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It is well known that optical nonlinearities are extremely weak at the quantum, or single-photon, level. This
has been one of the major difficulties for optical implementations of universal, scalable quantum computation.
Knill, Laflamme, and MilburnNature(London 409, 46 (2001)] showed, among other things, that one could
perform the elusive two-qubit logic gates with only linear-optical elements if one also uses extra single photons
and measurement. In this work, we apply linear-optics techniques to produce effects in few-photon beams that
are more familiar to strong-field nonlinear optics. Specifically, we show that these methods are sufficient to
change the spatigbr temporal properties of a light beam with strong dependence on its constituent number
of photons; such phenomena cannot occur via linear optics alone.
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Photons interact with each other notoriously weakly. Thiscontainingn-independentuncorrelatedl photons in mode 1
fact has been one of the main stumbling blocks for opticals incident on a beam splitter with reflection amplitudéVve
implementations of two-qubit, entanglement-changing, quanwill refer to these photons as simply “beam” photons. A
tum logic gates requisite for quantum information processsingle, “ancilla,” photon is incident on the same beam splitter
ing. Atoms can mediate effective interactions between phofrom the other side in mod&. Mode B passes through a
IOTS thf?UQh mlzn“tntﬁar optictal e]?fectls, g'thOUQT theze tO(t)haEJ@patial mode filter that separates light into spatial méde
extremely weak at the quantum level. Proposals and methods : g
for attaczing this prob?em were based 0?1 enhancing thes hd the set of all modes orthogo.nall-’tqsmjply IapeledF).
existing, but weak, optical nonlinearities via cavity QED, oth .Of these new beams terminate at |dea] single-photon
quantum interferencg2], photon-exchange interactiond], count!ng detectqrs. We cons@er thg properties of thg new
and electromagnetically induced transparefly More re-  Stat€ in mode 2 in those cases in whetactlyone photon is
cently, Knill, Laflamme, and MilburnKLM) shocked the detected in mod& and no photons are detectedfn
quantum optics community when they showed that two-qubit The initial state of the beam ancill&),), is the tensor
guantum logic operations could be produced using d¢inly  product of then-photon state in mode 1 and the single pho-
ear optical elements supplemented with extra single photongon in modeA,
and by conditioning the evolution on specific measurement

outcomeg5]. Since then, much more work has been done to 1

simplify, understand, and realize these effd@s§]. In ad- W)= ﬁf "'fdklde“'d&fl(kl)

dition, linear optics techniques have been applied to such '

problems as producing “high-noon” statgdj, performing Xf1(ky) ... f1(kpal(kyal(ky) ... al(ky)

QND measurementglQ], and making “quantum filter” de-

vices[11]. But the kinds of effects and applications thus far X j dkafa(ka)ah(ka)|0), (1)
rely on only the nonlinear amplitude or phase evolution lin-

ear optics methods can induce. Traditional strong-field non-
linear optics has demonstrated that striking nonlinear effects
can also appear in the spatial or temporal properties of opti- Mode 1
cal beams; well-known examples include self-focusing, or
temporal and spatial soliton formation. For most applications
in quantum optics, it is desirable to work within a single- Mode A
mode picture since interference is maximized and decoher-
ence is minimized. However, as we will show in this work,
spatial nonlinear optical effects can be probabilistically gen-
erated through linear optics and projective measurement us-
ing imperfectly overlappingoptical modes.(The effects FIG. 1. Method for producing spatial nonlinear optical effects at
worked out explicitly here in the spatial domain have directthe few-photon level via linear optics and projective measurement.
temporal analoges due to similar dependence on space an@d N-photon state and a one-photon state are incident on a beam
time in the field operators and quantum stgtdhe first  splitter of reflectivityR. These incident modes do not, in general,
signature of these spatial nonlinearities is that photonhave the same beam shapes. A spatial filter is used to separate
number states can conditionally evolve to pure states witloutput modeB photons into a single spatial modeand all other
the same number of photons, but very different beam intenspatial modes that are orthogonal Fo labeledF. The state of
sity profiles. interest in mode 2 is produced conditional on having exactly one
Consider the situation shown in Fig. 1. A Gaussian beanphoton in modeF and no photons i

Beam splitter, R »

“»
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Mode Filter ~ “0”
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wheref,(k) describes the mode function for each beam pho
ton, fo(k) describes the normalized mode function for the
ancilla photon, an(hI(A) are the raising operators for mode
1(A). Both mode functions are chosen such

