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Artificial electromagnetism for neutral atoms: Escher staircase and Laughlin liquids
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We present a method for creating fields that couple to neutral atoms in the same way that electromagnetic
fields couple to charged particles. We show that this technique opens the door for a range of neutral atom
experiments, including probing the interplay between periodic potentials and quantum Hall effects. Further-
more, we propose, and analyze, seemingly paradoxical geometries which can be engineered through these
techniques. For example, we show how to create a ring of sites where an atom continuously reduces its
potential energy by moving in a clockwise direction.
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Recently, many researchers have expressed interest in usently, Jaksch and Zoll€f7] described a method where an
ing ultracold alkali atoms as analog quantum computers teffective magnetic field can be applied to two-state atoms in
simulate properties of solid state systefiig For example, an appropriately designed optical lattice in the presence of an
the leading model of high-temperature superconductivity, thexternal “electric field.” Our approach is an elaboration of
Hubbard model, can be studied by placing alkali atoms in adaksch’s, where the two-state atoms are replaced by three-
optical lattice—a periodic potential formed by interfering state atoms. This allows us to overcome the major deficiency
several laser beams. Experimental realizations of the Hubsf Jaksch and Zoller’s scheme: we do not need an external
bard model could show whether it captures the phenomenelectric field to generate the magnetic field. This improve-
of high-temperature superconductivity. Similarly, cold gasegnent comes at the cost of more complicated laser configura-
provide an ideal setting for studying models of quantum Halltions. ) ) B
effects[2] and exotic phase transitioffi3]. ~As in these prior analogs of electromagnetism, our artifi-

A major impediment to studying some of these models,C'a| fields contain no dyr_1am|cal degrees of freedom_. There-
such as those describing quantum Hall effects, is the lack dPre: they neither give rise to analogs of Coulomb interac-
fields that couple to the neutral atoms in the same way tha{0ns between the neutral atoms, nor do they support analogs

. o : f light.
the electric and magnetic fields couple to charged particles? . . .
Here, we show how to create these artificial electromagnetic Subsequent to the preparation of this manuscript, another

fields. Since these fields are only analogies of the real elecsiCheme for generating analogs of electromagnetic fields was

tric and magnetic fields, they do not obey Maxwell's equa_suggested by Sorensen, Demler, and Lujgh That work

. . " uses time-dependent hopping matrix elements along with a
tions. One can therefore create unphysical and counterintuy; b bping g

o . . . _large oscillating quadrupolar potential. Compared to our ap-
tive field configurations that lead to a set of as-yet unstudletfroach Sorenseet al. use a much simpler laser configura-

behavior. Among our examples of these seemingly impoStion however there are nontrivial technical issues involved
sible field configurations, we describe an “Escher staircaseyith the stability of the oscillating potential.
Setup Where atoms can move around a Closed path, ContinU' Basic SetupOur approach relies upon Creating an 0ptica|
ally reducing their potential energy. lattice with three distinct sets of minima. Each of these
The literature already contains several, somewhat limitedminima trap a different internal state of the neutral atoms.
implementations of electrical and magnetic fields for neutralThe internal states will be labeled “A,” “B,” and “C,” and the
atoms. Experimentalists routinely use the Earth’s gravitaminima will be labeled by their location and by the state that
tional field as an analog of a uniform electric figi]. They s trapped at that location. For example, Figa)lshows a
also study systems in noninertial frames: uniform acceleraene-dimensional(1D) array labeled as ...-AB,-Cs-A,-
tion is equivalent to a constant electric figl, while circu-  Bs-Cg-A;-Bg-... . Importantly, this setting breaks parity
lar motion corresponds to a uniform magnetic figdj. Re-  symmetry.
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FIG. 1. (Color onling Lattices of three types of site&) 1D chain,(b) square|c) ring, and(d) triangular.
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L(l)olgng at §h|s 1D chain, an atom in state A, S|ttg in site Dpg — €1 EA-D G (3)
A, is immobile. The atom cannot hop to site; Br C;,
because it would need some mechanism for changing its in- ~ Eatrdae)]
ternal state. The probability of tunneling by three sites {o A Pg,— € BB, (4)
or A5 is astronomically small.
We turn on hopping between site,And B; by introduc- H=- T(¢1¢5+ lﬂJsrlM) + Azp;zps, (5)

ing a laser with the following propertiesi) the laser fre-

quency wpg is close to the energy difference between thewhere =Q,g and A=wxg =~ (Ex—Epg).

