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We analyze the system of rate equations that, according to our previous studies, adequately describes the
behavior of neodymium random lasers. We show that random lasers, in which a noticeable fraction of spon-
taneous emission goes to lasing modes, have different threshold behavior than regular lasers. We also demon-
strate that although the dynamics of stimulated emission in random lasers is strongly dissimilar in different
pumping regimes, the threshold energy remains constant, equal to the product of the cw threshold power and
the spontaneous emission lifetimet, if the pumping pulse is much shorter thant. The results of the study
suggest that one can compare the performance of random lasers in different operation regimes and use a cw
approximation(with some restrictions) in an analysis of thresholds of pulsed random lasers.
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I. INTRODUCTION

Random lasers are simplest miniature sources of stimu-
lated emission. In random lasers, strong optical scattering in
the gain medium provides for stimulated emission feedback,
thus eliminating the need for an external cavity. Random
lasers, first proposed by Letokhov in the late 1960s[1,2],
have been intensively studied, both experimentally and theo-
retically, over the following years. Most of the solid-state
lasers operate in a short-pulsed regime with relaxation oscil-
lations. The examples of short-pulsed random lasers include
neodymium random lasers[3–5], color center random lasers
[6], ZnO random lasers[7,8], random lasers based on scat-
tering polymers[9–11] and many others. Random lasers
based on rare-earth dopedd-Al2O3 powders pumped with
electron beam operate in a cw regime[12,13].

Interesting physics and exciting potential applications of
random lasers, including express testing of novel solid-state
laser materials[14], inertial confinement fusion[4], informa-
tion technology[15], and identification[16,17] stimulate in-
creasingly growing research in this field. Thus, in recent
years, the dependence of random laser behavior on the diam-
eter of a pumped spot[18–20], the absorption length[19],
and the mean particle size[21], have been studied in a num-
ber of experimental and theoretical works.

In regular lasers, the properties of stimulated emission in
the cw regime are related to those in a pulsed regime. Thus,
knowing the behavior of a laser in the cw regime, one can
predict its performance in the pulsed regime, andvice versa.
For example, if the duration of a pumping pulsetpump is
much shorter than the spontaneous emission lifetimet, then
the threshold energyEth is independent oftpump and equal to

Eth = Pth
cwt, s1d

where Pth
cw is the threshold pumping power in the cw re-

gime.
In random lasers, the invariance of the threshold pumping

energy is not obviousa priori. As it is argued in the follow-
ing sections, in random lasers the contribution of spontane-
ous emission to laser modes(which is insignificantly small in
regular lasers) strongly influences the threshold behavior and

cannot be neglected. Thus in cw random lasers[12], the
threshold is not very distinct[the inset of Fig. 1(a)]. At the
same time, in pulsed neodymium random lasers, a very sharp
threshold[the inset of Fig. 2(b)] is manifested by a dramatic
shortening of the emission pulse[the inset of Fig. 2(a)], nar-
rowing of the emission spectrum and an increase of the peak
emission intensity up to 104 times[3]. The question arises as
to whether dramatic threshold changes of the emission be-
havior in a pulsed regime are governed by the same simple
balance between gain and loss, which determines a cw
threshold.

Despite the majority of random lasers operate in pulsed
regime, a number of theoretical studies of random laser emis-
sion are carried out in a cw approximation; see, for example,
Refs. [19,22,23]. The cw approximation is primarily used
because it allows one to derive relatively simple closed-form
analytical solutions for many random laser parameters. At
the same time, a few studies have been done to justify the
use of a cw approximation for the analysis of random lasers
operating in a short-pulsed regime.

In this work, we theoretically investigate random laser
thresholds at cw and pulsed pumping. We show that although
the behavior of stimulated emission is strongly different in
the two regimes, the threshold pumping energy of pulsed
random lasers can still be described with Eq.(1) if the dura-
tion of the pumping pulsetpump is much shorter than the
spontaneous lifetimet. This justifies the use of a cw approxi-
mation in the threshold analysis of pulsed random lasers and
allows one to compare the behavior of the same(random)
laser material in different operation modes.

