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We show that a thermal light source which is random in the transverse direction can produce a sub-
wavelength double slit interference in a joint intensity measurement. This is the classical version of quantum
lithography, and it can be explained with the correlation of rays instead of the entanglement of photons.

DOI: 10.1103/PhysRevA.70.041801 PACS number(s): 42.50.Dv, 42.50.St, 42.25.Hz

Noise is usually considered harmful to communication
and interference because disorder and chaotic fluctuation de-
grade information and interference visibility. It would thus
seem incredible that noise could be used as a signal carrier in
communication or as a source for interference. A recent de-
bate in quantum optics has inspired the authors to consider
this very question. In the last decade, theoretical and experi-
mental studies have shown that an entangled photon pair
generated by spontaneous parametric down-conversion
(SPDC) exhibits peculiar effects, such as sub-wavelength li-
thography[1–8], and coincidence or ”ghost” imaging and
interference[9–17]. These effects had indeed never been ob-
served in classical optics before. In particular, sub-
wavelength interference was regarded as one of the para-
doxes related to violations of the quantum mechanical
uncertainty principle. Recently, Benninket al. showed in
their experiment that coincidence imaging and coincidence
interference can also be realized with a classical light source
under certain conditions[18]. This demonstrates that classi-
cal correlation can play the same(or similar) role as quantum
entanglement. A recent theoretical analysis[19] has shown
that a thermal or quasi-thermal source can also exhibit such a
classical correlation. On the other hand, sub-wavelength li-
thography is considered to be a form of a nonclassical inter-
ference that surpasses the Rayleigh diffraction limit. Physi-
cally, this effect is explained to be due to the quantum
entanglement of photons[3,4] or the photonic de Broglie
wavelength of a multiphoton wavepacket[1,2,5]. A similar
question has emerged: can the sub-wavelength interference
be produced by a classical beam too? In this work we dem-
onstrate that a thermal light source random in the transverse
plane possesses a second-order spatial correlation similar to
that of a photon pair perfectly entangled in the transverse
wavevector. The difference between them is that the former
has the self-correlation of transverse wavevectors while the
latter has a correlation between a pair of conjugate transverse
wavevectors satisfying momentum conservation. Therefore,
a thermal or thermal-like light source can produce not only
ghost imaging and interference as shown in Refs.[18,19],
but also the sub-wavelength interference. Due to the different
correlation relationships, the sub-wavelength interference
patterns must be observed by coincidence detection at a pair
of symmetric positions. The result can be used to explain two
kinds of macroscopic observation of sub-wavelength inter-
ference occurring in SPDC from a type I phase matched
nonlinear crystal[20,21].

We consider the first- and second-order correlations of the
fields for a two-photon quantum system and a classical ther-
mal light source. The fields propagate with a central
wavevectork0 and frequencyv0. For a general two-photon
state, the quantum wavefunction in the Schrödinger picture is
written as

uCl =E dq1 dq2 dv1 dv2

3Csq1,v1;q2,v2da1
†sq1,v1da2

†sq2,v2du0l,

whereqi and vi si =1,2d are the transverse wavevector(or
the spatial frequency) and the frequency deviation from the
central frequency, respectively. We assume that the two pho-
tons are distinguishable by their polarizations. By taking into
account the commutation relations of the field operators, we
obtain the first- and second-order spectral correlations for the
two-photon stateuCl,

ka1
†sq,vda1sq8,v8dl

=E dq2 dv2 C*sq,v;q2,v2dCsq8,v8;q2,v2d, s1ad

ka2
†sq,vda2sq8,v8dl

=E dq1 dv1 C*sq1,v1;q,vdCsq1,v1;q8,v8d, s1bd

and

ka1
†sq1,v1da2

†sq2,v2da2sq28,v28da1sq18,v18dl

= C*sq1,v1;q2,v2dCsq18,v18;q28,v28d, s2d

respectively. Equation(2) shows explicitly the separable
product of the wavefunction and its conjugate one, reflecting
the nature of the quantum wavepacket. This implies that the
wavevector and frequency correlation may exist only within
the same(positive or negative) frequency component. For
the perfectly entangled two-photon state generated in SPDC,
we haveCsq1,v1;q2,v2d=dsq1+q2ddsv1+v2d as a conse-
quence of the conservation of momentum and energy in the
SPDC process. Thus we obtain

kai
†sq,vdaisq8,v8dl = dsq − q8ddsv − v8d si = 1,2d, s3d
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ka1
†sq1,v1da2

†sq2,v2da2sq28,v28da1sq18,v18dl

= dsq1 + q2ddsv1 + v2ddsq18 + q28ddsv18 + v28d. s4d

These results are also true for two photons with the same
polarization.

