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Vortex dipole in a trapped atomic Bose-Einstein condensate
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We calculate the angular momentum and energy of a vortex dipole in a trapped atomic Bose-Einstein
condensate. Fully analytic expressions are obtained. We apply the results to understand an interesting phenom-
enon in the MIT group experimefiRamanet al, Phys. Rev. Lett87, 210402(2001D], an excellent agreement
is achieved, and further experimental investigation is proposed to confirm this vortex dipole mechanism. We
then suggest an effective generation and detection of vortex dipole for experimental realization. Application of
the sum rule to calculate collective mode frequency splitting is also discussed.
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I. INTRODUCTION experimental detection and production of vortex dipoles,

The distinguished behavior of superfluid to carry angularVhich will be emphasized in this paper.

momentum has attracted people’s attention from long ago. | ITO pro%eed in thri]s ir|1te;£estingkand| me:;ningful re;earfch
is well known that vortex excitation plays an important role 11€ld, we of course should first make clear the properties of a

when a superfluid responds to the external rotation. NowaSiNgle vortex dipole in BEC, i.e., its angular momentum and
nergy. In Sec. Il, we will first deduce an exact result of its

days, the vigorous development in cold atom physics ha§ ) =

provided a different and more favorable arena to prove man@"9ular momentum and energy. It is not trivial to calculate
theoretical predictions of the behavior of rotating superfluid..hﬁ angular momentudm an? enﬁrgy of a vortex dlp_olte In ?n
It has been clearly demonstrated by many recent experimenﬁe?r?gggiinggﬁ]splgfgoi?jﬁ] aefe toe:)ebt\aﬁﬁ fﬂﬁ; a?qr;l;[[}ci?r?e[on
}irf]:ttir::aewvhoer:]e)s(u\;fvilclzliebnet :n;ﬁglrem%):ﬁgittm Y;"tlrr]nggr':g dlogr? ults, which will be described explicitly in this section and

. . he appendixes. We then apply our results to investigate the
the vortex lattice will be generated when even more angulaf,t group experiment[1]. Through our calculations, we

momentum is brought to this system. _ rovide strong evidence to support the presence of a vortex
Besides the vortex itself, the vortex dipole, i.e., a boundyiygle during this kind of vortex nucleation process, and sug-
vortex-antivortex pair, is also of particular interest. It is well gest further experiment to confirm this mechanism.
known that the low-lying behavior of two-dimensional he- = To experimentally study the properties of the vortex di-
lium superfluid is dominated by vortex dipole, for the exci- pole in detail, an effective way to generate and detect it is
tation energy of a vortex dipole is much smaller than a singlgequired. Although various methods have been widely
vortex. With the increase of temperature, the vortex pairsadopted to produce vortices successfully, the formation of
will become unbounded and vortices will be free. This will the vortex dipole has not been systematically discussed. In
lead to a phase transition known as the Kosterlize-ThoulesSec. IIl, we will suggest that JILA's methd@], which gen-
(KT) transition. Although no vortex-antivortex pair has yet erate vortex through a coherent spatial and temporal cou-
been observed directly so far in atomic Bose-Einstein conpling between two-component BEC, could also be used to
densategBEC), it is natural to presume that the vortex dipole produce vortex dipole.
may play an important role when the imparted angular mo- Measuring the density distribution could demonstrate the
mentum is not large enough to support the vortex excitationdensity depression in the neighborhood of the vortex center
So it is worthwhile to study the properties of vortex dipole but have nothing to do with its phase. The same problem will
excitation in an atomic BEC. be encountered in the case of the vortex dipole. We could not
The existence and importance of vortex dipole in andistinguish which vortex is positive or negative only from
atomic BEC are also indicated by some recent experimenthe density image. What is more, the velocity field of a vor-
and numerical simulations. The MIT group stirred the BECtex dipole decreases quickly from the dipole center, and any
locally with the stirring frequency which was too small to closed path, which is a little far away from the vortex dipole
generate any surface mode, however, they observed a largad includes both the vortex and antivortex, will be quite
number of vortices after stirring for some time. This sug-similar with the case that there is no singularity at all in this
gested a local mechanism of generating vortex, say througarea. It is also not so effective to use the interference method
vortex dipole excitatiorjl]. Recently some numerical calcu- to reveal the phase information of the vortex dipole as in the
lations also indicated that a stable vortex dipole could existortex casg4]. However, experimentalists now could accu-
in a trapped atomic BEC for a broad range of paramdrs rately measure the frequency splitting of the collective
All of these lead us to believe that cold atomic physics willmodes when the time-reversal symmetry is broken due to the
offer people the opportunity to investigate this intricate vor-presence of vortices. This splitting will clearly distinguish
tex dipole excitation in superfluid. What is more, the characthe vortex dipole from single vortex and vortex-free states.
teristics of trapped atomic BEC will add much richer physicsin theory, there are usually two ways to calculate the fre-
content to the properties of vortex dipoles, as well as to thejuency of the collective mode in the presence of vortices:
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one is perturbative calculation and the other is the sum rule
approach. The results obtained from these two approache
are in good agreement with each other when the vortex is ir
the center of condensate. However, they are no more consis
tent when the vortex is off center as pointed out in RBf.

