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Accumulative effects in the coherence of three-level atoms excited by femtosecond-laser
frequency combs
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We investigate coherent accumulation processes in three-level atoms excited by a train of ultrashort pulses
in the case where the atomic relaxation times are greater than the laser repetition period. In this situation the
resonances of the laser field with the atomic system are determined by the laser frequency comb rather than by
the spectrum of a single pulse. Using the density matrix formalism, we develop a perturbative theory that is
valid for arbitrary pulse shapes. The excitation of a Doppler-broadened atomic vapor by hyperbolic-secant
pulses and @ pulses is analyzed. It is shown that pulse shape has a great influence on the accumulation
process and can change the spectral periodicity of the pattern impressed on the Doppler profile of the medium
due to the two-photon absorption process. The effect of interpulse phases is also investigated, and we show that
the atomic populations can vary by more than one order of magnitude with small variations of the laser
repetition rate, while being insensitive to variations of the laser offset. Finally, the theory is adapted for the
temporal-coherent-control technique, and its results are compared with previously reported experimental data.
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I. INTRODUCTION from a rubidium vapor8]. Accumulation occurs when the
relaxation times of the medium are longer than the laser

_The field of cohere_nt control .Of quantum Systems com-, ;o repetition periody, which is determined by the round-
prises a set of techniques designed for finding the pulSg;, time of the pulse within the laser cavity. For most fem-

shape that maximizes one of the possible outcomes of thgsecond laser oscillator§s~1—10 ns, and accumulation
VArios rom e 4y  another: m atoms o molecties feg ool erefore be present for atorms wih relaxaton times
example, the goal is usually to excite a specific internal statgherefore important to discuss a generalization of the
while for chemical reactions it is to control the ratio of com- coherent-control schemes considering the interaction of a
peting products of a reactidd,2]. One of the simplest tech- quantum system with the whole train of pulses coming out of
nigues employed in coherent control is known as temporaihe laser. In the frequency domain, the periodic pulse train of
coherent control where combinations of ultrashort pulses mode-locked laser can be described as a comb of equidis-
with variable relative delays are used to excite the sampléant modes. This frequency comb has received great attention
[3]. In these configurations the pulses usually have the sania the last years in connection with its application in metrol-
shape, and control is achieved by scanning their relative desgy at optical frequenciefd—11]. For atomic systems, the
lay. Another important technique is known as optimal controlfrequency comb determines the resonances between the atom
[4], which is accomplished by the shaping amplitude ancand laser field in the case when the atomic coherence sur-
phase of the spectral components of individual pulses. This i¥ives between two consecutive laser pulgEg. In this situ-
commonly done with the aid of a programmable liquid- ation, acoherent accumulatiof excitation occurs in the
crystal light modulatoi5], which allows one to modify the sample, z?md the final atomic populations are determined by
pulse spectrum in a very general manner. Some pulse Shapggnstructn{e or destructive interferences between the coher-
however, are better produced by simply propagating th&Nces excited by the sequence of pulses from the [agr
pulses from the laser through an atomic vaf&jr This is the he result of th|§ process can be understoqd as a temporal
case, for example, for zero-area pulé@s pulses [6,7]. The analog of a multiple-slit interferometer experimégmg].

main characteristic of the action ofi0pulses on an atomic An important application of these ideas has been the use
n0p of frequency combs in spectroscopic measurements with a

transition is '.{hat they leave no population on the higher'Iymgresolution that is much better than the one determined by the
Etate ?n. their passage through the sample, even though they, rier transform from a single pulse in the train. Basically,
ave finite energy. the resolution is now given by the width of the comb’s teeth

. T?]e coherent cofntrhol techniqugs are IhabitlIJaIIy fdesigr;]e the frequency domain, which can be extremely small. This
or the excitation of the system by single pulses from theggect has peen explored since 1978, when the feasibility of
laser. However, it was recently shown that the accumulatio

f itation in. th e with £ I Iboppler—free two-photon spectroscopy with multiple light
of excitation in the sample with a sequence of laser pulsey, ses was demonstratti4]. One of the best examples of
coming from passively mode-locked femtosecond lasers ¢

h il l-coh | si e application of pulse trains for high-resolution spectros-
ave great influence on a temporal-coherent-control sign opy was given by Snaddest al.in 1996 in the two-photon

spectroscopy of laser-cooled rubidiyib].
In this paper we study the interaction of a train of femto-
*Electronic address: vianna@ufpe.br second optical pulses with a sequential two-photon transition
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in the case where the relaxation times of both atomic coher-4.,, MagE(t) Rl (1) 023
ences and populations are greater than the pulse repetition—=|523023+|T(933—Pzz) +|T<713—T—,
period, resulting in an accumulative process during the pulse 23
train. This problem has been investigated previously by Yoon (1o
et al.[16], where the emphasis was on metrological applica-

tions, and they considered a cold atom system, with no Dop- goy, . upE(t) Mo (V)