Jdkf* (k)f(k)=1, which ensures the state is properly normal-

ized. In this theoretical treatment, we consider the cas

where all photons are monochromatic but spatially localized

Under these conditions, the nonlinear effects can only b

spatial; temporal nonlinear effects require that the beam an((glr

ancilla photons have different temporal modes. The bea
splitter reflection and transmission amplitudesandt, are
constant, realthe phases will be included in the mode trans-
formation), and the beam splitter is lossleg$+t>=1). We
write the action of the beam splitter in terms of the field
operators as] —ta}+ra), ai—ral-ta}, whereal g are the
raising operators for mode(R). The beam splitter trans-
forms the state according to

1
|\Pn>_’ﬁf '“fdkl---dknfl(kl)---fl(kn)[raTB(kl)

+taj(ky)] ... [raf(k,) + tal(k,)] J dkafa(ka)[rad(ka)

— taj(ka)]|0). (2)

The spatial mode filter separates only the spatial mede
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-This expression has been used to describe the evolution of
the nonlinear sign-shift operatida,12.
To show some explicit features of nonlinear state evolu-

thattion’ we calculate the rms width of the resultant beam inten-

sity distribution created in mode 2 at the beam splitter as a
function of the incident number of photons in mode 1. For
e purposes of this calculation, the light propagates along
the z direction. We assume that the light is spatially localized
in thex direction, but infinite in extent in the direction; this
eates an effective two-dimensional beam sinceytleso-
ution will contribute only a global phase. We model the
incident photon and ancilla photon mode functions as Gaus-
sians with waists at the beam splitter; these functions can be
written asf(k,, o) =[(2/m)0?]4exp(-k20?), wherek, are the
transverse wave vectors ands the rms width of the inten-
sity distribution along the direction(in general,o is differ-
ent for the incident, ancilla, and filter modedVe treat the
monochromatic case so that the magnitude of the total wave

vector [K|=\K;+IC+kZ is constant. The normalization con-
stant here is important for calculating the overlap of the
mode functions. In these calculations, we choose the filter
mode to be identical to the ancilla mode, i.e.,
Jdkafr(ka) fa(ka)=1. These mode overlap integrals control
the weighting of the two amplitudes in the final state, but
even with this constraint, any weighting of the amplitudes
can be achieved using the beam-splitter reflectivity.

defined by the mode functiofx(k). (For temporal nonlinear th Following ¢ ?_uantum loptics ftheotrﬁ/[13],. \t/ve .tvvrite
effects, postselection of a single temporal mode is required € eXpeCAa_ 1on A+Va ue o e n enAsiy as
By postselecting only those cases where exactly one_photoWr ’t)>_2:<l//|2E (r, DE(r, D[z, where E'(r,p
was detected in mode and no photons were detectediin ~ =1/\27[dk [dw explik -r —iwt)a(k,w)  and  E(r,t)

we describe a projective measurement onto the state1/v2m[dk [dw exp(-ik -r +iwt)a'(k,w), wherer is the

Jdkfe(k)a'(k)[0). Only two amplitudes contribute to the
post-selected final state—atl+1 photons are reflected or
two photons are transmitted amd1 photons are reflected.
The conditional evolution of the beam photons is

1
|n>l_’Wfdklfde---fdknfl(kl)fl(kZ) o f(k ™t
X |:r2f1(kn) J dkafr(ka) fa(ka) = NtPFa(Ky)

X j dkAf*F(k;ofl(kA)}aZ(kl)aZ(kz) ...alk,)|0), (3)

position, k is the wave vectorw is the frequency, and we
have dropped the polarization. These operators can be con-
siderably simplified for the calculations of interest here using
the constraints we have imposed. Since our incident wave
packets are monochromatic and plane waves inytdeec-
tion, the frequency component akgcomponent of the op-
erators contribute a meaningless, overall phase. For now,
we consider only the intensity ar=0 (at the beam
splitten), which removes the k, dependence, and
E*(x)=1/\27 [ dk explik,X)a(k,) and E~(x)
=1/\27 [ dk exp(-ik,X)aT (k).

Figures 2a) and 2b) show the results of a specific set of
normalized intensity calculations for ongsolid ling), two-

where we have not renormalized. Note that this final statglong-dashed ling three- (short-dashed line and four-

still containsn photons. Many of the interesting nonlinear
optical properties of the final state come from its dependenc
on the photon numben. Physically, thisn arises from then

photon(dotted ling states. These intensities were calculated
for an incident beam rms width of 10@m and a smaller, but
comparable, ancilla width of 7am. Figure 2a) illustrates

ways in which one of the beam photons was detected. On thgae behavior in the perturbative limit where the beam-splitter

other hand, there was only a single path wheraall pho-

reflectivity is high,R=83%. In this limit, the amplitude for

tons were reflected from the beam splitter and the ancillall n+1 photons to have been reflected is dominant but the

photon was detected—thus this term is not multipliednby
The ratio of these two interfering amplitudes changes as on
changes the beam photon number making beam character
tics photon-number dependent. If we consider the single
mode case, i.ef;(K)=fz(k)=fs(k), then Eq.(3) reduces to
In);— VR™R-n(1-R)]|n),, in which we have substituted
the reflection probability for the reflection amplitudesr2.