In Sec. IV, we first use perturbation approximation to calcu-
late the frequency splitting of the collective mode, and then
we explain why the sum-rule approach fails here. A brief —
conclusion and discussion will be given in the last section.

1. PROPERTIES OF A VORTEX DIPOLE

A. Angular momentum and energy

We hereafter consider a BEC confined in a pancake har
monic trap, which allows us to deal with a quasi-two-
dimensional system. The Gross-Pitaevski equation in a non
rotating coordinate frame is

L 2o
— o VAUV gy =Ey, M

FIG. 1. Vortex dipole configuration: the grey torus expresses the

_1 2 : : :
where V=3me?r? and g is the effective quasi-two- effective part of the condensate which carries the angular
dimensional interaction strength, obtained by integrating thenomentum.

usual three-dimensional oner#?a,./m over thez direction.
As we are considering the small angular momentum case We _ -
. . " 7In Fig. 1. So we could denotrg=D-d/2,r,=D+d/2, there-
could start with the Thomas-Fernilr'F) approximation. So foreg B 2
the density distribution of the ground state is well known as

3 3
whereR is the TF radius. Once a vortex dipole appears, inwherepg is hwimRZ/(Zg). Now we turn to the energy of the
the region outside of the vortex core we can write vortex dipole. In the TF region, it could be written as
v=\p(ne"), 3 72
with E= o f pridxdy, (8)
O(r,@) =0O(r =) —O(F—1p). (4)  where

Here ©(r) is the angle of with respect tax axis.r; andr,

denote the positions of vortex and antivortex, respectively. U=
Equation(3) follows from the assumption that the presence 7 =12 |7 =152
of vortices will not change the density distribution of the ) _
condensate but only introduce a phase, except inside the voriere we have neglected the presence of mirror dipole due to
tex core. This is true when the vortex cokeis small in the  the edge effect, which would be a good approximation in a

TF region. With Eq.(3) we could calculate the angular mo- broad region except when the dipole is. very close to the
mentum of the condensate as boundary of the condensate. For convenience, we do all the

calculation in complex coordinates. We will usex+iy and

R 27 R e . .
o(r, =¥X—
L :ﬁf prer ar.e) (P)d(p:ﬁf prdré(r,@)|3™. (5) z=x-ly, and then obtain
0 o ¢ 0
2
] ) ) ) _ %o
Only in the regionr,<r <r,, 6 will change 2r after going T AimR2
along a circle. Thus o

L ZX(F=Tf) ZX(F-Trp

(9)

|21‘22|2
|z- 21|2|Z‘ Z2|2

(R2-12? dzOdz. (10

r According to the Green formula
L= 27Tﬁf prdr. (6)
51

. ) ) . f dw=f w, (11
We notice that the energy of a vortex dipole increases with Q 90
their distance, and the most efficient way to carry angular
momentum is thaf; andr, direct along the same radius, we could obtain the energy expression in the reglosd
namely they are fully polarized, as are schematically shown<R,
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2K D\?| d 3
E:—p0[1—<—> ]In—. (12) |
m R A 255