pler broadening. Differently from these works our emphasis ~5 = 1610015+ IT(2p22+ p3z—1) - T s
is in coherent control. In particular, the procedure developed

here is applied to the coherent control of the two-photon 012 (1d)
transition by pairs of optical pulses with variable delay T
Despite the fact that we study atoms in a vapor cell excited

by pairs of copropagating pulses, the theory presented here

can also be applied to different systems, such as atoms in a 9013 = i513al3+i'u12€(t) 023—i'u235(t) o1~ 0—13, (1e
magneto-optical trap. The paper is organized in the following h h Tis

manner: in Sec. Il we present the optical Bloch equations fofynere T,, is the relaxation time of the elemeft of the

a three-level system interacting with a train of pulses delivgensity matrix, and(t) =E(t)e ' is the slowly varying en-
ered by a femtosecond laser and develop an efficien_t itera}tiv\(febpe of the laser pulse. The population of levepi, was
numerical scheme to solve them. In Sec. lll the iterativeg|iminated from Eqs.(1) by the normalization condition
procedure is compared with direct numerical integration OfE-ijzl. The coherences are represented in terms of their

the Bloch equations. Pulse shape effects are studied in det@l']owly varying envelopess;,=py,e L, a,3=pose L, and
for two different pulse envelopes, hyperbolic-secant and 0 015=prs€ 2t The three detunings are defined relative to
pulses, interacting with a Doppler-broadened three-level sysy g |aser’s central frequenay, as

tem. In Sec. IV we discuss the role of the femtosecond pulse

train parameters—the laser repetition period and interpulse S12= w1~ W, (24
phase difference—in the outcome of the sequential two-
photon absorption process. In Sec. V previously reported re- 893= wo3— WL, (2b)

sults from coherent-control experiments of a three-level atom
in cascade configuration are discussed in the light of the
theory developed here, which takes into account coherent
accumulation in these systems. Finally in Sec. VI the con- A realistic model for a stabilized train of pulses coming
clusions are presented. out of the laser must take into account the existence of the
phase difference between two consecutive pulses. Following
Il. ITERATIVE SOLUTION Ref. [17] and consideringl'r as the laser repetition period,
We consider a three-level atom in a cascade configuratiowe write this phase difference asV =®dg+w Tg, wheredg
interacting with an electric fiel&(t) from a laser pulse, with is the round-trip phase acquired by the laser within the cav-
central frequencyw,. The fundamental, intermediate, and ity, and the second term comes from the group retardation in
upper levels are labelefd), |2), and |3), respectively. The one cavity round trip. The electric field for the pulse train is

013= w13~ 20 = O1p+ Opa. (20)

Hamiltonian of the system is given byi=Hy+H,,, where therefore
Ho=fiw1)2)(2|+hw,43)(3| is the Hamiltonian of the free > e > ol
~ — _ n — _ n o t
atom, with w;; =w;-w; and w; < w, < wz. The couplingHy, Edl)= HE_OE(t nTr)e"™" = %E(t nTR)e™™ et
describing the interaction between the atom and the electric - -
field is = Ex(t)e“Lt, (€)]
|:|int = — wE ()| 12| — uasE(1)]2)(3] + H.c. It is clear from Eq.(3) that we can apply the rotating-wave

) ) ) approximation for the whole train, where the slowly varying
We consider that the pulse bandwidth is large enough t@pyelope is nowy(t) instead of&(t). The frequency spec-
cover both thew;; and wys frequencies. _ trum of E¢(t) consists of a comb of laser modes separated by
The Bloch equations describing the temppral evo_lutlon Owa:27r/TR and centered ab,. The frequency of the\th
the various elementpy of the atomic density matrix are ,oqe of the laser is then given by, where
given, in the rotating-wave approximation, by
* 27TN (I)R
aL?’s:(iM0'23+ C.C.>—p—33, (1a) onT et Tr ' Tr' @
at f 33
It is known that in order to characterize a certain mode of the
dpop [ M12E* (1) Mo * () laser spectrum only two parameters are necessary, which are
“a T ot ee) 023+ C.C. the mode separatiohw and the frequency offset, which is
related to the phaség [9]. In Eq. (4) the central frequency
_ P22 P33 (1b) w_ is an arbitrary parameter and is kept fixed in the calcula-
Ty Tag' tions performed here.
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In this article, we are interested in the situation where theation timesT,,. Thus, we can write
atomic relaxation times are greater than the laser repetition
period, and therefore both populations and coherences can EM)elTa = £(1).
accumulate in the sample. The atomic system is supposed to
start at the ground state and later each subsequent pulse vxﬂl(l)
find the atom in an arbitrary state. Numerical integration of
the Bloch equationgl) can provide the temporal evolution term in the perturbative series.

