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I. INTRODUCTION

Weak nonbonded interactions originating from correlated
charge density fluctuations[1–6] control many important
chemical and biological dynamical processes. They deter-
mine the structure of molecular aggregates, supramolecular
assemblies[7,8], and biological complexes(p stacking in
DNA and RNA) [9,10] and are vital for molecular recogni-
tion and enzymatic activity which depend on protein-protein
and protein-ligand binding[7,9,11–15]. Numerous applica-
tions ranging from catalysis and packing of nanostructures to
the rational drug design depend on accurate predictions of
intermolecular forces. The most widely studied and best un-
derstood interactions are the dispersive van der Waals(vdW)
forces between neutral species or macroscopic objects(Ca-
simir forces) calculated to second order in intermolecular
coupling(i.e., fourth order in charge fluctuations). Both elec-
trodynamic(retarded) [5,6,16,17] and electrostatic[1,2] ap-
proaches have been used in their calculation, treating the
molecules as point dipoles or higher multipoles. Recent ad-
vances have been made in the application ofab initio tech-
niques[9,18]. These yield very accurate results but at high
computational cost.

McLachlan had shown that vdW forces may be computed
using the nonlocal linear polarizabilities or charge response
functions of the individual molecules[19]. This type of for-
mulation is particularly appealing since it provides a clear
real-space physical picture for the origin of the interactions.
It therefore allows to pinpoint precisely which functional
groups contribute to the response and could be used for
qualitative predictions and analysis. Remarkable progress in
density functional techniques[20–28] have made it possible
to compute nonlocal response functions at an affordable cost.

The direct DFT simulation of vdW complexes by treating
them as supermolecules turned out to be a complicated task
[29–31] since it requires nonlocal energy functionals. The
response approach makes good use of the perturbative nature
of these couplings and recasts the energies in terms of prop-
erties of individual molecules which, in turn, may be calcu-
lated using local functionals thus circumventing the problem
of constructing nonlocal functionals[32–34].

In this paper we combine the Liouville space superopera-
tor formulation of nonlinear response[35–38] with time-

dependent density-functional theory(TDDFT) [21,39–43] to
develop a systematic real space approach to nonbonded in-
teractions in terms of nonlinear molecular polarizabilities.
McLachlan’s expressions are recovered to fourth order in
charge density fluctuations, but the complete expansion is
recast in terms of higher order generalized nonlinear re-
sponse functions as well as electrostatic contributions.

It is tempting to assume that a complete knowledge of
higher order ordinary polarizabilities should be sufficient for
computing intermolecular forces to any order in charge fluc-
tuations. However, using nonlinear response theory, Cohen
and Mukamel[38,44] have shown that such a naive gener-
alization of the celebrated McLachlan expression is not pos-
sible. The building blocks of thepth order response are 2p,
sp+1d- point correlation functions which differ by permuta-
tions of their time arguments. Each correlation function rep-
resents aLiouville Space pathway[36]. A complete descrip-
tion of intermolecular forces requires a set ofp+1
combinations of these pathways denoted asgeneralized re-
sponse functions(GRF) [38]. The pth order polarizability is
only one member of that family. Ordinary response functions
represent the response to an external potential and are there-
fore causal(retarded). The GRFs on the other hand are non
causal since they also describe correlated spontaneous charge
fluctuations where both partners should be treated along the
same footing with no obvious cause and effect. The dynam-
ics of such fluctuations is the key for intermolecular forces.

We extend the treatment of Cohen and Mukamel[38]
which was restricted to the dipole approximation and show
how intermolecular forces may be recast in terms of gener-
alized nonlocal response functions of the charge density to
an external potential. The latter are then computed using TD-
DFT quasiparticles, and closed expressions are derived to six
order in the magnitude of charge fluctuations.

In Sec. II, we introduce the Liouville space GRFs of in-
dividual molecules. Formal expressions for the intermolecu-
lar interaction energy in terms of GRF are given in Appendix
A (time domain) and in Appendix B(frequency domain).
The GRFs are recast in terms of collective electronic oscil-
lator (CEO) TDDFT modes in Sec. III. The second order
GRFs are given in Appendix C(time domain) and in Appen-
dix D (frequency domain). In Sec. IV we combine the results
of Secs. II and III and derive closed expressions for intermo-
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lecular energies in terms of CEO modes to fourth order in
charge fluctuations. Fifth and Sixth order expressions are
given in Appendices E and F.

II. INTERMOLECULAR ENERGIES AND GENERALIZED
MOLECULAR RESPONSE FUNCTIONS

We consider two coupled molecules(or nonbonded seg-
ments of the same molecule) a and b with nonoverlaping
charge distributions described by the Hamiltonian,

Hl = Ha + Hb + lHab, s1d

where Ha and Hb represent the individual molecules and
their couplingHab is multiplied by the control parameterl,
0ølø1, wherel=1 corresponds to the physical Hamil-
tonian. We shall denote the charge density of molecule a at
point r by nasr d and of molecule b atr 8 by nbsr 8d. The
intermolecular Coulomb interaction is then given by

Hab = −E E dr dr 8Jsr − r 8dnasr dnbsr 8d, s2d

whereJsr −r 8d;e2/ ur −r 8u.
Using the Hellmann-Feynman theorem,dEsld /dl

=kClu]Hl /]luCll, the total energy of the system is obtained
by switching the parameterl from 0 to 1 [31,32,45],

W; Esl = 1d − Esl = 0d =E
0

1

dlkHabll. s3d

Here kAll;TrhAr̂lj denotes the expectation value with
respect to thel-dependent ground state many-electron den-
sity matrix of the system,r̂l. The charge density of molecule
a at pointr will be partitioned asnasr d= n̄asr d+dnasr d, where
n̄asr d is the average charge density of the isolated molecule
and dnasr d represents a charge fluctuation. Substituting this
partitioning for nasr d and nbsr 8d in Eq. (3) gives W=Ws0d

+WsId+WsII d, where

Ws0d = −E E dr dr 8Jsr − r 8dn̄asr dn̄bsr 8d, s4d

is the average electrostatic energy, and the remaining two
terms represent the effects of correlated fluctuations

WsId = −E
0

1

dlE E dr dr 8Jsr − r 8d

3fn̄asr dkdnbsr 8dll + n̄bsr 8dkdnasr dllg,
s5d

WsII d = −E
0

1

dlE E dr dr 8Jsr − r 8dkdnasr ddnbsr 8dll.

The bookkeeping of the various interactions and their
time ordering is greatly simplified by introducing superop-
erator Liouville space algebra. With each ordinary operatorA
we associate two superoperatorsA+ andA− defined by their
action on any ordinary Hilbert space operatorX
[37,40,46–49],

A+X ; 1
2sAX+ XAd,

s6d
A−X ; AX− XA.

A “ 1” superoperator is an anticommutator while a “2” de-
notes a commutator.

We start at timet→−` with the density matrix,r̂g
0

; r̂a
0r̂b

0, of the noninteracting system(setting l=0). Upon
switching on the interaction adiabatically, we can expand all
quantities perturbatively inHab and recast them in terms of
the expectation values with respect tor̂g

0, i.e., kAl=TrhAr̂g
0j.