The detailed calculations are given in Appendix B. As the
energy is dependent ahlogarithmically, the vortex and an- 1.5
tivortex should bind up to each other closely, and we could
neglect higher orders af/ R. Compared with the well-known

result for the homogenous case, we also find that in(E2). o 051
the homogenous density is replaced by a local density at the
position of vortex dipole. It can be easily understood because
the amplitude of the velocity field of vortex dipole falls rap- -9
idly from the center of the vortex dipole, and most contribu-
tion to the energy of a dipole comes from the local velocity

field. -1.5

) . . . . . . . .
) . 0 01 02 03 04 05 06 07 08 09
B. Interpretation of experiment D/R

It is of long-standing interest to investigate the intrinsic
mechanism of vortex nucleation since the study of heliumr
superfluid. In Ref.[1] dynamic nucleation of vortices in a
trapped atomic BEC was studied experimentally. When the

FIG. 2. Vortex dipole energy. Solid, dashed, and dash dot denote
=0.05, 0.1, 0.2, respectively, wheTe=Ly/ 27 pgRA .

condensate was stirred by a laser with the beam waist com- A(D) = Ao (14)
parable to the TF radius, the condensate was globally rotated. D)2
In this case they found an enhanced vortex generation when 1- R

the stirring frequency coincides that of surface excitations. It

is indicated that vortex could be generated through surface This result is plotted in Fig. 2. We could clearly see that

excitation. However, when the condensate was stirred locallthe energy minimum occurs &/R around 0.4. Our calcu-

by a small beam, and the stirring frequency was far belowation thus provides a support to the vortex dipole mecha-

any surface excitation frequency, they also found large numnism.

ber of vortices. This phenomenon suggested that the vortex To further confirm the vortex dipole mechanism, we in-

can also be created locally in the bulk of the condensateyestigate the properties of vortex dipole in an anharmonic

which seems to be in conflict with the topological argumenttrap [9],

unless the vortex dipole was excited as an intermediate step.

With the increase of angular momentum, the antivortices will V(r) = }mwirz + }mkzrzt_ (15)

finally be expelled out from the system and leave only the 2

vortices in the condensate. : :
A remarkable feature of the local nucleation is that the-tl;he angular momentum and energy of the vortex dipole will

; S ecome

vortex humber produced by this local stirring is strongly de-

pendent on the distandebetween stirring position and the 5 Dd D3d D°d

center of condensate. The vortex number presents a maxi- L =2mfipoR7| (1 +A)§ "RBr ABRI (16)

mum in the region where the ratio bfo the condensate size

Ris around 0.4. Hence a question can be raised that whethend

we can understand the maximum from the properties of vor- o2 D\2 D\4 d
tex dipole excitation. E= _Po{l _< ) + A{l - <_> ”In = an
Our answer to this question is, it is just in this region that m A

the excitation energy of vortex dipole takes a minimum. IN\where A=k2R2/wi. We find that with the increase of the

?quartic term, the minimum in th&-D curve moves toward
larger value ofD/R as shown in Fig. 3. Hence we predict
that the stirring position where the number of generated vor-
tices reaches its maximum will also change correspondingly,

region. With Egs(7) and(12) in hand, we could calculate
the energy as a function of the position of vortex dipble
for a given small value of angular momentum, The result

IS if a similar experiment is performed in an anharmonic trap.
E—{1—<9>2}In L R ! (13 0 OLE FO o)
Eo_ R 27ThpoR2A(D)9 2 3| I1l. VORTEX DIPOLE FORMATION
R \R Let us first briefly review the vortex formation by the

phase imprinting methofB], which used a laser to couple a
whereE, denoting Z?p,/m is introduced as an energy unit. two-component BEC. When we write the order parameter
Here we should emphasize that the vortex core dizalso  as n*?d“y, where x"=(cog/2)e7 %2, sin(0/2)d¢?), we
depends oD /R via could map the wave function to a pseudosgion a Bloch
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4 ' ' ' ' ' ' ' ' ing to the uniqueness of solution to the equatii=0, the
i two phase singularities, as well as the phase elsewhere inside
the circle, will consequently be determined.