Let us now consider classical thermal light. We assume a
monochromatic plane waveE0 expfisk0z−v0tdg illuminating
a material containing disordered scattering centers. After
scattering, the field is written asEsx ,z,td=eEsqdexpfisq ·x
+kzz−v0tdgdq where q is the transverse wavevector intro-
duced by the random scattering and satisfiesuqu2+kz

2=k0
2.

Hence,Esqd is a stochastic variable obeying Gaussian statis-
tics. However, the scattered waves with different transverse
wavevectors are statistically independent. Ifuqu!k0, the
scattered field can be approximately written asEsx ,z,td
=Asxdexpfisk0z−v0tdg whereAsxd=eEsqdexpfiq ·xgdq is the
slowly varying envelope. As a result, we have defined a
monochromatic thermal light random in both strength and
propagation direction. According to the Wiener-Khintchine
theorem, the first-order spectral correlation must satisfy

kE*sqdEsq8dl = Ssqddsq − q8d, s5d

whereSsqd is the power spectrum of the spatial frequency.
Obviously, Eqs.(3) and(5) indicate the same incoherence of
the first-order for an ideal two-photon entangled state and a
wide bandwidth thermal light source. Though the beam is
monochromatic, the disorder in spatial frequency washes out
the interference pattern.

For any field with thermal statistics, all high-order corre-
lations can be expressed in terms of the first-order ones.
Hence, the second-order spectral correlation of thermal light
can be written as

kE*sq1dE*sq2dEsq28dEsq18dl

= kE*sq1dEsq18dlkE
*sq2dEsq28dl

+ kE*sq1dEsq28dlkE
*sq2dEsq18dl

= Ssq1dSsq2dfdsq1 − q18ddsq2 − q28d

+ dsq1 − q28ddsq2 − q18dg. s6d

Unlike the case of two-photon entanglement in which two
photons with opposite wavevectors are correlated, Eq.(6)
shows that two fields with the same wavevectors are corre-
lated. When the thermal light is split into two beams at a
beam splitter, the correlated output beams are spatially sepa-
rated. This is the origin of the coincidence imaging and co-
incidence interference for a classical thermal source[19]. As
a matter of fact, in any coherent beam, there is no such
correlation so coincidence imaging cannot occur.

We now discuss the double-slit interference in a joint in-
tensity observation. Let a beam illuminate a double slit of slit
width b and slit distanced. The double slit and the detection
plane are placed at the two focal planes of a lens of focal
length f. The Fourier transform of the double-slit function is

written asT̃sqd=s2b/Î2pdsincsqb/2dcossqd/2d. For simplic-
ity, we omit the time variable. This can be done by using a
narrow frequency filter in the beam. According to Ref.[20],
the second-order spatial correlation of the field in the detec-
tion plane is

kEd
*sx1dEd

*sx2dEdsx2dEdsx1dl

=
k0

2

s2pfd2 E T̃Sk0x1

f
− q1DT̃Sk0x2

f
− q2D

3T̃Sk0x2

f
− q28DT̃Sk0x1

f
− q18D

3kE*sq1dE*sq2dEsq28d

3Esq18dldq1 dq2 dq28 dq18. s7d

For an ideal two-photon entangled state, from Eq.(4) we

have kEd
*sx1dEd

*sx2dEdsx2dEdsx1dl~ T̃2fsk0/ fdsx1+x2dg. If we
use a two-photon detector to scan the position, sub-
wavelength interference fringes with perfect visibility can be
observed. Since a two-photon detector is not available at
present, in the experiment the two-photon detection is carried
out by a coincidence measurement(CM) of two orthogonally
polarized photons[2,4]. However, for the thermal light de-
scribed above, we obtain

kEd
*sx1dEd

*sx2dEdsx2dEdsx1dl

=
k0

2

s2pfd2HE T̃2Sk0x1

f
− qDSsqddq

3E T̃2Sk0x2

f
− qDSsqddq+ FE T̃Sk0x1

f
− qD

3T̃Sk0x2

f
− qDSsqddqG2J . s8d

In the broadband limit, we can setSsqd<Ss0d and so obtain

kEd
*sx1dEd

*sx2dEdsx2dEdsx1dl

=
k0

2S2s0d
2pf2 HT̃2s0d + T̃2Fk0

f
sx1 − x2dGJ . s9d

When the two detectors are placed in symmetric positions,
i.e., x1=−x2=x, to perform a joint intensity measurement,
sub-wavelength interference fringes with 33.3% visibility
can be observed. In the general case we set the Gaussian
spectrum to beSsqd=sÎ2pwd−1expf−q2/ s2w2dg. Figure 1
shows the interference fringes as a function of the normal-
ized bandwidthW=wb/ s2pd. At very small bandwidth, the
fringe pattern is “normal,” i.e., the same as that for a coher-
ent beam. As the bandwidth increases, the sub-wavelength
interference effect appears and grows.