We shall represent the set of space-time coordinatessr i ,tid,
i =1,2. . ., byxi.

The pth order generalized response functions of molecule
a are defined by

xa
np+1np. . .n1sxp+1,xp, . . . ,x1d

= s− idp8kTdna
np+1sxp+1ddna

npsxpd . . . dna
n1sx1dl, s7d

wheredna
nsxid, sn= + ,−d, is the charge density superoperator

andp8 is the number of “2” indices in the setn1. . .np+1. In
Eq. (7) the time evolution of superoperators is defined with
respect toHa:

dna
nsxpd ; dna

nsr p,tpd = expsiHa
−tpddna

nsr ndexps− iHa
−tpd.

s8d

Analogous expressions corresponding to moleculeb are ob-
tained by simply replacing a,xp→b,x8p where x8p
;sr 8p,tpd. T is the Liouville space time ordering operator:
when acting on a product of superoperators, it rearranges
them so that time increases from right to left.

Equation(7) defines a family of GRF obtained by making
all possible choices ofnp+1. . .n1= “ +” or “ 2”. By definition,
each GRF is symmetric with respect to any permutation of
its indicessnp,xpd. We further note that the lastn on the left
of a time ordered product must be a “plus” otherwise the
GRF becomes a trace of a commutator and vanishes. There
are thereforep+1 pth order GRF which differ by the number
of “minus” indices 0,1. . . ,p. The ordinarypth order re-
sponse functions,x+−, x+−−, etc., havep dn− terms represent-
ing the coupling to an external potential[see Eq.(16)] and
the lastdn+ term represents the final expectation value ofdn.
For example, there are two linear GRF:

xa
++sx1,x2d = kTdna

+sx1ddna
+sx2dl

= ust1 − t2dkdna
+sx1ddna

+sx2dl

+ ust2 − t1dkdna
+sx2ddna

+sx1dl,

s9d
xa

+−sx1,x2d = − ikTdna
+sx1ddna

−sx2dl

= − iust1 − t2dkdna
+sx1ddna

−sx2dl,

where

kdna
+sx1ddna

+sx2dl =
1

2
fkdnasx1ddnasx2dl + kdnasx2ddnasx1dlg,
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kdna
+sx1ddna

−sx2dl = kdnasx1ddnasx2dl − kdnasx2ddnasx1dl.

s10d

Similarly, there are three second order GRF,xa
+++, xa

+−−, and
xa

++−. Classical mode coupling theories are formulated in
terms of linear response and correlation functions[50–54]
x+− and x++, respectively. the GRF extend these to higher
order.

In Appendix A we expand the expectation values,
kdnasr 1dll andkdnasr 1ddnbsr 81dll which appear in Eq.(4) for
the interacting system perturbatively inHab and show how,
order by order, they can be factorized and expressed in terms
of time domain GRFs of the individual molecules. This fac-
torization is made possible by the adiabatic switching of in-
teractions whereby the initialst→−`d density matrix of the
combined system is taken to be a direct product of the den-
sity matrices of the two molecules. Corresponding frequency
domain expressions are given in Appendix B. In the next
section we extend the collective electronic oscillator(CEO)
scheme[55] originally developed for calculating ordinary
response functions[39,42] towards computing the GRF.
These results will be combined in Sec. IV to yield closed
expressions for intermolecular energies.

III. TDDFT EQUATIONS OF MOTION FOR THE
GENERALIZED RESPONSE FUNCTIONS

The present calculation is applicable to an arbitrary many-
electron system(moleculea or b). For brevity we shall drop
the indicesa and b in this section. Time dependent density
functional theory is based on the Kohn Sham(KS) Hamil-
tonian [21],

HKS
„nsr 1,td… = −

¹2

2m
+ Usr 1d + e2E dr 2

nsr 2,td
ur 1 − r 2u

+ Uxc„nsr 1,td…, s11d

where the four terms represent the kinetic energy, the nuclear
potential, the Hartree, and the exchange correlation potential,
respectively.

We now introduce the reduced single electron density ma-
trix r̂ [39,40,42,56,57] whose diagonal elements give the
charge distribution,nsr 1,td=rsr 1,r 1,td and the off-diagonal
elements,rsr 1,r 2d, represent electronic coherences. We shall
denote a matrix in real space such asr̂ by a caret. We further
denote the ground state density matrix byr̂g.

We start with the time dependent generalized KS equa-
tions of motion forr̂,

i
]

]t
drsr 1,r 2,td = fHKSsnd,rsr 1,r 2,tdg + ULsr 1,tdrsr 1,r 2,td

− URsr 2,tdrsr 1,r 2,td, s12d

where drsr 1,r 2,td;rsr 1,r 2,td−rgsr 1,r 2d is the change in
the density matrix induced by the external potentials. Equa-
tion (12) differs from the standard KS equation in that the
system is coupled to two external potentials, a “left” fieldUL
acting on the ket and a “right” fieldUR acting on the bra. The
actual density matrix is obtained by settingUL=UR. How-

ever, thisdr serves as agenerating functionfor GRF, as we
shall shortly see.

We next define

U−sr ,td ; 1
2„ULsr ,td + URsr ,td…,

s13d
U+sr ,td ; ULsr ,td − URsr ,td,

and the diagonal matricesÛ−sr 1,r 2d=U−sr 1ddsr 1−r 2d,
Û+sr 1,r 2d=U−sr 1ddsr 1−r 2d. Note thatU− is given by a sum
and U+ by a difference. The reason for this somewhat con-
fusing notation is thatU−sU+d will enter in a commutator
(anticommutator) in Eq. (14), where we further introduce the
superoperators

U−r̂ ; fÛ−,r̂g,

U+r̂ ; fÛ+,r̂g+, s14d

HKS
− r̂ ; fĤKS,r̂g.

Equation(12) can then be recast in terms of superoperators,

i
]

]t
rsr 1,r 2,td = HKS

− rsr 1,r 2,td − U−sr 1,r 2,tdrsr 1,r 2,td

− U+sr 1,r 2,tdrsr 1,r 2,td. s15d

The GRFs, Eq.(7), are defined as the kernels in a perturba-
tive expansion of the charge density fluctuation,dnsr 1,td
=drsr 1,r 1,td, in the applied potentials,U+ andU−,

kdn+sxp+1dlspd ; E dr pdtp . . .

3E dr 1dt1xnp+1np. . .n1sxp+1,xp, . . . ,x1d

3Unp
sxpdUnp−1

sxp−1d . . .Un1
sx1d. s16d

The standard TDDFT equations which only generate or-
dinary response functions are obtained by settingUL=UR so
thatU+=0 in Eq.(15). By allowingUL andUR to be different
we can obtain the complete set of GRF. Similar to the ordi-
nary response functionx+−, which represents the density re-
sponse of the system to an applied potentialU− [36], x++ can
be formally obtained as the response to the artificial external
potential,U+, that couples to the charge density through an
anticommutator.x++ represents equilibrium charge fluctua-
tions and is therefore nonretarded. The same arguments hold
for higher order response functions.

