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Coreless and singular vortex lattices in rotating spinor Bose-Einstein condensates
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We theoretically investigate vortex-lattice phases of rotating spinor Bose-Einstein cond¢B&até&s with
a ferromagnetic spin interaction by numerically solving the Gross-Pitaevskii equation. The spinor BEC under
slow rotation can sustain a rich variety of exotic vortices due to the multicomponent order parameters, such as
Mermin-Ho and Anderson-Toulouse coreless vorti¢bs two-dimensional Skyrmion and mejand nonaxi-
symmetric vortices with shifting vortex cores. Here, we present the spin texture of various vortex-lattice states
at higher rotation rates and in the presence of an external magnetic field. In addition, the vortex phase diagram
is constructed in the plane of the total magnetizahNband the external rotation frequenfyby comparing the
free energies of possible vortices. It is shown that the vortex phase diagramsvin(thplane may be divided
into two categories(i) the coreless vortex lattice formed by the several types of Mermin-Ho vortice@iand
the vortex lattice filling in the cores with the pure polantiferromagneticstate. In particular, it is found that
the typefii) state forms composite lattices of coreless and polar-core vortices. The difference betwe@n type
and type(ii) results from the existence of the singularity of the spin textures, which may be experimentally
confirmed by the spin imaging within polarized light recently proposed by Carusotto and Mueller. We also
discuss the stability of triangular and square lattice states for rapidly rotating condensates.
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I. INTRODUCTION ons (coreless vortices[21-24, Alice strings(half-quantum
) . vorticeg [25-27, and other unconventional vortices
. _The quantized vortex is one qf the hallmarks of superflu—[28_35_ Spinor BEC's provide us an opportunity to mi-
idity and as such the macroscopic quantum phenomenon hagitely study these exotic properties as a new example of
been studied in many different physical fields ranging frommulticomponent superfluids. Among such exotic states, in
condensed matter physics to neutron stars and cosmologyarticular, Skyrmion excitations play an important role in
Recently, quantized vortices have been successfully createsiher physical systems: quantum field thef8g], the quan-
in Bose-Einstein condensatéBEC’s) of alkali-metal-atom  tum Hall system[37], superfluid®He [38], nematic liquid
gases confined in a magnetic trap by several experimentatystals [39], and unconventional superconductivif$Q].
methodg1-4]. The static and dynamic properties of vortices The periodic structures of such a topological state have been
and vortex lattices have been investigated both theoreticallgtudied in rotating superfluitHe [38,41-44, and are called
and experimentally5]. Several groups are now able to pre- the Mermin-Ho[45] and Anderson-Toulouse vorticg46]. In
pare a vortex array with more than 100 vortices in a BECthe quantum Hall system, the textures and stability of Skyr-
[6,7]. mion lattices have also been studigk¥,4g. _ _
Further achievement of Bose-Einstein condensation was An earlier theoretical study focused on Skyrmion excita-
recently done by all optical methods without recourse tolions in a spinor BEC has been performed by Khawaja and
magnetic trapping if°Na [8,9], ®’Rb [10-12, and b Stoof[20], who pointed out that the three-dimensional Skyr-
atoms[13]. Apart from*74yb atoms, these systems, so-called mion is not a thermodynamically stable object. The numeri-

spinor BEC'S, can keep internal degrees of reedom with thZ, STRXES 0 M8 JECTS LEE o tht
hyperfine spirfF=1 or 2. The two-body interaction of spin-1 ' ’

bosons is written ag.+a.k -E with two parameters.. and such a topological excitation in the two-dimensional disk is
hich d i tﬁ” 33 i d spi P N " % stable and robust in a ferromagnetic spin interacfsj. In

?SV\II IC14 lesc[ll_he € §r13| y ?n S?érl\'l Interac Ior'S’dreSpeCaiddition, at the high rotation limit, Reijndees al. [34] have

sl\allteeﬁ [is én?iferroemzplgeltr'l e;a(;: '[g? Svhils ﬁr)i?c;rhg\?vr;l ebn— presentgd vortex- and Skyrmion-lattice states for spin-1