of the system for any initi_al con_dition. Howev_er,_ such inte- Approximation (i) is easily satisfied by femtosecond
gration requires computational times that forbid its wide ap,ses interacting with atomic systems, for which the relax-
plication to all problems treated in this article. ation times are on the order of 1 ns or greater. Approxima-
In order to circumvent this limitation, we have developediion (ii) is also easily satisfied for most femtosecond lasers,
a numerical procedure that allows us to probe the temporadyen taking into account distortions introduced by the propa-
evolution of the system very efficiently. This calculation is gation of the pulse through a resonant medium, as discussed
based on an iterative solution in which the state of the systerm the next section. Approximatiofiii ) is clearly the most
before the(n+1)th pulse from the laser is a function of the restrictive one, as expected for a perturbative theory.
state before theth pulse. The iterative expressions for the Let p!! be the elemenij of the density matrix describing
atomic state are obtained directly from the integration ofthe atomic state before theh pulse. If€,(t) is the envelope
Egs. (1) under the three following approximations: of the nth pulse, the state before ttie+1)th pulse is then
(i) The pulse is very short compared to all atomic relax-given by

(i) The pulse is very short compared to the laser repeti-
n periodTg.
(iii) E(t) is weak enough to keep only the lowest-order

l_ - * * *
past =€ TRTS|152 4 (1 =12 ps + [12205,— (15053 + c.c) + (15095 + c.c) = (1305, + c.0)}, (5a)

poyt =€ TRT2{|1 124 (1= 2142 = |12+ 11,2 p5, = [(1115 = Tl ) o5+ C.c] + (|12 = [14]2 = 16|12+ 16)p3s— (1107, + C.C)

+[(I5= gl 055+ c.cl}, (5b)
%5 = €TR RT3~ |15 + (1 =13 = 205) 053~ 1505~ 11075+ 15p35 = 1055+ 111,075 + 1305}, (50
oyt = @R’ | + (1 =I5 = 290, 1509, + 150705+ 20195, + 11p33+ 1115055+ (111, = 15) o3, (5d)
o5t = @OETRTRTIE( s+ (1 = 14— 15) 0l + 11055 100+ (Il = 215)ps— (1115 + 13)p5o, (5¢)
[
where I6=i TRdt’ ex L—L> (6f)
T33 0 T22 T33

1, =it f dre e =i 28,  (6a)
h) h The set(5) of equations forms the basis for all subsequent
discussions. Note thda andl, are proportional to the Fou-
N 0 e rier transform' pf the pulse qt the frequencies of the first and
l,=i—= f dt’E,(t")e %23 = | —=E(w,y), (6b) second transitions, respectively. These factors are thus re-
i L lated to the processes of absorption and stimulated emission
on these transitions. The factoy is related to two-photon
o3 [ e o s v o o is ! processes connecting levels 1 and 3. The tetmand Ig
3=~ 52 f_w dvéy(t)e' = f_w dt'éy(t)ert, represent second-order contributions to the one-photon tran-
sitions and are related to absorption saturation and stimulated
(60) emission of the first and second transitions, respectivglg.
related to the variation of the population in level 2 caused by
spontaneous emission from level 3 to level 2 and from level

—0

o]

2 H ’ t, * H "
_ M2 dt’c‘fn(t’)e" Syt f dt//gn(tr/)elﬁlzt (Gd)

4= w2 ) B : 2 to level 1.
) Ill. PULSE-SHAPE EFFECTS
% "
lg= '“_223f dt' &,(t")e™ 5zst’f dt"g;(t”)eiﬁzst", (66 If the laser repetition period is smaller than the relaxation
he ) —0 times of the system, the atoms never fully relax between
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consecutive pulses from the laser. In this situation, the me- 3p 07 '

—
dium accumulates excitation in the form of coherence and L (@) Pz MMM
population in the excited states as the sequence of pulses 2k mu
arrives. In order to treat this problem, the first step was de- L
ducing Egs(5), which describe the interaction of individual 1k 4
pulses from the train with the atom in an arbitrary initial | 10 p,, |
state. The next step is to employ these expressions to deter- 0 50000000
mine the temporal evolution of the system with a sequence 00 01 02 03 04
of pulses. This is done by the successive application of Egs. t (us)
(5) to a certain initial state. Since this set of equations pro-
vides the state of the system before the arrival of the next ' (bI)
pulse, its successive application results in the description of 2
the desired temporal evolution over the whole pulse train. L&
In Secs. Il A and Il B we investigate the excitation of a S 1l ]
sequential transition by trains of hyperbolic-secant pulses ~ 10p,,
and Or pulses, respectively. In order to make a connection o 1
with previously reported experimental dd&18], the values o’
of the parameters used in the calculations correspond to the 0 1 2 3 4
excitation of the sequential transitior§5-5P3,— 5D in a t (us)
rubidium vapor by a Ti:sapphire laser femtosecond. Thus the
laser is tuned to 778 nm, and we consider pulses of temporal FIG. 1. Temporal evolution of the populatiops, and ps3 start-
width T,=140 fs, with repetition periodz=13 ns. The lev- ing at the fundamental state, interacting with a train of hyperbolic-
els 55, 5P, and D are labeled1), |2), and |3), respec- Secant pulsgs. In pictuce) the solid lines come from dlrect_numerl-
tively. The lifetimes of Ievel$2> and|3> areT,,=26.7 ns and cal integration of Eqs(l). The (a) and (b) frames show d!ﬁerent
Ta3=241 ns[19]. For the homogeneous broadening, we con-Scales of the same te_mpc_)ral evolution where the open circles come
sider only radiative processes and takg=2T,,=53.4 ns, fr_om successive appll_catlons of_Ec(§:). Ir_l (b) we plot one open
T,5=2T53=482 ns, andl,s=[(2T,,) 1+ (2T4e) 1] 1=48.1 ns. circle out of three to improve visualization. We seg=0 and 6