Since the TDDFT density matrix,r̂std, corresponds to a
many-electron wave function given by a single Slater deter-
minant at all times, it can be separated into its electron-hole

(interband) part ĵ and the electron-electron and hole-hole

(intraband) components,Tsĵd.
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dr̂std = ĵstd + T̂sĵdstd. s17d

It follows from the idempotent property,r̂2= r̂, that T̂ is

uniquely determined byĵ so thatdr̂ can be expressed solely

in terms ofĵ [39,56]

T̂sĵd = 1
2s2r̂g − ÎdhÎ − ÎÎ − 4ĵĵj . s18d

The elements ofĵ (but not ofdr̂) can thus be considered as
independent coordinates for describing the electronic struc-
ture.

We next expandHKS in powers ofdnsr ,td,

HKS= H0
KS+ H1

KS+ H2
KS+ ¯ ,

H0
KSsn̄dsr 1d = −

¹r 1

2

2m
+ e2E dr 2

n̄sr 2d
ur 1 − r 2u

+ Uxc„n̄sr 1d… + Usr 1d,

s19d

H1
KSsdndsr 1d =E dr 2S e2

ur 1 − r 2u
+ fxcsr 1,r 2dDdnsr 2,td,

with the first order adiabatic exchange correlation kernel,

fxcsr 1,r 2d = UdUxc„nsr 1d…
dnsr 2,t2d

U
n̄

. s20d

The second order term in density fluctuations is

H2
KSsdn,dndsr 1d =E E dr 2dr 3gxcsr 1,r 2,r 3ddnsr 2,tddnsr 3,td

s21d

with the kernel

gxcsr 1,r 2,r 3d = U d2Uxc„nsr 1d…
dnsr 2,t2ddnsr 2,t3d

U
n̄

. s22d

A quasiparticle algebra can then be developed forĵ by

expanding it in the basis set of CEO modes,ĵa, which are the
eigenvectors of the linearized TDDFT eigenvalue equation
with eigenvaluesVa [39,40],

L̂ĵa = Vaĵa. s23d

The linearized Liouville space operator,L̂ is obtained by
substituting Eqs.(19) into Eq. (12),

L̂ĵa = fĤ0
KSsn̄d,ĵag + fĤ1

KSsjad,r̂gg. s24d

Ĥ0
KS and Ĥ1

KS are diagonal matrices with matrix elements

H0
KSsn̄dsr 1,r 2d = dsr 1 − r 2dH0

KSsn̄dsr 1d,

s25d

H1
KSsjadsr 1,r 2d = dsr 1 − r 2d E dr 3

3S e2

ur 2 − r 3u
+ fxcsr 2,r 3dDjasr 3,r 3d.

The eigenmodesja come in pairs corresponding to positive

and negative values ofa, and we adopt the notation,V−a

=−Va and ĵ−a= ĵ†. Each pair of modes represents a collec-
tive electronic oscillator, and the complete set of modesja

may be used to describe all response and spontaneous charge
fluctuation properties of the system.

We next expandĵ in the CEO eigenmodes,

ĵ = o
a

z̄astdĵa, s26d

wherea runs over all modes(positive and negative) and z̄a

are numerical coefficients.
Substituting Eq.(26) in Eqs.(18) and(17) yields the fol-

lowing expansion for the density matrix

drsr 1,r 2,td = o
a

masr 1,r 2dz̄astd +
1

2o
a,b

ma,bsr 1,r 2dz̄astdz̄bstd

+ ¯ , s27d

where we have introduced the auxiliary quantities,

m̂a = ĵa,

m̂ab = s2r̂g − Idsĵaĵb + ĵbĵad. s28d

By substituting Eqs.(17), (18), and (26) in Eq. (12) we
obtain equations of motion for the CEO amplitudesz̄a which
can then be solved successively order by order in the external
potentials,Un1

. To second order, we get

i
dz̄astd

dt
= Vaz̄astd + K−astd + o

b

K−abstdz̄bstd, s29d

with the coefficients,

K−astd = o
n
E dr 1Unsr 1,tdm−a

n sr 1d,

s30d

K−abstd = o
n
E dr 1Unsr 1,tdm−ab

n sr 1d.

Here ma
−sr 1d;masr 1,r 1d, mab

− sr 1d; m̂absr 1,r 1d, ma
+sr 1d

; m̃−asr 1,r 1d= 1
2s2r̂g− Îdĵasr 1,r 1d and mab

+ sr 1d; m̃absr 1d
= 1

2s2r̂g− Îdsĵaĵb− ĵbĵadsr 1,r 1d.
We further expandz̄a=za

n1+za
n1n2+¯, in powers of the ex-

ternal potentials, wherezn1n2¯np denotes thenth order term in
the potentials,Un1

Un2
. . .Unp

. By comparing the terms in both
sides, we obtain the equations of motion forza

n1. . .np to each
order in the external potential. To first order, we get

i
]za

n1std
]t

= Vaza
n1std + K−astd. s31d

The solution of Eq.(31) can be readily obtained as

za
+st1d = iE

−`

`

dt2E dr 1U+sr 1,t2dm̃−asr 1dGast1 − t2d,

s32d
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za
−st1d = isaE

−`

`

dt2E dr 1U−sr 1,t2dm−asr 1dGast1 − t2d,

with sa=sgnsad and the Green function,

Gast1 − t2d = ust1 − t2de−iVast1−t2d. s33d

Substituting Eq.(32) in Eq. (27) and taking the diagonal
element, we obtain to lowest order inUn1

,

dnsx1d =E
−`

`

dt2E E dr 2x̃nn1sx1,x2dUn1
sx2d, s34d

wherex̃n1n2= ikdnn1sx1ddnn2sx2dl.
Recalling that the leftmost index,n, must be a “1,” we

only have two second order Liouville space correlation func-
tions,

kdn+sx1ddn−sx2dl = o
a

samasr 1dm−asr 2dGast1 − t2d,

s35d
kdn+sx1ddn+sx2dl = o

a

masr 1dm̃−asr 2dGast1 − t2d.

The generalized linear response functions are finally ob-
tained by substituting Eq.(35) in Eq. (9),

x++sr 1t1,r 2t2d = ust1 − t2do
a

masr 1dm̃−asr 2de−iVast1−t2d

+ ust2 − t1do
a

masr 2dm̃−asr 1deiVast1−t2d,

s36d
x+−sr 1t1,r 2t2d = − iust1 − t2do

a

samasr 1dm−asr 2de−iVast1−t2d.

By repeating this procedure we obtain the second order
GRF given in Appendix C.

We further consider generalized susceptibilities defined
by the Fourier transform of the response functions to the
frequency domain,

kdn+sr p+1vp+1dlspd =E
−`

`

dr pdvp . . .

3E
−`

`

dr 1dv1Unp
sr pvpd . . .Un1

sr 1v1d

3xnp+1. . .n1sr p+1vp+1,r pvp, . . . ,r 1,v1d,

s37d

where

xn1,n2sr 1v1,r 2v2d =E
−`

`

dt1E
−`

`

dt2

3exphisv1t1 + v2t2djxn1n2sx1,x2d
s38d

and

xn1n2n3sr 1v1,r 2v2,r 3v3d =E
−`

`

dt1E
−`

`

dt2E
−`

`

dt3

3exphisv1t1 + v2t2 + v3t3dj

3 xn1,n2,n3sx1,x2,x3d. s39d

Equation(38) together with Eq.(36) give

x++sr 1v1,r 2v2d = idsv1 + v2do
a
Fmasr 1dm̃−asr 2d

v2 − Va + ie

−
masr 2dm̃−asr 1d
v2 + Va − ie

G ,

s40d

x+−sr 1v1,r 2v2d = dsv1 + v2do
a

samasr 1dm−asr 2d
v2 + Va − ie

.

