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Intermolecular forces and nonbonded interactions: Superoperator nonlinear time-dependent
density-functional-theory response approach
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Electrostatic and dispersive interactions of polarizable molecules are expressed in terms of generalized
(nonretardeylcharge-density response functions of the isolated molecules, which in turn are expanded using
the collective electronic oscillatglCEO) eigenmodes of linearized time-dependent density-functional theory.
Closed expressions for the intermolecular energy are derived to sixth order in charge fluctuation amplitudes.
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[. INTRODUCTION dependent density-functional theqfyDDFT) [21,39-43 to
develop a systematic real space approach to nonbonded in-
Weak nonbonded interactions originating from correlatedieractions in terms of nonlinear molecular polarizabilities.
charge density fluctuationgl-6] control many important McLachlan's expressions are recovered to fourth order in
chemical and biological dynamical processes. They detercharge density fluctuations, but the complete expansion is
mine the structure of molecular aggregates, supramoleculaecast in terms of higher order generalized nonlinear re-
assemblieq7,8], and biological complexe¢n stacking in  sponse functions as well as electrostatic contributions.
DNA and RNA) [9,10] and are vital for molecular recogni- It is tempting to assume that a complete knowledge of
tion and enzymatic activity which depend on protein-proteinhigher order ordinary polarizabilities should be sufficient for
and protein-ligand binding7,9,11-1%. Numerous applica- computing intermolecular forces to any order in charge fluc-
tions ranging from catalysis and packing of nanostructures ttuations. However, using nonlinear response theory, Cohen
the rational drug design depend on accurate predictions afnd Mukamel[38,44 have shown that such a naive gener-
intermolecular forces. The most widely studied and best unalization of the celebrated McLachlan expression is not pos-
derstood interactions are the dispersive van der Wad\d/)  sible. The building blocks of theth order response are’,2
forces between neutral species or macroscopic obj@zds (p+1)- point correlation functions which differ by permuta-
simir forceg calculated to second order in intermoleculartions of their time arguments. Each correlation function rep-
coupling(i.e., fourth order in charge fluctuation®oth elec- resents d.iouville Space pathwaj36]. A complete descrip-
trodynamic(retarded [5,6,16,17 and electrostati¢1,2] ap- tion of intermolecular forces requires a set @+1
proaches have been used in their calculation, treating theombinations of these pathways denotedyareralized re-
molecules as point dipoles or higher multipoles. Recent adsponse function§GRF) [38]. The pth order polarizability is
vances have been made in the applicatiomlfinitio tech-  only one member of that family. Ordinary response functions
niques[9,18. These yield very accurate results but at highrepresent the response to an external potential and are there-
computational cost. fore causalretarded. The GRFs on the other hand are non
McLachlan had shown that vdW forces may be computedcausal since they also describe correlated spontaneous charge
using the nonlocal linear polarizabilities or charge responséuctuations where both partners should be treated along the
functions of the individual moleculdd.9]. This type of for- same footing with no obvious cause and effect. The dynam-
mulation is particularly appealing since it provides a clearics of such fluctuations is the key for intermolecular forces.
real-space physical picture for the origin of the interactions. We extend the treatment of Cohen and Mukarf&)
It therefore allows to pinpoint precisely which functional which was restricted to the dipole approximation and show
groups contribute to the response and could be used fdrow intermolecular forces may be recast in terms of gener-
qualitative predictions and analysis. Remarkable progress ialized nonlocal response functions of the charge density to
density functional techniqug20-28 have made it possible an external potential. The latter are then computed using TD-
to compute nonlocal response functions at an affordable cosSDFT quasiparticles, and closed expressions are derived to six
The direct DFT simulation of vdW complexes by treating order in the magnitude of charge fluctuations.
them as supermolecules turned out to be a complicated task In Sec. Il, we introduce the Liouville space GRFs of in-
[29-37 since it requires nonlocal energy functionals. Thedividual molecules. Formal expressions for the intermolecu-
response approach makes good use of the perturbative natdae interaction energy in terms of GRF are given in Appendix
of these couplings and recasts the energies in terms of propg: (time domain and in Appendix B(frequency domain
erties of individual molecules which, in turn, may be calcu-The GRFs are recast in terms of collective electronic oscil-
lated using local functionals thus circumventing the problemator (CEO) TDDFT modes in Sec. Ill. The second order
of constructing nonlocal functiona[82—-34. GRFs are given in Appendix @ime domain and in Appen-
In this paper we combine the Liouville space superoperadix D (frequency domain In Sec. IV we combine the results
tor formulation of nonlinear respong®5—-38 with time-  of Secs. Il and Il and derive closed expressions for intermo-
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lecular energies in terms of CEO modes to fourth order in ATX = %(AX+ XA),

charge fluctuations. Fifth and Sixth order expressions are 6)

given in Appendices E and F. A X = AX- XA

II. INTERMOLECULAR ENERGIES AND GENERALIZED A “+” superoperator is an anticommutator while a™de-
MOLECULAR RESPONSE FUNCTIONS notes a commutator.

- We start at timet——-c with the density matrix,p?
We consider two coupled moleculésr nonbonded seg- ~0°0 ot the noninte—r)acting systerfsetting )3\/:0) Upggn

ments of the same molecyla and b with nonoverlaping Ep.?pﬁ'. the interaction adiabaticall 4 all
charge distributions described by the Hamiltonian, switching on the interaction adiabatically, we can expand a

quantities perturbatively i, and recast them in terms of
H, =Hga+ Hp + AHgp, (1)  the expectation values with respecti) i.e., (A)=Tr{ApJ}.

where H, and Hy, represent the individual molecules and VYel szhall r;t)xresent the set of space-time coordingtes),
=-1,4..., i

their couplingHap IE multiplied by the control pa'rameter, . The pth order generalized response functions of molecule
0=<\=1, wherex=1 corresponds to the physical Hamil- are defined by

tonian. We shall denote the charge density of molecule a a
point r by ny(r) and of molecule b at’ by ny(r’). The AP X X1)
intermolecular Coulomb interaction is then given by a prL:Tpy el
= (= )P (TN HXps0) ONP(X) .. (X)), (7)

Hab:_fjdr dr’J(r = r")ng(r)ny(r"), (2

whereJ(r—r’)=¢*/|r—r'|.
Using the Hellmann-Feynman theoremgdE(\)/d\
=(W¥,|oH,/I\|WP,), the total energy of the system is obtained

by switching the parameter from 0 to 1[31,32,45, m;(xp) — m;(rp,tp) — ewa;tp) anZ(r exp(- iH;tp).