KI tal (1 thgt 87%) d ’ tes h ¢ Y bosons in the lowest Landau level. They have also analyzed
atl_usente al. [<g] Tﬁ con er;]sa es have gEg,rom.?r?'the exact ground state near the critical rotation and have

NEUC naturegs=0. 1hus, we Now have sSpinor BEL'S Wi proposed a rich variety of quantum Hall liquid states. In the

both fe”"m?gf?e“c and antiferromagnetic Interactions. mean-field regime for rapidly rotating spinor BEC’s, a nu-
Due to this internal degree of freedom, a rich variety of !

. . L merical study of the Ginzburg-Landau equation has been per-
exotic topological excitations have been proposed by a largg, .4 within the higher Landau leve[83]. Here, it has

numb_er of authors after th? pioneering work by Ohmi andbeen found that several types of vortex lattice with a shifted
Machida [14] and Ho [15]: monopoles[17-19, three- ., compete with each other, depending sensitively on the
dimensional Skyrmion$20] and two-dimensional Skyrmi- spin interaction.
Previously in our series of papef®3,3], we have iden-
tified that in spinor BEC'’s with a ferromagnetic spin interac-
*Electronic address: mizushima@mp.okayama-u.ac.jp tion, the Mermin-Ho vortex is favored under slow rotation.
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This coreless vortex naturally connects to the non vortexchemical potential and magnetic field along thaxis, re-
state as the total magnetization becomes higher, i.e., the scepectively.

lar condensate limit. Upon increasing the rotation rate, the The spin angular momentum operat&iga=x,y,z) with
stable region of the Mermin-Ho vortex shifts toward the low F=1 can be expressed in matrices as

magnetization region, while another vortex state, called the

polar-core vortex, appears in the high magnetization region. 010
This is the vortex state filling the core with the pure polar Fk=—%=(1 0 1},
(antiferromagnetic state. In this paper, we will investigate V2 010
the structures of many vortices by numerically solving the

Gross-Pitaevskii equation. The main purpose of the present 0 -1 0

paper is to address the sequence of states in a spinor BEC [

with higher rotation frequency and complete the vortex y \_E 1 -1

phase diagram in the plane of the external rotation frequency 0O 1 O

Q) versus the magnetizatiavi in order to help establish the

properties of textures in spinor BEC's. In addition, we will 10 0

discuss the stability of two lattice states for rapidly rotating F,={0 0 0], (3)
00

condensates, such as the Abrikosov lattice filling the cores -
with the polar state and the square lattice having continuous

texture[41]. . ~where the basis is taken as the eigenvector of the spin pro-
This paper is organized as follows. In Sec. Il, we firstjection along thez axis. These operators satisfy the commu-

present the extended Gross-Pitaevskii equation for spinGgtion relation[F,, F g]=i€,g,F,. In this basis, the field op-

cal minima of the energy functional. The spin textures and-(y , W, w_,).

other properties of the favored single-vortex state are shown Replacing®¥ in Eq. (1) by the condensate wave-function

in Sec. lll. In Sec. IV, we present the vprtex phase diggram in¢,:<q,> and following the standard procedure, the time-
the Q-M plane, obtained by comparing free energies. Weyoongent Gross-PitaevskGP) equation is obtained as
also display the detailed structures of each ground state. Fur-
thermore, in Sec. V, we show the instability of triangular or _ .
square lattice states for rapidly rotating condensates upon ¥ =[{h- - B+ g}t + 9F) - Fdt, (4
changing the total magnetizatiqor the external magnetic

field). The conclusion and discussion are given in Sec. VI. Where (A)=X;;¢; (A;y;(r) and the local densityp(r)

-1

=4 () ().
Here, equilibrium states are found numerically via imagi-
[l. THEORETICAL FORMULATION nary time propagation of E@4), t— 7=-it, starting from an

arbitrary initial state with random phases of each component
o _ _ and with random vortex configurations. This numerical pro-
The Hamiltonian for thé==1 spinor BEC in a frame ro- cedure is equivalent to finding the local minima of the free

A. Gross-Pitaevskii equation

tating with the frequencf2=07z is [14,15 energy functional
. 1 . 1
H= f drlE ‘I’,—T{h(r) - u— B+ 5% ‘I’iTq';r{gn(Sjk5|| Flyy o1 = J dr{(h) + E(gnpz + gs<F>2)} = uNop - BM,
i ij
(5)
+g¢Fi - Fif ¥ |, (1) . o
whereu andB, are interpreted as the Lagrange multipliers.