We further define

xn1n2sr 1v1,r 2v2d = an1n2sr 1,r 2,v1ddsv1 + v2d. s41d

The linear GRFs,x++ andx+−, are connected by the fluctua-
tion dissipation relation,

x+−sr 1,r 2,td =
i

p
E

−`

`

a+−sr 1,r 2,vde−ivtdv,

s42d

x++sr 1,r 2,td =
"

2p
E

−`

`

a++sr 1,r 2,vde−ivtdv,

where

a++sr 1,r 2,vd = cothSb"v

2
Da+−sr 1,r 2,vd. s43d

In the classical, high temperature, limit cothsb"v /2d
,2kBT/ s"vd, and the two GRFs are then related through the
classical fluctuation-dissipation(FD) relation,

x+−sr 1t1,r 2t1 + td = −
1

kBT
ustd

d

dt
x++sr 1t1,r 2t1 + td. s44d

However such FD relations are not that simple for the higher
order response functions[58]. The second order generalized
response functions in the frequency domain are given in Ap-
pendix D.

IV. INTERMOLECULAR INTERACTION ENERGIES

At this point we have derived all the ingredients necessary
for computing the intermolecular energies. We shall start
with the time domain expressions given in Eqs.(A5)–(A9).
The contributions to the intermolecular energy will be clas-
sified by their order in density fluctuations. We writeW
=o j=0

6 Ws jd. The lowest (zeroth order) contribution Ws0d is
given by Eq.(4) in terms of the ground state densities of the
two molecules. The first order term,Ws1d, vanishes. The sec-
ond order contribution, Eq.(A5), comes from the first term
in the expansion ofWI [see Eq.(5)]. Substitutingx+− from
Eq. (36) in Eq. (A5), we get
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Ws2d = −
1

2"
o
P
E E E E dr 1dr 2dr 81dr 82

ur 1 − r 81uur 2 − r 82u
n̄asr 1dn̄asr 2do

a8

sa8m−a8sr 81dma8sr 82d

Va8
. s45d

The third order contribution is obtained by substituting the second order GRF[Eq. (C8)] in Eq. (A6),

Ws3d = −
1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
n̄asr 1dn̄asr 2dn̄asr 3dsa8sb8

3 F o
a8b8g8

sg8ma8sr 81dm−b8sr 82dmg8sr 83dV−a8,b8,g8

Va8Vb8Vg8
− o

a8b8
Sm−a8b8sr 81dma8sr 82dmb8sr 83d

Va8Vb8

+
ma8b8sr 81dm−a8sr 82dm−b8sr 83d

2Va8Vb8
DG s46d

and to fourth order, we substitute Eqs.(36) in Eq. (A7),

Ws4d = −
1

2"
o
P
E E E E dr 1dr 2dr 81dr 82

ur 1 − r 81uur 2 − r 82u o
aa8

sa8m̃−asr 1dmasr 2dm−a8sr 81dma8sr 82d

sVa + Va8d

−
1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
n̄bsr 83do

aa8

sasa8masr 3dma8sr 81dm−a8sr 82d

VaVa8
fn̄asr 1dmasr 2d

+ n̄asr 2dmasr 1dg. s47d

HereoP represents the sum over the single permutation of all
primed and unprimed quantities and of the indicesa andb.
Higher (fifth and sixth) order contributions are given in Ap-
pendices E and F.

The first term in Eq.(47) [see also Eq.(B1)] reproduces
McLachlan’s expression for the van der Waals intermolecular
energy [19,33]. There are two generalized linear response
functions:x+− represents the ordinary response to an external
potential whereasx++ represents equilibrium charge fluctua-
tions. Since the two are related by the fluctuation-dissipation
theorem, the McLachlan expression may be recast solely in
terms of the ordinary response of both molecules,xa

+− and
xb

+−:

WvdW
s4d = −

1

2"
E

−`

`

dvE dr 1E dr 81E dr 2E dr 82aa
+−

3sr 1,r 2,vdab
+−sr 81,r 82,vd

3cothSb"v

2
DJsr 1 − r 81dJsr 2 − r 82d, s48d

which gives

WvdW
s4d = − kBTo

n=0

` E E E E dr 1dr 2dr 81dr 82aa
+−

3sr 1,r 2,ivndab
+−sr 81,r 82,ivnd

3Jsr 1 − r 81dJsr 2 − r 82d, s49d

wherevn=s2pnkBT/"d are the Matsubara frequencies. How-
ever, life is not as simple for the higher order responses[58].

The sp+1d, pth order generalized response functions,
xnp+1np. . .n1, may not be simply related to the fully retarded
ordinary response,x+−¯−. The complete set of generalized
response functions is thus required to represent intermolecu-
lar forces.

Polarizable force fields widely used in MD simulations
are based on approximate treatments of charge fluctuations
underlying intermolecular forces[59–64]. These force fields
use parametrized electronegativity and hardness matrices to
represent the nonlocal polarizabilities60,63,64. The choice of
the number and type of polarization variables is based on
chemical intuition. The present formulation of intermolecular
forces suggests a new strategy for constructing polarizable
force fields by using the oscillators to represent the density
matrix (rather than the charge density). The CEO modes of-
fer an alternative, unbiased and systematic choice of these
variables, fully derivable from TDDFT.

Finally, the GRF provide new insight into the “causality
paradox” of TDDFT which is connected with the retarded
nature of the ordinary response functions. As a consequence
it is in principle not possible to obtain the necessary func-
tions as derivatives of a functional. This paradox was pointed
out by Gross[20] and was recently addressed by Van Leu-
ween[65] by introducing Keldysh[66] time variables. The
general connection between the Keldysh variable and Liou-
ville space was discussed in Ref.[67]. The GRF provide a
more physically transparent resolution of this problem: GRF
are not generally causal and there is no difficulty to derive
the entire family of GRF as functional derivatives, thus pro-
viding a unified approach to response and spontaneous fluc-
tuations.
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APPENDIX A: TIME DOMAIN EXPRESSIONS
FOR INTERMOLECULAR ENERGIES

The expectation valueskdnasr 1dll and kdnasr 1ddnbsr 82dll

can be computed perturbatively in the GRFs of the individual
molecules. To that end we treatlHab in Eq. (1) as a pertur-
bation and assume that att→−` the density matrix is a
direct product of the density matrices of the two molecules.
We then switch on the couplinglHab adiabatically and the
expectation value of any operator is then given by the inter-
action picture expression[37,38],

kAst1dll = 7TÃ+st1dexp5−
il

"
E
−`

t1

dtH̃ab
− std68 , sA1d

where a(̃ ) represents quantities in the interaction picture.
Taking A;dna and expanding in powers ofl yields a

perturbation series in terms of thepth order response func-
tion,

Ra
spdst1,t2 . . . tp+1d = kTdna

+st1dHab
− st2d . . .Hab

− stp+1dl.