IV. VORTEX DIPOLE DETECTION

When the ground state of the condensate possesses time-
reversal symmetry, thent collective modes will be degen-
erate. However, once the time-reversal symmetry is broken
due to the presence of vortex, the frequencies of the two
modes will split. Zambelli and Stringari used the sum-rule
approach to obtain an analytical result of this splitting when
a single vortex lies in the center of the conden$@jeSvidz-
insky and Fetter also obtained a consistent result by solving
the the hydrodynamic equations with perturbational approxi-
mation [7]. They both found that the frequency splitting is
proportional to the total angular momentum carried by the

FIG. 3. Vortex dipole energy. Solid, dashed, and dash dot denotéondensate. Later the frequency splitting when the vortex is
A=0.5,1, 2respectively, and is fixed at 0.05. off center was also calculated perturbativdly,8]. They
found that the result obtained from the sum-rule approach
does not agree with that from the perturbative approach any-

tate with the effective Rabi oscillation frequenfy. In the ~ MOre: In .th.is sgction, we will first calculate 'the collective
experiment the laser was locally applied and moved around J0de splitting in the presence of a vortex dipole from the
circle with the frequency,, and the condensate in different perturbation approximation, and we find the similar disagree-
points acquires a phase difference proportional(gAt, ment betyveen perturbation appro_ach.and t_he sum-rule ap-
where At is the time interval of the laser passing through proach will also occur here. We W|II.br|efIy discuss the rea-
these two points. Ifw, =, the phase difference between SO0 Why.the sum-rule approach fal_ls to meet t.hg result of
the two points is identical td 6, and the phase configuration perturbaﬂye approach._We shall point out th‘_"‘t it is not the
of a vortex is built up. Besides, if we only change the sign ofSUM rgle itself but the incorrect way we use it that leads to
Q. and keep the circling direction of the laser unchanged!is failure.

an antivortex will be produced.

Extending the above method to dipole generation is A. Frequency splitting induced by vortex dipole
straightforward. From Fig. 4, we can see that the velocity
field of a vortex dipole is clockwise in the left plane and
anticlockwise in the right plane. To produce a vortex dipole,
the moving laser is required to change the sig)gf once ap =
it crosses thg axis. What is more, the phase configuration of it V- (pv) =0, (19
the vortex dipole could be produced exacfly, the veloc-
ity of the moving laser, and the phase change gradient of .
the vortex dipoleV # should satisfy the relationship M%U n €<V+ gp -+ %Mvz> =0, (20)

sphere. Under the optical coupling, the pseudospin will ro

Substituting =p€e? into Eq. (1), we could obtain the
well-known hydrodynamic equations in the TF region,

5 -Vo=Q 18 . . I
Y ef (18) wherev=V ¢. Expandingp=py+ dp and v=1,+ v with

everywhere along the circl®. denotes dipole phase expres- L EX(F-T) X (F-Ty)

sion Eq.(4). Once the phase along the circle is fixed, accord- W=+ 1= o R (21
r— I’l r— I’2
y . y and after linearization, we could obtain the equation for col-
Ur lective modes,
Qesr >0 Qesr <0
Q <w2+%V -p0V>5p:—in(505p)
Fl FZ x 'Fl 'f"z x |g . R R
sy [PV (%o~ V)dp]. (22
w

We notice that the left-hand side of E@2) is just the equa-
FIG. 4. Vortex dipole generation. Left: arrowhead denotes thetion of collective motion corresponding to a vortex-free
velocity field of the vortex dipole along the circle. Righit:denotes ~ ground state. And we also note that the effectypfto the
the velocity of the moving laser. collective modes is always small, becausg decreases
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quickly from the vortex dipole center as rE/while dp in-  the rotation invariance is broken in the case of vortex dipole.
creases from the condensation center™asheir overlapping  The choice ofF still as(x+iy)? will excite several states, and
is always small except that the position of the vortex dipoleEq. (28) will not be tenable. That is why the sum-rule ap-
is nearby the boundary. So we could treat the right-hand sidproach fails to agree with the perturbative result in R8f.

as perturbation safely and obtain

5 V. CONCLUSION

o2 = 0§ = =gl Vo) + T (al¥ - po¥ (b )|, . B
o In summary, by applying a convenient integration method
(23 in a complex coordinate, we have obtained the fully analytic

. ) ) expressions of the angular momentum and energy of a vortex
where wy is the collective mode frequency in a vortex free dipole in a trapped BEC. We also suggest an effective

case. Hereafter we consider the following surface mode: | athod to generate and detect the vortex dipole. Our work

m+1 ™ may provide a starting point for the research in the problem

] imo . e i ) .

lg)= —Rm+le'm . (24)  of vortex dipole excitation. There still remain many interest-
o

ing fundamental issues in both theoretical and experimental

tain the splitting betweenm mode and m mode as tion mechanism.