+ ) ) o We use the total nhumbeX,, and the total magnetization
where¥; andW; are the field creation and annihilation op- M=3, [dr j|¢j|2 as independent variables. Since we assume

erators for a boson in the eigenstates=ofi,j,k,1=0,+1).  yniformity along thez direction, the order parameter must

The one-body Hamiltonian is written as satisfy the normalization condition
h2V?
== v - 0L, @ Nop= S j ar (1) ®)
i

Wilth the  two-dimensional  confinement potentia(r) |, orger to satisfy this condition, the chemical potentiais

=3Mw?(x*+y?) and the projection of the angular momentum yaried during the numerical iteration. The propagation in
to the z axis L,=-ifi(xd,~yd,). The interaction between at- jmaginary time continues until the fluctuation inbecomes
oms with massn is characterized by the interaction strengthssmaller than 10'°° and also that in the norm becomed.08,
through the “density” channeb,=(47%%/m)(ag+2a,/3), The actual calculations are carried out by discretizing the
and the “spin” channebs=(4m#2/m)(a,~a,)/3, wherea,  two-dimensional space into a 10400 mesh. We have
anda, are thes-wave scattering lengths in the total spin 0 performed an extensive search to find stable vortices, starting
and 2 channels, respectively. and B, correspond to the with arbitrary initial vortex configurations for the ferromag-
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netic interaction strengtlys/g,=-0.02. In addition, we use integer and the evefodd) number corresponds to the ferro-

the following parameters: the mass of %Rb atomm  magnetic(antiferromagnetig interaction. The spinor order

=1.44x10%°Kg, the trapping frequencyw/27=200 Hz, parameter then may be written as

and the particle number per unit length along thexis — ) )

N,p=10%/ um. g = pjexplilwo - j(w' 0+ )]}, (14
and the spin texture in the&-y plane is given agly,l,)

B. Local spin and nematic orders o« (cogw’ 0+ a), sin(w’ O+ «)), which is classified with the
winding numbemw’ and the relative phase. Here,w andw’
are related tav; by w;=w-jw, anda ande; also satisfy the
relation ¢;=-ja.

It is convenient to introduce a new basis sgi(«
=X,Y,2) where the quantization axis is taken along the
direction[14]. The transformation from the Cartesian repre-
sentationy, to ¢; is obtained as

A. Coreless vortices

-1 i
Pir 3 3 0 i In a ferromagnetic gas witif=1, m andn in Eq. (5) are
_ -l o o 1 7 unit vectors withm L n and hence these three real vectors
b=\ o |= _ y |- (@) (I,m,n) form a triad[14]. From the superfluid velocity
1/ i_ i 0 W, =3 (hp/2m)(m,Vn,—n,Vm,), the local vorticity is ob-
V2 2 tained as
Then it is useful to adopt the following representation with _h
real vectorsm andn: VXwv= a%yfaﬁyla(wﬁ) X (V1,), (15
= \p(m+in). (8)  which implies the Mermin-Ho relatiof45]. In other words,

since the original Hamiltonian for the nonrotating system
with a ferromagnetic spin-interaction has @D symmetry
[=m X n, (9) [15], the local spins may sweep the whole or half the unit
sphere. The Mermin-HOMH) vortex is thermodynamically
favored under slow rotation and weak magnetic field where
the spin interaction rather than the contribution of the mag-
netic field dominates the free energy KE§). This coreless

