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Random laser thresholds in cw and pulsed regimes
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We analyze the system of rate equations that, according to our previous studies, adequately describes the
behavior of neodymium random lasers. We show that random lasers, in which a noticeable fraction of spon-
taneous emission goes to lasing modes, have different threshold behavior than regular lasers. We also demon-
strate that although the dynamics of stimulated emission in random lasers is strongly dissimilar in different
pumping regimes, the threshold energy remains constant, equal to the product of the cw threshold power and
the spontaneous emission lifetimeif the pumping pulse is much shorter thanThe results of the study
suggest that one can compare the performance of random lasers in different operation regimes and use a cw
approximation(with some restrictionsin an analysis of thresholds of pulsed random lasers.
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I. INTRODUCTION cannot be neglected. Thus in cw random lagdrg], the
Rand | implest miniat £ st threshold is not very distindthe inset of Fig. (a)]. At the
andom fasers are simplest miniature Sources ot Simus, ,q time, in pulsed neodymium random lasers, a very sharp
lated emission. In random lasers, strong optical scattering 'ﬂweshold[the inset of Fig. 2)] is manifested by a dramatic
the gain medium provides for stimulated emission feEdbaCkshortening of the emission pulfthe inset of Fig. 2], nar-
;chus eh;_mntatmg the dnEede(t)rk?]n extetrrr:all ctav% ;andon}owing of the emission spectrum and an increase of the peak
asers, 1irst proposed by Letokhov in the late 60, emission intensity up to f@imes[3]. The question arises as
have been intensively studied, both experimentally and theo(—o whether dramatic threshold changes of the emission be-

retically, over t.he following years. MOSt 9f the sol?d-state_ havior in a pulsed regime are governed by the same simple
lasers operate in a short-pulsed regime with relaxation osc"ﬁalance between gain and loss, which determines a cw
lations. The examples of short-pulsed random lasers inCIUdﬁlreshold '

neodymium random lase{8-9), color center random lasers Despite the majority of random lasers operate in pulsed

EG].’ Zn0 Irandomgla;erg?,Sgi, randomtlr(]asers Ft{msgd onl scat- regime, a number of theoretical studies of random laser emis-
ering polymers[9-11 and many others. Random lasers sion are carried out in a cw approximation; see, for example,

based on rare-earth dopa#lAl,C; powders pumped with Refs. [19,22,23. The cw approximation is primarily used

electron beam operate in a cw regifi, 13. fbecause it allows one to derive relatively simple closed-form

Interesting physics and exciting potential apphcatl_ons 0 analytical solutions for many random laser parameters. At

random lasers, including express testing of novel sohd—statﬂ1e same time, a few studies have been done to justify the

laser material$14], inertial confinement fusiof¥], informa- S :
. ’ ) e .’ ) use of a cw approximation for the analysis of random lasers
tion technology{15], and identificatio{16,17 stimulate in- operating in a short-pulsed regime.

creasingly growing research in this field. Th_us, in recent 1 this work, we theoretically investigate random laser
years, the dependence of random laser be_hawor on the d'arﬁiresholds at cw and pulsed pumping. We show that although
etedr t?\f a pumpedtlqutl_Séiq,hthe aé)bsorpttmg I((ejn_gthlg], the behavior of stimulated emission is strongly different in
gn fe mean pa: |?:e Sc‘ilith ], ?vel eenks udiedinanum- yhe two regimes, the threshold pumping energy of pulsed

er ot experimental and theoretical Works. .. .random lasers can still be described with Eb.if the dura-

In regulgr lasers, the properties pf stimulated emission i) e e pUMPINgG PulSdymp is much shorter than the

Lhe cw retghlmf) ahre r_elatefd t(l) thos_e I'?ha pulsed_reglme. Thu%’pontaneous lifetime. This justifies the use of a cw approxi-

nowing the behavior of a laser in theé Cw regime, oné car, g, iy the threshold analysis of pulsed random lasers and
predict its performance in the pulsed regime, &iw versa allows one to compare the behavior of the samandom

For example, if the duration of a pumping pyl%mp s laser material in different operation modes.
much shorter than the spontaneous emission lifetirtben

the threshold energly, is independent of,,,,, and equal to Il. MODEL

En=Py2"r, (1) As it has been showf5b], the dynamics of neodymium
random lasers can be described both qualitatively and quan-
where P;,™ is the threshold pumping power in the cw re- titatively using a system of rate equations for the population
gime. inversionn and the volume density of emitted photdasA

