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Theoretical investigation on the temporal and spectral distributions of cascade third harmonic generation in
a quasiperiodically optical superlattice is presented. Pulse shaping and integrated energy conversion are stud-
ied, for both input transform-limited and chirped pulses, as well as for both phase matched and phase mis-
matched configurations. Not only the phase mismatch between the center frequencies of the fundamental and
harmonic pulses but also the group velocity mismatches(GVM) among the interacting pulses are considered.
The pulse shaping features consisting of a multiplicity in phase and amplitude are observed. Additionally, there
are some interesting phenomena in harmonic energy conversion, which provide more flexibility for harmonic
generations in the ultrashort pulse range.
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Optical phenomena induced by second order nonlinearity
have been investigated intensively due to their potential
revolutions for laser frequency conversions. Much research
has been conducted on subjects such as second harmonic
generation(SHG), optical parametric amplification and oscil-
lation, wavelength division multiplexing and cascaded opti-
cal nonlinearity. Recently considerable interest has been fo-
cused on high harmonic generation which has been widely
used to extend the laser wavelength to the ultraviolet(UV)
and extreme UV range. Quasi-phase-matched(QPM) third
harmonic generation(THG) has been demonstrated through
xs3d in a simple silica structure[1]. Continuous wave(cw)
frequency tripling by simultaneous three-wave mixing has
been realized in a periodically poled LiNbO3 (LN) crystal[2]
and UV 355 nm THG has been observed in a LN waveguide
[3]. In particular, QPM THG induced by cascaded SHG and
sum frequency generation(SFG) in a quasiperiodic structure
has been realized with high conversion efficiency[4].

Although most treatments to date have considered the
case of tunable cw harmonic generation, the interests in us-
ing ultrashort pulse lasers to generate equally short pulses
have strongly increased in recent years. It is envisaged that
the large output power of high harmonic generation can be
achieved more readily with the use of high peak pump power
densities from the pulsed lasers. Furthermore, it has been
widely reported that ultrafast pulse shaping was applied to
many fields such as ultrafast nonlinear fiber optics[5], opti-
cal communication networks[6], chirped pulse amplification
[7], the coherent control of atomic and molecular processes
[8], as well as coherent control in a chemical reaction[9].

For ultrafast pulse shaping, the most extensive method
carried out is by means of Fourier synthesis. Extensive re-
search has been done in this area[10,11] since the shaping
laser pulses on the femtosecond time scale was demon-
strated. Recently, microstructured QPM materials have been
used in ultrafast frequency conversion. QPM provides extra
degrees of freedom in engineering the amplitude and phase
responses for ultrafast application, a function not available
with conventional birefringent phase matching. More impor-
tantly, QPM SHG devices have been used to combine such

ultrafast techniques as pulse shaping and compression
[12,13]. Alternatively, in this paper, we propose a frequency
tripling pulse-shaping technique in a quasiperiodic LN super-
lattice. The characteristics of,1 ps duration high-power
pulse and its harmonics have been investigated numerically.
Compared to the SHG, higher harmonic generations such as
THG and fourth harmonic generation play a more dominant
role on short pulse shaping and processing because of more
interacting waves and corresponding GVM. The dependence
of the temporal behavior of interacting pulses on input
chirped parameter and phase mismatching detuning have
been also studied. The possible physical origins of the pulse
shaping and distortion, as well as the behavior of energy
conversion are discussed.

Considering the classical forward propagating configura-
tion, the nonlinear coupled equations between interacting
pulses are given:
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Ejsz,Dvd = Ajsz,Dvdexpf− ikjsv + Dvdzg.

Here,Ejsz,Dvd andAjsz,Dvd are the Fourier transforms of
electric fields and the corresponding frequency-domain spa-
tial envelopes, respectively. All parameters are usually de-
fined.
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Fast Fourier transform techniques and a fourth-order
Runge-Kutta method are implemented to obtain the solution
for the coupled equations. Convergence and stability of the
numerical scheme are checked by decreasing the size of the
increments of nonlinear crystal length and increasing the
number of points in the discrete Fourier transform. The inci-
dent fundamental pulse used in the calculation is created by
a chirped Gaussian pulse with linear chirp parametera. Such
a pulse is a good approximation to that produced by a single
pulse mode-locked Nd: YAG laser system. Pulse characteris-
tics are chosen asI10=1.0 GW/cm2 and pulse durationtp
=1 ps. The quasiperiodic LN structure used for simulations
is the same as one introduced and studied previously[14]. It
has two building blocks A and B of lengthlA and lB, which
are ordered in a Fibonacci sequence.