interfering term is non-negligible and grows in significance
®ith the photon numben. The widths of the intensity distri-
Isutions can easily be seen to increase with increasing initial
tand therefore finalphoton number; the rms widths are, for
increasing photon number, 107, 109, 113, and A84 The
operation creates a photon-number-dependent beam expan-
sion. In Fig. Zb), the beam-splitter reflectivity has been de-

051803-2



RAPID COMMUNICATIONS

SPATIOTEMPORAL FEW-PHOTON OPTICAL. PHYSICAL REVIEW A 70, 051803R) (2004
1 L-4-ghotans 3 phtons -2} In Fig. 3, we summarize the widths of the postselected
_ y \ output states as a function of the beam-splitter reflectivity for
£ o8 yy \Q/ cases where the input state has a fixed width of A60and
g os ", \ 2 Photons the ancilla photon has rms width) 20, (b) 75, (c) 125, and
z 04 /J" X. / (d) 500 um. In the limit asR=1, all of the beams have a
g / \ width of 100 um (and, in fact, all beam shapes are idendical
= o2 s o In this limit, the beam splitter is a perfect mirror which re-
0 i flects all input photons to the output and the ancilla to the
12 5 5 by spatial filter and detector. In the opposite limit, Bs-0,
. /N \3photons there is strong dependence of the width on the photon num-
2 ] ,ﬂ\ 2 bhotbns ber. In this limit, the dominant contribution to the final state
& 08 ! /// \\\/‘ comes from the amplitude for two photons to be transmitted
s> 08 ! // \\ \“‘r}h‘-‘”" and n-1 photons to be reflected. The number dependence
2 04 L oA originates from an averaging of the mode sizes of the beam
E o2t \\ ‘\, ‘\‘ and ancilla photons. In this limit for the one-photon state, the
0 Lates / phomns\ A outgoing photors the ancilla and therefore its width is equal
T R TR T T to the ancilla width. As the photon number is increased, the
Position (ym) outgoing intensity width trends towards that of the beam
(i.e., 100um).

FIG. 2. Two specific examples of conditional beam intensities In Figs. 3b) and 3c), the ancilla photon width is chosen
for one-, two-, three-, and four-photon states at the beam-splittefo be slightly smaller and slightly larger, respectively, than
output. Normalized intensity predictions as a function of positionthe heam photons. In these figures, as is typical when the
are shown and were produced using the correlation function methogegm and ancilla mode sizes are similar, rapid variations
described in the text. An inpull-photon state with intensity rms  gccyr in the beam width, from much broader than the initial
width 100um and an ancilla photon with rms intensity width peam to narrower, for certain reflectivities that increase with
75 um were mixed at a beam splitter with reflection probabi(ay increasing photon number. These width “resonances” occur

=830 =769 i i . . .
R=83% and.?% R=769%. In(a)‘htr:e rms W'Sth tht.hﬁ OUtghO'?g beamb near the maximum destructive interference between the two
Increases with increasing photon number—higher photon-num %terfering processes. Since the modes do not match per-
states expand more than lower.(l) we move beyond this pertur- T . .

o . . __fectly, good destructive interference can be either set up in
bative limit and the widths obey no such simple trend. Beam dls-h ¢ fthe b . hich th tant b .
tortion is very apparent for the three-photon state due to stron € center of the beam, N which case the resuftant beam 1S

Lo roadened, or in the tails of the beam, in which case it is
destructive interference. o .

narrowed. Although it is not shown explicitly, the resonances

creased t&R=76%. In this case, the intensity profiles dependbecome narrower as the beam and ancilla modes become
very strongly on the photon number, but the simple perturmore similar. The resonances farphoton states occur at
bative trend is no longer present. One can also see that thgpproximatelyR=n/(n+1), which, in the case of perfect
method can lead to significant beam profile distortion. This isnode matching, corresponds to the condition for maximum
especially apparent near maximum destructive interferencdestructive interference in a generalized Hong-Ou-Mandel-
as is the case, under these conditions, for the three-photatyle interferometef8,14]. Note also that the maxima and