In random lasers, the invariance of the threshold pumpingimilar system of rate equations is used in the present study
energy is not obvious priori. As it is argued in the follow-  [24],
ing sections, in random lasers the contribution of spontane-
ous emission to laser modeshich is insignificantly small in dn_ P® _n_ ECU N 24
regular lasersstrongly influences the threshold behavior and dt  hySl, 7 hy, e
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FIG. 2. (a) Calculated kinetics of stimulated emission in a
neodymium random laser. The ratio between energies correspond-
1x10%° 1 ing to traces 1, 2, and 3 waB;.E,:E; ~ 136:114:100. Inset:
Stimulated emission kinetics experimentally measured in a
NdSg(BOg), random laser at 532 nm pumpilig,m,=~ 10 ng. The

0.0 ; - . o ratio between energies corresponding to traces 1, 2, and 3 was
0.0 5x10 1x10 1.5x10 2x10 E; E,:E; - 139:126:100. (b) Three overlapped input-output
P/S (W/cm?) curves calculated in a neodymium random laset,at, equal to

2.5, 5, and 10 ns. Inset: Input-output curves recorded in a
. o X NdSg(BO,), random laser, at the pumping pulse duration equal to
sion. Curve 1, calculated at=10"" is typical to regular lasers. 7 hq(open squargsand 17.5 ngclosed circles The two thresholds

_Curves 2,3, and 4 are calculatedzat0.1, 0.5, and 1, corresp_ond- and the two slopes are the same within the experimental accuracy.
ingly. Cur_ve_s 4a and_4b,_calculated§atl, corresporPd t_o the stlr_nu-_ (Apump=532 nm, diameter of the pumped sped.8 mm)
lated emission contribution and spontaneous emission contribution

to the total emission(b) Functionsn(P/S) corresponding to the

FIG. 1. (a) Calculated input-output curves of random laser emis-

emission curves in@). Inset of (a): peak emission intensityat _ Tresle D (b_p+*\2 %
Aem=362 nm) of a Ce:5-Al,O3 random laser pumped with a dc E= ZSIpyp[(P P*)£\(P—P*)7+474PP*],  (4)
electron beam as a function of current. Affée].
where
dE E n
—:——+§—hve+ Ecoen. (2b) pP* = _P_P_hv S| (5)
dt Tres T TTre0eC .

HereP(t)/Sis the pumping power density;, is the depth of
the pumped laye(S, is the pumped volumeo, is the emis-
sion cross sectionhw, (hve) is the photon energy at the
pumping(emission wavelength;r is the spontaneous decay TroVe
time determined by the spontaneous emission, multiphonon E= ?[P -P*(1-9], (6)
relaxation, and cross-relaxatiofn/ 7 is the rate with which ¥p

spontaneously emitted photons populate lasing f®de.s  hile atP—0,

is the photon residence time in a scattering medium;cisd

the speed of light.

[In Eg. (4), only the “+” sign has a physical meanirjgit
P— o, the asymptotic behavior d is

_ TresVe
E= Sl P¢. (7)
IIl. RANDOM LASER THRESHOLD IN A cw REGIME pVp

In the cw approximation, the system of equati¢o®g and  According to Eq.(6), the slope efficiency above the thresh-
(2b) has a solution: old is independent of and equal top=E/P= 7./ Slv,.
At {—0, the threshold pumping power is equalRg™"

n= E , (3) =P* [Eq. (6)] and the slope efficiency below the threshold
<§hve ) approaches zerfeq. (7)]. This is the case of regular lasers,
Tres —— + COE . .
T in which {—0.
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In random lasers, especially in random lasers with inco- _ , n(em”)
herent feedback, where the emission is omnidirectional and £1.sx10* 1 1 a0
the density of spectrally overlapped modes is very high, the g
value of { is determined by the quantum yield of lumines- g 0% ) { za0™ @
cence(in a spectral band of laser emissjoend cannot be 5
neglected. The nonzero value Hflowers the value of the g s ] 8 1 Pao®
threshold toP* (1-¢) [Eq. (6)] and provides for nonzero &
slope below the thresholdEq. (7)]. - 0 ' ; " — 00

The input-output curves and the function&/S) calcu- 0T Leaet st seaet 7ea0
lated at different values of and the spectroscopic param-
eters, which are typical to high-cross-section neodymium T —]n (em®)
random laserg3] (o,=1X 1078 cm?, 7=2X107%s, re=1 % 15000 ‘ 2 1. .
X 10*s,1,=0.8 mm, and\,=c/v,=532 nm, are depicted g /’ 30 b
in Fig. 1. The calculated value d?,”"/S is equal to 5 £ w01 3 7 2x10%
X 107 W/cn?, expectantly, much lower than those experi- § |
mentally determined ishort-pulsecheodymium random la- g 590%] 0
sers, 2 10°—10° W/cn? [25]. The curves calculated at E 00