wheren(x;), (v=+,-), is the charge density superoperator
andp’ is the number of *” indices in the set;...vy4. In
Eq. (7) the time evolution of superoperators is defined with
respect toH,:

(8)

Analogous expressions corresponding to moletuége ob-
Here (A), =Tr{Ap,} denotes the expectation value with f&ined by simply replacinga,x,—b,x", where x’,

respect to the.-dependent ground state many-electron den=(I'p;tp)- 7is the Liouville space time ordering operator:

sity matrix of the systents,. The charge density of molecule When acting on a product of superoperators, it rearranges

(1) is the average charge density of the isolated molecule EQuation(7) defines a family of GRF obtained by making

1
W=E(\= 1)—5(7\:0):[ ANHap)y 3)
0

and on,(r) represents a charge fluctuation. Substituting thi2!l POSSible choices afy,...»,="+" or* —. By definition,
partitioning for n,(r) and ny(r’) in Eq. (3) gives W=WO each GRF is symmetric with respect to any permutation of
VYOIV wheérle its indices(v,,X,,). We further note that the laston the left

of a time ordered product must be a “plus” otherwise the
o_ ) — — GRF becomes a trace of a commutator and vanishes. There
WO = — dr dr’J(r = r")na(r)ny(r’), (4)  are thereforg+1 pth order GRF which differ by the number
of “minus” indices 0,1... p. The ordinarypth order re-
is the average electrostatic energy, and the remaining tweponse functionsy™", x*~~, etc., havep én™ terms represent-

terms represent the effects of correlated fluctuations ing the coupling to an external potenti@ee Eq.(16)] and
1 the laston™ term represents the final expectation valueSiof
For example, there are two linear GRF:
V\I('):—fd)\ffdr dr’'J(r—r’)
0 Xa (X1,X2) = (TON}(Xq) g(X,))
X)) + Pt N Na(r)y ], = 6ty ~ )N (x0) Nz (x2))
. (5) + 0tz ~ t) (N3 (x0) N (x0),
V\/(“):—f d)\JJdr dr’J(r = r"){Sny(r) dnp(r ")), N . B ©)
0 ) " X (X0,Xg) = = (TN (x) AN (X))
The bookkeeping of the various interactions and their =—i0(t1—t2)(&1;(x1)éh;(x2)),

time ordering is greatly simplified by introducing superop-
erator Liouville space algebra. With each ordinary operator Where
we associate two superoperatots and A~ defined by their

o Ordinary Hibert space 0peratol () nj(xy) = S[(ana(xa) nyla)) + (onelx) analxa)],
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(AN%(X1) NZ(X2)) = (AN(X1) ANg(X0)) = (ANa(X2) ANy(X1)). ever, thisép serves as generating functiorfor GRF, as we
shall shortly see.

(10 We next define
Similarly, there are three second order GRE,", x5 ~, and
Xa'~. Classical mode coupling theories are formulated in u_(r,t) = %(U,_(r,t)+UR(r,t)),
terms of linear response and correlation functi¢h8-54 (13)
x"~ and x™*, respectively. the GRF extend these to higher U,(r,t) = UL (r,t) = UR(r,1),

order.

In Appendix A we expand the expectation values
(8na(r)) and(Sna(rq) dny(r',)), which appear in Eqi4) for
the interacting system perturbatively ki, and show how, . ;
order by order, they can be factorized and expressed in ter qU+ by a_dn‘f_erence. The reason for Fh's somewhat con-
of time domain GRFs of the individual molecules. This fac-USing notation is that)_(U,) will enter in a commutator
torization is made possible by the adiabatic switching of in-(@nticommutatorin Eq. (14), where we further introduce the
teractions whereby the initidt — —o) density matrix of the SUP€roperators
combined system is taken to be a direct product of the den- .
sity matrices of the two molecules. Corresponding frequency Uup=[U_pl,
domain expressions are given in Appendix B. In the next
section we extend the collective electronic oscillafGEO) .
scheme[55] originally developed for calculating ordinary U'p=I[U,pl, (14)
response functiong39,43 towards computing the GRF.

These results will be combined in Sec. IV to yield closed .
expressions for intermolecular energies. Hysp = [HXS,p].

'and the diagonal matricesL]_(rl,rz):U_(rl)é(rl—rz),
U,(rq,ry)=U_(ry)8(r;—r,). Note thatU_ is given by a sum

IIl. TDDFT EQUATIONS OF MOTION FOR THE Equation(12) can then be recast in terms of superoperators,
GENERALIZED RESPONSE FUNCTIONS

. J -
The present calculation is applicable to an arbitrary many- Iap(fl.rz,t) =Hyep(r1,r2,t) =U (r,r2,0)p(r,r,1)
electron systenimoleculea or b). For brevity we shall drop

the indicesa andb in this section. Time dependent density —U(ry,r o) p(r,ro,t). (15)
functional theory is based on the Kohn Shaks) Hamil-
tonian[21], The GRFs, Eq(7), are defined as the kernels in a perturba-

tive expansion of the charge density fluctuatiaim(r,,t)

n(rat) =6p(rq,rq,t), in the applied potentiald), andU_,

HKS(n I’l,t))——v—+U(r1)+ezfd 2

rol

+U,d(n(r 1)), (11 (&1+(Xp+1)>(p) = J drdt, ...
where the four terms represent the kinetic energy, the nuclear

potential, the Hartree, and the exchange correlation potential, e

respectlvely X dl’ 1dt1X p+1¥p- - 1(Xp+1,Xp, N !Xl)
We now introduce the reduced single electron density ma-

trix p [39,40,42,56,5F whose diagonal elements give the XU, (%pU,,_ (Xpg) - Uy (xg). (16)

charge distributionn(r;,t)=p(r4,r4,t) and the off-diagonal
elementsp(rq,r5,), represent electronic coherences. We shall
denote a matrix in real space suchpdsy a caret. We further
denote the ground state density matrix gy

We start with the time dependent generalized KS equa.
tions of motion forp,

| The standard TDDFT equations which only generate or-
dinary response functions are obtained by setting Ui so
that/"=0 in Eq.(15). By allowingU, andUxg to be different
awe can obtain the complete set of GRF. Slmllar to the ordi-
nary response functiog*~, which represents the density re-
sponse of the system to an applied poteritia[36], x** can

9 " be formally obtained as the response to the artificial external
'E5P(f1'r2,t) =[HS(), p(r 1,7 2,01+ UL (r 1,0)p(r 1,1 1) potential,U,, that couples to the charge density through an
anticommutator,y™* represents equilibrium charge fluctua-
= Ug(ra,)p(ry,rot), (12)  tions and is therefore nonretarded. The same arguments hold

for higher order response functions.