We also consider an inhomogeneous Doppler broadening of

linewidth 6p/27=0.2 GHz. The ratio between the dipole

moments of the first and second transitiongus/n1,=0.2  integration of Eqs(1) with those obtained from Eqg5). We

[20]. In both Secs. Il A and Il B, the magnitude of the consider a train of hyperbolic-secant pulses interacting with

electrical field is such that,,£,/%=0.2 THz, wherey is  an atom initially in the ground state. Equatiofi$ were in-

the peak value of(t). Also, from these parameters, we have tegrated for one arbitrary group of atoms within the Doppler

l6(Tr)=0.07. profile using a standard fourth-order Runge-Kutta method
In what foIIowsé?j represents the detuning, relative to thewith adaptative step siz§21]. The results forp,,(t) and

laser’s central frequency,, for a group of atoms at rest in p.4(t) are plotted as the solid lines in Figial Equationg5)

the laboratory reference frame. In this case the detunings faire applied to the state of the system before an arbitrary

an arbitrary group of atoms in the Doppler profile can bepulse of the train and provide the state just before the next

WIitten asd;y=85,— 8, 8p3= 33— 8, anddya= 83— 28, whered  pulse arrives. The results fgr,, and p33 after successive

is the Doppler detuning with respect to the one-photon tranapplications of Eqs(5) to the initial state, are given by open

sitions and we neglect the differen@an the order of 16)  circles in Figs. 1a) and ib). As the lifetime of levels 2 and

in the Doppler detunings of the first and second transitions3 are very different, their transient behavior also occurs in

For simplicity, we also considef;;=0, which means that the different time scales as shown in pictui@s and (b) of Fig.

laser central frequency is resonant by two photons for the. As an estimate for the efficiency of this iterative solution

group of atoms at rest in the laboratory frame. The detuninggve notice that in a computer where the numerical integration

can then be written as of Egs. (1) takes about 1.5 h, the calculation based in Egs.
o= —A—=& (78) (5) takes less than 10 s. In order to obtain the behavior over
12 ' the whole Doppler profile the first method becomes too slow

53=A - 5, (7b) to implement.

The results fot>2 us in Fig. Xb) determine the value of
(70) the stationary statg’ for coherent accumulation. All the den-
sity matrix elements reach a stationary value in the same way
where A=(wy3—wq,)/2=27x1.056 THz for the rubidium and they are numerically independent of the initial condition.
transition we are considering. Note that the detunidgbels  This behavior indicates that the final state of the system only
the different groups of atoms within the Doppler profile.  depends on a self-consistent condition that relafésto p".
) This condition, however, cannot be simphf*'=p", as in
A. Hyperbolic-secant pulses incoherent accumulation theorig8,22], since there is a
In order to clarify how Eqs(5) are applied to our prob- phase differenc&g between two pulses. For the 98 of
lem, in Fig. 1 we compare results from a direct numericalequations, the final self-consistent expression for the density

513 =- 25,
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matrix is quite cumbersome to write down due to the many 20—
variables involved. We have preferred to follow a more di- 15 I
rect approach: the expression f@t*! is iterated, beginning - L
in the initial statep®, until it reaches the stationary state we § L0
wish to calculate. © 05l

In Fig. 1 we have considere®#z=0, Tz=13 ns, and the L
group of atoms withé=0. If the conditionsd;,Tr=27N;, 0.0
and 8,3Tr=27N,3 are satisfied withN;, and N,; integers, [ ) |
then we have an enhancement factor of order of 13 as com-
pared to the final resuft,, due to a single pulse, given by the “~ 0.10 - ]
first maximum of solid line in Fig. 1. Fops; this enhance- o x50
ment factor is of order of 35000. These values are much S 005F 7
larger than the incoherent enhancement factors expected i lJ L %
from the theories that consider only population accumulation 0.00 popkts e
[8,22. For the values ofl,, and T35 used here, these inco- 0.5 0.0 0.5
herent factors are,,=1.6 andys3=18 for the populations 6/ 2n (GHz)

poo and pas, respectively. Such large enhancement factors ) ) ] ] ,
result from the constructive interference between the coher- F'C: 2.|The final pop.“'agon@g P25 and(b) g3 forf;lhe duffe_regtb
ences excited by the sequence of pulses. This can be und?rt—c;nm'%fvehoc'(?r’b%rﬁc::“i’:c';ntt € L'JTS:SmO\?V‘Zni%‘;Z igéo '_%’ zxnc(;t?r ya
stood considering that the phases acquired by the coheren _15 yp s P . F"_ ~ . R
with the succession of pulses are analogous to the phases th; 3 ns. The dashed lines are obtained seflipg" Tos= T15=1 ns.

