema is the refractive index ankl is the
for the jth mode and; is the dielectric permeability. The TE partial-wave amplitude of thes, mode within the cavity

and TM field eigenfunctions in Eq3) are the solutions of (Mie-scattering solutionfor either TE or TM modegEqgs.

the Helmholz equations (A5) and(A6)]. The Raman Hamiltonian terngg) have the
form a1TaJ- andaa/, corresponding to the transfer of energy
V XV X éj(F) + kalij(F) =0 (4) by single-photon exchange between the pump and Stokes
fields, respectively. In Hamiltonia8) the aa; and a/a’
and terms correspond to two-photon emission or absorption into
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the signal and idler modes at the expense of the pump C(t)=(p;s— Poo) 1p1seXp— P1dt) + PoseXp— P )],
modes, known as parametric down-conversioy'f media. ' ' ' ' ' ' (19
The properties of integral coefficieng” and S? are de-

fined by selection rules derived from the theory of angulamwherep, ; andp, s are the roots of the secular equation
momentum(Sec. Ill) [25]. In what follows, we shall treat the

Hamiltonians(7) and(8) separately. Ps(Ps+ %5~ 18) + Bs=0, (14)
with £=w,—w,s— s and
B. Raman threshold and gain Be= (S(prg)znp(ns"' 1) VsVPswsF_l- (15)

In the case of the Raman Hamiltoniéf), upon substitut-

ing the photor_uc stgt?lf)zi_ni,njcni,ani,_nj>, with ny, ny “pho— photon resonant casé=0. In the underdamped limiB3

ton numbers in the, j cavity modes, into the Schrodinger > (7:/2)2 we obtainp, ,= /2+i,81/2 In this limit there iSS
equation in the interaction picture and applying the Wigner- LA P27 2215 -
Weisskopf method26], we obtain the integro-differential an oscillatory modulation of the Raman decay rate at the

112 :
equation for the parametric interaction of mogesnds with frequency/3; ™. We shall be concerned with the overdamped
eigenfrequencies,, ws, corresponding to the MDR distance

limit (ys/2)*> B, yielding |p; d = Bs/ ¥s The condition for
wps:|wp_ws| [11]:

The Raman transition rate will be evaluated for the two-

Raman amplification inside a cavity is that the corresponding
Raman ratep | be greater than the transverse relaxation rate
) % of the model, given here by the homogeneous Raman line-
Cy(t) =—ny(ng + 1)Vysf dw(%ns))zp(w)L(w - we,G(t,w). width T'. The threshold of Raman amplification is then deter-
0 mined by
(1D r'=lpy= B4 (16
Here n,, ns are the respective photon numberg, is the  This threshold condition implies, using E¢L5), that the
wgmode linewidth,p=m°w?/ (7°c%) denotes the free-space threshold numbers of photons in theands modes are
density of states, and(w—ws,I") is a Lorentzian centered at
ws, I' being the homogeneous linewidth of the Raman pro-

312
+ =
cess. The last factor in the integral of E41) is Mp (Ns+ Ll pVoySY)? S

t The corresponding occupation photon numbgrin the p
G(t, ) =J Cot)explli(w — wpd = y5l(t—t")}dt. (120  mode inside the resonator in the spontaneous regime of am-
0 plification, whenng<1, has the form

Analogous equations are obtainable @y, upon replacin 3wEF2
log q le fgy, up placing nSPY,, = (19)
the indicess«— p. We shall assume in what follows that the p lth Psts(S)ns))zl

pump field is intense and undepleted, as opposed to the ) } _

Stokes field. The facton, in Eq. (11) leads to the expected In order to obtgln the Raman gain we use the rate equation

linear dependence of the transition rate on the laser intensit{)‘?r the occupation number of photons in theinds modes

while the factomg+1 leads to stimulated scattering through [9]:

the contribution ofng and to spontaneous scattering through dn,

the contribution of unity. This dependence is reminiscent of —— =Dny(ns+1). (19

the stimulated and spontaneous contributions to the single- dt

photon emission rate of an atom, as described by the Einsteljere D is the rate constant, determined as follows in the

