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We refute in this Reply the criticisms made by Abdel-Aty. We show that none of them are founded and we
demonstrate very explicitly what is wrong with the arguments developed by this author.
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In a recent papefrl] we presented the quantum theory of  The Hamiltonian used to describe the mazer is given by
the mazer in the nonresonant case, pointing out various ef4]
fects compared to the resonant case. In this system, the in-
teraction of a two-level atom with a single mode of a cavity
is investigated. The atom is supposed to move unidirection-
ally on the way to the cavity and the interaction occurs when
the atom passes through(iee Fig. 1. The effects of this With usual notations. In particulag and w, are the frequen-
interaction are then studied after the atom has left the cavitgies of the cavity mode and the atomic transition, respec-
region_ Compared to the conventional micromaser, thélVEly The atomic motion is defined along thdirection and
atomic motion is described quantum mechanicaﬂge our U(Z) describes the Spatial variation of the atom'CaVity COu-
paper[1] and references therein for the detailed descriptiorpling (the so-called cavity mode functipnThe two atomic
of the system and the model considerdd the nonresonant internal states are denoted bg) (excited state and |b)
case, a detuning between the cavity mode and the atomi@round statg The global Hilbert space of the system is
transition frequencies is present. In our paper, we showegiven by
that this detuning adds a potential step effect not present at
resonance, resulting in a well-defined acceleration or decel-
eration(according to the sign of the detuningf the atoms  ith ¢ the space of the wave functions describing the one-
that emit a photon inside the cavity if they are mltlglly.ex'- dimensional atomic center-of-mass motidh,the space de-
cited. We also demonstrated that this photon emission 'U_S'd§cribing the atomic internal degree of freedom, ahdthe
the cavity may be completely blocked by use of a posm\_/eSpace of the cavity single mode radiation.

detuning. Finally, we characterized the properties of the in- " \ne introduce in the spack, ® Ex the orthonormal basis
duced emission probability in various regimes and demon-

strated notably that the well-known Rabi formula is well IT_1) =1b,0),
recovered by the general quantum theory in the hot atom

regime(where the quantization of the center-of-mass motion IT*(6)) = cos 6
is not necessaly Various criticisms about our paper have n

been raised by Abdel-Aty and summarized in a Comment to B )
which this Reply is intended. We give here an answer to all IT4(6)) = —sin 6a,n) + cos glb,n + 1), 3
of these criticisms and demonstrate that none of them a

2
H=fwyo o+ hoa'a+ %n +hguz)(@oc+ac’) (1)

H=E8E® Er (2

a,n) +sin g|b,n + 1),

"With 0 an arbitrary parameter amd=0. Combined with the

founded. . .
First, and contrary to what is claimed in Abdel-Aty’s zrepresentatiod[2)} in £, the set of vectors
Comment, it is obvious that all the physical effects just de- {lZT_), |z T=(0)) (4)
1 =1/ 4 n

scribed and the way they have been derived in REfdo

not appear in any form in any previous paper dedicated telefines an orthonormal basis over the whole Hilbert sfrace

this subject by this author, namely, Refg] and [3]. This Projecting the Schrodinger equation

will be further demonstrated in the rest of this Reply.
Secondly, it is stated by Abdel-Aty that the evaluation of

the coupled equation®a) and(5b) of our paper is not sat-

isfactory. In particular, it is declared that, in the first line of

Eq. (53 [(5b)], cog 6 (sir? 6) should be replaced by cog2 onto the basig4) yields for everyn=0

(sin 20). We wonder about this criticism as it is in no way

. d _
|ﬁd—t|¢r(t)> =H|¥(1) 5

argued and is actually wrong. To be very explicit, we give o
the details of the calculations which lead to E¢sa) and '
(5b) and we demonstrate that they are perfectly correct. _0 P
two-level
atom
*Electronic address: T.Bastin@ulg.ac.be cavity
"Electronic address: John.Martin@ulg.ac.be FIG. 1. General scheme of the mazer.
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Using the completeness relation

[

1 =f dz[E CANONCANGIE,

n=0
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+ |z,r_l><z,r_1|] , (8)
the right-hand side of Eq6) reads
(ZTH(O)[H|p())
=f dZ’[ i [z TH(O)HIZ T, ()¢ 2D

n’=0
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(2T O)H|p0) = f dz[

h h — _
+ S Sz = z’)(— %sin 20+ ?wsin 20+ hgyn+ 1u(z’)cos 29) npn,ﬂ(z’,t)] .