II. MODEL

As it has been shown[5], the dynamics of neodymium
random lasers can be described both qualitatively and quan-
titatively using a system of rate equations for the population
inversionn and the volume density of emitted photonsE. A
similar system of rate equations is used in the present study
[24],

dn

dt
=

Pstd
hnpSlp

−
n

t
−

E

hne
csen, s2ad
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dE

dt
= −

E

tres
+

zn

t
hne + Ecsen. s2bd

HerePstd /S is the pumping power density;lp is the depth of
the pumped layer(Slp is the pumped volume); se is the emis-
sion cross section,hnp shned is the photon energy at the
pumping(emission) wavelength;t is the spontaneous decay
time determined by the spontaneous emission, multiphonon
relaxation, and cross-relaxation;zn/t is the rate with which
spontaneously emitted photons populate lasing mode(s); tres
is the photon residence time in a scattering medium; andc is
the speed of light.

III. RANDOM LASER THRESHOLD IN A cw REGIME

In the cw approximation, the system of equations(2a) and
(2b) has a solution:

n =
E

tresS zhne

t
+ cseED , s3d

E =
tresne

2Slpnp
fsP − P * d ± ÎsP − P * d2 + 4z4PP* g, s4d

where

P * =
hnpSlp

ttressec
. s5d

[In Eq. (4), only the “1” sign has a physical meaning.] At
P→`, the asymptotic behavior ofE is

E =
tresne

Slpnp
fP − P * s1 − zdg, s6d

while at P→0,

E =
tresne

Slpnp
Pz. s7d

According to Eq.(6), the slope efficiency above the thresh-
old is independent ofz and equal toh;E/P=tresne/Slpnp.

At z→0, the threshold pumping power is equal toPth
cw

=P* [Eq. (6)] and the slope efficiency below the threshold
approaches zero[Eq. (7)]. This is the case of regular lasers,
in which z→0.

FIG. 1. (a) Calculated input-output curves of random laser emis-
sion. Curve 1, calculated atz=10−6, is typical to regular lasers.
Curves 2, 3, and 4 are calculated atz=0.1, 0.5, and 1, correspond-
ingly. Curves 4a and 4b, calculated atz=1, correspond to the stimu-
lated emission contribution and spontaneous emission contribution
to the total emission.(b) FunctionsnsP/Sd corresponding to the
emission curves in(a). Inset of (a): peak emission intensity(at
lem=362 nm) of a Ce:d-Al2O3 random laser pumped with a dc
electron beam as a function of current. After[12].

FIG. 2. (a) Calculated kinetics of stimulated emission in a
neodymium random laser. The ratio between energies correspond-
ing to traces 1, 2, and 3 wasE3:E2:E1⇔136:114:100. Inset:
Stimulated emission kinetics experimentally measured in a
NdSc3sBO3d4 random laser at 532 nm pumpingstpump<10 nsd. The
ratio between energies corresponding to traces 1, 2, and 3 was
E3:E2:E1⇔139:126:100. (b) Three overlapped input-output
curves calculated in a neodymium random laser attpump equal to
2.5, 5, and 10 ns. Inset: Input-output curves recorded in a
NdSc3sBO3d4 random laser, at the pumping pulse duration equal to
7 ns(open squares) and 17.5 ns(closed circles). The two thresholds
and the two slopes are the same within the experimental accuracy.
(lpump=532 nm, diameter of the pumped spot<0.8 mm.)
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In random lasers, especially in random lasers with inco-
herent feedback, where the emission is omnidirectional and
the density of spectrally overlapped modes is very high, the
value of z is determined by the quantum yield of lumines-
cence(in a spectral band of laser emission) and cannot be
neglected. The nonzero value ofz lowers the value of the
threshold toP* s1−zd [Eq. (6)] and provides for nonzero
slope below the threshold[Eq. (7)].

The input-output curves and the functionsnsP/Sd calcu-
lated at different values ofz and the spectroscopic param-
eters, which are typical to high-cross-section neodymium
random lasers[3] (se=1310−18 cm2, t=2310−4 s, tres=1
310−11 s, lp=0.8 mm, andlp=c/np=532 nm), are depicted
in Fig. 1. The calculated value ofPth

cw/S is equal to 5
3102 W/cm2, expectantly, much lower than those experi-
mentally determined inshort-pulsedneodymium random la-
sers, 23105–109 W/cm2 [25]. The curves calculated atz
→0, which exhibit sharp thresholds and locking of the popu-
lation inversion above the threshold, are typical to regular
lasers. As z increases, the input-output curves become
smoother and the value of population inversion determined
at the threshold differs from that asP→`. The predicted
smoothness of a cw threshold is in agreement with that ob-
served experimentally[12]; the inset of Fig. 1.