A andB coefficients[27]. spontaneous regime,<1: one photon from the mode is
Equations(11) and (12) yield multiexponential damping |ost for each Stokes photon that is created. Hence, the cavity

at times long enough for the oscillation in Ed.2) to sub-  enhanced decay raf/ v in Egs.(15) and(16) corresponds
side. The resulting solution fa(t) will be written under the  to the spontaneous rate

following conditions: (1) I'> s, which is appropriate for

high-Q modes of the resonatof2) we single out two inter- D. = Psts(%ns))z (20)
acting modes within the homogeneoliswidth, one being spo r ’

the pump mode and the other the resonant sig8tdkes . _ . .
mode—namely, both the input and the output resonance corl-"€ Stokes intensity in the spontaneous regime is propor-
ditions hold[4,16]. The input resonance condition is satisfied ional to the effective amplification lengtb in the spherical

for a broadband input pump, which spans several Kgh- resonator, traversed at th_e velocitym during the photon
MDR’s, whereas the output resonance condition is alwaydfétime in the mode, yielding28]

satisfied, since the bandwidth of Raman scattering spans at m

least several higlp MDR’s. The highQ modes modulate Nspo= — Dspdplefr- (21)

the free-space mode densjifw) by sharp Lorentzian peaks. ¢

Near wg, the relevant Lorentzian has width. We then ob- The Raman gain per unit length in the spontaneous amplifi-
tain, from Eqs(11) and(12) [11], cation regime is correspondingly
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2
GSDC): M 29 ot 31/2ﬂ,ﬁwpr 99 1/2
: (22) Pt 2 1/2( ()2 (29
¢ O'extQp(prsV) (§ps) Qs
The total gain scales with, which can be expressed via the The threshold-mode gain pes-mode photon can be intro-
Q factor of thep mode: duced by means of Eq$l7) and (18) and yields the rate
constant
lor = 2cQy/Mw,, (23
ot = 20 Mt o QS 0
where st Q. '
1 1 1 The stimulated Raman gain normalized to the threshold in-
—= ( + ) , (24)  tensity(29) is found to be
Qp Qscat Qabs p )
G m V(§<En )20,
(Qscadp and(Qapdp, being theQ factors of scattering loss and Grorm= —g = RV, = (31)

. > . pst cl'how
absorption loss in thp mode. We can now derive the thresh- th p
old incident intensityPy> of the pump for spontaneous Ra- The threshold intensitPS"! of p-mode excitation as well as
man amplification using the basic relation for aQyfactor  the Raman scattering cross sectisgis obtained from ex-
[29]—namely, that &Q factor is the ratio of the field energy perimental dat§9,22). Thus, using Eq(25) or (29), we have
inside the mode to the incident power, multiplied by the leak-ap, effective tool for measuring the concentration of Raman

mha’nP GsPastpspast
Qo= — ‘ZQ p ﬂth’ (25) N = —nom’th (32)
Pthp O'extQp OR

cross section of thp mode. The threshold incident intensity Nonlinear spheres.

of the pump for spontaneous Raman amplification is then

obtained from Eqs(18)—<(21), yielding C. Parametric amplification threshold in three-
and four-wave mixing

Spo

212
=Po— 3277th1“ el (26) In this subsection, we consider the threshold and gain for
TexQipVw(SY) parametric amplification or parametric down-conversion,
which are described in the interaction picture by Hamiltonian
oex being the extinction cross section of the pump mode(8). The signal and idler modes at frequenciesand w;,
The threshold intensity of the incident laser pump is thusespectively, are coupled via a coefficient proportional to the
inversely proportional to the coupling of partial modes second<(n=2) or third- (n=3) order nonlinearity and to the
squared,(sﬁ)”s))z, and to theQ factor of the pump mode pump-mode amplitude or intensit ™, for n=2 or n=3,
squared. respectively. The signal and idler modes will be quantitized
It is advantageous to relate the gain coefficient for sponand thep mode will be treated classically. Substituting the
taneous Raman amplification to the extincti@tattering  photon Staté‘l’>:2ns,nicns,ni|ns'”i>' with ng, n; photon num-
Cross sectionre,, Using formulasg(22)+26), we obtain, for  pers in thes, i cavity modes, into the Schrédinger equation

the gain normalized to the threshold intensity pump, and applying the Wigner-Weisskopf methf&D], we obtain
2 the integro-differential equation for parametric interaction of
oo = G _ 2MQy(peV w9 (S)*Oexs (o7 thesandi modes:
R A i 3chwpl '
plth P