state. minima of the resonances decrease with increasing photon
140 220
1 photon 1 photon b)
120 s P a)] 200 IA\
100 / 2 '.':’ 180 ’ \-photons . . .
/ /,.' 4 photans 160 "’S’; otons FIG. 3. Intensity width vs beam-splitter re-
80 b t’ﬁ - ol 140 ’ \ l v % & photons flection probability. For incident one-, two-,
60 L~ / i P~ 120 I \ three-, and four-photon states with initial rms
© /... 2photons ;3 photons 1 [ widths of 100um, the rms width of the outgoing
g » .._—_———3(-\.1\1, conditional intensity is shown as a function of the
s 80 L T beam-splitter reflectivity for ancilla width&) 20,
3 o e et (b) 75, (c) 125, and(d) 500 um. The behavior in
2 { ohoton C) 5 d) the limits asR=1 andR— 0, the high reflectivity
2 250 e 600 { photon perturbative behavior, and the rapid, photon-
g /\ 500 \ number-dependent changes in the width are dis-
E 500 2 photons 400 __ —\2photons cussed in the text. The most important feature,
/ \ I\3§""‘°"s T LR potone however, is that the conditional intensity profiles
150 // |‘ 4phoms3°° _________ e \"““4pm°ns are very different for different photon-number
—:: = A 200 e \Q,_ states. Such number-dependent beam profiles
100 \ :.E = 100 \ cannot occur with linear optics alone.
50

5 0
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number. In Eq.(3), very roughly speaking, there are-1  detection efficiencies are considered. That being said, the
beam photons in the output state andittiephoton thatis in  effects described in this work for one and two photons
a superposition. Thus, similar to the behavior in the limit asshould be observable with current parametric down-
R—0, the strong broadening or narrowing of thi& photon  conversion sources and multiphoton coincidence postselec-
is washed out by the unaffected-1 other photons. tion. Such techniques have already proven sufficient for

In Fig. 2(@), where the ancilla mode had a width of Zm demonstratin - g
AN . X : g two-qubit quantum logic and two-photon non-
[same as in Fig.®)], we pointed out that in the high reflec- L . . . .
tivity limit, the beam width became broader with increasing“r?earltles n lossy smgle-mgde linear optics experiments
with real single-photon counting detectdis8].

photon number. In the same limit, in Fig(c3, where the 8 ’ ’ ) g )
ancilla mode is slightly larger than the beam mode, the beam Nonlinear optical interactions mediated by higher-order

is compressed more with increasing photon number. Thesatomic susceptibilities are extremely weak at the quantum
trends also hold for the higR limit for Figs. 3@ and 3d), level. KLM showed how the act of measurement, which is
although they are not visible on the displayed scale. With aoutine in the laboratory, and the use of single-photon
narrower ancilla mode, there is more destructive interferencgources could create effective interactions between photon
in the center of the beam tending to make the beam broad%airs useful for two-qubit quantum gates. We have shown
for a broader ancilla mode, there is more destructive interthat these techniques have promise outside the realm of
ference in the tails of the beam tending to make tzhﬁ_lbearauantum information processing. Photon-number-dependent
narr?\t/v%r. I.n adgmon,dthbe smfalltir arrfu:;lr;tu(iertla.:[ thet’r b spatial or temporal properties can be created in a light beam
amplitudg is enhanced by a factor of the photon number via these same techniques when one uses beam and ancilla

”?aking the expansion or compression more pronounced fogghotons in different spatial or temporal modes. There is a
higher photon number states. . - large range of possible applications for such a general ap-
These measurement-based nonlinearities are necessar Yoach including the generation of photon-photon bound

Cpeaiic outcome is absorved_in this case, detecton of on(e319] and noniinear beam propagation and focusing.

i — ' i S often the case that new physics lie at the borders of exist-
photon in mode- and none irF. In the examples discussed ng research fields. By using cutting-edge methods for quan-
here, the probability for the desired detection dependgym computation and more traditional approach quantum co-
strongly on the parameters under consideration. Most signifinerence and interference, many classic nonlinear optical

cantly, the desired outcome probability is highly suppressegffects, normally constrained to the high-field domain, may
near the width resonances due to strong destructive interfefe extendible to the few-photon level.

ence. However, since the modes are not perfectly overlap-

ping, this interference is never perfect and any point on the The author is grateful to Kaoru Sanaka, Aephraim Stein-
curve can occur with some probability. Conversely, in theberg, Morgan Mitchell, Jeff Lundeen, and Gabriel Molina-
high reflectivity limit, the probability of obtaining the desired Terriza for stimulating discussions that shaped the direction
measurement outcome can be very high and still show sigef these ideas. This work was supported by ARC Seibersdorf
nificant broadening or compression. Experimentally, it is be-Research GmbH, the Austrian Science FoundatieWF),
yond current technology to reliably measure one and onlyProject No. SFB 015 P06, NSERC, and the European Com-
one photon in a given spatial mode once realistic loss anthission, Contract No. IST-2001-3886RAMBOQ).
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