The precession of an off-center vortex in a trapped con-
o 2(m+1) 'z sz_ I am2 (25) densate has been fully investigated both in experiment and
0= 0- R? R R ) theory. The mutual interaction between vortex and antivortex

) ) o _is presumed to bring a more nontrivial trajectory for vortex
In experiments, from the optical absorption image the vortl—dip0|e_ On the other hand, its dynamic behavior is closely

ces positions; andr, can be determined, and then by mea-g|ated to its stability. In the dual electromagnetic picture
suring the frequency splitting and comparing the obtaineq () the positive and negative charge, to which the vortex
result with Eq.(25), one can distinguish a vortex dipole from ginole corresponds, will tend to annihilate each other via
two vortices with the same winding directions. electromagnetic radiation, say phonon excitation in the origi-
nal picture. However, in a trapped condensate, there are two
mechanisms to stabilize the vortex dipole: one is the angular
momentum conservation, and the other is the discrete spec-

When we apply the formulism of Ref6] to calculate the trum of the the phonon in a finite system. Investigation of
frequency splitting of y1 modes, we cannot obtain the samethis interesting competition will reveal the underlying phys-
result as Eq.25). To understand the reasons, let us firstics of the numerical simulatiof2]. The fundamental mecha-
briefly remind ourselves of the sum-rules approach. The gemism of generating a vortex dipole from a local stirring is
eral formula of the sum rules for an arbitrary operatocan  even more complex, and it may resemble the birth of an
be easily proved as electron and a positron from the vacuum polarization of the
electromagnetic field.

B. Discussion on the application of the sum rule

S (E,-E )| Frud?= (kL7 [H, 11l (26) Another important issue which should also arouse great

o K7k 2 ’ attention is the complex phase diagram of a rotating two-
dimensional superfluid. When the angular momentum
K H1TH.[H K equals zero, the critical temperatufgfor the KT transition

> (En— Q¥ Fnd?= (KL, R IH.TH, 7100 >_ (27)  is well understood. But when the superfluid carries a certain
n 2 angular momentum, the dependencéd pfo the angular mo-

mentum, as far as we are concerned, has not been clearly
revealed. On the other hand, with the increase of angular
momentum, the vortex dipoles will break into free vortices,
, _{Ol[[F",H],[H.[H,F]]]|0) and finally a stable vortex excitation will become domina-
@ny = (O|[F",[H, 7110y : (28) tive. However, the explicit mechanism of the transition from
= vortex dipole excitation to stable vortex excitation is also
This is a powerful method because we can obtain the excistill unknown. The interplay of the angular momentum and
tation energy directly from the property of the ground statethe thermal excitation will bring rich physics to the rotating
without the explicit wave function of excitation state. How- two-dimensional superfluid. Several works are proceeding.
ever, the successful application of the sum-rule approach re-
lies on the proper choice af, which should excite the
ground state to only one definitive excited state. When the
system possesses some particular symmetry, we may easily The authors should like to thank Professor C. N. Yang for
find out a suitableF. That is true when there is a central encouragement, and the authors would like to acknowledge
vortex, as rotation invariance is still present and the excitedhelpful discussions with Z. Y. Weng, L. Chang, R. L, and X.
state should also have the foréf™®. So we could easily L. Qi. Q.Z. would like to thank Professor T. L. Ho and Pro-
selectF as(x+iy)? to make use of the sum rule. However, fessor Z. Y. Weng for their valuable support. Q.Z. also thanks

If we choosek=0, and with a particular choice of the opera-
tor F which satisfiegF | ~ 8,n0, We could obtain
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APPENDIX A: INTEGRATION IN COMPLEX
COORDINATE AND GREEN FORMULA H

In this section we introduce our method used to do inte-
gration in a two-dimensional space. By denotiaxgk+iy and
'Z=x-iy, we can turn the integration into the complex coor-
dinate as

@ A ®

1 _
fnf(x,y)dxdy:—zfﬂ f(z2)dz0dz, (A1) FIG. 5. The integration along the boundary in the complex
coordinates.