At z=1, the input-output curves does not have a threshold
at all. This result is easy to understand since the laser process
cannot improve the quantum yield of emission(which is al-
ready equal to unity), and the output is linearly proportional
to the input. The pumping-dependent contributions from the
spontaneous emission and the stimulated emission to the to-
tal emission are also shown in Fig. 1. Note that atP→`, the
asymptotic behavior ofstimulatedemission is given by Eq.
(6) at z=0. (The same asymptotic behavior of stimulated
emission contribution holds for all values ofz.)

Note that diffusion, which governs photon motion in scat-
tering random laser media, is not abandoned in the devel-
oped model. The diffusion theory is used to calculate the
thickness of the pumped layerlp and the residence timetres
entering Eqs.(2)–(7) [21].

IV. RANDOM LASER THRESHOLD
IN A PULSED REGIME

We started the study of a random laser dynamics with
examining the case of infinitely long step-like pumping pulse
turned on att=0. The kinetics of emissionEstd and popula-
tion inversionnstd have been calculated numerically at dif-
ferent pumping intensities.

At low pumping power,P, Pth
cw, the emission is pre-

dominantly spontaneous. In this regime, the characteristic
time constant of the build-up ofEstd andnstd f~s1−e−t/tdg is
close to the lifetimet. With an increase of the pumping
power toPth

cw, gain balances loss and the system reaches the
lasing threshold. However, atz=1 (which is approximately
the case of random lasers), this does not cause any qualita-
tive change of the stimulated emission dynamics, Fig. 3(a).
Likewise, the character of stimulated emission remains to be
the same in some range of powers exceedingPth

cw. In the
latter case, the only predicted change is the shortening of the

characteristic buildup times forEstd andnstd.
At much higher pumping power, the character of stimu-

lated emission changes significantly: after certain duration of
the pumping pulse, the emission intensity increases in an
almost step-like manner, Fig. 3(b). A sharp increase of the
emission density can be associated with the threshold of the
random laser. At even stronger pumping power, characteristic
relaxation oscillations are predicted in the stimulated emis-
sion kinetics, Fig. 3(c).

Note that atz→0 (the case of regular lasers), the shape of
the stimulated emission kinetic calculated atP=Pth

cw ap-
proximately resembles the one in Fig. 3(b), but not that in
Fig. 3(a). At the same time, kinetics computed at much
higher pumping intensities do not strongly depend on the
value ofz.

We then investigated the dynamics of stimulated emission
under pumping of the system with short rectangular and
Gaussian pulses, which duration ranged between 5 and
500 ns. In this regime, which closely resembles the one re-
alized in many random laser experiments, the threshold is
associated with the appearance of the first short pulse in the
stimulated emission kinetics. In an agreement with experi-
ment, the number of calculated emission pulses increases
with the increase of the pumping energy, Fig. 2(a). When the

FIG. 3. Kinetics of emission energy densityEstd (trace 1) and
population inversionnstd (trace 2) calculated atj→1 at step-like
pumping (trace 3). (a) P/S=53102 W/cm2=Pth

cw/S; (b)
P/S=53104 W/cm2=100Pth

cw/S; and (c) P/S=53105 W/cm2

=1000Pth
cw/S.
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energy of the emission pulse(s) is plotted versus the pumping
energy, it results in typical for lasers input-output depen-
dence with a very sharp threshold, Fig. 2(b). In accord with
the discussions above, a very sharp threshold in the short-
pulse regime is explained by a strong predominance of the
stimulated emission over the spontaneous emission.

In several pumping regimes studied above, the behavior
of stimulated emission was strongly different. However, as
follows from Table I, summarizing pumping powers and
pulse durations at different excitation conditions, the thresh-
old energy is an invariant value given by Eq.(1) if tpump
!t. Thus, knowing the threshold pumping power of a ran-
dom laser at one pulse duration, it is possible to predict its
value at a different pulse duration or cw excitation. Corre-
spondingly, it is possible to study the dependence of a ran-
dom laser threshold on some of the system parameters(trans-
port mean-free path, diameter of the pumped spot, etc.) in a
cw regime and expect to have the same dependence in a
pulsed regime.