—i vortex takesv=1 andw =1, corresponding to the winding
Q1) =1 €ap ] AN)PLT) + Naglr), (10 combinatiorkw,,,wo,W_1)=(0,1,2. This is parametrized as

We also define thepin textureas

which describes the direction of the local sp#XF)/p. Re-
cently, Mueller[35] showed that a tensd@aﬁ:gb;(r)zpﬁ(r)
can be decomposed as follows:

1
Nag(t) = 8,5p(1) = SLFoF )+ (FgF)), (12) i 0+a) Coszg

where N,4(r) is a symmetric tensor with second rank and

describes the spin fluctuation. Furthermore, Carusotto and
Mueller [49] proposed that the local values of these spin and
nematic orders can be imaged by using polarized light. Thus W' o+a) sinZE
it may be convenient to define thecal nematicityas 2

= \s';eiwe \E sin’gcog ) (16)

where the bending anglé(r) runs over G B(r)< and 6

_ N2
N=TiNTlp. (12) signifies the polar angle in polar coordinates. The spin tex-
The amplitude of this nematicity is obtained as ture is given as
: 1o, sin B(r)cogw’ 0+ a)
Mr=1- 2Ea a0, (13 I(r) =| sin B(r)sinw' 6+ a) |, (17)
cosfB(r)

which reflects the competing characteristics between the lo-
cal spin order and the local nematic order. where B has flexibility for M [23]. As shown in Figs.
1(a-1(c), the MH vortex has a rich variety of two-
dimensional types of spin textures by changing the relative
phases between the spin components: Typical textures form
In an axisymmetric system, the order parameter is obthe radial disgyratior|r(a=0,7) and the circular disgyra-
tained within the winding number of thgh componenw;  tion | Lr(a=m/2). Another type of MH vortex is classified
and the relative phasg as;=|y;lexdi(w;0+«;)]. Fromthe asws =-1, i.e., the winding combinatiof2,1,0. As seen in
minimizing of the spin-interaction energy(F)?, it follows  Fig. 1(d), the projection of the texture to they plane forms
that the winding and the relative phase satisfy the relationa cross disgyration. This texture is also called the mixed-
2Wo=W,+W_; and 2vg=a,+a_;+nm [29], wheren is an  twist (MT) texture [42,44. These two typeg0,1,2 and

Ill. SINGLE-VORTEX STATES
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& X(lu;“l *6 6 X(lzf)"l *6 Recently, Leanhardét al. [50] have created a coreless
c

vortex by using the Berry phase engineering metfsd.
Bulgakov and Sadreev have also found that the polar-core
vortex (1,0,-1 becomes stable in a nonrotating harmonic
trap with an applied loffe-Pritchard magnetic figkP].

FIG. 1. The spin textures of isolated Mermin-Ho vorticéa.
and (b) radial disgyrationgw’=+1,a=0,7); (c) the circular dis-
gyration(w’'=+1,a=m/2); (d) the cross disgyration witlv/' =-1.

(2,1,0 of coreless vortex are completely degeneratdlat IV. VORTEX PHASE DIAGRAM
=0.

The vortex phase diagram is calculated by comparing the
free energy in the plane of the total magnetizatidrand the
external rotation frequenc@. In Fig. 3, we display the re-

In the high magnetization region, the external magneticsulting phase diagram of the vortex state in Me() plane
field gives the free energy dominant contribution beyond theup to (0=0.4w. The phase diagram for slow rotation up to
spin interaction energy. The texture then depends sensitivel)d=0.2w qualitatively agrees with the earlier result in Ref.

on the applied magnetic field. The stable vortex in slowly[23] where a few parameters are different from the current
rotating BEC's is the polar-core vortex, which takes the
windingw=0 andw’ =-1, corresponding to the combination

B. Singular vortices

o A T — —
(1,0,-2. This vortex is thermodynamically favored over MT-3, &2 . i S
two coreless type vortices in the high magnetization region, -~ \_ 7/ ‘
which is independent of the strength and the sign of the spir MT2 . e meeT
interaction, i.e., the polar-core vortex is the stable object forx
both the ferromagnetic and antiferromagnetic interaction S ot W