: . . ; . - Iﬁ picture (b) the dashed line was multiplied by 50 to improve
result in the interference in a multiple-slit experiment . " . -

visualization.

[13,23. Based on Eqg5) and for the three-level system that
we study here, the conditions for constructive interference,

when®x=0, are These relations indicate that the peak structure in solid

lines of Fig. 2 is a direct consequence of the resonance con-

012TR=—ATg— 6Tg=2N,,m, (8a)  ditions. This observation is reinforced when considering
®r#0 in our analysis. In this case, the conditions for con-
S5y3Tr= ATg— 6Tg= 2N,grr (8h) structive interference are still the same as in Efg.so the

inclusion of ®z+# 0 in Fig. 2 leads to a simple translation of
5T = — 26To= 9N 80 the peaks by a quantity equaldey/27Tg. We notice that for

13'R™ R~ <137, c a hyperbolic-secant pulse excitation the-2 one-photon
where Ny, Ny, and Ny are integers. Note that when the transition dominates the accumulation process. As a result,
conditions(8a) and (8b) are satisfied, then Eq8c) is ful-  the two-photon Doppler profile shows a periodicity ofTk/
filled. These conditions correspond to the case of Fig. 1. Instead of the expected 1T o .

For other groups of atoms, with+ 0, the conditiong8) In order to illustrate the transition from constructive to
are not necessarily fulfilled. In this case the picture is mordl€structive interference asdeparts from a value satisfying
complex and can lead to constructive or destructive interferconditions(9), we also plot in Fig. 2 the dashed lines which
ences, depending on the value &fFor a vapor of alkali 9Ve th_e result for the same_cglculatlon, b_ut with no accumu-
atoms at room temperature, the inhomogeneous Dopplé'?‘t'qn in the coherence. Thls is accomphsheq by artificially
broadening is usually much larger than the homogeneouSetting T12=Tz3=Ti5=1 ns into Egs.(5). In this case, the
broadening. Since the different velocity groups correspond t@PProximation of short pulse€la,, Tas Tiz Tos Tis Tr
different detunings, they are in different situations with re-> Tp) iS still valid, but the coherences do not survive from
spect to the accumulation process. This is illustrated in Figon€ Pulse to the next. The variation withof final popula-

2, where the solid lines give the variation of the final popu-tionS, P2> @nd 3, is now determined by the Doppler profile.
lations, () pf22 and(b) Pga with the detunings, for the same In a crude manner it can be said that the part of the solid
parameters of Fig. 1 and weighted by the Doppler profileCU"vVe above the dashed line in Fig. 2 results from construc-
exp(—52/25%). Notice thatT,< 551 which guarantes the va- tive interference, while the part below it results from destruc-
lidity of Eqgs. (5) for all 8 considered here. tive interference.

Using definition(4) for the frequency of th&lth mode of

the laser the condition&3) to obtain constructive interfer- B. Oz pulses
ence fordz=0 can also be written as One important characteristic of the set of equatitB)ss
_ that, once the short-pulse approximation is satisfied, then
@12~ Ny (93) they are valid for any arbitrary pulse shape. This feature is
useful in the coherent-control techniques which involve ma-
w23 = O, (9b)  nipulation of the phase and amplitude of individual pulse

shapes, which are crucial to determine the final atomic exci-
_ . 9 tation. In this section we discuss the accumulative processes
W13~ ONpp T ONyg: (99 byt now considering a® pulse, and our emphasis will be on
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FIG. 3. Temporal evolution of the populatiopg, and ps3 start-
ing at the fundamental state, interacting with a train ef fulses.
The solid lines, in(@) and(b), come from direct numerical integra-
tion of Egs.(1). The open circles come from successive application
of Egs.(5). The picturega), (b), and(c) show different scales of the
same temporal evolution. it), we plot one open circle out of three
to improve visualization. We consider an optical density agf