where dp(ry, M2, 1) =p(ry, 12,1 =p¥ry,rp) is the change in Since the TDDFT density matrix)(t), corresponds to a

the density matrix induced by the external potentials. Equaman electron wave function aiven by a sinale Slater deter-
tion (12) differs from the standard KS equation in that the Y- 9 y 9

system is coupled to two external potentials, a “left” field minant at all times, it can be separated into its electron-hole

acting on the ket and a “right” fieldlg acting on the bra. The (interband part ¢ and the electron-electron and hole-hole
actual density matrix is obtained by settiklj =Ug. How-  (intraband componentsT(g)
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Sp(t) = %(t) +']'(é)(t) (17) and negative values at, and we adopt the notatio)_,
. =-0, and £_,=¢". Each pair of modes represents a collec-
It follows from the idempotent property?=p, that T is  tive electronic oscillator, and the complete set of moées

uniquely determined b& so thatsp can be expressed solely may be used to describe all response and spontaneous charge
in terms of% (39,56 fluctuation properties of the system.

L A —— We next expanc% in the CEO eigenmodes,
T3 = 22p- i - V1 4. 18)

. £= 27,0, (26)
The elements of (but not of §p) can thus be considered as a

independent coordinates for describing the electronic UGy here o runs over all modegpositive and negatiyeandz,
tre. HES | ¢ are numerical coefficients.
We next expandi™ in powers ofén(r,t), Substituting Eq(26) in Egs.(18) and(17) yields the fol-
HKS= H§S+ H§S+ H§S+ lowing expansion for the density matrix

’

_ 1 N
VZ nr 5P(r 1,I‘2,t) = 2 Iu’a(r ler)Za(t) + _2 lu'a, (rlarZ)Za(t)Z (t)
HE (1) =~ 5 + &2 f o|r2|r7 Zr) Ul + U, a 220 " b
172
19 o (27)
where we have introduced the auxiliary quantities,
3 .
Hfs(éh)(rl)=fdrz(m+fxc(r11rz))éh(rz-t), Pa= Eas
1 2
with the first order adiabatic exchange correlation kernel, L= (20° - |)(A§a:§lg+ %B%a). (29)
for,ro) = Wyn(ry)) (20) By substituting Egs(17), (18), and(26) in Eq. (12) we
an(raty) |m obtain equations of motion for the CEO amplitudgsvhich
The second order term in density fluctuations is can then be solved successively order by order in the external
potentials,U,,l. To second order, we get
H5S(on, on)(r ):fjdr dr 3G 1,7 2,7 9) N(r 5,1) N(r 3,1) dz (t
2 : S A T Y 07,0+ K0+ DK 70, (29
(21) p
with the kernel with the coefficients,
Uy (n(ry) J
oy =|————————| . 22 K_, (1) = dr U (r,tu? (ry),
Ox(r1,r2,13) ‘&I(rz,tz)&](rz,tg,) = (22) ) EV: U(rp,ul (ry)

A quasiparticle algebra can then be developedédny (30
expanding it in the basis set of CEO modés,which are the Koap() = 2 J dryU,(r,Hulp(ry).
eigenvectors of the linearized TDDFT eigenvalue equation v
with eigenvaluedl, [39,40, Here p(r)=pa(re,r),  pagr) = frapr,ry),  mi(ry)

LE,=0Z,. (23)  =R-o(r1.1)=5(209-DE,(r,r)  and  ulg(r) =Tiag(r)

I P Y

- =25(2p9-1)(€,65—€5E,) (T1,T1).

The linearized Liouville space operatdr,is obtained by 2\(/\/2 furzéirggxpfgid—)(:zyﬁZV1V2+, -, in powers of the ex-

substituting Eqgs(19) into Eq. (12), ternal potentials, wher#1*2 % denotes theth order term in
LE, = [Hgs(ﬁj,ga] + [HTS(SQ)'ﬁg]. (24) the potenualsU_,,lU,,Z. . .UVp. I_By comparmg the tevrms in both

R R sides, we obtain the equations of motion fjf **» to each

HKS and HYS are diagonal matrices with matrix elements  order in the external potential. To first order, we get

HE(M)(r1,r2) = 8(ry = 1) HES(M(ry), JZ(t) ,
(25) |I— = QaZal(t) + K_a(t). (31)
HYE(r,rp) = 8(r = T5) f drs The solution of Eq(31) can be readily obtained as
« (% . fxc(rz,rg))ga(r3,r3). 2t =i f dt, f 01y, (1,7 (1) Gty ~ 1),
2713 -
(32

The eigenmodeg, come in pairs corresponding to positive
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zZ,(t) = iSaJ dtzf draU_(r 1, 1) p-o(r )Gulty — tp),

with s,=sgr(«) and the Green function,

Gty —tp) = 6(t; — tp)e %), (33

Substituting Eq(32) in Eqg. (27) and taking the diagonal
element, we obtain to lowest order lijhul,

éh(Xl):f dtszdrﬁ(”’l(xl,xz)uvl(xz), (34)

wherey"1"2=i{sn"1(X;) n"2(X,)).
Recalling that the leftmost index, must be a *+,” we

only have two second order Liouville space correlation func-

tions,

(AN*(X1) N7 (X)) = 2 SuhaF 1) () Glty — 1),

(39
(" (xq) dn*(xp)) = E Mo(F ) H-o(r2) Gyt — ).

The generalized linear response functions are finally ob-

tained by substituting Eq35) in Eq. (9),

Xty T o) = Oty = 1) 2 po(r D1 e el

a

0ty — t) X falr )i o(r 1) €%,

(36)
X'ty Foty) = = 16(ty = t) ) Septlr ) oyl )€ 27,

a

PHYSICAL REVIEW A 70, 052506(2004)

)("1"2"3(I’1w1,r2w2,r3w3) = f dtlf dtzf dt3

X eXp{i (wltl + (l)2t2 + w3t3)}

X X"17273(Xq,X2,X3) - (39
Equation(38) together with Eq(36) give
o : M) T—a(rp)
X (r w1, 1 00) =181 + @) {w
a Wy~ Qa +le
 far o) Fig(r 1)]
w7 + Qa - | € '
(40)
+_ Sakta(l DU—a(I2)
X (01,1 p07) = ooy + wy) >, e bbral2,
a Wy + Qa —le
We further define
X121 101,T pw5) = @121 1,1 5, 01) g + wp).  (41)

The linear GRFsy** and x*~, are connected by the fluctua-
tion dissipation relation,

X (ryrat) = I_J a*t(ry,rp )€ “tdo,
TJ
(42)

(7 .
X (ryrat) = ZTJ @ (ry, 1 0)e " “'do,
where

a™(ry,rym) = cot%(%)a*‘(rl,rz,w). (43

In the classical, high temperature, limit cdfw/2)

By repeating this procedure we obtain the second order u_T/(fw), and the two GRFs are then related through the

GRF given in Appendix C.

classical fluctuation-dissipatiairD) relation,

We further consider generalized susceptibilities defined

by the Fourier transform of the response functions to the

frequency domain,

©

dl’pdwp...