[31]. In this configuration, the/, component with zero wind- &
ing numberw,=0 occupies the central region of the vortex &,
core which is made up of th¢; component. Figure 2 shows G
the spin amplitude and the local nematicity. This state is
classified as the winding number =-1 state and thus the
two-dimensional texture forms the cross disgyration, shown
in the inset of Fig. 2. However, this texture differs from that
of the MT vortex in the following ways(i) The polar-core
vortex has a singularity at the center of the cross disgyratior
where the local nematic order grows yp) Since the spin
F,=0 component is localized in the core region whose length |G 3. The vortex phase diagram in the plane of the total mag-
scale is of the order of the density variation characterized byietizationM and the external rotation frequenfy The solid lines
&=h/N2mnyg,~ 0.1 um, the spatial variation of local spin represent phase boundaries between different vortex states: the non-
and nematic orders is also of the ordeggfHere,ny denotes  vortex state, singular vortices, and continuous vortices. The details
the peak density of the condensate. As the total magnetizaf each phase are noted in the text.

-

VY, N L

\Won-axisymmetric
vorlex Non-vortex
o4

a7

06 08

MNep

a2 7.¢
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system. The rest of the phase diagram can be divided intton between the spin interaction and the kinetic term. This
two categories(i) coreless vortex lattices formed by the MH length scale becomes the order of spacing between neighbor-
and/or MT textures, andi) singular vortex lattices filling the ing vortices. This requires the continuous spin texture as the
core with the polar state. The phase boundary is depicted bgnergetically favored state. Such continuous vortex states can
the solid line in Fig. 3. The phase of continuous vortices carbe interpreted to consist of several MH and MT vortices.
be classified as follows: MH-1, the single MH vortex state as Figure 4a) shows one example of stable vortices(at
seen in Figs. ()—1(c) MH-2 a pair state of the off-centered =0.35» andM/N,p=0 where the vector plots are the projec-
MH vortex with radial or circular disgyration; and Mi-the  tion of the local spifl to thex-y plane and the density map of
vortex states oh MT vortices mixing with some MH vorti- |, represents the projection to theaxis. This state has a
ces(n=1,2,3. Here we have identified the stable phasecontinuous spin texture formed by two MH and two MT
within the number of the MT vortex rather than MH vortex, vortices which are arranged regularly to form a square lat-
because in the nonzeM region the degeneracy of MH and tice. This spin texture is similar to that proposed by Fugita
MT vortices is lifted by the presence of the external magneticl. [41] in connection with the superfluitHe-A phase under
field and the role of the MT vortex becomes important. Therotation. The total density profile forms a quite smooth bell
details will be discussed in Sec. IV A. The other phases lashape.
beled by (P-n) in Fig. 3 are identified as singular vortex  As M increases, the angular momentum of the MH vortex
lattices formed by a number of polar-core vortices. It is notedcontinuously decreases as a functionvbfwhile that of the
that at the limit of a scalar condensad/N=1, the region ~MT vortex increases. Therefore, at finiké, the MT vortex
(< 0.20 corresponds to the vortex-free state and at the robecomes the important object rather than the MH vortex.
tation rateQ)=0.4w the four vortices are energetically stable. Figures 4a)—4(c) show the equilibrium state for the different
The composite state of MT and polar-core vortices also apM: M/N,5=0.0 (a), 0.18(b), 0.3 (c). At M=0, four degen-
pears in a narrow region, labeled by C-1 and C-2. erate coreless vortices form a square latticeMABcreases,
For a slowly rotating BEC{) ~ 0.2w, the two axisymmet- two cores with the MT texture approach each other. As seen
ric vortices shown in Figs. 1 and 2 are energetically favoredin Fig. 4(b), the equilibrium state ai/N,5=0.18 forms a
It is seen that the single MH vortex is stable in the lowdouble core of two MT vortices. Here, two MH textures with
magnetization region of Fig. 3 while the single polar-corecircular disgyration start to be locked by the external mag-
vortex appears in the high magnetization region. The separaetic field, which implies that the MH vortex continuously
tion of this stable region can be qualitatively understooddeforms into the vortex-free state. In Figicy the equilib-
from the energy of the external rotation drivélk,. It is  rium texture atM/N,5=0.3 and()=0.35%» is displayed; it
easy to calculate the total angular momentuyof axisym-  has axisymmetry with the higher winding numbevs: +2
metric vortices; by using the total numbipp and the total andw’=-2,i.e.,(4,2,0. This can also be regarded as a pair