Cit)=—(ng+1 n-+1VA”_12f dw(S7)?p,
The useful new result&26) and (27) allow us to relate the {O= = (ng+ Dl + VAT 0 (S ()

threshold and gain relevant experimental parameters.
In order to obtain the threshold intensity of stimulated

Raman amplification in the limina>1, we employ the i narameters defined analogously to those in(&) and

Manley-Rowe(energy-conservatigncondition, relating the 4 factorG(t, ) described by Eq12). Following the same

nhumbers of Stokes and pump photd8s22): procedure as that leading to E3.3), we obtain the follow-
ing equation forCg(t) in the Weisskopf-Wigner approxima-

Xyil(w - 0, %)G(t, 0), (33

ndy= (ﬂ&)np_ (26 tion [26,30:
stp )
: : : L . Cs(t) == 7Cs, (34)
The threshold intensity of stimulated amplification, derived
analogously to Eq(21) for ny, ng>1, is then where
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7= (ns+ D+ DpVor(AT 'S (39) s = e o (a0
i ij
We note that this approximation is valid in the limits 6m

(SD2yt<1, (ATH2>1, (SD)%yHArY?=const. The and
threshold of parametric amplification is then determined bebg( )L2
K Wi W;
from Eq. (35) by sY= —qﬁ—ci(ﬁ?q (45)
7= s (36)

This threshold condition implies that the threshold occupa
tion numbers foris andi modes are

for second- and third-order nonlinearities, respectively,
whereb, are given by Eq(A5) or (A6) andCi(jzk) andCi(ﬁ()q are
the volume integrals,

_ YsYi N - -
(Ng+ 1)(m; + 1) |y = —inwi(AB*SQ))Z' (37) C|<12k> = Xiﬁf E/(F)E;(NE(NAV, (46)
In the case of spontaneous down-conversion we have from Y
Eq. (37) the threshold condition with Xi(jzk)=)((2)(a)i+a)j=a)k) or permutations thered®1],
Vai(AT1g)2 = 5y (38) s s s o
oIV S s Cite= i | ENENEME(DAV,  (47)

Analogously to Eq(19), we can obtain the rate constdhin

S . \%
the spontaneous limitg; <1 in the form

and with Xi(ji)q =x¥(wj, —w;, o, —wy) Or permutations thereof.

n)\2 . ",
D :M(A”‘l)z, (39) Under input-output resonance conditions, omrly=ws and
e ¥, P w=w, differ from each other, whilew;=tws, wg=ztw,.
These integrals are separable into radial and angular parts.

For the stored threshold energy in the modeandi in the The scalar form is

degenerate case of stimulated amplificatien=w;), in the
limit of n;>1 andng>1, we obtain

J EyEpEadV= f " Rahr) R 1) Reg( i r I
V

112
VsYi ho 0
we( o) iy @ :
P x f ©4i(6)O;()O i O)sin( H)do
Using formulag25), (28), and(37), we have, for the thresh- 0

old intensity of laser pump, .
X i(my; + my; + my)de (48
thzﬁhwpws( Ve )1’2 . (41) fo SXPI(Mar My * Mol (49

" 0eQQs ASD)

Taking into account that the number of pump photons con-
verted to two photons in the signal and idler modes satisfies =

P . ) : EaiEpjEckEaqdV
2n,=n;+ngin x® media orn,=n;+ngin ¥'? media, and the v

piVo,

(2)
for Cijk and

basic relation for th&) factor (Sec. Il B), we can obtain the

. N . e . o
following formula for the gain of stimulated amplification =f R (kP Ru(kr r Nrdr
normalized to the pump intensity: 0 ai(ki0 R (k1) Rk Rl o)

Gt 2m(pVw)AY(S2)20, w _
Grom="5 = S5 e (42) X J ©4i(0)Ob)()O e 0)Oug H)sin(0)dd
P DpYiYp 0
for (n=2) and fzw
X | expi(mg + My + Mg+ My)de (49
o G2V AYSD e, 0 C ?
e Pp Chapyivp for Ci(ﬁ()q. Here the indices, j,k,q correspond to the principal
for (n=3). mode numbers whereasb,c,d label the polar index and
azimuthal indice® and ¢ of either the TE or TM mode. The
IIl. INTEGRAL COEEEICIENTS AND INTERACTING well-known angular parts of the eigenfunctions of TE and
MODES TM modes ©,, Oy, Oy, and Oy, and the corresponding