Temporal and spectral distributions of the fundamental
and harmonic pulses inside the nonlinear superlattice are
shown in Figs. 1 and 2 with an input transform-limited pulse.
Figures marked as(A), (B) and(C) correspond to fundamen-

tal SH and TH pulses, respectively. Here, first-order disper-
sive coefficientskj8 obtained from the Sellmeier equation are
7.08310−9 s/m, 7.31310−9 s/m and 7.66310−9 s/m, re-
spectively. Due to GVM among three interacting pulses
(named multi-GVM), pulse shaping and distortion appear not
only for the input fundamental but also for the generated
harmonic pulses. Early in the superlattice, the TH pulse
grows smoothly and reaches a maximum of conversion with-
out pulse distortion. Structure develops in the temporal dis-
tributions after the optimum length. Some asymmetries in
structure are quite apparent, especially for SH and TH
pulses, which indicates that coupling of GVMdvg

TF (0.58
310−9 s/m between TH and fundamental pulses) anddvg

TS

(0.32310−9 s/m between TH and SH pulses) dominates for
the longer superlattice lengths. An undistorted pulse is not
recovered for any longer superlattice lengths, although en-
ergy does oscillate between fundamental and harmonics as
the superlattice length is increased.

The fundamental pulse exhibits a simple Gaussian spec-

FIG. 1. Temporal distributions of fundamental
(A), SH (B), and TH(C) pulses as a function of
the superlattice length, respectively. An input fun-
damental pulse with a transform-limited Gaussian
envelope is used.

FIG. 2. Normalized spectral development of
fundamental(A), SH (B), and TH(C) pulses as a
function of the superlattice length, respectively.
An input fundamental pulse with transform-
limited Gaussian envelop is used.
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tral intensity inside the entire superlattice with negligible
sidelobes. However the situations for harmonic pulses are
quite different, symmetrical multiple peaked spectral struc-
tures for both SH and TH pulses occur after an optimum
length (0.5 mm for the SH pulse and 0.9 mm for the TH
pulse approximately). The typical spectral TH pulse shapes
accompanied with strong spreading are obtained in Fig. 2(C),
which are consistent with the classical physical origins con-
ducing to a band-limiting spectral filter of sincsxd=sinsxd /x
shape superimposed upon the generated TH spectrum by the
GVM that is due to the phase mismatch at frequencies away
from the pulse center. SH pulses with a double-peaked spec-
trum and a strong restriction of central spectral peak are
shown in Fig. 2(B). It seems that a proper amount of qua-
dratic phase exps−ib2B

2+ ic2d is added to generated SH spec-
tral distributions, resulting in a strong reduction of the cen-
tral spectral peak. The parametersb2 andc2 are determined
by crystal property and pulse position inside the crystal, re-
spectively. Because the generated SH pulse involves two
processes (doubling of fundamental field and down-
conversion of TH and fundamental pluses), the above results
manifest that coupling and interacting of three GVM result in
a simple spectral quadratic addition, which is quite similar to
that induced by group velocity dispersion.

The peak intensity and integrated energy conversion in-
side the superlattice are plotted in Fig. 3. Both conversion
efficiencies develop a kind of oscillatory behavior. There are
some sharp troughs in Fig. 3(A), corresponding to the split-
ting into two or more intensity peaks in temporal distribu-
tion, otherwise the energy conversion revolve smoothly. It is
further seen that, when the fundamental field reaches its
maximum, both of the SH and TH energies decrease approxi-
mately to their minima. In particular, for a sufficiently long
superlattice, SHG reaches zero and the energies of the fun-
damental and TH pulses converge to approximately 50%
conversion efficiency asymptotically.