Defining the detuningd=w-w,y and inserting Eq(17) into
Eq.(6) yields the Schrodinger equation for ti# ,(z,t) com-
ponent, that is,

2

ﬁ—izz +(n+ Dhw-cosohrs

iﬁi t(zt) =] -
gtmd2V =500

+Agu(z)Vn+ 1sin 20] I o(2,)

+ [ﬁgu(z) Vn+ 1cos @

+ %sin 2%6} U f(Z,1), (18)

which is exactly Eq(5a) of our papeff1] (where, of course,
26h6sin 2 must be readshé sin 26; this glaring typo-
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+ <z,Fﬁ(0)|H|Z’,F-1><Z’,F-1|w(t)>] : 9)

Straightforward calculations yield
(Th(O)|oTo|lT,(6)) = cog 05,y (10)

TN R
(Ch(O)]o'oll,,(6)) = - Esm 206ny » (11
(Tr(6)[a’ally, (6)) = (n+ Sir? 6) Gy, (12)
el (o = L
(I'n(o)|a'alr,,(6)) = 5sin 206nw (13
(Trn(0)|a’o+ac'|l7,(0)=Vn+1sin 20 6,,, (14
(riola’o+ac'l,(6)=Vn+1cos D 5,y (15
and

(z,T,(0)|H|z',T_p)=0. (16)

We thus have from Eq9)

+hwocoS 0+ ho(n+sirf 6) +Agyn+ 1u(z')sin 26) s o2

17

to what is claimed by Abdel-Aty, the c®® term in the first
line of our Eqg. (58 in Ref. [1] must notbe replaced by
cos 29, confirming that this equation is perfectly correct.

We demonstrate in a similar manner that Esp) of our
paper [which yields the Schrédinger equation for the
¥ /2,t) component is also error free and that again the
sinfg term that appears in the first line of this equationst
not be replaced by sin@ We therefore refute the criticism
made in Abdel-Aty’s Comment that these equations would
not be satisfactory. They are, and there is absolutely no need
to replace them with those proposed by this author, namely,
Eqg. (9) in his Comment. We demonstrate even at the end of
this Reply that this replacement cannot be done as it leads to
inconsistencies and wrong results in some cases, especially
in the mesa mode case that is presently investigated by us
and Abdel-Aty.

A third criticism states that we would have overlooked the

graphic error was introduced after proof corrections and i§ormulas for cos 2, and sin 2, where 6, defines the
beyond the scope of this Commgntherefore and contrary dressed-state basis and is given by
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u(z) 1 o

cot 2,=—- ——— (23)
2gu(z)vn+1

and where

Vi= <n+ %)wt %\s"52+ 4w +1). (24

At resonance 6=0), the 6, angle that defines the dressed
state basis takes the value/4 everywhere. Thuslé,/dz

0

0 L z =0 whatever the cavity mode function and E§2) must
FIG. 2. The mesa mode function. reduce to the well known equations of the mazer in that case
[4,6], namely,
o aCy 1 &
cot 26,=-—, (19 i n:(———+Vi cr, 25
"0, : Jt 2MaZ ") 25

. — . . o as was also stated by Abdel-Aty and Obada in R&f. It is
with Q“:.ngJ’l' chordmg to this criticism, we WOU|d. important to note that Eq.25) covers the whole axis. It
have avoided great simplifications of our equations. NOth'anescribes elementary scattering processes offheompo-
could be more wrong. We did not overlook anything. It is nents over the potentialé: defined by the atom-cavity in-