sA2d

Substituting Eq.(2) and recalling that the initial density
matrix is a direct product of the density matrices of the in-
dividual molecules,Rspd is factorized in terms of the GRFs
corresponding to the individual molecules defined in Eq.(7).
The final expressions forkdnasr 1dll andkdnasr 1ddnbsr 81dll in
terms of GRF for individual molecules are obtained as

kdnasr 1dll ; kdna
+sr 1dll =

l

"
E

−`

`

dt1E
−`

t1

dt2E E dr 2dr 82n̄bsr 82dxa
+−sx1,x2dJsr 2 − r 82d

−
1

2
Sl

"
D2E

−`

`

dt1E
−`

t1

dt2E
−`

t1

dt3E E E E dr 2dr 28dr 3dr 38Jsr 2 − r 82dJsr 3 − r 83dfxa
+−−sx1,x2,x3dxb

++sx82,x83d

+ xa
++−sx1,x2,x3dxb

+−sx82,x83d + n̄bsr 82dn̄bsr 83dxa
+−−sx1,x2,x3d + n̄asr 3dxa

+−sx1,x2dxb
+−sx82,x83dg + ¯ , sA3d

kdnasr 1ddnbsr 81dll ; kdna
+sr 1ddnb

+sr 81dll =
l

"
E

−`

`

dt1E
−`

t1

dt2E E dr 2dr 82Jsr 2 − r 82dfxa
++sx1,x2dxb

+−sx81,x82d

+ xa
+−sx1,x2dxb

++sx81,x82dg −
1

2
Sl

"
D2E

−`

`

dt1E
−`

t1

dt2E
−`

t1

dt3E E E E dr 2dr 28dr 3dr 38Jsr 2 − r 82dJsr 3 − r 83d

3hn̄sr 2dn̄bsr 83dxa
+−sx1,x3dxb

+−sx81,x82d + xb
+−−sx81,x82,x83dfn̄sr 2dxa

++sx1,x3d + n̄asr 3dxa
++sx1,x2dg

+ n̄asr 2dxa
+−sx1,x3dxb

++−sx81,x82,x83d + n̄bsr 83dxb
+−sx81,x82dxa

++−sx1,x2,x3d

+ xa
+++sx1,x2,x3dxb

+−−sx81,x82,x83d + xa
++−sx1,x2,x3dxb

++−sx81,x82,x83d + xb
+++sx81,x82,x83dxa

+−−sx1,x2,x3d

+ xb
++−sx81,x82,x83dxa

++−sx1,x2,x3d + n̄bsr 82dn̄asr 3dxa
+−sx1,x2dxa

+−sx81,x83d

+ n̄bsr 82dxa
++−sx1,x2,x3dxb

+−sx81,x83d + n̄sr 82dxa
+−−sx1,x2,x3dxb

++sx81,x83d

+ n̄asr 3dxa
+−sx1,x2dxb

++−sx81,x82,x83d + n̄bsr 83dxa
+−−sx1,x2,x3dxb

++sx81,x82dj + ¯ . sA4d

By substituting Eqs.(A3) and (A4) in Eq. (4) and collecting terms by their order with respect to charge fluctuations we
obtain the total energy,W=o j=0

6 Ws jd. Ws0d was given in Eq.(4), Ws1d=0 and the higher terms are

Ws2d = −
1

2"
o
P
E

−`

t1

dt2E E E E dr 1dr 81dr 2dr 82n̄bsr 81dn̄bsr 82dxa
+−sx1,x2dJsr 1 − r 81dJsr 2 − r 82d, sA5d

Ws3d =
1

6"2o
P
E

−`

t1

dt2E
−`

t1

dt3E E E E E E dr 1dr 81dr 2dr 28dr 3dr 38Jsr 1 − r 81dJsr 2 − r 82dJsr 3 − r 83d

3n̄bsr 81dxa
+−−sx1,x2,x3dn̄bsr 82dn̄bsr 83d, sA6d

INTERMOLECULAR FORCES AND NONBONDED… PHYSICAL REVIEW A 70, 052506(2004)

052506-7



Ws4d = −
1

2"
o
P
E

−`

t1

dt2E E E E dr 1dr 81dr 2dr 82Jsr 1 − r 81dJsr 2 − r 82dxa
++sx1,x2dxb

+−sx81,x82d

+
1

6"2o
P
E

−`

t1

dt2E
−`

t1

dt3E E E E E E dr 1dr 81dr 2dr 82dr 3dr 38Jsr 1 − r 81dJsr 2 − r 82dJsr 3 − r 83d

3fn̄asr 2dn̄bsr 83dxa
+−sx1,x3dxb

+−sx81,x82d + n̄bsr 81dn̄asr 3dxa
+−sx1,x2dxb

+−sx82,x83dg, sA7d

Ws5d =
1

6"2o
P
E

−`

t1

dt2E
−`

t1

dt3E E E E E E dr 1dr 81dr 2dr 82dr 3dr 38Jsr 1 − r 81dJsr 2 − r 82dJsr 3 − r 83dhxb
+−−sx81,x82,x83d

3fn̄asr 1dxa
++sx2,x3d + n̄asr 2dxa

++sx1,x3d + n̄asr 3dxa
++sx1,x2d + n̄asr 1dxa

+−sx1,x3dg + xb
++−sx81,x82,x83dfn̄asr 2dxa

+−sx1,x3d

+ n̄bsr 83dxb
+−sx81,x82dgj, sA8d

Ws6d =
1

6"2o
P
E

−`

t1

dt2E
−`

t1

dt3E E E E E E dr 1dr 81dr 2dr 82dr 3dr 38fxa
+++sx1,x2,x3dxb

+−−sx81,x82,x83d

+ xa
++−sx1,x2,x3dxb

++−sx81,x82,x83dg, sA9d

whereoP represents the sum over the single permutation of all primed and unprimed quantities and of the indicesa andb.

APPENDIX B: EXPANSION OF INTERMOLECULAR ENERGIES IN FREQUENCY DOMAIN GRF

The interaction energy is related to the zero-frequency component of the joint response functions of the two moleculesa
andb [38]. By transforming Eqs.(A5)–(A9) to the frequency domain we obtain

Ws2d = −
1

2"
o
P
E E E E dr 1dr 81dr 2dr 82n̄bsr 81dn̄bsr 82dxa

+−sr 1,v1 = 0;r 2,v2 = 0dJsr 1 − r 81dJsr 2 − r 82d, sB1d

Ws3d =
1

6"2o
P
E E E E E E dr 1dr 81dr 2dr 28dr 3dr 38Jsr 1 − r 81dJsr 2 − r 82dJsr 3 − r 83dn̄bsr 81dn̄bsr 82dn̄bsr 83dxa