Sub-wavelength coincidence interference from classical
thermal correlation can be illustrated schematically in Fig. 2.
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The four fieldsEAsqd , EAs−q8d , EBsq8d, andEBs−qd are in-
volved in the joint intensity measurement, as shown in Fig.
2(a). For greater clarity, in Fig. 2(b), we fold the two lower
beams with respect to the source and replaceEAs−q8d and
EBs−qd by EA

* sq8d and EB
* sqd, respectively, since the spatial

frequency component satisfiesEs−qd=E*sqd. It is the nature
of the thermal correlation that causes the diffraction beams
EAsqd andEBsq8d to be correlated with the diffraction beams
EB

* sqd andEA
* sq8d, respectively. Therefore, in the joint inten-

sity observation, the pair of correlated beamsEAsqd and
EB

* sqd interfere with the pair of correlated beamsEBsq8d and
EA

* sq8d, resulting in twice the optical path difference of the
one-photon interference.

The beam generated in SPDC may incorporate both the
quantum entanglement and the classical thermal correlation.
When a plane-wave pump field activates axs2d nonlinear
crystal, the basic unitary transformation is described by[16]

amsq,vd = Umsq,vdam
insq,vd + Vmsq,vdan

in†s− q,− vd

smÞ n = s,id, s10d

whereamsq ,vd and am
insq ,vd are the output and input field

operators, respectively. The first-order correlation is obtained
to be

kam
† sq,vdamsq8,v8dl = uVmsq,vdu2dsq − q8ddsv − v8d.

s11d

For a type I crystal, we may omit the subscript in Eq.(10)
and the second-order correlation is written as

ka†sq1,v1da†sq2,v2dasq28,v28dasq18,v18dl

= V*sq1,v1dVsq18,v18dU
*s− q1,− v1dUs− q18,− v18d

3dsq1 + q2ddsv1 + v2ddsq18 + q28ddsv18 + v28d

+ uVsq1,v1dVsq2,v2du2fdsq1 − q18ddsq2 − q28d

3dsv1 − v18ddsv2 − v28d + dsq1 − q28ddsq2 − q18d

3dsv1 − v28ddsv2 − v18dg. s12d

The first term shows the same correlation as the two-photon
entangled state, whereas the second term shows the same
correlation as the thermal light. Note that this result is valid
in general whatever the SPDC coupling gain even when the
converted beam contains a large number of photons. When
the gain is very small, the second term is negligible in com-
parison with the first term and the converted field is almost a
two-photon entangled state. As the gain increases, two kinds

FIG. 1. Coincidence interfer-
ence patterns for different normal-
ized bandwidthsW=wb/ s2pd of
the spatial frequency spectrum of
thermal light. The X-axis X
=xk0b/ s2pfd is the normalized
position in the detection plane and
the double slit parameter is taken
to bed=4b.

FIG. 2. (a) Schematic ray diagram of sub-wavelength coinci-
dence interference of thermal light.(b) An equivalent ray diagram
of the interference of the correlated beamsEAsqd andEB

* sqd with the
correlated beamsEBsq8d andEA

* sq8d. It can be seen that the optical
path difference is doubled.
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of macroscopic sub-wavelength interference coexist[20].
For a type II crystal, however, the second-order correlation
of the two orthogonally polarized beams is obtained to be

kam
† sq1,v1dan

†sq2,v2dansq28,v28damsq18,v18dl smÞ n = s,id

= Vm
* sq1,v1dVmsq18,v18dUn

*s− q1,− v1dUns− q18,− v18ddsq1

+ q2ddsv1 + v2ddsq18 + q28ddsv18 + v28d

+ uVmsq1,v1dVnsq2,v2du2dsq1 − q18ddsq2 − q28d

3dsv1 − v18ddsv2 − v28d. s13d

The first term is the same as that for the type I case, but the
second term does not represent thermal correlation. Only
quantum sub-wavelength interference can occur[20]. The
thermal correlation in a type II crystal can be recovered
through extraction of either the signal or the idler beams by
a polarization beamsplitter. The second-order correlation for
the signal/idler beam reads as

kam
† sq1,v1dam

† sq2,v2damsq28,v28damsq18,v18dl sm= s,id

= uVmsq1,v1dVmsq2,v2du2fdsq1 − q18ddsq2 − q28d

3dsv1 − v18ddsv2 − v28d + dsq1 − q28ddsq2 − q18d

3dsv1 − v28ddsv2 − v18dg. s14d

We have thus obtained the thermal correlation for both signal
and idler beams.

In conclusion, we have demonstrated a classical version
of quantum sub-wavelength lithography, in which the classi-
cal correlation of thermal light plays a similar role to the
quantum entanglement of a two-photon state in optical sub-
wavelength interference, coincidence imaging and interfer-
ence.
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