magnetizatiorM, it is simply written as state of the MT vortex withw’=-1. The spin texture then
can be obtained a$=ZcospB+sin B(X cos 29—y sin 26).
L, :W_W,ﬂ_ (18)  Here the bending anglé(r) varies fromg(R)=0 around the
iN2p Nap condensate surface #8(0) = at the core. These three states

At M/N,p=1, MH vortices withw=w’'=1 are equivalent to 2'€ classified as two MT vortice®1T-2) in the phase dia-

the vortex-free state with,/%N,p=0. As M decreases, the 9ram Fig. 3. _

angular momentum increases as a linear functiod and it As the rotation rate) increases, however, vortex states
reaches the value of the single vortdx/#N,p=1 at with various discrete rotational symmetries around the BEC
M/N,p=1. Conversely, the polar-core vortex with=0 and c_enter are favore_d, such as_the _three’(bbd fourfold (c), and
w'=-1 forms a conventional vortex with,/%N,p=1 at f|yefold symmetric stategd) in Fig. 4. It. shoulq_be Qmpha— .
M/N,p=1 and, asM decreases, the angular momentumSiZed that all these states have no singularities in the spin
reaches to the zero because of the growth of the spin conf€XtUre.

ponents with zero and negative winding numbers. This con-

trasting_t_)ehavior for the total magnet_izatiqn may reflect 'ghe B. Singular vortices

competition of two axisymmetric vortices in the phase dia- o ) )

gram. For the higher rotation frequencies beyond the single AS shown in Fig. 3, the singular vortices labeled by P-
vortex region, it is also seen that the stable regions of singu@'® energetically favored over coreless vortices in the high
lar and coreless vortices are similarly separated along thE'@gnetization regioM/Nap>0.5. At the high magnetiza-

magnetization axis. The detailed structures of these twdOn limit M/Nzp=1, all spins are polarized along thexis.
phases are discussed separately below. This spin-polarized gas is then described within the scalar

order parameter and the rotating ground state forms the con-
ventional vortex lattice withm-fold discrete rotational sym-
metry(m=2, 3, 4, 5, and [54]. As M decreases, the vor-

In the low magnetization region, corresponding to zero ortex cores formed by the spi,=+1 component are filled by
weak magnetic field, the energy of the spin interaction isthe other condensate with spiy=0. We depict the density
dominant over the magnetization term. Here, the importanprofiles of each condensate with sgip=+1 and 0 compo-
length scale is characterized by the spin-interaction strengthents at()=0.4w and M/N,;=0.92 in Figs. ) and %b).
&=hl\2mnygs~ 10&, [53], which results from the competi- This state consists of five polar-core vortices, labeled by P-5

A. Coreless vortices
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FIG. 4. The textures of continuous vortex lattices near low magnetizatiéh=dt.35w: the vortex states with two MH and two MT
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displayed in the left column af)—(c) in the range of —Xblack) and +1(white). The vector plot corresponds to the projection of lthector
to the x-y plane.(d)<f) are other possible stationary stateMiN,p=0; 1=0.4w (d) and 0.4 (e) and (). All the vortex states have
continuous spin textures and the total density profiles always have a smooth bell shape.