where() denotes the integration region, and tAeperator
fulfils dx Cldx; = (8 —1)dx 0dx;, herex; is the coordinate in - The similar result of the integration alor@, circle reads
real or complex space. Introducing a differential one-formpj |n(d/A). We notice that the imaginary part of the loga-

w=9g(z,2dzin which the functiong satisfies rithmic function in the integrand in brandh differs from
that inl, by 27, the integration along the two branches gives
99(2,2)
T f(z,2), (A2) Ay d
f q 2mdx=4iwIn —. (B3)
we havedw=f(z,2)dz0dz According to the Green formula, a Xx=d) A

we could change the above integration o¥erto over its  Tphe integration is more complex along cirdl, we shall

boundary denoted a¥) as decompose EqB2) as
f H(zZ)dz0dz= f 92 2dz. (A3) et gy [MZdG (gg)
9) ) i=1,2 Z—T; P Z—T,

This method is very useful when doing integration in a ir-The general form of the integrand could be written as
regular region, because it turns a two-dimensional integra- {
1

tion into a one-dimensional one, and result of the latter is AL S (z)\"
. : . o 1+3 (4] [Imz-S(2) |, @y
easier to be obtained numerically or approximatively. 7 “=\Z “=\z
APPENDIX B: VORTEX DIPOLE ENERGY then each of the four terms after decomposition is easier to

To obtain the result of the integration E(LO) we first ~ calculate. We obtain the integration along tBgcircle as

calculate I2,[? 2,2
2 1-— \1-
|2, - 7 = : R R
- - pdz0dz (B1) 2i7| In > . (B6)
o lz-zlz-7 (1_|2122)
R2

According to above method, it turns to
The above value will vanish in the limit af/R— 0 and thus

f 4t 24y, (82)  could be neglected. Then we shall obtain
w(Z-2)(z2-2) z-2z,

z-z* . d
We notice that not only does the integrand have two singu- JQ lz-zz- 22|2dZDdZ_ Blarin A (B7)
larities z; and z,, but it also includes multivalue parts(in

-2z;) and In(z-z,), so the integration in the boundary should Proceeding with the similar steps, we could obtain

be as the left side of Fig. 5. 22|z, - 2,2 D2
In the condition thatl> A, the integration along circl€, j — > —;dz0dz=8im— In—. (BY)
reads o Riz-zfz- 7 RA
J 2-2 In?_ Zldz The energy of a vortex dipole will finally read
rz=nde (2-2)(2-2)  Z-7 E= Zﬁzpo{l _ (9)2} In d (B9)
27 _ d A M R A '
zf _—_d<|na—i((p+77))i(2—zl)dcp
o (z=z)(=d) APPENDIX C: FREQUENCY SPLITTING
- %ixlIn A We notice that Eq(23) is linear with respect tay; we
d’ could first calculate a single positive vortex case. That is,
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7 -7 2im(m+ 1)P0{ (|21|>2m (Ial)zmn}
=—— C1 -1+ =) -2|— . (C5
2% 277 (Cy R R R (CH
and . — -
- Recalling thatwy=w , ym and substituting the above expres-
zZ+7 sion back into Eq(23), we will obtain
Uy = 57! (CZ)
27'z
’— H m+1 |Zl| 2m-1)
wherez' =z-z,, z; denotes the location of the vortex. Thus w-wy=——|1-| = . (C6)
R R
- 2 d dz
(@lio-Vigy={9|=2--—|g N .
-7 ZI—14 The same result of Ref5] is again obtained. As we have
m+ 1 —m emphasized that E@23) is linear withv,, the above result of
= —— | ——04.7"dz0dz a single vortex can be directly extended to the vortex dipole,
R2m+2 . Z ;
™ 0aZ=4 that is
m+1 fad dz. (C3 2(m-1) 2(m-1)
= —az m- m-
7TR2m+2 0Z—7; w—wO:m+l (@) _(H) , (C?)
R2 R R

The integration along the boundary is expressed as the right
ride of Fig. 5, and the result is easily to be obtained as wherez, is the position of antivortex. To calculate the fre-

oo (m+ )i |z,[2™ quency of the m mode, we only need to change the sign of
(9o - Vigy = 2 1- 2 (C4 4, equivalently. So the frequency splitting of thenanode is
Witrl tbe same process, we could also obtain om+ [ [ [z \ 2™ [ |z \2mD
(9]V-peV(2-V)|9) as W= 0= (F) - (F) . (Cy
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