V. DISCUSSION AND SUMMARY

We analyzed the system of rate equations, which de-
scribes the behavior of neodymium random lasers[5] in cw
and pulsed regimes. We have found that the cw threshold
behavior of random lasers, characterized by strong feeding of
spontaneous emission into laser mode(s), can be strongly dif-
ferent from that in regular lasers: the cw thresholds in ran-
dom lasers are predicted to be much less distinct than those
in regular lasers. When the quantum yield of spontaneous
emission is equal to unity andall spontaneous emission is
coupled to lasing modessz=1d, then at cw pumping or
pumping with long rectangular pulses, no qualitative changes
occur to the emission signal at the threshold. This surprising
and important result can be commented on as follows.

The developed model does not account for any changes of
the emission spectrum. In the first approximation, this corre-
sponds to an experiment in which emission is detected in a
spectral band exceeding(or equal to) the bandwidth of spon-
taneous emission. When the conditionGAIN=LOSSis satis-
fied, stimulated emission becomes self-supporting. However,
at z=1, the quantum yield of emission is already equal to
100%. Stimulated emission cannot further improve this

value. That is why no changes of the emission intensityin-
tegrated over a broad spectral bandcan be seen at the
threshold.

In real random lasers(for example, neodymium random
lasers), the emission line narrows above the threshold. This
narrowing can be theoretically predicted if the model is up-
graded to include large number of spectral channels, Ref.
[26]. If the emission signal is detected at the maximum of a
narrow laser line, then, even atz=1, the input-output curve
will resemble trace 1 in Fig. 1(a) and the shape of the kinet-
ics at the threshold will be close to that in Fig. 3(b). In other
words, the behavior of emissiondetected in a narrow spec-
tral band is qualitatively similar to that in a random laser
with z=0. This formal analogy has a physical meaning and
corresponds to the fact that the fraction of spontaneous emis-
sion going to a spectrally narrow channel is very small, even
if for the emission integrated over a relatively broad sponta-
neous emission band,z is equal to 1.

In the short-pulsed regime, the emission kinetics are sig-
nificantly different from those in the long-pulsed regime, and
the input-output curve has a distinct threshold even atz=1.
The latter statement seems to be nontrivial, since atz=1, one
expects 100% quantum yield of emission. So, one can ask
the following: “Where does the energy go below the thresh-
old?” At z=1, the value of the emission power integrated
over longs@td period of time, is exactly equal to the pump-
ing energy. If such time-integrated emission is plotted
against pumping energy, the input-output curve will resemble
trace 4 in Fig. 1(a). Emission ofpulsedneodymium random
lasers manifests itself in form of short high-intensity spikes,
which last during the pumping pulse. The intensity of re-
sidual spontaneous emission following short spikes of stimu-
lated emission(after the end of the pumping pulse) is very
small. Correspondingly, the residual spontaneous emission is
never taken into account in experimental measurements or
calculations.

This is the reason of the distinct threshold behavior theo-
retically predicted(and experimentally observed) in short-
pulsed random lasers even atz→1. In fact, below the thresh-
old, the intensity of emission, integrated over the duration of
the pumping pulse, is negligibly small; however, above the
threshold, when the short emission spikes appear, its value is
increased significantly.

TABLE I. Invaiance of pumping energy in random laser excited with pulses of different duration.

Type of pumping P/SsW/cm2d tpump (ns) E/S sJ/cm2d

cw 53102

Infinitely long rectangular step 53104 2000a 0.1

Infinitely long rectangular step 53105 200a 0.1

Rectangular pulse 23105 500 0.1

Rectangular pulse 23106 50 0.1

Rectangular pulse 23107 5 0.1

Gaussian pulse 50 0.1

Gaussian pulse 10 0.1

Gaussian pulse 2.5 0.1

aTime of the step-like increase of the emission intensity
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We have proven that in spite of strongly different dynam-
ics of random laser emission in different regimes, the thresh-
old pumping energy remains constant, determined by the
product of the cw threshold pumping power and the sponta-
neous lifetime iftpump!t. This allows one to study the de-
pendence of the random laser threshold on various system
parameters in a cw regime and then extrapolate the results to
the pulsed regime. This also allows one to predict and com-

pare the behavior of random lasers operating in different
pumping regimes.

ACKNOWLEDGMENTS

The work was partially supported by NASA Grant Nos.
NCC-1-01049 and NCC3-1035 and NSF Grant No. HRD
0317722.

[1] V. S. Letokhov, JETP Lett.5, 212–215(1967).
[2] V. S. Letokhov, Sov. Phys. JETP26, 835–840(1968).
[3] V. M. Markushev, V. F. Zolin, and Ch. M. Briskina, Sov. J.