. L. . 0.0E+0 T T T T v -
— 0, which exhibit sharp thresholds and locking of the popu- a0¢ 00 1a0% 2x10% 3K10% 4x10% SXI0° 6x10°
lation inversion above the threshold, are typical to regular b Time (s)
lasers. As{ increases, the input-output curves become
smoother and the value of population inversion determined 3 «10% n{cm®)
at the threshold differs from that @&— . The predicted 2 3105 2 1 500
smoothness of a cw threshold is in agreement with that ob- < c
served experimentalljl2]; the inset of Fig. 1. 5 2aon 1 3 { 2110

At (=1, the input-output curves does not have a threshold f 1
at all. This result is easy to understand since the laser process § %% 1m0
cannot improve the quantum yield of emissiagvhich is al- S 408400 , , , Joo
ready equal to unity and the output is linearly proportional 29%10°  17x107 37107  s7x107  7.7x107
to the input. The pumping-dependent contributions from the Time (s)

spontaneous emission and the stimulated emission to the to-
tal emission are also shown in Fig. 1. Note thaPat o, the
asymptotic behavior oftimulatedemission is given by Eq.
(6) at £=0. (The same asymptotic behavior of stimulated
emission contribution holds for all values &1

Note that diffusion, which governs photon motion in scat-
tering random laser media, is not abandoned in the devekharacteristic buildup times fdg(t) andn(t).
oped model. The diffusion theory is used to calculate the At much higher pumping power, the character of stimu-
thickness of the pumped laygy and the residence timges  lated emission changes significantly: after certain duration of

FIG. 3. Kinetics of emission energy densigft) (trace 3 and
population inversiom(t) (trace 3 calculated at— 1 at step-like
pumping (trace 3. (@ P/S=5X10 W/cn?=P,"IS (b)
P/S=5x10* W/cm?=100P, /S, and (c) P/S=5X10° W/cn?
=100, "/S.

entering Eqs(2)H7) [21]. the pumping pulse, the emission intensity increases in an
almost step-like manner, Fig(I8. A sharp increase of the

IV. RANDOM LASER THRESHOLD emission density can be associated with the threshold of the

IN A PULSED REGIME random laser. At even stronger pumping power, characteristic

relaxation oscillations are predicted in the stimulated emis-
We started the study of a random laser dynamics withsjon kinetics, Fig. &).
examining the case of infinitely long step-like pumping pulse  Note that a — 0 (the case of regular lasgrshe shape of
turned on at=0. The kinetics of emissiof(t) and popula-  the stimulated emission kinetic calculated R& P, ap-
tion inversionn(t) have been calculated numerically at dif- proximately resembles the one in Figbhg but not that in
ferent pumping intensities. Fig. 3@. At the same time, kinetics computed at much
At low pumping power,P<P,®", the emission is pre- higher pumping intensities do not strongly depend on the
dominantly spontaneous. In this regime, the characteristigalue of¢.
time constant of the build-up d&(t) andn(t) [«(1-e "] is We then investigated the dynamics of stimulated emission
close to the lifetimer. With an increase of the pumping under pumping of the system with short rectangular and
power toP, ", gain balances loss and the system reaches th@aussian pulses, which duration ranged between 5 and
lasing threshold. However, d@t=1 (which is approximately 500 ns. In this regime, which closely resembles the one re-
the case of random lasgrshis does not cause any qualita- alized in many random laser experiments, the threshold is
tive change of the stimulated emission dynamics, F{@).3 associated with the appearance of the first short pulse in the
Likewise, the character of stimulated emission remains to betimulated emission kinetics. In an agreement with experi-
the same in some range of powers exceedp§". In the  ment, the number of calculated emission pulses increases
latter case, the only predicted change is the shortening of theith the increase of the pumping energy, Fige2When the
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TABLE I. Invaiance of pumping energy in random laser excited with pulses of different duration.