(on*(r p+1wp+1)>(p) = f

X f_w dr 1da)1U,,p(I’ pwp) e le(rlwl)

f 1vwl) ’
(37)

X x"prL Ay p+1@p+ 1, pWps - -

where

XVl’VZ(f1w11r2w2)=J dtlf dt,

X expli(wity + wotp) }x"12(X1,X5)
(39)

and

L

F(r by, ot +t) ==
X T(rqty,roty +1) ke

d
9(t)aX++(r ty,roty +1). (44)
However such FD relations are not that simple for the higher
order response functiorjs8]. The second order generalized
response functions in the frequency domain are given in Ap-
pendix D.

IV. INTERMOLECULAR INTERACTION ENERGIES

At this point we have derived all the ingredients necessary
for computing the intermolecular energies. We shall start
with the time domain expressions given in EGA5)—(A9).
The contributions to the intermolecular energy will be clas-
sified by their order in density fluctuations. We write/
=32 WU, The lowest(zeroth ordey contribution W is
given by Eq.(4) in terms of the ground state densities of the
two molecules. The first order terry?, vanishes. The sec-
ond order contribution, Eq/A5), comes from the first term
in the expansion ofV, [see Eq.(5)]. Substitutingy*~ from
Eq. (36) in Eq. (A5), we get
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wWo=- S f f f J |drldr2dr 1dr, A in(r S, Jeboe Uk (7a) (45)

2h°p ro=r'yffro=r"y o O

The third order contribution is obtained by substituting the second order [ERKCS8)] in Eq. (A6),

drdrodrodr’,dr'dr’s .
W = - 2””” e (1 )Na(r)N(r 9SSy
6h° [ra=r'aflra=r'ylrs=r'y : ° : g

< |: 2 Sy’lu‘a’(r,1)/~L—,B’(r,Z)My’(r,3)v—a’,ﬁ’,'y’ _ E (Iu‘—a’ﬁ’(r,1)1u‘a’(r,2)1u‘,8’(r,3)

i 0,050, 0,0

1 (1 D e (1 5) e (1
+ Ma B( DM ( 2),U« B ( 3)) (46)
20, Qg
and to fourth order, we substitute E@86) in Eq. (A7),
___2 Jfff drldrzdr’ldr,z 2 Sa’ﬁ—a(rl)ﬂa(rZ)M—a’(r,1)/~La’(r,2)
2175 Iro=r'olfra=r"ol 2 Q,+Q,)
1 drdrodradr’,dr’odr’y SaSar all 3) o (N P tgr (1))
-— n,(r r
6ﬁ2§p" fjffjf |r1—r 1||r2_r 2||r3_r 3| Np(r 3)2 0.0, [—a( Dia(r2)
+Na(r ) y(ry)]. (47)

HereXp represents the sum over the single permutation of allThe (p+1), pth order generalized response functions,
primed and unprimed quantities and of the indieeandb.  y"r+1”»-"1, may not be simply related to the fully retarded
Higher (fifth and sixth order contributions are given in Ap- ordinary responsey*™ . The complete set of generalized
pendices E and F. response functions is thus required to represent intermolecu-
The first term in Eq(47) [see also Eq(B1)] reproduces lar forces.
McLachlan’s expression for the van der Waals intermolecular Polarizable force fields widely used in MD simulations
energy[19,33. There are two generalized linear responseare based on approximate treatments of charge fluctuations
functions:y*~ represents the ordinary response to an externalinderlying intermolecular forcg$9-64. These force fields
potential whereag*™* represents equilibrium charge fluctua- use parametrized electronegativity and hardness matrices to
tions. Since the two are related by the fluctuation-dissipatiomepresent the nonlocal polarizabiliti€%®*®* The choice of
theorem, the McLachlan expression may be recast solely ithe number and type of polarization variables is based on
terms of the ordinary response of both moleculgs, and  chemical intuition. The present formulation of intermolecular
Xo forces suggests a new strategy for constructing polarizable
force fields by using the oscillators to represent the density
V%)W:__ dwf drlJ dr 1J drzfdr Ll matrix (rather t_han the _charge densityrhe C_EO mpdes of-
e fer an alternative, unbiased and systematic choice of these
— variables, fully derivable from TDDFT.
X(ryrao)ay (K, o) Finally, the GRF provide new insight into the “causality
Bho paradox” of TDDFT which is connected with the retarded
><cot|-<7>J(r1 —r'PIra—r'y), (48)  nature of the ordinary response functions. As a consequence
it is in principle not possible to obtain the necessary func-
which gives tions as derivatives of a functional. This paradox was pointed
out by Grosg20] and was recently addressed by Van Leu-
_ P - ween[65] by introducing Keldysh66] time variables. The
o= _kBTE fffjdrldrzdr 1dr'z general con)%ection bet\?veen t}r/1e Keldysh variable and Liou-
ville space was discussed in R¢67]. The GRF provide a
X(ry,fpiopay (r'y,r'5ion) more physically transparent resolution of this problem: GRF
o _ are not generally causal and there is no difficulty to derive
XA =)A= 1), 49 the entire family of GRF as functional derivatives, thus pro-
wherew,=(2mnkgT/#) are the Matsubara frequencies. How- viding a unified approach to response and spontaneous fluc-
ever, life is not as simple for the higher order respori58s  tuations.
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Taking A= dn, and expanding in powers of yields a
perturbation series in terms of thpth order response func-
tion,