+−−

3sr 1,v1 = 0;r 2,v2 = 0;r 3,v3 = 0d, sB2d

Ws4d = −
1

2"
o
P
E

−`

`

dv1E
−`

`

dv2E E E E dr 1dr 81dr 2dr 82Jsr 1 − r 81dJsr 2 − r 82dxa
++sr 1,v1;r 2,v2dxb

+−sr 81,− v1;r 82,− v2d

+
1

6"2o
P
E

−`

`

dv1E E E E E E dr 1dr 81dr 2dr 82dr 3dr 38Jsr 1 − r 81dJsr 2 − r 82dJsr 3 − r 83dfn̄asr 2dn̄bsr 83dxa
+−

3sr 1,v1;r 3,v3 = 0dxb
+−sr 81,− v1;r 82,v2 = 0d + n̄sr 81dn̄asr 3dxa

+−sr 1,v1;r 2,v2 = 0dxb
+−sr 82,− v1;r 83,v3 = 0dg, sB3d

Ws5d =
1

6"2o
P
E

−`

`

dv1E
−`

`

dv2E
−`

`

dv3E E E E E E dr 1dr 81dr 2dr 82dr 3dr 38hxb
+−−sx81,v1;x82,v2;x83,v3dfn̄asr 1dxa

++sr 2,

− v2;r 3,− v3ddsv1d + n̄sr 2dxa
++sr 1,− v1;r 3,− v3ddsv2d + n̄asr 3dxa

++sr 1,− v1;r 2,− v2ddsv3d + n̄asr 1dxa
+−sr 1,− v1;r 3,

− v3ddsv2dg + xb
++−sr 81,v1;r 82,v2;r 83,v3dfn̄asr 2dxa

+−sr 1,− v1;r 3,− v3ddsv2d + n̄asr 3dxa
+−sr 1,− v1;r 2,v2ddsv2dgj

3Jsr 1 − r 81dJsr 2 − r 82dJsr 3 − r 83d, sB4d

Ws6d =
1

6"2o
P
E

−`

`

dv1E
−`

`

dv2E
−`

`

dv3E E E E E E dr 1dr 81dr 2dr 82dr 3dr 38fxa
+++sr 1,v1;r 2,v2;r 3,v3dxb

+−−

3sr 81,− v1;r 82,− v2;r 83,− v3d + xa
++−sr 1,v1;r 2,v2;r 3,v3dxb

++−sr 81,− v1;r 82,− v2;r 83,− v3dg. sB5d

HereoP represents the sum over the single permutation of all primed and unprimed quantities and of the indicesa andb.
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APPENDIX C: TIME-DOMAIN EXPRESSIONS FOR SECOND ORDER GENERALIZED
RESPONSE FUNCTIONS

To expressxn3,n2,n1 in terms of CEO modes, we start with Eq.(29). Expandingz̄a in the external potentials and considering
terms only up to second order inUn, we obtain

i
dza

n1n2std
dt

= Vaza
n1n2std + o

ab

V−a,bgzb
n1stdzg

n2std + o
b

zb
n1std E dr 1Un2

sr 1,tdmab
n2 sr 1d, sC1d

wheremab
+ sr 1d=m̃absr 1,r 1d andmab

− sr 1d=mabsr 1,r 1d. Here

Vabg =
1

2
TrhsÎ − 2r̂gdfsĵaĵb + ĵbĵadV̄sjgd + sĵbĵg + ĵgĵbdV̄sjad + sĵaĵg + ĵgĵadV̄sjbdgj sC2d

and V̄sjadsr 1dĵb=H1
KSsjadsr 1dĵb+H2

KSsjajbdsr 1dr̂g, where

H2
KSsja,jbdsr 1d =E E dr 2dr 3gxcsr 1,r 2,r 3djasr 2,r 2djbsr 3,r 3d. sC3d

Equation(C1) is derived in an analogous manner to Eq.(31). Its solution is

za
−−std = isaE

−`

`

dtE E dr 1dr 2Gast − tdGa
−−st,r 1,r 2d,

za
++std = iE

−`

`

dtE E dr 1dr 2Gast − tdGa
++st,r 1,r 2d, sC4d

za
+−std = isaE

−`

`

dtE E dr 1dr 2Gast − tdGa
+−st,r 1,r 2d,

where

Ga
−−sr 1,r 2,td = o

bg

V−a,bgE
−`

`

dt1E
−`

`

dt2U−sr 1,t1dU−sr 2,t2dm−bsr 1dm−gsr 2dGbst − t1dGgst − t2d

+ io
b

sbE
−`

`

dt1U−sr 2,t1dU−sr 1,tdmabsr 1dm−bsr 2dGbst − t1d, sC5d

Ga
++sr 1,r 2,td = o

bg

V−a,bgE
−`

`

dt1E
−`

`

dt2U+sr 1,t1dU+sr 2,t2dm̃−bsr 1dm̃−gsr 2dGbst − t1dGgst − t2d

+ io
b

sbE
−`

`

dt1U+sr 2,t1dU+sr 1,tdmabsr 1dm̃−bsr 2dGbst − t1d, sC6d

Ga
+−sr 1,r 2,td = io

b
E

−`

`

dt1U+sr 2,t1dU−sr 1,tdm−absr 1dm̃−bsr 2dGbst − t1d

+ io
b
E

−`

`

dt1U+sr 1,tdU−sr 2,t1dsbm̃−absr 2dm−bsr 1dGbst − t1d + 2o
bg

V−a,bgE
−`

`

dt1E
−`

`

dt2U+sr 1,t1dU−sr 2,t2d

3m̃−bsr 1dsgmgsr 2dGbst − t1dGgst − t2d. sC7d

The generalized second order responses are obtained by substituting Eqs.(32) and (C4) in Eq. (27) and collecting terms to
second order in the fields. This finally gives

x+−−sr 1t1,r 2t2,r 3t3d = − o
a,b

sasbm−absr 1dmasr 2dm−bsr 3dGast1 − t2dGbst2 − t3d −
1

2o
a,b

sasbmabsr 1dm−asr 2dm−bsr 3dGast1 − t2d

3Gbst1 − t3d + i o
abg

sasbsgmasr 1dm−bsr 2dm−gsr 3dVa,b,gE
−`

`

dtGast1 − tdGbst − t2dGgst − t3d, sC8d
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x+++sr 1t1,r 2t2,r 3t3d = − o
a,b

m̃−absr 2dmasr 1dm̃−bsr 3dGast1 − t2dGbst2 − t3d −
1

2o
a,b

mabsr 1dm̃−asr 2dm̃−bsr 3dGast1 − t2dGbst1 − t3d

+ i o
h1,2j

o
h1,3j

o
abg

masr 1dm̃−bsr 2dm̃−gsr 3dV−a,b,gE
−`

`

dtGast1 − tdGbst − t2dGgst − t3d, sC9d

x++−sx1,x2,x3d = − o
a,b

sasbm̃−absr 2dmasr 1dm−bsr 3dGast1 − t2dGbst2 − t3d −
1

2o
a,b

sbmabsr 1dm̃−asr 2dm−bsr 3dGast1 − t2dGbst1 − t3d

+ 2i o
hx1,x2j

o
abg

sasgmasr 1dm̃−bsr 2dm−gsr 3dV−a,b,gE
−`

`

dtGast1 − tdGbst − t2dGgst − t3d. sC10d

oh j ,kj represents sum over permutation ofr jt j and r ktk. Note thatx−−− vanishes by definition[Eq. (6)].