‘f’Ve”fXP'a'?E)’ﬂ |1n four0p<ape<riha(;t ml the r(}:ase5of thﬁ meLsa_\ mod raction. However, we observe that E22) does not reduce
unction (u(z)=1 for 0<z<L, 0 elsewherg5], whereL is ', o5) in the resonant case, but rather to

the length of the cavity that is supposed to be located in the

[0,L] region), the coupled equation®a) and(5b) reduce to dCh 1 & .
i i i =+|-———+V.|C (26)
a much simpler decoupled form in the local dressed state ot Mg 'n)en
basis, namely, Eq$7) and(17) of our paper(for outside and  \yhich is a wrong result.
inside the cavity, respectivelyEquation(20) of our paper On the contrary, we may notice that in the resonant case,

does not express anymore than H@0) of Abdel-Aty’s  oyr equationg5a) and (5b) in Ref. [1] well reduces to Eq.
Comment. Indeed, according to our notations, E2) of (25 ysing §=x/4. Abdel-Aty’s Eq.(22) most probably con-

Ref. [1] yields explicitly tains a sign inaccuracy. Considering that this problem should
At S s be solved on the author’s own responsibility, we should con-
cos %,=1-2sirf 6,=1- j\ =- A_ (20) clude that both approaches are equivalent in the resonant

n

=}

case. However, we are dealing here with the detuning effects
and must focus our attention on this nonresonant case, for

_ ) VAZ-8  Q, which the criticisms were written. In the mesa mode case, it
sin 26, =2 sin 6, cos 6y = — —— =", (21) s claimed by Abdel-Aty that Eq(22) is equivalent to Eq.
n n

(25) over the wholez axis, arguing thatdg,/dz vanishes
with A,=v8+Q2. identically. This is not true and we will be very explicit in
Finally, we prove now that Eq9) in Abdel-Aty’s Com-  our demonstration. The mesa mode functidtustrated in
ment does not express another point of view equivalent t&ig. 2) is constant everywhere and presents two discontinu-
our equations and that, contrary to the claim of this author, iPus variations az=0 andz=L. The 6, angle given by Eq.
cannot replace Eqg5a) and(5b) of our paper. Their equa- (23) is thus equal to 0 otr/2 (according to the sign of the
tions read[taking into account that the first partial deriva- detuning outside the cavitfwhereu(z)=0] and to6j, given
tives on the left-hand side of Eq@®) and(9) in Abdel-Aty’s by cot 205=-5/2gyn+1 inside the cavityjwhere u(z)=1].

Comment must evidently be readdt instead ofd/ 9z] Therefore, 6, is also a discontinuous function: constant ev-
. ) _ erywhere, but with different values inside and outside the
iﬁcn _ {_ 17 RV (%) ]C* _ {23 Cn(%) cavity. Consequently, it is wrong to say thid,/dz vanishes
at 2M o2 " dz n dz \ dz identically and that this factor may be eliminated directly
46.)\2 from Eq. (22). More preciselydé,/dz vanishes everywhere
+ Cﬁ<ﬁ> } ' (22) exceptat the entrance and at the end of the cavity where it is
dz infinite. This is the key point that has been overlooked by

Abdel-Aty. What happens at the cavity borders is essential as
i lon 1 & de,\2| aCr(de, this precisely defines the heart of mazer physics, namely, the
I = +V - ( ) C E(E) study of the atom-cavity interaction for atoms passing
through the cavity. The special properties predicted by Scully
+(d0n>2] et al. [7] for the induced emission probability of a photon
Ca , inside the micromazer cavity by ultracold atoms initially ex-
cited occur because the interaction between the atoms and
using the notations as defined in the Comment, wi@rare  the field is drastically different inside and outside the cavity,
the components of the wave function over the dressed stategsulting in a strong effect on the atomic motion when the
the 6, angle isz dependent through the relation cold atoms enter the cavif{p]. A correct description of the

047802-3



COMMENTS PHYSICAL REVIEW A 70, 047802(2004)

cavity borders is therefore an essential feature in the preswell-known one-dimensional scattering problems over
ently investigated system and any approximation that woulgquare potential¥;. They are deduced from E(R5), con-
elude any characteristics of these points will necessarily prosidering that this equation would describe scattering pro-
foundly affect the predictions about the system, resulting ircesses ofC; components representing tseamewave func-
possible wrong results. tion projections along the whole axis. However, this