An incident chirped pulse can be shaped and compressed

using chirped QPM superlattice[15]. It is also significant to
discuss the propagations of harmonic pulses in an nonlinear
quasiperiodic medium with an input chirped pulse. The cor-
responding numerical calculations are performed and pre-
sented. Figure 4 plots the temporal distributions of the fun-
damental and harmonic pulses for a positive chirp parameter
sa=1.0d. Compared to the time-domain envelope of input
transform-limited Gaussian pulse, there are no distinguish-
able differences of temporal distributions between Figs. 1
and 4 for a shorter superlattice length. There are more severe
distortions for fundamental pulses in the 15 to 2.0 mm
range, while the wings of the TH pulse appear to be re-
strained slightly for an input chirped pulse, which implies
that the combination of multi-GVM among interacting pulses
and an additional phase modulation induced by a chirped
pulse can improve TH spectral shapes. Generally the depen-
dences of harmonic energy conversion on the input chirp
parameters are summarized in Figs. 5(A) and 5(B), corre-
sponding to SH and TH pulses, respectively. Here, due to the
simultaneous QPM in both SH and SF processes are broken,
the most important feature is a reduction of THG and an
increase of SHG for the input chirped fundamental pulse.
The total energy conversion for harmonic generations is seen
to be larger than that of transform-limited input pulse, indi-
cating that such a quasiperiodic superlattice has a potential
for simultaneously efficient SH and TH outputs pumped by a
chirped fundamental pulse. Furthermore, the quantitative
similarities of TH energy conversion, with respect to differ-
ent input chirped parameters, for the shorter superlattice
length indicate that the increase in SH energy conversion
mainly results from the depletion of fundamental energy. The
peaks of SH energy conversion(30%–50%) in the early su-
perlattice appear for chirp parameters larger than 1.0, which
means that SHG is more sensitive to input chirped param-
eters than THG in the beginning of the superlattice.

It is known that the high conversion efficiency of cas-
caded THG requires that the QPM conditions for both SHG
and SFG are fulfilled simultaneously. However, the practical
fabrications of superlattice easily generate fluctuations in the
layer thickness, leading to a phase mismatch in SH and(or)
SF processes. Therefore it is desirable to study frequency
conversion and their pulse shaping with phase mismatch in
SH and(or) SF processes. For the case that SHG is phase
mismatched and SFG is phase matched, the energy conver-
sions are illustrated in Figs. 6(A) and 6(B) for a smaller and
larger SH phase mismatch, respectively. Here the SH phase
mismatch is defined by the coefficientb. For the smaller SH
phase mismatch, it is out of expectation that the SH energy
conversion increases in comparison with perfect phase
matching situation, resulting in the decrease of TH energy
conversion. Both SH and TH energy conversion are rela-

FIG. 3. Peak intensity(A) and integrated energy(B) conversions
as a function of the superlattice length. Calculation parameters are
the same as that in Fig. 1.

FIG. 4. Temporal distributions of fundamental
(A), SH (B) and TH (C) pulses as a function of
the superlattice length, respectively. An input
chirped fundamental pulsesa=1.0d is used.
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tively low for the larger SH phase mismatching, indicating
that efficient THG strongly depends on not only SF process
but also SH phase matching. The dependence of energy con-
version with the SH phase match and SF phase mismatch are
plotted in Figs. 6(C) and 6(D), corresponding to smaller and
larger SF phase mismatches, respectively. Similarly, SF
phase mismatch is given byb. The curves of harmonic en-
ergy conversion are slightly distorted for smaller SF phase
mismatch shown in Fig. 6(C), but 40% TH output are ob-
tained asymptotically for the longer superlattice length. From
Fig. 6(D), an interesting phenomenon emerges where it is
seen that efficient SHG is obtained over a wide range of
superlattice when the SF phase mismatch increases and cor-
respondingly less TH waves are generated. An efficient SH
wave is seen to accumulate owing to the SH phase matching
and the larger SF phase mismatch.

In this work, temporal and spectral distributions of SHG
and cascade THG in a quasiperiodic optical superlattice have
been studied quantitatively. Both input transform-limited and
chirped pulses, as well as phase mismatching configurations
in SH and(or) SF processes, are considered. Owing to multi-
GVM of ultrashort pulses, pulse distortion and shaping ap-
pear. Symmetrical spectral distributions with single- and

multiple-peak structures can be obtained even when their
corresponding temporal envelops distort severely. SH pulses
with a strong restriction of central spectral peak are observed
indicating that a proper amount of quadratic phase modula-
tion is produced due to the coupling of three GVM. There are
also some interesting phenomena in energy conversion of
harmonic waves in comparison with the situation of the cw
wave. Through numerical optimization it is shown that im-
proved TH energy conversion efficiency in wider regions of
the superlattice can be achieved. These resulting features are
seen to have an edge for practical TH conversion designs in
ultrashort pulse range.
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FIG. 5. Dependence of SH(A) and TH (B) energy conversions
on the input chirped parameters. Solid, dashed, dotted, dash-dotted,
dash-dot-dotted and short-dashed curves correspond to input
chirped parametersa=0.0, 0.5, 1.0, 1.5, 2.0, and 2.5, respectively.

FIG. 6. Energy conversion with QPM SFG as well as(A) a
smaller SH phase mismatch and(B) a larger SH phase mismatch;
with QPM SHG as well as(C) a smaller SF phase mismatch and
(D) a larger SF phase mismatch.
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