APPENDIX D: FREQUENCY-DOMAIN EXPRESSIONS FOR SECOND ORDER GENERALIZED
RESPONSE FUNCTIONS

The second order generalized susceptibilities are given by the Fourier transform of Eqs.(C8)–(C10). Here molecular labels
a andb are not used because these expressions are equally valid for both molecules:

x+−−sr 1v1,r 2v2,r 3,v3d = o
abg

sbsgV−abgmasr 1dm−bsr 2dm−gsr 3ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv2 + Vb − iedsv3 + Vg − ied

+
1

2o
ab

sasbmasr 1dm−absr 2dm−bsr 3ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv3 + Vb − ied

+
1

2o
ab

sasbmasr 1dm−absr 3dm−bsr 2ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv2 + Vb − ied

−
1

2o
ab

sasbmabsr 1dm−asr 2dm−bsr 3dsbsadsv1 + v2 + v3d
sv2 + Va − iedsv3 + Vb − ied

, sD1d

x+++sr 1v1,r 2v2,r 3,v3d = o
abg

V−abgmasr 1dm̃−bsr 2dm̃−gsr 3ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv2 + Vb − iedsv3 + Vg − ied

+ o
abg

V−abgmasr 2dm̃−bsr 1dm̃−gsr 3ddsv1 + v2 + v3d
sv2 − Va + iedsv2 + v3 − Vb + iedsv3 + Vg − ied

+ o
abg

V−abgmasr 3dm̃−bsr 1dm̃−gsr 2ddsv1 + v2 + v3d
sv2 + v3 − Vg + iedsv2 + Vb − iedsv3 − Vg + ied

+
1

2o
ab

masr 1dm̃−absr 2dm̃−bsr 3ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv3 + Vb − ied

+
1

2o
ab

masr 2dm̃−absr 1dm̃−bsr 3ddsv1 + v2 + v3d
sv2 − Va + iedsv3 + Vb − ied

+
1

2o
ab

masr 1dm̃−absr 3dm̃−bsr 2ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv2 + Vb − ied

+
1

2o
ab

masr 2dm̃−absr 3dm̃−bsr 1ddsv1 + v2 + v3d
sv2 − Va + iedsv2 + v3 − Vb + ied

+
1

2o
ab

masr 3dm̃−absr 1dm̃−bsr 2ddsv1 + v2 + v3d
sv3 − Va + iedsv2 + Vb − ied

+
1

2o
ab

masr 3dm̃−absr 2dm̃−bsr 1ddsv1 + v2 + v3d
sv3 − Va + iedsv2 + v3 − Vb − ied

−
1

2o
ab

mabsr 1dm̃−asr 2dm̃−bsr 3ddsv1 + v2 + v3d
sv2 + Va − iedsv3 + Vb − ied

−
1

2o
ab

mabsr 2dm̃−asr 1dm̃−bsr 3ddsv1 + v2 + v3d
sv2 + v3 − Va + iedsv3 + Vb − ied

−
1

2o
ab

mabsr 3dm̃−asr 2dm̃−bsr 1ddsv1 + v2 + v3d
sv2 + v3 − Va − iedsv2 + Vb − ied

, sD2d

and
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x++−sr 1v1,r 2v2,r 3,v3d = 2o
abg

sgV−abgmasr 1dm̃−bsr 2dm−gsr 3ddsv1 + v2 + v3d
sv2 + v3 + Va − iedsv2 + Vb − iedsv3 + Vg − ied

+ o
abg

sgV−abgmasr 2dm̃−bsr 1dm−gsr 3ddsv1 + v2 + v3d
sv2 − Va + iedsv2 + v3 − Vb + iedsv3 + Vg − ied

− o
ab

samasr 1dfm−absr 2dm̃−bsr 3d − sbm̃−absr 2dm−bsr 3dgdsv1 + v2 + v3d
sv2 + v3 + Vb − iedsv2 + Va − ied

− o
ab

samasr 1dfm−absr 3dm̃−bsr 2d − sbm̃−absr 3dm−bsr 2dgdsv1 + v2 + v3d
sv2 + v3 + Va − iedsv2 + Vb − ied

− o
ab

samasr 2dfm−absr 1dm̃−bsr 3d − sbm̃−absr 1dm−bsr 3dgdsv1 + v2 + v3d
sv3 + Vb − iedsv2 − Va + ied

− o
ab

samasr 2dfm−absr 3dm̃−bsr 1d − sbm̃−absr 3dm−bsr 1dgdsv1 + v2 + v3d
sv2 + v3 − Vb + iedsv2 − Va + ied

− o
ab

sbmabsr 2dm̃−asr 1dm−bsr 3ddsv1 + v2 + v3d
sv2 + Va − iedsv3 + Vb − ied

− o
ab

sbmabsr 1dm̃−asr 2dm−bsr 3ddsv1 + v2 + v3d
sv2 + v3 − Va + iedsv3 + Vb − ied

.

sD3d

APPENDIX E: FIFTH ORDER CONTRIBUTION TO THE ENERGY

The contributions to the interaction energy to fifth order in charge fluctuations are obtained by substituting GRF from Eqs.
(36) and (C8) in Eq. (A8). This is written as the sum,Ws5d=o j=1

4 Wj
s5d, where

W1
s5d =

1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
n̄asr 1d o

aa8b8g8

sa8sb8masr 2dm̃−asr 3d

3Fm−a8,b8sr 81dma8sr 82dm−b8sr 83ds2Va + Vb8d

Vb8sVa + Va8dsVa + Vb8d
+

ma8,b8sr 81dm−a8sr 82dm−b8sr 83ds3Vb8 + Vad

Vb8sVa + Va8 + Vb8dsVa + Vb8d

−
sg8ma8sr 81dm−b8sr 82dm−g8sr 83dV−a8,b8g8

Va8sVa8 + VbdsVa + Va8d
G , sE1d

W2
s5d =

1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
n̄asr 1d o

aa8b8g8

samasr 2dm−asr 3dF m̃−a8,b8sr 81dma8sr 82dm−b8sr 83dsb8

Vb8sVa + Vb8d

+
ma8,b8sr 81dm̃−a8sr 82dm−b8sr 83ds3Vb8 + Vad

Vb8sVa + Va8 + Vb8d
−

2sa8sg8ma8sr 81dm̃−b8sr 82dm−g8sr 83dV−a8,b8g8

Va8sVa8 + VadsVa + Vb8 + Vg8d
G , sE2d

W3
s5d = −

1

3"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
n̄bsr 83d o

abga8

sasbma8sr 81dm̃a8sr 82d

3HsgV−abgmasr 1dm−bsr 3dm−gsr 2d
sVa + Va8dsVa8 + Vb + Vgd S 1

Va8 + Vb

+
1

Va8
D −

masr 1dm−absr 2dm−bsr 3d
VbsVa + Va8d

−
mabsr 1dm−asr 2dm−bsr 3d
2VbsVa + Vb + Va8d

−
masr 1dm−absr 3dm−bsr 2d
sVa8 + VbdsVa + Va8d

−
m−asr 3dmabsr 1dm−bsr 2d

sVa8 + VbdsVa + Vb + Va8d
J , sE3d
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W4
s5d = −

1

3"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
n̄bsr 83d o

abga8

sa8ma8sr 81dma8sr 82d

3HsasgV−abgmasr 1dm̃−bsr 2dm−gsr 3d
sVa + Va8dsVa8 + Vb + Vgd S 1

Va8 + Vb

+
1

Va8
D −

sbmasr 1dm̃−absr 2dm−bsr 3d
VbsVa + Va8d

−
sbmabsr 1dm̃−asr 2dm−bsr 3d

VbsVa + Vb + Va8d

−
sbmasr 1dm̃−absr 3dm−bsr 2d

sVa8 + VbdsVa + Va8d
−

sbm̃−asr 3dmabsr 1dm−bsr 2d
sVa8 + VbdsVa + Vb + Va8d

J . sE4d

oP represents the sum over the single permutation of all primed and unprimed quantities and of the indicesa andb.