In the mesa mode case, Eg2) contains two singularities assumption isonly true in the resonant case where the
at the cavity borders that are removed in E85). That dressed state bases inside and outside the cavity are identical
means that both systems of equaticaare not equivalent.  (6,==/4). In the nonresonant case, these bases di@gr,
They are equivalent everywhere, exceptzat0 and z=L. does not represent the same wave function projections inside
Following Abdel-Aty’s approach, the correct way to solve and outside the cavity, and the left-hand side of Ezp)
the Schrédinger equation would consist of directly considerbecomes dependent. In the presence of a detuning, the sys-
ing Eqg. (22). However, as we just showed, this approachtem does notreduce to elementary scattering processes over
leads to singularities in the mesa mode case. This points ogibtentialsV, andV, defined by the cavity1]. The reflection
the limitations of the method and questions the validity ofand transmission coefficients are less evident to compute.
the treatment. It is easy to understand the origins of thes&his explains why our results and their results are not in
limitations. In Abdel-Aty’s approach, the Hamiltonigf) is = agreement, why we question them, and why we cannot fol-
diagonalized in the local Hilbert spacé,®&r and the low Abdel-Aty’s suggestion to replace our set of equations
atomic center-of-mass motion is supposed to move accordingga) and(5b) in Ref. [1] by Eq.(22). We already pointed out
to the spatial variations of thedependent energy levelas  this problem in a separate Commé#gi at the same time of
given by Eq.(4) in Abdel-Aty’s Commenit It is well known  the publication of our paperl]. A Reply to our Comment
that this approach is restricted in the framework of éldéa-  has been recently addressed by these auftifis However,
batic approximationIn the presence of a detuning, its valid- as it contains exactly the same criticisms as those presented
ity requires smooth varying mode functio(s thatdé,/dz  in Abdel-Aty’'s Comment[and the same inaccuracies con-
does not contain any singularjtyThis condition excludes nected with Eq.(22)], we refute all of them for the same
longitudinal modes of closed cavities, whose electric fieldseasons detailed here and we question clearly the arguments
exhibit discontinuities at the points where the atom entersleveloped therein, where the mesa mode is dramatically con-
and leaves the cavitfHaroche and Raymon@]). The mesa fused with a constant function along the whalaxis and the
mode belongs to this exclusion categ@as it is obviously discontinuous variations of this mode are ignored. In this
not a smoothly varying functionand explains why Abdel- sense, the arguments developed by Abdel-Aty and Obada in
Aty’s approach cannot be followed. Ref. [10] and in Abdel-Aty’s Comment are strongly incon-

On the contrary, our Eqg5a) and (5b) in Ref. [1] have sistent. These authors justify the basic equations used in
been derived outside any restricted scheme in the global HiRefs.[2] and[3] [namely, Eq(25)] by arguing that the mode
bert spacg2). Their validity is extremely general and they function does not contain any variations. However, they con-
can be used for any mode function, any initial atomic wavesider in these papers scattering processes and reflection
function (including plane wavesand any detuning. They do mechanisms of the atoms by the cavity, although these ef-
not contain singularities and we have shown that analyticalects are strictly related to variations of the mode function. If
solutions can be found in the mesa mode case. We hawte scattering potentials were constant everywhere, obvi-
redemonstrated in this Reply the correctness of these equausly no scattering could occur and this would describe a
tions and are thus confident about all the physical resultfree particle problem. This is contradictory.
deduced from them in our paper. It is obvious that these As a conclusion, we have shown in this Reply that all the
results differ significantly from those obtained by Abdel-Aty criticisms raised in Abdel-Aty’'s Comment are not founded
and Obada in Refd2] and[3] (compare, for example, the and cannot be considered further. We have also demonstrated
divergent expressions for the reflection and transmission cgrecisely what is wrong with Abdel-Aty and Obada’s argu-
efficients of atoms by the cavityand that all the physical ments and why the validity of their results published in Refs.
effects we have recalled at the beginning of this Reply canf2], [3], and[10] must be seriously questioned. Finally, we
not be deduced from their papers. have justified again the correctness of our equations and their

The reflection and transmission coefficients presented inery general validity, proving that we may be confident with
Refs.[2] and[3] are those obtained in the framework of the the results contained in Refl].
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