internal states A and Bi.e., wag~Ex—Eg); (ii) the laser Introducing two more lasers, coupling states B-C, and

polarization is chosen so that the transition from internalC-A with appropriately chosen intensities and detunings, this

state A to B is allowed(iii) the laser cannot induce transi- same procedure yields the Hamiltonian

tions from states A to C or from B to C, either because the B R g Ay

transition is forbidden, or because the detuning is too great. H= E UAWJ ¥) = (i + ‘pj+1¢1)]* (6)

One does not have to use a single laser to drive this transition :

but can instead use a Raman transition, which involves muleorresponding to a one-dimensional chain of sites in a uni-

tiple lasers and the virtual occupation of one or more interform electric field. As is shown below, this same approach

mediate state. can produce electric fields in higher dimensions. In this case,
In the presence of this laser field, the atom can explore anomentum transfer from the lasers will generate an effective

two-state Hilbert space. In the rotating wave approximationmagnetic field.

the time-dependent Schrodinger equation is Higher dimensionsin more complicated geometries there
may not be a canonical transformation which leads to a time-
i “|=He U, independent Hamiltonian. However, the time dependence
! By Y, ’ takes a simple form if one transforms
N LE
Ea - Qpgei(@nsttd) lﬂ"‘ij -y lp'“jj’ @)
H(t) = — (€ @nst*d) Es ' (1) wherej labels the site located af, andu;=A,B, C gives the

) ) . __internal state that is trapped at that site. The Hamiltonian
The quantum mechanical amplitude for the particle being ithen becomes

state A(B) on site A, (Bs) is Ya, ('/’Bs)' The energy of the _ _

internal states A/B ar&, 5. The Rabi frequenc§),g is pro- H=-2 Tﬂiﬂj(e'qﬂlﬂj'R” e_'AMmttﬁLiit//ij +H.c). (8
portional to the product of the laser amplitude and the over- i)

lap between the states trapped ipand B;. We takeQag t0  The sum includes all nearest-neighbor siigs The internal

be real, and introduce a phagg which is related to the a0 trapped at siteis w;. The bond position iR; =(r,
phase of the coupling laser. In particular, if we translated the,

A _ : j)/2. The hopping isr,, =, for u# v, andr,, =7, The
eniire lattice by some d!stanme the phasep would change parameterr is given by the overlap of the wave functions on
by ¢— ¢+q-r, whereq is the wave vector of the coupling

neighboring sites. The wave vector of the laser coupling state
laser[9]. 9 9 pling

- — .. ptovisq,, (soq,,=0). The detuning iA,,=w,,~(E,
_ This and future _Hamlltonlans are more compactly ertten_EV) when u+# », and A, =0. The letters H.c. denote the
in a second quantized notation, B

Hermitian conjugate of the previous term.

H=E. ol dn +Endl U = Qualei@st+d gt 0 If all of the laser inte_nsities are adjusted_so that= 70
AVnUn, * Boltag ~ el Vn e for all u, v, then Eq.(8) is formally the equation of motion
+ alloaptdn) g1 7 of a particle with charge in a vector potential defined on the
© Voglnl @ ponds by

where, for example, creation and annihilation operaﬁ@
and ¥, add and remove a particle from sitg, M internal

state A. In the noninteracting system, the opera{msbey
the same equations of motion as the wave functlan (1).

. : ) Using this mapping to a vector potential, we can construct
At the_smgle-parnclp level it dogs not matter whether we us‘?ﬂany interesting field configurations. For example, consider
bosonic or fermionic commutation relations. Where no con-,

. : . a lattice with the striped geometry shown in Figb)l where
Iﬁzl?r?tglrlllarles?tlgttéwe may neglect the letter A, which denotesas one moves in thg direction, one encounters alternating

We apply time-dependent canonical transformations of OWS of sites A, B, and C. Wlt.h thls. geometry, only the

X A A i i N component of the vector potenti#,, will be nonzero. In the
the form ¢y — e Oy, yf - "Wyl As is readily verified simplest case, where each of the three coupling lasers have
from the equations of motio(l), under this transformation the same wave vectar and detuning), the vector potential
the Hamiltonian becomdﬂ—>H—f’(t)¢JT<//j. In particular we is A(r)=x(c/ed)(q-r —At), whered is the lattice spacing.
can construct a time-independent Hamiltonian by transformThis corresponds to a uniform electric fiet= —XAc/ed and
ing into the rotating frame, a uniform magnetic fieldB3=XX q(c/ed). By changing the

e
EA(RU) T = Oy Rij = Aty 9

wherer;; =r;—r;.
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relative angle betweeqg and thex axis, one can control the A couples to the neutral atoms as if it were a vector potential,
strength of the magnetic field. Since the recoil momentum it does not obey Maxwell’s equations. Consequently, one can
can be made comparable to the inverse lattice spacing, onrggineer seemingly paradoxical geometries. Consider, for in-
should be able to construct extremely large fields, where fluxtance, the ring of sites illustrated in Figicl, with all de-
through a unit cell of the lattice exceeds the magnetic ﬂuxtunings set equal. According to E¢P), there is a uniform

quantumdy=27c/e. L o ‘ .