resonant size parameters are given in the Appendix. In order
In this section we pursue the calculation of the couplingto calculate the integral coefficients in E¢8) and(10), we
between interacting electromagnetic modes and the selectidgrave developed numericedORTRAN) algorithms that evalu-
rules governing this coupling. Integral coefficients of cou-ate the radial part of the integral coefficients by Simpson
pling between modes in a microsphere in Hamiltoniér)s methods of integration, the angular part involving Clebsch-
and(8) may be written a$21] Gordan integrals, and the associated Legendre polynomials
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261 55] 1
Z'g' 5.0 2
2.0 3 . :(5)' 4
< 18] o° 4.0
N§ 161 ) % 35 3
S 1.4 4 % 3.0
s 1.2 ~ 25
& 1.0 2.0-
0.8 f 151
0.6 o
330 335 340 345 350 355 36.0 330 335 340 345 350 355 36.0
Size parameter Size parameter

FIG. 1. The threshold intensity for spontaneous Raman scatter- FIG. 2. The cavity enhanced gain normallized to its value 1in bulk
ing from fused silica microsphere irradiated by laser pump of wavefor the same process as F'%- 11, JETE 2, TE,-TEj,
length 840 nm. 1, TB-TEL, 2, TEL-TEL; 3, TE,-TEk 3 TEp TEm 4, TEL,-TE,

1
4. TEp-TE, for mode-locked Ti: AJO; laser pump operating at 840 nm

] . for particle sizes between 1.5 andbn ranges from

by the Gauss-Hermite and Tschebishev methods. Thg.3 to 2.6 MW/cni. This finding is in agreement with the
Riccati-Bessel, spherical Bessel, and Neumann functiongxperiments of higl®-factor dielectric resonators such as
were calculated by well-known recurrence methods. Withspherical aerosol droplets, where the output signal from the
such algorithms we were able to perform the calculation upparticle was 18 times larger than the signal from the bulk
to size parameter 170 and mode numberl70. The most [32], as explained by the gain presented below. The different
appreciable couplings involve two modes of the form[TE thresholds and interacting modes involved allow us to sepa-
-TMp, TET-TE, and TM'-TMJ, traveling inside the mi- rate these nonlinear processes from each other.
crosphere near the surface. Nonlinear stimulated and spontaneous thermal scattering

The integral coefficients for such pairs of modes differhas yet another threshold intensitg3]. Its measurement
from zero only in the case of phase factor expm,e)  May allow us to infer the temperature of the droplets or mi-
+0. This yields the following selection rule for a sphere with croSpheres. The microsphere-enhanced gain in nonlinear

second-order nonlinearity in the form spheregEq. (27)] with the size parameter 33p <36 can be
three orders of magnitude higher than the gain of silica bulk

My £ My £ Mg = 0. (50 [9]. In Figs. 3 and 4, the threshold intensities and gain for

stimulated Raman scattering are presented in dependence on

the MDR number. The threshold intensity for stimulated Ra-

man amplification in Er:Yb-doped phosphate glass micro-

|my; + My & Mgy * my| =0, (51) spheres with diameter 54m irradiated by laser pump at

L _ . _ 1.06 um is found to be very small, of order 10 W/éror

which implies for two-mode interactiomy=m,. The addi-  eyen less. The gain of stimulated amplificat|&g. (31)] can

tion rules of orbital momenté,;+ €y,;+ €. are more compli- be dramatically enhanced relative to its counterpart in bulk

cated [25]. These rules, allowing us to select interactingby 3.5x 10* times.

modes, are alternative to the phase-matching or selection For stimulated parametric amplification or parametric

rules for the same processes in bulk or in planar caviiégs down-conversion we have calculated the spontaneous thresh-

For the two-modey?-nonlinear interaction this impliesy,
=2m. For a sphere with third-order nonlinearity,

450] o4
IV. RESULTS 400 - N
We may now quantitatively consider the dependence of ggg_ 2\,
the threshold intensity of the spontaneous and stimulated am- ~E 250
plification on the size parameter and numbers of interacting § 200 N
modes. In Figs. 1 and 2 the spontaneous Raman threshold —, 1504 \-
intensity [Eq. (26)] and gain[Eq. (27)] are presented for o 1001 » A "
pairs of modes obeying the selection rules of Sec. Ill. To be 50 1 ]\/"1/\‘:/“‘*{:%’
specific, here we concentrate on the threshold intensity of 01