Quantum Electron.16, 281–283(1986).
[4] C. Gouedard, D. Husson, C. Sauteret, F. Auzel, and A. Migus,

J. Opt. Soc. Am. B10, 2358–2363(1993).
[5] M. A. Noginov, N. E. Noginova, H. J. Caulfield, P. Ven-

kateswarlu, T. Thompson, M. Mahdi, and V. Ostroumov, J.
Opt. Soc. Am. B13, 2024–2033(1996).

[6] M. A. Noginov, N. E. Noginova, S. U. Egarievwe, H. J.
Caulfield, P. Venkateswarlu, A. Williams, and S. B. Mirov, J.
Opt. Soc. Am. B14, 2153–2160(1997).

[7] H. Cao, Y. G. Zhao, H. C. Ong, S. T. Ho, J. Y. Dai, J. Y. Wu,
and R. P. H. Chang, Appl. Phys. Lett.73, 3656–3658(1998).

[8] H. Cao, inOptical Properties of Nanostructured Random Me-
dia, edited by V. M. Shalaev(Springer-Verlag, New York,
2002).

[9] F. Hide, B. J. Schwartz, M. A. Diaz-Garsia, and A. J. Heeger,
Chem. Phys. Lett.256, 424–430(1996).

[10] C. W. Lee, K. S. Wong, J. D. Huang, S. V. Frolov, and Z. V.
Vardeny, Chem. Phys. Lett.314, 564–569(1999).

[11] R. C. Polson, J. D. Huang, and Z. D. Vardeny, inPhotonic
Crystals and Light Localization in the 21st Century, edited by
C. M. Soukoulis(Kluwer Academic, Dordrecht, 2001).

[12] G. Williams, B. Bayram, S. C. Rand, T. Hinklin, and R. M.
Laine, Phys. Rev. A65, 013807(2001).

[13] B. Li, G. Williams, S. C. Rand, T. Hinklin, and R. M. Laine,
Opt. Lett. 27, 394–396(2002).

[14] V. M. Markushev, N. È. Ter-Gabriélyan, Ch. M. Briskina, V. R.
Belan, and V. F. Zolin, Sov. J. Quantum Electron.20, 772–777

(1990).
[15] A. A. Lichmanov, Ch. M. Briskina, N. P. Soshchin, and V. F.

Zolin, Bull. Russ. Acad. Sci. Phys.63, 922–926(1999).
[16] R. M. Balachandran, A. Pacheco, and N. M. Lawandy, inCon-

ference on Lasers and Electro-Optics, OSA Technical Digest
Series(OSA, Washington, DC, 1995), Vol. 15, pp. 114–115.

[17] S. Larochelle, P. Mathieu, V. Larochelle, and J. Dubois, in
Conference on Lasers and Electro-Optics, OSA Technical Di-
gest Series(OSA, Washington, DC, 1997), Vol. 11, p. 143.

[18] G. V. Soest, M. Tomita, and A. Lagendijk, Opt. Lett.24, 306–
308 (1999).

[19] Y. Ling, H. Cao, A. L. Burin, M. A. Ratner, X. Liu, and R. P.
H. Chang, Phys. Rev. A64, 063808(2001).

[20] M. Bahoura, K. J. Morris, and M. A. Noginov, Opt. Commun.
201, 405–412(2002).

[21] M. A. Noginov, G. Zhu, A. A. Frantz, J. Novak, S. N. Will-
iams, and I. Fowlkes, J. Opt. Soc. Am. B21, 191–200(2004).

[22] X. Jiang and C. M. Soukoulis, Phys. Rev. B59, 6159–6166
(1999).

[23] Q. Li, K. M. Ho, and C. M. Soukoulis, Physica B296, 78–84
(2001).

[24] The model neglects any coherence effects. It is applicable to
random lasers with nonresonant feedback omnidirectional
emission. Applicability of the model to other systems can be
restricted.

[25] F. Auzel, P. Goldner, J. Alloys Compd.300–301, 11–17
(2000).

[26] M. A. Noginov, I. N. Fowlkes, G. Zhu, and J. Novak, J. Mod.
Opt. (to be published).

RANDOM LASER THRESHOLDS IN cw AND PULSED REGIMES PHYSICAL REVIEW A70, 043811(2004)

043811-5