If g is aligned with the hopping direction, then the effec- electric flelddptor:ntlr?g alongt. the cr:am. Thus ta palr'ucle can
tive magnetic field vanishes, resulting in an electric fielgMOVE around the ring, continuously moving to a lower po-
without a magnetic field. tential energy, returning to the starting point, by conser-

Applications. Earlier we introduced some interesting Vation of energy having gained a great deal of kinetic en-
problems that could be addressed by applying effective elecergy. One can repeat the processinfinitum the maximum
tric and magnetic fields to a system of particles on a latticevelocity is limited only by umklapp processes. That is, when
Here we discuss further possibilities. the particle’s deBroglie wave vector coincides with the inter-

At moderate values of the effective magnetic field, experi-site distance, the matterwave is Bragg reflected off the lat-
ments could explore how the periodic potential affects vortexice, and reverses direction. If the chain was not bent in a
structures in a Bose condensgi®]. One could also study cjrcle, this reflection would lead to the familiar Bloch oscil-
vortex physics near “pairing transitions” where the structurations. No conservation laws are violated by this continuous

of vortices chang¢l11]. : i
At much larger field® ~ ;) Jaksch and Zollef7] re- ?nc;:rer:llgr:?;|r?1n, as the lasers provide a source of energy and

ntly di iting i i i o . .
cently discussed the exciting idea of using neutral atoms to This bizarre situation—where a particle can reduce its po-

study the fractal energy spectrum that Hofstadte?] pre- . L . o
dicted for noninteracting charged particles on a lattice in atenual energy by moving in a closed path—is reminiscent of

magnetic field. The spectral gaps would be observable ag€ OPtical illusion in M.C. Escher's print "Ascending and
plateaus in the density of noninteracting harmonicallyP€Scending,” where a staircase forms a continuously de-

trapped fermions. It would be even more exciting to exploreScending closed loop. The quantum mechanical properties of
an interacting system in this same regime, and study frac® particle in such a chain ®f sites are ascertained by noting
tional quantum Hall physics, and the interplay between quanthat the Hamiltonian, H=~7=L, (€% ..+ ey, 99,

tum Hall effects, Mott insulating physics, and this fractal With .1= ¢4, is translationally invariant, and therefore ex-
single-particle spectrurfil3]. The simplest such experiment traordinarily simple in momentum space. In terms of opera-
would use the geometry in Fig(t), and allow the system to  tors a,=S;e 27KNy, /N, the Hamiltonian is diagonald
equilibrate with A=0. All single particle observables are =3,E,(t)a,a,. The eigenvaluesE,(t)=-27cog2mk/N+ 8t)
measurable through imaging, while photoassociation proare time dependent, reflecting the nonequilibrium nature of

vides access to the short-range pair correlation fund®n  the system. The motion of a wave packet is determined by
Some transport measurements are possible by detuning e instantaneous phase velocity

lasers so thadh # 0.
Several authors have shown that for filling fractions
1/2<v<6, bosons with short-range interactions in a strong
magnetic field will form nontrivial many-body statdg]. v=
Fermions are more tricky, as-wave interactions(which 27 Kk
dominate at low temperaturesannot lead to fractional
quantum Hall effects in fermions. However, resonantly en-
hancedp-wave interactions can lead to such correlated statewhich oscillates as a function of time. The factordd/ 2,
[14]. whered is the intersite spacing, converts the velocity into
Previous proposals for creating analogs of quantum Halphysical units. This oscillation is exactly the Bragg diffrac-
states in cold atoms relied upon rotation to provide the eftion previously mentioned. During one period of oscillation,
fective vector potential. Such schemes are made difficult byhe particle moves around the ring approximatety (Rl5)
the need to carefully balance the centripetal force, whichimes.
maintains rotation, and the harmonic trapping potential. The A more complicated geometry with similar paradoxical
window of rotation speeds for finding strongly correlated properties is illustrated in Fig.(d). In this structure, a trian-
physics falls off with the inverse of the number of particles.gular lattice is formed from three interpenetrating sublattices
The present approach does not require this delicate balancingth wells of type A, B, and C. Here, a constant detuning
of forces, and therefore allows one to study these effects in gields a very intricate unphysical electric field configuration:
macroscopic system. arrows depict directions in which hopping reduces the poten-
Not only are magnetic fields of interest, but so are largetial energy. Upon traversing alternate plaquettes, a particle
electric fields. For example, Sachdev al. [15] have dis- can continuously increase, or decrease its potential energy.
cussed the intricate Mott-insulator states that are found whefo understand the behavior of a particle in this lattice, one
the voltage difference between neighboring wells is compaence again relies upon translational invariance, and intro-
rable to the onsite repulsion. The method presented here isduces operatorg, ==, € *", wherek lies in the first Bril-
powerful tool for studying such states. louin zone(BZ) of the triangular lattice, and the sum is over
Unphysical fieldsWe once again emphasize that althoughall lattice sites. The Hamiltonian is then