58 60 62 64 66 68 70 72 74 76 78 80 82
n

spontaneous Raman scattering and the threshold of stimu-
lated Brillouin scatteringSBS for modes whose amplitudes
and resonance half-widths are given[Bi]. The threshold
pump intensity for spontaneous Raman scatteftaagy (26)] FIG. 3. The threshold of stimulated Raman amplification for
is found to be 0.6 MW/crh well below the threshold of Er:Yb-doped phosphate glass microspheiameter of 57um) for
stimulated Brillouin scattering in a glass sphere, which is ofdifferent MDR orders n: 1, TEs,-TEj, modes; 2, TE
order 9.5 MW/cm. The threshold intensity calculated by us - TEL,; modes. The laser pump has the wavelength L66
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3.5

3.0
o

9 55]
5

O 20-

<

o 157 i . ,

1.0 1 n - .JL\!

AN AN N A PA

051 g% £ \../:‘.“.{'. . 1\'.'
00{ °*

58 60 62 64 66 68 70 72 74 76 78 80 82
n 20 40 60 80 100

FIG. 4. The stimulated cavity-enhanced gain normalized to its
bulk value for the same process and modes as in Fig. 3. FIG. 6. The cavity-enhanced gain normalized to its bulk value
for the same process and modes.

old intensity [EQs. (39—<41)] and effective stimulated gain
[Egs.(42) and(43)] normalized to gain in bulk of the same
substance in dependence on the MDR ordé¥igs. 5 and &
The interacting degenerate modes,J&nd TE, are coupled

sity and increase of the gain under conditions of input and

output resonances, satisfied by nonlinearly coupled modes

near morphology dependent resonan@d®R’s). Our ap-
roach is based on the expansion of the internal field of the

by a laser pump at a wavelength of ?2‘;'9 nm in a Qonlinea oupled modes in the basis of eigenfunctions of the station-
SiO, sphere with diameter 5Zm andx'“=0.96xX 10" esu g ifraction problem, yielding their internal partial-wave

[9,21). Remarkably, there are MDR mode numbers where the, v des. The coupling of these partial waves has been

threshold intensity of parametric downconversion decreaseg.counted for by the integral coefficients, associated with
with increasing MDR number, but the normalized gain tendsyecong- or third-order nonlinearity. It has been shown that in

H 9, 1 l
to grow. In the region of MDR's with 4&:n<80 %f:or TEn  the amplification of Stokes modes or in three- and four-wave
the threshold intensity is approximately 1 MW/cmnd the  ixing “the threshold of excitation and gain can reveal the
normalized gain is 20. Compared to the threshold intensity of,ncentration of the active molecules.

Raman amplification in Fig. 3, the threshold intensity of \/ious applications of the foregoing results are foreseen:
parametric downconversion is considerably higher for the (1) Measurements of the stimulated threshold may be

same MDR order. Correspondingly, the normalized gain of;seq 1o estimate the concentration of Raman-active mol-
parametric downconversion is significantly lower than thegqles or nanoparticleginclusiony embedded in micro-
normalized gain of stimulated Raman amplification. spherical resonators or aerosol droplets.

(2) Alternatively, they could be used for experimental es-
V. DISCUSSION timation of Q factors, temperature, and? and x'® nonlin-
ear permeability.

The unified theory of spontaneous and stimulated Raman (3) The enormous enhancement of gain, by three or four
and parametric amplification has been developed with an exrders of magnitude, suggests applications in the context of
plicit analysis of microspherical nonlinear cavities. We havenonlinear optical microscopy, based on Raman amplification.
theoretically considered the decrease of the threshold inten- (4) The ultralow thresholds of stimulated Raman amplifi-

cation in the two-mode regime, typically less than

70+ 10 W/cn?, may lead to the development of optical micro-
601 amplifiers based on solid spheres and on aerosol droplets in a
. wide range of wavelengths. Glass spheres with Raman-active
_ 5091 inclusions may act as high-gain and low-threshold Raman
N§ s0] ° amplifiers with THz Stokes shift, pumped by sunlight or la-
= ser radiation.
E 301 (5) We find that the thresholds of parametric downconver-
oF 201 sion in silica microspheres are amenable to experimental ob-
10. ) Pe te servation, because this threshold is significantly lower than
o [P the threshold of optical discharge in the substance. Further-
0 e 2" Yawrn more, we may assume that the normalized gain can be in-
20 40 60 80 100 creased using the excitation of partial waves of higher order.