in Fig. 3. The spinF,=0 component is then localized in a  Figures %e) and 5f) show the density profiles of each
narrow region which is of the order of the length scale of thecomponentp,; and py at 1=0.40 and M/N,5=0.71. AsM
density variationé,. Therefore a sharp peak of the local ne- decreases, the spin 0 componggispreads in between vor-
maticity appears in the vortex-core region, shown in Fig.tices formed by the spiR,=+1 component. This leads to the
5(c). As seen in Fig. &l), the spins are almost locked by the growth of the local nematicity, shown in Fig(d. The spin
external magnetic field and the spin texture can continuouslyexture is depicted in Fig.(B) where the spin texture forms
vary around the cores. This forms a cross disgyration havingive cross disgyrations having broader spatial variation than
singularities at the center of the disgyration. The length scaléhat in Fig. §d). Then, a coreless vortex with radial disgyra-
is characterized by, <&, and thus the spatial variation of tion is spontaneously created in the center of five polar-core
the spin texture is much shorter than the spacing betweewortices in order to smoothly connect the five cross disgyra-
vortices. The result is that there is no correlation betweetions. This is similar to the texture of the coreless vortices
each polar-core vortex. shown in Fig. 4f). However, the length scale of the spatial
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FIG. 5. The equilibrium state & =0.40w andM/N,p=0.92. The density profiles of the spify=+1 (a) andF,=0 (b) components, the
local nematicity\/ (c) in the region —6um<x,y<+6 um. (d) shows the vector in the central region -gm<x,y<+4 um. In the left
figure, the density map df, is shown in the range of (black) and +1(white), and the vector plot in the right figure corresponds to the
projection of the vector to thex-y plane.(e)—(h) correspond to the equilibrium state@t=0.4w andM/N,p=0.71. The local nematicity in
(c) and(g) is displayed in the range of 0(lack) and 1(white).

variation of the texture is characterized by the order of theseen in Sec. IV. The initial state is taken as the continuous
density variationé, rather thané,. In addition, point singu- texture periodically arranged on the square lattice, whose
larities exist in the spin texture. It should be noted that theunit cell consists of two MH and two MT vortices as seen in
system keeps discrete rotational symmetry even if the totdfig. 4(a). By numerically solving the GP equation &k
magnetizatiorM further decreases, which is a common fea-=0.9%» in the absence of an external magnetic field, the
ture of the other ground states labeled by i+ Fig. 3(n  square lattice is given as the equilibrium state, shown in Fig.
=2, 3, and 4 6(a). This lattice is constructed from two sublattices of the
MH vortex with circular disgyration and the MT vortex with
V. VORTEX LATTICES cross disgyration, and the local spins.qn the two sublattice
sites are locked to the alternate directiagnand -z, respec-
Here we show one example of the equilibrium state fortively. It is, however, found in the equilibrium spin that there
rapidly rotating BEC’s. Under slow rotation, the ground stateis slight distortion from a square array around the condensate
at M/N,p~ 0 consists of coreless MH and/or MT vortices assurface where the Thomas-Fermi radius-i5.8 um.

+6

y [um]

-6 X [um] +6 -6 X [um] +6 6 x[um] +6

FIG. 6. (Color) The spin textures & =0.9% andM/N,5=0.0(a) andM/N,p=0.3 (b). At M/N,p=0.3 the total density profile and the
local nematicity are shown ifc) and(d), respectively. The local nematicity i) is displayed in the range of 0(black and 1(white).
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FIG. 7. AtQ=0.9% andM/N,5=0.95, the total density profile@) and spin texture projected to taeaxis (b). In (b), the density map of
I, is shown in the range of (black) and +1(white), Thel vector in the central region —1,8m=<x,y=< +1.8 um is depicted in(c), where
® means the location of the spin singularjty=0. (d) The two-dimensional profile of the local nematicitg)—(h) The equilibrium state at
0=0.9 andM/N,p=0.59. The local nematicity iad) and(h) is displayed in the range of 0(black) and 1(white).