APPENDIX A: TIME DOMAIN EXPRESSIONS
FOR INTERMOLECULAR ENERGIES

(p) — + - -

The expectation value&sn,(r1)), and{dn,(r1)dny(r',)) R tle - tora) = (TNt - Hapllpra)-
can be computed perturbatively in the GRFs of the individual (A2)
molecules. To that end we treaH,, in Eq. (1) as a pertur- Substituting Eq(2) and recalling that the initial density
bation and assume that &t-— the density matrix is a matrix is a direct product of the density matrices of the in-
direct product of the density matrices of the two moleculesdividual moleculesRP is factorized in terms of the GRFs
We then switch on the couplingH,,, adiabatically and the corresponding to the individual molecules defined in &9.
expectation value of any operator is then given by the interThe final expressions fddn,(r 1)), and{dna(r,) dy(r' )y in
action picture expressiofd7,39, terms of GRF for individual molecules are obtained as

N7 4 _
(8na(r P = (OM(r ) = %f dtlf dtzf f drodr’ong(r' o) xa (X1, X2)I(rp=1"5)

1(N\2 (™ 1 b , N ot o
_§<f_i)f dtlf dtzf dtgffjfdrzdrédrgdré.](rz—r DIr3—r'dxa (X, X2, Xa)xp (X 5,X"3)

+Xa (X, X2, X3) X (X' 5,X"3) + Np(r )NG(r g xa (X1, X2, X3) + Na(F)xa (X, X2)xp (X 2,X )1+ -+, (A3)

oo tl
(N,(r ) dnp(r' ) = (éh;(rﬁéh;(r "Ih = %J dtlf dtzJ f drodr’,(r, = r'2)[X;+(X1-Xz)X;_(X/pX,z)

- ’ ’ 1 A 2" i & ’ ’ ’ ’
+X; (X1!X2)X:)—+(X 1,X 2)] - 5(%) f dt]_J dtzf dt3J J f f drzdrzdr3dr3J(r2_r Z)J(I’3—r 3)

XN )NG(r 3 xa (XuXa)xp (X' 1.X"2) + x5 (X" 1,X 2, ) [N ) xa " (X1,X3) + Na(Fa) Xz (X1,X0)]
+Na(ro)xa (XpXa)xp (X' 1,X 2,X"3) + Mp(r g X (X" 1, X 2)Xa (X1,%X2,Xa)

+ X;H(Xl-X21X3)Xg__(X,1vX,21X,3) + X:r_(xlvleXs)XEJr_(X’l-X,zaX,a) + )(EH(X'1,X'2,X'3))(;“(X1,X2,X3)
X (X 10X X X" (X, Xa,Xg) + Np(r )Na(rg)xa (X1, X2)xa (X 1,X"3)

+ng(r ,2)X;+_(X1’X21X3)Xg_(X,1:X,3) +n(r 'Z)X;__(Xl,XZ,X3)X;+(X,1,X,3)
+N(ra)xa (Xe X)Xy (X' 1,X 2% 9) +Mp(r "D xa ™ (Xa, X, Xa) xp (X 1, X )} + - (A4)

By substituting Eqs(A3) and(A4) in Eq. (4) and collecting terms by their order with respect to charge fluctuations we
obtain the total energy/=32 \WW. W was given in Eq(4), W=0 and the higher terms are

:—EEP‘,J dtszffdrldr 1drodr " onp(r’ ng(r 2)Xa (X1, %) I(ry=r"DI(ro—r1"5), (A5)
WS = 6ﬁ22 f dt, f dts J J f f f f drdr’,dr,dr 5dr dr53(ry = ' )I(ra =1’ )I(rs—r's)
XNp(r' Dxa (Xg, X2, Xa)Np(r ' )Np(r'3), (AB)
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W4 = _EEJ dtszfjdrldr 1drodr L3 =1 DI =1 ) xa (X, X)X (X 1, 5)
P

Gﬁzzf dtzf dhffffffdrldr Ldrodr ' odr5dr 23(ry =1/ DI =1 )I(rs =1’y

X[Ny(r ) np(r ,3)Xa_(X1, Xs)Xb_(Xlla X"5) +np(r" ng(r 3))(3_()(1: Xz)Xb_(szr x'3)], (A7)

WO = 6ﬁ22f dtZJ d%fffJJJdrldr 1drodr ' 5dradr 33(ry =1 DIro =1’ )Irg—r'Hxp (X' 1,X 2,%'3)

X[ﬁa(rl))(a (X2,X3) +ﬁa(r2))(a (X1,X3) +Wa(r3))(a (X1,X2) +Wa(r1)Xa_(leX3)] +Xb _(X’1aX’z,Xlg)[n_a(rz)X:(lexs)

+Ft)(r’3)XE_(X’1,X’2)]}a (A8)
GﬁZEJ dtzf dtsffffffdrldr 1dr odr "5 gdr 30 xa (X g, X2, Xa) xp (X 1,X 5, X 3)
+Xa _(X11X21X3)Xb _(X,11X,21X,3)]1 (Ag)

whereXp represents the sum over the single permutation of all primed and unprimed quantities and of theaisdidés

APPENDIX B: EXPANSION OF INTERMOLECULAR ENERGIES IN FREQUENCY DOMAIN GRF

The interaction energy is related to the zero-frequency component of the joint response functions of the two nalecules

andb [38]. By transforming Eqs(A5)—A9) to the frequency domain we obtain

W = -gzJfffdrldf'1drzdr'zﬁb(f’1)Wb(r’2)x$_(rl,w1=0;rz,wz=O)J(r1-r'l)J(rz-f'z), (B1)
P

W = Ghzz ffffjfdrldr 101 odr 5dr 5dr 33(r g =17 )I(rp = 1" 5)I(rg=r )np(r" Pnp(r ' Hng(r'xa

X(ry,w1= 05150, =05r3,03=0), (B2)

:‘_Ef dwlf dwszffdrldr 2drodr ' d(rg =" )I(rp—r’ z)Xa (rliw11r21w2)Xb (r'y= o315 — w)

GhZEf dwlffffffdrldr 1drodr " 5dr odr 23(r =1 )JI(ro =1 )3 =" )[Na(ro)ny(r'5)
X(rl,wl,r3,w3—0))(b (r'p=oir'w= 0) +n(r’ 1)na(r3))(a (rl,wlarzywz—o)){b (r's=ow1;r'3,w3=0)], (B3)

WO = Gﬁzzf dwlf dwzf dwaffffffdrldr 1drodr ' dr 5dr 2 x (X 1, 01X 5, 00X 5, 03)[Na(F DXL (r 5,

— Wyl 3,~ w3) Swy) +mr2))(a (ry,— w;r3,— w3) &wy) +ﬁa(r3)Xa (r1,= w157 2,— @3) 8(wg) + Ny(r 1)X;_(r11‘ wq;l3,