(6) Raman amplification may be used for atmospheric
aerosol identification by providing information on the sur-

FIG. 5. The threshold intensity of stimulated parametric ampli-face concentration of any chemical substances, from the
fication for microsphere from fused sili¢8i0,) irradiated by laser  threshold intensity of the nonlinear scattering processes.
light with wavelength(840 nm), with the interacting degenerate (7) The surface mode pairs with strong nonlinear coupling
modes. 1, TE-TE; 2, TE,~TEs, have very low thresholds and large gain. As was shown in

3
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[34] there is a line broadening of the modes with size paramand P m)’[cos(a)] are the Legendre polynomials and their
eters 33<p=<36 if the microsphere is doped with latex derivatives, respectively. The resonant size parameter at an
nanoparticles. The concentration of any absorbing or scatteMDR p=k;r, may be calculated from the transcendental ei-
ing nanoparticles could be estimated by form@4). The  genvalue equations

threshold for Raman amplification will increase due to losses

incurred by absorbing nanoparticles. However, if the nano- méq(kiro) ¥n(mkro) — ¢n(mkro)én(kirg) =0, (A3)
particles are nonabsorbing, the effect of line broadening may
keep theQ factors intact and cause the splitting of resonant E(kiro) Y (mkro) = my(mkro) & (kirg) =0,  (A4)

modes. In this case the integral coefficients of the interaction
between “split” Stokes and puripr signal and idlermodes for TE and TM modes, respectively. The partial-wave ampli-

may actually increase. This intriguing possibility calls for tudes of the Mie-scattering problem can be presented in the

further investigation, whose practical aim may be the cref orm [12]
ation of broadband microsphere amplifiers.

i
baM = , - (A5)
" &lp)vi(mp) — My (mp) & (p)
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" méy(p)gn(mp) — My (Mp)éf(p)
APPENDIX: PARTIAL-WAVE AMPLITUDES where &,(kr) and & (kr) are the third-kind Riccati-Bessel
AND EIGENMODES OF SPHERICAL-MORPHOLOGY- functions and their derivatives, respectively. The normalizing
DEPENDENT RESONANCES factor for a TE mode is given in the forfi2]
For the radial and angular parts of TM-mode eigenfunc- n(n+1) (n+m)! [ s
- ETE)2=2 (—°> + 1[I} 2
tions we havg12] IETH T o+ D (n-m)! ” {in+ D[] _1,5(p)]
1 ,
Rgi(kir) = - M‘/fn(kir), + n[Jn+3/2(P)]2}, (A7)
' and its counterpart for a TM mode has the form
1
R ( .r):—— (k.r)' ™22 o n(n+1) (n+m) 7Tr0 ' 2
ki) == ey Pl o ] g LU PR ) 2
(A8)
" plmy
©4i(6) = (g)P [cos6)], where J; ., .(p) is the derivative of the appropriate Bessel
function andr is the radius of the sphere.
®,(0)= P’ (cosh)sin(6), (A1) [29']I'heQ factor of each mode can be calculated in the form
and for their TE-mode counterparts 1 .
-n(n+1) ;MZE{{F(”‘Z_E) _#+j:|Nj2+1/2(P)
Ri(kir) = k)2 — ki),
I
T,
+ p*(n? - 1)N12—1/2(P)} - Z[ZJ p(n? = DN;j.1/2(p)
Ra(ki) = )zpn(lqr)
XNj-1/2(p) +(j = p )JJ+1/2(P)] p J, 12p)
(k ) 4
Reillin) = (kr )l’[/”(k ix + 2 pdjsrsop)In-1/2p) + ;P} (A9)
©(6) = P"[cog0)], and
a .
0,4(6) = P™’[cog 6)]sin(6), Q"= LA = DN 1) = P ea/p)]
T 50 . 4
0,(0) = (0) P(m)(cose) (A2) = 5| PIelP) + 2ipdjsadp)Ineardlp) + —p |

Here y,(kr) and ¢ (kr) are the first-kind Riccati Bessel (A10)

functions and their derivatives, respectlvely [cos{ﬁ] whereN;(p) is the Neumann function.
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