Type of pumping P/SW/cn?) toump (NS E/S (J/cnP)
cw 5X 107
Infinitely long rectangular step %10 200G 0.1
Infinitely long rectangular step %10° 200 0.1
Rectangular pulse 210 500 0.1
Rectangular pulse 210° 50 0.1
Rectangular pulse 210 5 0.1
Gaussian pulse 50 0.1
Gaussian pulse 10 0.1
Gaussian pulse 2.5 0.1

#Time of the step-like increase of the emission intensity

energy of the emission pul@ is plotted versus the pumping value. That is why no changes of the emission intenisity
energy, it results in typical for lasers input-output depen-tegrated over a broad spectral banchn be seen at the
dence with a very sharp threshold, FigbR In accord with  threshold.
the discussions above, a very sharp threshold in the short- In real random lasergfor example, neodymium random
pulse regime is explained by a strong predominance of théser$, the emission line narrows above the threshold. This
stimulated emission over the spontaneous emission. narrowing can be theoretically predicted if the model is up-
In several pumping regimes studied above, the behaviograded to include large number of spectral channels, Ref.
of stimulated emission was strongly different. However, ad26]. If the emission signal is detected at the maximum of a
follows from Table |, summarizing pumping powers and narrow laser line, then, even &t1, the input-output curve
pulse durations at different excitation conditions, the threshwill resemble trace 1 in Fig.(&) and the shape of the kinet-
old energy is an invariant value given by Ed) if t,,,, ICS atthe threshold will be close to that in Figbg In other
< 7. Thus, knowing the threshold pumping power of a ran-words, the behavior of emissiafetected in a narrow spec-
dom laser at one pulse duration, it is possible to predict it§ral band is qualitatively similar to that in a random laser
value at a different pulse duration or cw excitation. Corre-with {=0. This formal analogy has a physical meaning and
spondingly, it is possible to study the dependence of a rancorresponds to the fact that the fraction of spontaneous emis-
dom laser threshold on some of the system paramgtarss- ~ Sion going to a spectrally narrow channel is very small, even
port mean-free path, diameter of the pumped spot) gt  if for the emission integrated over a relatively broad sponta-
cw regime and expect to have the same dependence inMgous emission band,is equal to 1.

pulsed regime. In the short-pulsed regime, the emission kinetics are sig-
nificantly different from those in the long-pulsed regime, and
V. DISCUSSION AND SUMMARY the input-output curve has a distinct threshold eveg=at.

The latter statement seems to be nontrivial, singg=dt, one

We analyzed the system of rate equations, which deexpects 100% quantum yield of emission. So, one can ask
scribes the behavior of neodymium random lagéisn cw  the following: “Where does the energy go below the thresh-
and pulsed regimes. We have found that the cw thresholdld?” At (=1, the value of the emission power integrated
behavior of random lasers, characterized by strong feeding @ver long(>7) period of time, is exactly equal to the pump-
spontaneous emission into laser m@lecan be strongly dif- ing energy. If such time-integrated emission is plotted
ferent from that in regular lasers: the cw thresholds in ranagainst pumping energy, the input-output curve will resemble
dom lasers are predicted to be much less distinct than thoseace 4 in Fig. 1a). Emission ofpulsedneodymium random
in regular lasers. When the quantum yield of spontaneouiisers manifests itself in form of short high-intensity spikes,
emission is equal to unity anall spontaneous emission is which last during the pumping pulse. The intensity of re-
coupled to lasing mode$=1), then at cw pumping or sidual spontaneous emission following short spikes of stimu-
pumping with long rectangular pulses, no qualitative changetated emission(after the end of the pumping pulses very
occur to the emission signal at the threshold. This surprisingmall. Correspondingly, the residual spontaneous emission is
and important result can be commented on as follows. never taken into account in experimental measurements or

The developed model does not account for any changes @flculations.
the emission spectrum. In the first approximation, this corre- This is the reason of the distinct threshold behavior theo-
sponds to an experiment in which emission is detected in setically predicted(and experimentally observedn short-
spectral band exceedirigr equal t9 the bandwidth of spon- pulsed random lasers eveniat: 1. In fact, below the thresh-
taneous emission. When the conditi@AIN=LOSSis satis-  old, the intensity of emission, integrated over the duration of
fied, stimulated emission becomes self-supporting. Howevethe pumping pulse, is negligibly small; however, above the
at {=1, the quantum yield of emission is already equal tothreshold, when the short emission spikes appear, its value is
100%. Stimulated emission cannot further improve thisincreased significantly.
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We have proven that in spite of strongly different dynam-pare the behavior of random lasers operating in different
ics of random laser emission in different regimes, the threshpumping regimes.
old pumping energy remains constant, determined by the
product' of .the cw threshold'pumplng power and the sponta- ACKNOWLEDGMENTS
neous lifetime ifty,m,< 7. This allows one to study the de-
pendence of the random laser threshold on various system The work was partially supported by NASA Grant Nos.
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