- w3)d(wy) | + X;+_(r Lot o s, ws)[ﬁa(rz)X;_(r 1~ 013 3,~ 03) () +ﬁa(r3))(;_(r 1= 0137 2,w) 8wy) I}

XJIri=r"PIro=r')Irz=r'y), (B4)
W® = GﬁZEJ dwlf dwzf dwgfjffffdrldr 10 odr 50 dr AL xa T (ry, 0137 2,037 3,03) X
X(r' = w5 5= w21 g, = w3) + X5 (M, 0151 2,02 T 3,03 x5 (11, = 0131 5= woiT ' 5,— w3)]. (B5)

Here X, represents the sum over the single permutation of all primed and unprimed quantities and of theairaidés
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APPENDIX C: TIME-DOMAIN EXPRESSIONS FOR SECOND ORDER GENERALIZED
RESPONSE FUNCTIONS

To expressy*>"2"1 in terms of CEO modes, we start with §@9). Expandingz,, in the external potentials and considering
terms only up to second order ,, we obtain

dz2"(t
adt( ) _ QZ0"2(1) + 2 V_y 5,2 (DZ22(1) + 2 Z(1) J dryU,, (1, D2y, (C1)
aB B

i
where 41 1) = Thap(r 1,7 1) and g g(r 1) = pap(r 1,1 4). Here
Vi, = 5T - 29908 &+ BEIVIE) + (B, + B EIVIE) + (B2, + B EIVIE)) 2
andV(£,)(r )&= HES(E) (r D Eg+HES(E,£5) (r)p%, where
HES(£a €)(ry) = f f dr o0 501 1,7 2,7 ) Eall 2T DER(T 3T ). (C3

Equation(C1) is derived in an analogous manner to Eg{l). Its solution is

z ()= isafc drf f dr,dr,G (t = DI, (7,r1,ry),
Z(t) = iJw drf f dr,dr,G,(t = DL (7,1 4,1 ), (C4)

ZZ_(t) = isaf dTJ f dr 1dr ZGa(t - T)F;_(T,rl,rz),

where

(o) =2 V—a,ﬂyf dtlf dtU_(r 1, t)U_(r o, tp) (1 ) o (r ) Gt — 1) G, (t — 1)
By —0 -

+iX Sg|  AtU_(rat)U_(rg, ) sap(r Du-pro)Gelt —ty), (CH
B —C

INERPIEDS V—a,lB'yf dtlf dtU, (1, UL (r o, ) p(r ) - (r2) Gt = t) Gt — tp)
By —0 —©

©

+iX Sg | AdtUs(rat)Us(r 1, map(r )ie-p(ra)Galt —ty), (Co)
B —

[o(ryrapt) = |Ef AtU (12, t)U-(r 1,) s g1 D12 p(r2) Gt — tp)
B J-=

+iX J dtyU(r 1, OU_(r 2,t1)Spt-ap(r2) pp(r Gpl(t = ty) + 2> V—a,ﬂyf dtlf dtU.(ry,tPU_(ro,tp)
B J-x By —o0 -0

X p(r1)S,m,(r) Gt — )G, (t— ty). (C7)

The generalized second order responses are obtained by substitutin@Zagmd (C4) in Eq. (27) and collecting terms to
second order in the fields. This finally gives

— 1
X Tty ot rat) = = 2 SaSpt—ap(l ) ol 2) -p(r3) Golty — 1) Glty, — tg) — 52 SeSptap(l D M—a(l D) p_p(r3) Gty — 1))
a,pB a.p

XGp(ty —tg) +i > Sasﬁsyﬂa(r1)#—5(r2)ﬂ—y(r3)va,5,yf d7G,(t; — NG(T- )G (T t3), (C8
apy B
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- ~ 1 - -
Xt Mot M ate) = = ap(r ) ma(r ) ae_p(r3)Gyty — 1) Gplt, — tg) — 52 Map(r )1 ) i-p(r3) Gty — 1) Gplty — t3)
a,p a,p

+1 2 2 D a1 )T p(r )RV gy f d7G,(t; — NG4(T— )G, (7~ ta), (C9)
{1,21 {1,3} aBy —%

~ 1 ~
X (XX Xg) = = 2 SaSpt-ap(l 2) (T D) a1 3) Gty = 1) Gplty — ta) = 52 Spiap(N Dol 2) (I 3) Gyt = 1) Galty — t3)
a,p a,p
+20 X X Sasyﬂa(r1)I~L—5(|’2)M—y(r3)v—a,ﬁ,yf d7G,(ty — NG4(T- )G (T~ t3). (C10
{x1. %2t aBy -0

2y represents sum over permutationrgf andr,t,. Note thaty " vanishes by definitiofEq. (6)].
APPENDIX D: FREQUENCY-DOMAIN EXPRESSIONS FOR SECOND ORDER GENERALIZED
RESPONSE FUNCTIONS

The second order generalized susceptibilities are given by the Fourier transform ¢€Bg¢C10). Here molecular labels
a andb are not used because these expressions are equally valid for both molecules:

D S, V-apyiall D g1 ) (1 3) A1 + w3 + w3)

Ty, T oW, T 3, w3) = - . -
X (l Li2%2:73 3) (a)2+(1)3+Qa_|6)((1)2+Qﬁ_|6)((1)3+07_|€)

aBy
+ }E SaSptall V) -ap(r ) s-p(1r 3) Sy + w3 + w3)

28 (0 + w3+ Q,—i€)(wz+Qg—ie€)

12 SuSpttall 1) o p(r 3) (T 2) Sy + @y + w3)

Zaﬁ (w2+w3+Qa—ie)(w2+Qﬁ—ie)

12 SuSattap(l 1) ool 2) ttp(r 3)SS, 0 w1 + Wy + w3)
25 (0+ Q,—i€)(wz+Qg—ie)

: (D1)

V_apyita(T D) p(r )1t (1 3) Sy + 0y + w3)
((1)2+ (D3+Qa_ iE)((D2+QB_ ie)(w3+Qy— |€)

X (rwy, 1wy, 3, 03) = E
aBy

> V—a,Bylu’a(-r 2 gV )pi_(I 3) 5_(601 twyt w3)-
aBy (wz_Qa"' Ie)(w2+ (1)3_QE+ |€)((1)3+Q),_ |E)

Y V—a,Bylua(rS)ﬁTB(r1)7L—y(r2) 5_(0’1 twyt w3). N 1 Ma(rl)p’—aﬁ(rZ)p’—B.(r3) N wy + + w3)
a'B,y(0)2+(1)3“Q.y+|€)(0)2+Qﬁ_|6)(0)3_07+|€) 2a,8 (w2+w3+Qa—|E)(w3+Qﬁ—le)