In the presence of a weak magnetic field, the same initial Figure {e) shows the total density profile &=0.9» and
state yields another equilibrium state. The equilibrium tex-M/N,;=0.59. It is seen that the symmetry of the lattice dras-
ture and the total density profile #/N,5=0.3 are depicted tically changes from hexagonal symmetry to square, where
in Figs. @b) and Gc), respectively. At the BEC center, there the initial state is taken as the vortex lattice regularly ar-
is a nonsingular Skyrmion texture with higher winding num- ranged in the hexagonal symmetry. This transition occurs at
ber whose spin texture is characterized by Eq) with w  the total magnetizatioM/N,p~ 0.93 at)=0.9w. The spin
=+2 andw’'=+2. This is also identified as a pair of MH texture projected to the axis is depicted in Figs.(® and
vortices with circular disgyration. In addition, two MT vor- 7(g). As seen in Fig. @), a coreless MH vortex with circular
tices with cross disgyration form a double-core state and arglisgyration is spontaneously created in the spacing between
located around the center. It is, however, found that othepolar-core vortices with cross disgyration. In addition, the
vortices with cross disgyration appear around the condensatgatial distribution of the local nematicity spreads over the
surface. They have point singularities and thus the local nespacing between neighboring vortices, shown in Fidn).7
maticity shown in Fig. €d) grows up at the cores. This vor- This results from the spatial continuity of the spin texture,
tex lattice can be identified as a composite lattice of a corefe., the ferromagnetic feature of the spin interaction. Such a
less vortex and a polar-core vortex. It is noted that two lengtiirastic change of the symmetry of the vortex lattice has also

scales of the spin variation exist in this lattice sggandé;. been reported in two-component BE(55,56.
On the other hand, we discuss the stability of the vortex

lattice in the highM region for rapidly rotating BEC’s. Fig-
ures {a)—7(d) show the structure of the equilibrium state at
0=0.99 and M/N,5=0.95: the total density profiléa), the In this paper, we have presented the results of numerical
spin texture(b) and (c), and the local nematicityd). The  calculations of the vortex-lattice states in rotating BEC's
initial state in the calculation of the GP equation is taken asvith a ferromagnetic interaction. In the absence or presence
the vortex configuration with hexagonal symmetry which isof an external magnetic field, we have studied the local prop-
the most favored configuration in rotating scalar BEC's, cor-erties of the stable states, such as the spin texture and the
responding to the high magnetization linhit/ N=1. The re- local nematicity. In addition, the vortex phase diagram has
sulting equilibrium state consists of vortices filling the coresbeen constructed in the plane of the external rotation fre-
with the polar state and keeps hexagonal symmetry. Asjuency() and the total magnetizatiodl. The stable phase
shown in Fig. 7d), local nematic order grows up in the nar- can be divided into two categorie@) coreless vortices with

row core region where the spin texture has singularities. Thisonsingular spin texture an@) singular lattices with polar
length scale is characterized by the order of the density varigantiferromagnetic cores. In the resulting phase diagram,
tion &,. competition between these two phases has been found.

VI. CONCLUSIONS
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Coreless lattices which are the most favored state in zerbecomes broader than the order of the density variagion
magnetic field are formed by several types of two-and the correlation between neighboring vortices plays an
dimensional disgyration, corresponding to two-dimensionakssential role. As a result, a drastic change of the hexagonal
Skyrmion lattices. In addition, for rapidly rotating BEC's, a lattice into a square one has been demonstrated, which may
coreless vortex regularly arranged on a square lattice hase experimentally identified by using spin imaging within
been presented and its stability has been discussed. Thi®larized light as proposed by Carusotto and MugH].
square lattice becomes unstable on applying the weak mag-

netic field and then nei_ghboring MT v.ortices.are paireq and ACKNOWLEDGMENTS
form a double-core lattice or a Skyrmion lattice with higher
winding number. One of the authorgéT.M.) would like to acknowledge the

In the highM region, it has also been demonstrated thaffinancial support of Japan Society for the Promotion of Sci-
singular lattices are energetically favored over coreless vorence for Young Scientists. Some numerical computation in
tices. The projection of the texture to they plane in a this work has been done using the facilities of the Supercom-
singular vortex is the same as that in a coreless MT vortexputer Center, Institute for Solid State Physics, University of
With decreasingM, the spatial variation of the spin texture Tokyo.
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