=21 and the other parameters are the same as in Fig. 1. evolving plateau to the temporal average of the final state of
poo Can be calculated through the averagegfin the exci-
tation period(Tg). It is verified that the plateau corresponds
the comparison with excitation by hyperbolic-secant pulsesto about 3/4 of the final average population of level 2. We
We show that these two pulse shapes yield significant qualiremark that the fast transient induced by the ulse is a
tative differences in the final result, indicating the impor- linear effect that has approximately the same shape over the
tance of studying the details of a quantum system interactingrhole pulse train. Therefore, the plateau is responsible for
with a train of pulses of arbitrarily shaped pulses. any variation of thep,, population due to accumulation ef-
In Fig. 3 are presented the results for the temporal evolufects. Based on these observations, in the following analysis
tion of the populationg,, and ps; interacting with a train of  we will only consider the contribution of the plategijy, to
O pulses. This figure is completely analogous to Fig. 1: thehe population of level 2.
solid lines in Figs. @) and 3b) are the results of numerical The temporal behavior for the populatign; shown in
integration of Eqs(1), whereas the open circles result from Fig. 3 is very similar to that shown in Fig. 1. The enhance-
the successive applications of E¢S) to the ground state. In ment factor Ofp;3 relative to single-pulse excitation deter-
Fig. 3(¢) we show in a large temporal scale only the resultsmined by the first maximum of the solid line in Fig(l3,
from the successive applications of E@S) to the ground but, however, is about 1300, much smaller than the value
state. The parameters are the same used in Fig. 1, the ontptained for a hyperbolic-secant train of pulses. This is due
difference being the shape of the pulse. to the fact that the sequential excitation pathway through
One of main characteristics of ar(pulse interacting with  level 2 is now negligible. Note also that the enhancement
a two-level atom is a null excitation of the sample after thefactor for thep,, population cannot be defined since itg
pulse passes through[i4]. In other words, it may be said excitation by a single # pulse vanishes. As can be seen in
that the trailing edge of thes®pulse undoes the action of the Figs. 3c¢) and 3b) the final stationary populatiorp§3 is
leading edge, which can be verified after all the transientsarger than the final population of level 2, but thg excita-
that happen during the interaction of the pulse with thetion due to a single pulse is smaller than the averdasi
atomic system are finished. For a cascaded three-level atorttansient population op,,. The population inversion in the
a Om pulse that is resonant with the intermediate transitionrsecond transition observed in Fig. 3 is therefore a conse-
also tends to cancel this transition. This explains the largguence of the accumulation process.
transient in Fig. 81 and the negligible value fgs,, before The most significant characteristic of excitation by a train
the next pulse arrives. However, when accumulation is takenf O pulse appears in the analysis of the excitation of the
into account, the intermediate level will be also excited bysystem over the Doppler profile. Figure 4 shows the station-
stimulated emission and spontaneous decay from the highesiry density matrix elementg), and pf33 for all groups of
lying level. This is the origin of the small plateau that ap- atoms within the velocity distribution.
pears in Fig. &), which clearly evolves on the same time  Compared to Fig. 2 which is obtained for a train of
scale as thess population reaches its stationary state. hyperbolic-secant pulses, it is noticeable that the periodicity
The contribution of the fast transient and the slowly of the peak structure fq1s£2 is now 1/2Tz instead of 11 as

FIG. 4. The final populationg) p5, and (b) pi; of the system
excitated by a train of 8 pulses for all group of atoms in the
Doppler profile. All the parameters are the same of Fig. 3. The
“dashed lines are obtained settihg=T,3=T13=1 ns and the results
are multiplied by five to improve visualization.
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G lation in the i di ; L FIG. 6. Variation of the average populatiofis,), and{ps3), for
_FIG. 5. Population in the intermediate stapgs, for excitation o iavion with a hyperbolic-secant pulse, as a function of the inter-
with a hyperbolic-secant pulse, as a function of the interpulse phasﬁulse separatiofi: (pyy), is independent of, because some group
&, for one particular detuningd=0 (solid line), and its value av-

of atoms is always found to be resonant by one-photon absorption,
eraged over the Doppler profilép,,), (dashed ling In the last Y y P P

o . . while only satisfies all resonance conditions wh@i
case, no variation witldby is observed. :7TN/A<p33>| B R

in Fig. 2. Thepg3 population shows the same periodicity as

pf22. From conditions(8), we see that this periodicity indi- total population in a determined atomic level one must now
cates that the,; resonant coherence drives the process, betake an average over the inhomogeneously broadened pro-
ing responsible for the observed constructive and destructivile. If the Doppler width is much larger than the mode spac-
interferences. This means that for excitation with a train ofing, &> 27/ Tg, the effect of varying®g for this average

07 pulse the two-photon transition dominates the accumulavalue is therefore null, as may be seen from the dashed line
tion process, contrary to what is predicted for hyperbolic-in Fig. 5. This is so because if Eq®) are satisfied for some
secant pulse excitation where the one-photon transition igroup of atoms and a certaiy, this will remain true for any
dominant where the 4> 2 one-photon transition is dominant. other ®p.