N 12 o1 D) T p(r ) 11 p(1 3) Sy + wy + w3) . }2 o1 ) ap(r 3)n_p(r 5) Sy + Wy + w3)
2°8 (0= Q,+ie)(wz+Qg—ie) 2 (0t w3+ Q,—ie)(w+Qg—i€)

N }2 (1) 51 3) i p(r 1) w1 + wy + w3) . 19 Kalra)oap(r)p-p(r o) Swy + 0y + ws)

2 (0= Q,+ie)(wy+w3—Qg+ie) 25 (03— Q,+ie)(w+Qp—ie)
15 Hall-ap(r)p-p(r) oy + 0+ @3) 1y pap(r )il 2)fa-p(r 3) Swy + wp + w3)
Za'ﬁ (w3—9a+ie)(w2+w3—ﬂﬁ—ie) 20(3 (w2+Qa—ie)(w3+Qﬁ—ie)

ZHB (w2+w3—Qa+i6)(w3+QB—i6) 2(1[3 (w2+w3—Qa—ie)(w2+ng—ie)

1q Bapl) -l DB-p(3) Ay + @3+ w3) 1 ap(la)oall ) p(l') Sy + 0y + w3)

. (D2)

and
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SV _ oyt D) —p(r ) (I 3) w1 + wp + w3)
F @1, 202, 3, 2 wibl o P — :
Trey 05,03 = gy(w2+w3+ﬂ —ie) (@t Qi) (ws+ Qi€

+ 2 Syv—aﬁyﬂa(rZ)M—B(r l)M—'y(rB) 5((1)1 + W) + (1)3)
apy (02— Qu+ie)(wy+ w3 = Qp+ie)(wz+Q,—i€)

-3 Salball DI s-ap(r D) T—p(r3) = Sgi_op(r ) u_p(r3) ] 8w + w, + wg)
B (0 + w3+ Qp—i€)(wy+Q,—ie€)

S Saltall DI p-ap(r ) 1-p(r 2) = Sglt—ap(r 3) -p(r ) 1 + wy + w3)
B (w2+w3+Qa—ie)(w2+Qﬂ—ie)

S Satba(F 2)[ p—op(r 1) 1t-p(F 3) = Spt n5(r 1) (1 3) |81 + ) + w3)

B (w3+QB—ie)(w2—Qa+ie)
Y Sabba(l D -ap(r3)i_p(r1) = Sgit_ap(r 3) pp(r 1) ]8(wq + wp + w3)
o (wy+ w3=Qpt+ie)(w=Q,+ie)
Sptap(l D H-o(T D pu-p(r3) A1 + wp+ @3) o Sptap(l ) i-oll 2 h-p(r'3) w1 + wy + w3)
af (0 +Q,—i€)(wz+ Qg—i€) g (0t o3=Q,+ie)(wz+Qg—ie

(D3)

APPENDIX E: FIFTH ORDER CONTRIBUTION TO THE ENERGY

The contributions to the interaction energy to fifth order in charge fluctuations are obtained by substituting GRF from Eqgs.
(36) and(C8) in Eq. (A8). This is written as the sunv,v(5)=2j‘:1V\/}5), where

W<15>_6_hzzffffff“drldrzdrsdr Jdr’ 2dr? ) S SuSpiinlr)Ea(ry

1= gllra=r"gllrs=r'y|

ad' 'y
Mo pr (1 Dt (1 D) paepr (r'5)(2Q + Q1) . Mar g (N Do (1 ) popr (r'5) (3 + Q)
Qe (Qy+ Q) (Qp+Qp) Qe (Qy+ Qo +Qp)(Qy+ Qpr)

_ S,/,,U,ar(l’ ,1),(,L_ﬁr(r ,2),&_)/([' IS)V—a’,ﬁ’ y ] (El)

Qa'(Qa’ + QB)(Qa + Qa’)

VV(ZS)_@E ffffff |rdr1dr2dr3dr 1dr Zdr 3 —(rl) Z a/uoz(rZ)M—a(rS)|:M_a,’ﬁ’(r 1),“&’([. Z)M_'B,(r 3)SE’

1—r l||r2_r 2||r3 r' | ad' By QB/(QQ+QB/)

+ /'La’,ﬁ'(r ,1)7L—a’(r IZ)M—B’(r ,3)(39[3’ + Qa) _ zsa’s'y’lu’a'(r 1)M—B’(r IZ)M—'y’(r ,3)V—a',ﬁ’ vy :|

E2
Qp(Qy+Qp +Qp) Qur( Qo +Q)( Qe+ Qp + Q) (E2
1 dr,dr,drgdr’ dr',dr’s -
vv??):——zE””” A () D SuSatar (1 D (1)
3 [rp=r'gllra=r")llrs—r'y aBya’
% Syv—aBylu‘a(r1)/~L—ﬁ(r3)1u‘—y(r2)( 1 +i _/“La(rl)lu’—aﬁ(rZ)/'L—,B(r3)_/'LaB(rl)/'L—a(rZ)lu—B(r3)
(Qu+ Q) Qp +Qp+ Q) \Qu+Qp5 Q Qp(Q,+ Q) 205(Q,+ Qe+ Q)
_ aN ) e p(r 3) (T ) _ (1 3) g p(F 1) (1 o) (E3)

(Qa’ + QB) (Qaf + Qa’) (Qa' + Qﬁ) (Qa + Qﬁ' + Qa’)
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1 dr.drodrodr’,dr’dr’s __
V\é?):—@E”””'r 23 12 20 3 R D Syt (H D a(r',)
P

17 llra=r/gllrg—r'y apya’

% SaSyV-apybtall Dit-p(r o) -y (r 3) 1 + 1) Spta(l D R-ap(r 2 (I 3) B Sgttap(r )R-l D (I 3)
(Qu+ Q) Qp +Qp+ Q) \Qu+Qp5 Qu Qp(Qy+ Q) Qp(Q,+Qp+ Q)

_ Spita(r 1)7/«—a/3(r3)ﬂ—/3(r2) _ Sﬁﬁ—a(rs)ﬂaﬁ(r Du—p(r )
(Qa’ + Q,B)(Qa + Qa’) (Qa' + QB)(QQ + Q,B + Qa’) '

(E4)
>p represents the sum over the single permutation of all primed and unprimed quantities and of theairadidés

APPENDIX F: SIXTH ORDER CONTRIBUTION TO THE ENERGY

The contributions to the interaction energy to sixth order in charge fluctuations are obtained by substituti@@E¢s10)
in Eq. (A9). This is written as the sunVMG):EleM6), where