APPENDIX F: SIXTH ORDER CONTRIBUTION TO THE ENERGY

The contributions to the interaction energy to sixth order in charge fluctuations are obtained by substituting Eqs.(C8)–(C10)
in Eq. (A9). This is written as the sum,Ws6d=o j=1

7 Wj
s6d, where

W1
s6d =

1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u oabg
o

a8b8g8

samasr 1dm̃−bsr 2dm̃−gsr 3dm−b8sr 81dV−a,bg

3Hma8sr 81dmg8sr 83dV−a8,b8g8F 2Va

sVg + Vg8dsVb + Vg + Va8dsVb + Vg + Vb8 + Vg8dsVa
2 − sVb + Vgd2d

−
1

sVa + Va8dsVa − Vb + Vg8dsVa − Vb − VgdsVa − Vb8 + Vg8d

+
1

sVa + Va8dsVa + Vb + Vg8dsVa + Vb + VgdsVa + Vb8 + Vg8d
G − ma8sr 82dm−a8,b8sr 83d

3F 1

sVa + Va8dsVa − Vb + Vb8dsVa − Vb − Vgd
−

1

sVa + Va8dsVa − Vb − Vb8dsVa − Vb − Vgd

−
2Va

sVg + Vb8dsVa8 + Vb + VgdsVa
2 − sVb + Vgd2dG −

1

2
ma8b8sr 82dma8sr 83d

3F 2Va

sVg + Vb8dsVb + Vg + Va8 + Vb8dsVa
2 − sVb + Vgd2d

−
1

sVa − Vb + Vb8dsVa − Vb − VgdsVa + Va8 + Vb8d

+
1

sVa + Vb + Vb8dsVa + Vb + VgdsVa + Va8 + Vb8d
GJ , sF1d

W2
s6d = −

1

12"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u oabg
o

a8b8g8

sasa8sb8m̃−a,bsr 1dmasr 2dm̃−bsr 3d

3Hsg8ma8sr 81dV−a8,b8g8m−b8sr 82dm−g8sr 83d
sVa8 − Vb8 − Vg8d

sVb + Vg8dsVa − Vb − VgdsVa + Va8dsVa + Vb8 + Vg8d

+
ma8b8sr 81dm−a8sr 82dm−b8sr 83dsVa8 + Vb8d

svb + Vb8dssVa8 + Vb8d
2 − Va

2d
+

ma8,b8sr 81dma8sr 82dm−b8sr 83d

sVb + Vb8dsVa + Va8d
J , sF2d

W3
s6d = −

1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u
sa8sb8mabsr 1dm̃−asr 2dm̃−bsr 3dmb8sr 81d

3 H ma8sr 82dm−g8sr 83dV−a8,b8g8sg8

sVb8 + Vg8dsVa + Vb + Va8dsVa + Vb + Vb8 + Vg8d
+

m−a8,b8sr 82dma8sr 83d

sVb8 − VbdsVa + Va8 − Vbd

+
ma8,b8sr 82dm−a8sr 83d

sVb8 + VbdsVa + Vb + Va8 + Vb8d
J , sF3d
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W4
s6d =

1

12"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83uoab
o

a8b8

sa8sb8

mabsr 1dma8b8sr 81dm̃−asr 2dm−a8sr 82dm−bsr 3dm̃−b8sr 83d

sVb + Vb8dsVa + Vb + Va8 + Vb8d
,

sF4d

W5
s6d = −

1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83u oabg
o

a8b8g8

sasgsa8

3 m̃−bsr 1dmasr 2dm−gsr 3dV−abgHsg8sb8V−a8,b8g8ma8sr 81dm−b8sr 82d

3 F 2

sVg + Vg8dsVb + Vg + Vb8 + Vg8dsVa − Vb − VgdsVb + Vg + Vg8d

−
2Vb

sVa + Va8dsVa + Vb + Vg8dsVg + Vb8 + Vg8dssVa − Vgd2 − Vb
2d

−
1

sVg + Vg8dsVa + Vb − VgdsVa + Vb + Vg8dsVg + Vb8 + Vg8d
G − m−a8b8sr 81dm̃−b8sr 82dma8sr 83d

3 F 1

sVg + Vb8dsVa − Vb − VgdsVb + Vg + Va8d
−

2Vb

sVa + Vb + Vb8dsVa + Va8dssVa − Vgd2 − Vb
2d

−
1

sVa + Vb − VgdsVa + Vb + Vb8dsVg + Vg8d
G − ma8b8sr 81dm−a8sr 82dm̃−b8sr 83d

3HF 1

2sVb + Vg + Va8 + Vb8dsVa − Vb − VgdsVg + Vg8d
+

1

2sVa − Vb − VgdsVg + Va8 + Vb8dsVa + Vb + Va8 + Vb8d

−
Vb

sVa + Va8 + Vb8dsVa + Vb + Vb8dssVa − Vgd2 − Vb
2dGJ , sF5d

W6
s6d =

1

6"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83uoab
o

a8b8g8

sasbsa8m̃−absr 1dmasr 2dm−bsr 3d

3H sb8V−a8b8g8ma8sr 81dm−b8sr 82dm̃−g8sr 83d

sVa + Va8dsVb + Vg8dsVa + Vb8 + Vg8d
−

m−a8b8sr 81dm̃−b8sr 82dma8sr 83d

sVa + Va8dsVb + Vb8d
−

ma8b8sr 81dm−a8sr 82dm̃−b8sr 83d

sVb + Vb8dsVa + Va8 + Vb8d
J ,

sF6d

W7
s6d = −

1

12"2o
P
E E E E E E dr 1dr 2dr 3dr 81dr 82dr 83

ur 1 − r 81uur 2 − r 82uur 3 − r 83uoab
o

a8b8g8

sbsa8m−absr 1dm̃−asr 2dm−bsr 3d

3H sa8sb8V−a8b8g8m−a8sr 81dm−b8sr 82dm̃−g8sr 83d

sVa + Vb + Va8dsVb + Vg8dsVa + Vb + Vb8 + Vg8d
−

m−a8b8sr 81dm̃−b8sr 82dma8sr 83d

sVa + Vb + Va8dsVb + Vb8d
J . sF7d

HereoP represents the sum over the single permutation of all primed and unprimed quantities and of the indicesa andb.
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