The effect of the & pulse in Egs(5) corresponds td, On the other hand, varying the pulse repetition pefigd
~0. In this case the nonzero source termsdgrare related leads to changes of the mode spacing, therefore determining
to the second transition. These terms originate from incohemwhether Egs(9) will be satisfied or not. To illustrate this
ent decay and stimulated emission from level 3 to level 2point Fig. 6 depicts the variation of the average over the
which explains whypb, follows p.. Note that the relation Doppler profile of the excited population§,,), and(ps3),
between coherent and incoherent excitation profitished  with dTg, a small change in the pulse repetition period. It is

line in Fig. 4 is also the same fap}, and p. clear that while(p,,), remains constan{pss), varies by more
than an order of magnitude. This behavior may be under-
IV. PARAMETERS OF THE FREQUENCY COMB stood by examining the resonance conditig®)s from which

it can be verified that iffg=7N/A, then there will always be

The recent d_evelopments in the stabilizat_ion and measures group of atoms with a particulat that satisfies all three
ment of the main parameters that characterize the pulse trajy . itions given in Eqs(8). In this case(pss), reaches its
delivered by femtosecond lasers have introduced a new Pargsavimum value

digm in the area of metrology at optical frequenci@s11].

In these lasers typically 26 1¢° modes are excited, each one is governed by the coherenpe, for which the detunings,,

with a frequency given by Eq$4) [25]. As previuosly men- o I
tioned th?e twoyrgain pa);an?ggr[s l‘tﬂhat cﬁaracterige the frea_llways satisfies the resonance condition for some group of

quency comb are the mode separation and the frequency Of'?_toms. The populatiofpsy), howg\{er, depends crucially on
set, which are directly related & and®g, respectively, and °Oth the -2 and the 2-3 transitions, and must therefore

it is important to be able to control these two parameters$atisty all three conditions in Eqg8). These conditions for
independenthy10]. In this section we investigate the depen- (?s31 May be stated in a simpler manner, by noting that for
dence of the atomic populations of the three-level system ophe laser modes to match b_oth atomlc_transmons, then the
the parameters of frequency comb: interpulse phase diffedifference between the atomic frequenciésmust be equal
ence®g, pulse repetition periods, and hyperbolic-secant 0 some multiple of the mode spacing2Tg. For O pulses
pulse shape. The atomic system is supposed to be DoppIH}e above re§ults dq not apply be(;ause the sequential excita-
broadened, but with a frequency spread that is much nation me_chanls_m which is respo_nS|bIe for the dependence of
rower than the pulse spectrum. (p3i with Tr is no longer effective.

In what follows we refer to the resonance conditions Eqs. The results from Figs. 5 and 6 may have an interesting
(9) obtained fordg=0. As previously noted, once these con- application in the control of femtosecond lasers for optical
ditions are satisfied, if one makekg# 0, this will corre- metrology. The fact that the populatidpss), is sensitive to
spond to a simple shift in the position of the peaks. For alg but not to ®g indicates that monitoring this population
particular group of atoms this phase change can have a drarovides an interesting procedure for independent control of
matic effect. When considering a Doppler-broadened atomid: variations inTg produce measureable changes @),
system, the analysis becomes a bit more subtle. To find thenhile this quantity is independent dfx.

The population(p,,), is not sensitive to this problem, as it
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T (ps) where the function&(7), G(7), andH(7) are defined as

FIG. 7. (a) Variation of the blue fluorescence with relative delay, w thr
7, between the pulse pairs for an atomic density of 7|:(T)=_'““1_2"2‘23f dtf dt/gr:l(t)g;l(t,)ei523tei512t,, (11

X 10'2 atoms/cm and(b) numerical results for the variation of the h
population{psz, as a function ofr, averaged over the Doppler
profile. Mz o t+r
_ M2 * e i St St
V. TEMPORAL COHERENT CONTROL G(n="3 LC dt LC dt'En (D& (t)e e, (11h)
In this section we apply the theory developed in the pre-

vious sections to the temporal coherent control of a three- 2 o tr
level atom in a cascade configuration, including accumulagy(,) = 1“_223f dtJ At Eq(DE, (1 )& %23l (110
tion in both populations and coherences, and compare the el )