1 dr,drdrdr’,dr’.dr’ - ~ ,
W= f f f f f f ; T T VR VRN (9 /I (35 i (g VYR (S0 \VAN
P

=l 5

20,
(Q,+ Q) Qs+ Q)+ Q) (Qp+ QL+ Qp + Q) (QF - (Qp+ Q)2
B 1

Qo+ Qo) Q= Qp+ Q) ( Q= Qp = Q)( Q= Qpr + Q)
N 1

Qo+ Qo) Qo+ Qp+ Q) ( Qe+ Qp+ Q) (Ao + O + Q)

X{,U/a/(r '1),(,1.7;0‘ ,3)V—a’,ﬁ'7’[

1 ~ o (N D g (r's)

1 1
8 [ (Qa + Qa')(Qa - Qﬁ + Qﬁ’)(Qa - QB - Q'y) B (Qa + Qa’)(Qa - Qﬁ - Qﬁ’)(Qa - Qﬁ - Q'y)
) 20),, 1
(Qy+ Q) ( Qo + Qg+ Q) (QF = (2 + Q)
X{ 20Q),, ) 1
(Q,+ Q) (Qp+ Q+ Qp + Q) Q% - (Qp+ Q)Y (R~ Qp+Qp)( Q= Q= Q) (D + Q0 + Q)

1 ’ ’
— EMQ,B,(I’ 2),u,ar(r 3)

1
+ ]} (F1)
(Q,+ Qs+ Qp)(Q+ Qg+ Q)(Qy+Qp +Qp)

1 dr 1dr ,dr 5dr ' ;dr ' ,dr’ - ~
We = > f f f f f J ; A Y Y 888y lap(T ) a1 D)
P

120 1= allra =t ollrs =15l gy gy

(Qar - Qﬁr - Q,yr)
Qg+ Q) ( Q= Q= Q)(Qy+ Q) (Qp+ Qg + Q)

X{Syrﬂa,(r '1)V_ar”3,7,,u,_ﬁr(r ,Z)M_,yr(r ,3)

. Mo g (F Do (F D (P )(Qr + Qi) gy g (1 ) g (' 9 ppr (r '3)}

(F2)
(wg+ Qg )((Qy +Q/3/)2_Qi) (Qg+Qp)( Q2+ Q)
1 dr,dr ,dr3dr ", dr ' ,dr’
W8 = — fjffff 28 1 27 8 o s s(F) T )T () g (1
3 6712% |r1_r/1||r2_r/2||r3_r/3| ] B/l’aﬁ( 1)1“’ a( Z)M /3( S)MB( 1)
« Mo’ (r ,2)/~L—y’(r IS)V—a’,B’ y’sy’ + /*L—a’,,B’(r ,Z)MQ,(r ,3)
(QBI + Q'y’)(Qa+ QB+ Qa’)(Qa+ Qﬁ+ Q’BI + Q,yr) (QB, - Qﬂ)(Qa-'- Qa’ - Qﬁ)
o /(r/ ) _ar(r, )
Mo g\ 2) L 3 (F3)

+
(Qp +Qp)(Qu+ Qe+ Oy +Qp) |
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W= fffjff dr,dr ,drzdr’,dr’,dr ', D S,Sﬁlﬂaﬁ(rl)ﬂwﬁr(r’1)ﬁ-a(rz)ﬂ-ar(r'2)M-g(r3)ﬁ_5,(r’3),
1%2 ra=r'yflra=r'ollrs—r'sl op o' : (Qp+Qp)(Qu+ Qg+ Qy +Qp)

(F4)

dr,dr.dr.dr’.dr’ dr’
oo (] s 3
> 7 en? ra=tallra=r3llrs—r14 ”

aBy o' By

X ﬁ_ﬂ(r1)Ma(r2)ﬂ_7(r3)v_aﬁy{ SyrSBrV_ar”Bryr,LLar(r ,1)M_ﬂr(r ,2)

2
X
l (Q,+ Q) Qe+ Q,+ Qg + Q) (Q,— Q- Q)(Qp+Q,+ Q)

20
T (Qt Q) QO+ Qy,)(nyf Qp +0,)(Q, - 0,)2- 02
1 ’ N~ / ,
O, O ) (D Q= Q) (2 + Qp+ Q) + O + Qy,)} "t () Rop (U ()
[ 1 ) 20,
Q)+ Q) Qo= Q= Q) Qp+ Q4 Q) (Qu+ O+ Qp)(Q, + Q) (A - 02— 0F)

1
Qe+ Q5=Q)(Qu+ Qs+ Qp)(Q,+Q)

} = Parp (T Do (1 D Hpr(r'5)

1 1
X +
{ { 2(Q+ 0, + 0y +Qp)(Q, - Qp-Q)(Q,+Q)  2(Q,-Qs=-Q)(Q,+Qu + Qg )(Qy+ Qe+ Qp +Qp)

Q4 ]
- 2 2 ) (F5)
Qo+ Qo +Qp)( Qe+ Qg+ Qp)((Q, = Q)" = Q)

dr ,dr,drdr’,dr’dr’ _
va6) thz ffffjf |r : ,2 : :,L 2 ? 2 2 SaS,BSa’M—a,B(rl)lu’a(rZ)IU/—ﬁ(rS)

1= rllra=rgllrs=r'sl s .

S,B'V—a’ﬁ’y’lu’a’(r,1)M—B’(r,2)ﬁ—y’(r,3) _ lu“—a’ﬂ’(r,l)p—ﬁ’(rIZ)Ma’(r,3) _ :U“a’,B’(r,1)M—a’(r,2)ﬁ—ﬂ’(r,3)
(Qp+ Q) Qp+ Q) (Qy+ Qg + Q) (Q+ Q) (Qp+Qp) (Qg+Qp)(Qy+Qp +Qp)

(F6)
dr,dr ,dr5dr " dr’,dr 4 _
: S S - I’ _ I’ — r
7 12%22 ijJJf |r1_rrl||r2_r/2||r3_r/3|a2'8 a%y/ B o M aB( 1)1“’ a’( 2)1“’ ﬁ( 3)
SwSpVowpry oo (1 D (1 )iy (1) B Mo pr (T ) hpr (1 ) i (r'3) F7)
(Qu+Qp+ Q) Qg+ Q) (Q+ Qe+ Qp + Q) (Q+ Qe+ Q) ( Qg+ Q)

HereXp represents the sum over the single permutation of all primed and unprimed quantities and of theaimaidés
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