results with previously reported experimental data in a ru-
bidium vapor [18]. Although this is not the best testing These functions all represent second-order processes in the
ground for the theory developed here, as only the total popuapplied fields but onlyF(7) connects states 1, 2, and 3.
lation {ps3), (averaged over the Doppler profils measured, Within the existing terms some present oscillations in the
this can be considered as a first test. Also, as the relaxatiogptical domain while others can be correlated to Ramsey-
times of both atomic coherences and populations involved ifringe-like experimentg3], occurring at time scales Mot
the experiment are greater than the pulse repetition periods 277/ w, and Tquant= 27/ 2wy, respectively. We only con-
the present theory is more adequate to describe the expeHider the data taken at scan rates that are fast compared to the
mental results. In Ref18] a vapor of Rb atoms, enclosed in electronic aquisition times, in which case the interferometric
a 5-cm-long sealed cell, is excited by pairs of laser pulsegffects are averaged to zero. Under this condition other
tuned toA =778 nm, which corresponds to the sequential(siowe oscillations occur at a periofi,s.= /A, as shown
5S-5P3/,-5D transition. The excitation source is a Ti:sap- in Fig. 7(a). These oscillations are related to stimulated emis-
phire laser generating pulsessfL00 fs and a repetition pe- sjon in the transition 3-2 [8,18] and are properly explained,
riod of 13 ns. The measurement @fs3), is performed indi-  considering only population accumulatigé]. The magni-
rectly by monitoring the fluorescence at 420 nm from thetudes of the final population in levels 2 and 3 predicted by
6P3/,-5S transition, which is proportional to thelbpopula-  incoherent accumulation theories, however, are significantly
tion. The blue fluorescence is collected from the center of themaller than what is observed in the present theory.
cell in a right angle geometry. At the focal region the beam As previously mentioned, this is only a first test of our
waist is=70 um, and the average laser powerid00 mW.  method, and we are mainly interested in its sensitivity with
Once the pulse arrives at the center of the cell it has evolvethe chosen fitting parameters, which are the pulse duration,
into a O pulse, due to propagation in a resonant medium. Impulse chirp, repetition perio@Tg), and the phasédg). In
this case our theory predicts thatsy), is insensitive to the this particular case, where the system is Doppler broadened
phase®g. and it interacts with a @ pulse, it was important to observe

In order to describe this new situation, the first modifica-that the qualitative form of the outcome of our simulations is
tion to be introduced in Eq$5) is to take into account that in  sensitive to the frequency comb parameters only around the
Ref.[18] a train of copropagating pulse pairs is used insteactentral peak.
of a train of single pulses. We consider pairs of pulses of To compare the numerical calculations with the experi-
equal shape, separated by a temporal deJayhich is typi- mental data, averages over 200 different values within each
cally much shorter than the pulse peribg The envelope of optical period are performed in the numerical calculations in
the nth pulse pair is given by, (t) =&, (t) +e7eLIE , (t— 7). order to simulate the effect of the fast scanning. For each
The integrald;—I5 in Egs.(5) now depend orr and must be  value of the pulse separatian the iterative procedure was
rewritten as applied to obtain the final atomic coherences and popula-
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tions. Averaging over the Doppler profile was also performedgration of the Bloch equations would be out of question in
as it is the total populatiofpss), that is experimentally ob- this case.
served.

For the frequency comb parameters we have tadkgn
equal to zero, because of the insensitivity of the observed
output to this parameter. Because the form of E§%. we
conclude that the interval over whicFg should be adjusted
is determined by /A =1 ps. Out of this range the results
start to repeat themselves. The valueTgfwhich gives the

VI. CONCLUSIONS

In this article we have presented a numerical iterative pro-
cedure to treat the problem of accumulation effects in both
the population and coherences of an atomic system, for a
sequential two-photon transition. The total excited popula-

best agreement with theory was found to be 13.0005 ns. tions in the intermediate and final states have been compared

Another parameter that deserves attention is the frequen% incoherent accumulation theories, where dramatic differ-
chirp of the laser. At the entrance of the cell the pulse is ’

approximated by a hyperbolic-secant pulse which evolvegnces are observed. We have used this procedure to analyze

into a O pulse due to propagation in the resonant mediumthe effects of envelope pulse shapes for the outcome of the

A quadratic phase in the frequency domain, defined b);wo—photon absorption process. In parti(_:ular it.is predicted
¢(Q)=aT20?/4, is introduced in the pulse entering the cell, that for a Gr pulse the spectral structure in the final popula-
wherea is an adimensional parameter that characterizes thon Of bothpz, andpz; has a periodicity which is twice that
chirp, Q is the frequency measured from the center of thePredicted for a hyperbolic-secant pulse envelope. This indi-
pulse spectrum, and, is the pulse duration. The introduc- cates that for a # pulse the direct two-photon transition
tion of chirp influences mainly the peak in the signal ob-dominates the accumulation process, while the one-photon
served forr=0. sequential transitions are dominant for the hyperbolic-secant

In Fig. 7 are shown the comparison betwganthe ex- pulses. Also, it has been shown that, depending on the pulse
perimental results angb) the numerical results, and the main shape and the kind of measurement that is performed, the
parameters used in the later gug,£y/A=1.4 THz,a=0.8, atomic system response may be more or less sensitive to the
and Tr=13.0005 ns. It is important to recall that as only frequency comb parametedz and Tr. A method is pro-
(p33), is experimentally measured we cannot completely tesposed for controlling the pulse repetition peritg indepen-
the theory developed here. The overall behavior of thedently of the interpulse phaség, which is important for
coherent-control experiment, however, has been satisfact@ptical metrology with femtosecond lasers. Further, we have
rily reproduced. The main differences compared to the theorfnalyzed the outcome of coherent-control experiments using
presented in Refi8] are observed around the central peak,pairs of pulses, including coherent-accumulation effects.
where accumulation in the coherenges and p,; play an
impo_rtant role for the sequential excitation process. ACKNOWLEDGMENT
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