dNJE
= — X = 2:d sin(27k/N + &), (10)
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‘ small momentum withk| < 27/d, then the particle does not
H=-71>, e"“(E ¢:¢r+rj) +H.c. (11)  simply propagate ballistically, but its velocity oscillates sinu-
r =1 soidally about =0, and the particle is trapped near its initial
location.
d?k . 3 Physical realizationThere are many ways to engineer the
==2r EakakE cogk -rj + ét). (12)  three-state lattices described above. The difficult task is to

B7Z =1 produce the confinement and Raman couplings with a small
The lattice generator$ry,ry,rs} connect nearest-neighbor number of lasers in a geometry which can be easily imple-
sites, and are illustrated by arrows in FigdiL Only two of  mented. A detailed analysis of the various configurations
these generators are linearly independénttr,+r;=0).  goes beyond the scope of this paper, and a more comprehen-
The area of the first Brillouin zone 8=87?/3d? whered sive article is in preparation.
is the lattice spacing. Again, the group velocity of a wave A key idea is that if the internal states are related by
packet is simply the gradient of the energ, symmetriese.g., a spin-1 multiplef then the various traps
=-273; cogk -rj+4t). Of particular note is the fact that at can be created by the same lasers, andAkB) and (B-C)
the zone centek=0) the group velocity is alway zero. Thus Raman transitions can use the same drive. Driving transitions
a stationary packet remains stationary. This result is not suwith microwave or rf fields, rather than lasers, will reduce
prising, since there is nothing in the geometry that picks outhe need for optical acce$s6].
a direction in which the packet could start to move. An alternative approach is to note that one can create
More surprising is the fact that the effective mass, relatecinalogs of electromagnetic fields even if the sites A, B, and
to the curvature oE, is oscillatory atk=0, spending equal C, trap atoms in the same state. One can instead rely on a
amounts of time positive and negative. When the effectivesuperlattice structure, where the energies of the three sites
mass is negative, quantum diffusion acts opposite to its nowdiffer by large amount$17]. Hopping is only possible if a
mal behavior, and wave packets become sharper. Thus locdkaman laser supplies the missing energy; detuning and recoll
ization occurs: the wave packet’s size oscillates periodicallygive the same effects as in the case with different internal
rather than continually growing. Similarly, if the packet has astates.

[1] W. Hofstetter, J. I. Cirac, P. Zoller, E. Demler, and M. D. [7] D. Jaksch and P. Zoller, New J. Phys. 56 (2003).

Lukin, Phys. Rev. Lett.89, 220407(2002; E. Jané, G. Vidal, [8] A. Sorensen, E. Demler, and M. Lukin, e-print cond-mat/
W. Dir, P. Zoller, and J. I. Cirac, Quantum Inf. Comp@Gt.15 0405079.
(2003.

[2] N. R. Cooper and N. K. Wilkin, Phys. Rev. BO, R16279
(1999; S. Viefers, T. H. Hansson, and S. M. Reimann, Phys.
Rev. A 62, 053604(2000; N. K. Wilkin and J. M. F. Gunn,
Phys. Rev. Lett84, 6 (2000; N. R. Cooper, N. K. Wilkin, and
J. M. F. Gunn, Phys. Rev. Let87, 120405(2001); B. Paredes,

P. Fedichev, J. I. Cirac, and P. Zoller, Phys. Rev. L&,

[9] If the coupling involves a multiphoton Raman transition, then
the wave vectorg is the appropriate sum/difference of the
wave vectors of each of the lasers, corresponding to the recail
momentum associated with the transition. Collinear Raman
beams yieldy~0.

[10] J. W. Reijnders and R. A. Duine, Phys. Rev. L&8, 060401

010402(200D; T-L. Ho and E. J. Mueller, Phys. Rev. Lett, (2004 H. Pu, L. O. Baksmaty, S. ¥i, and N. P. Bigelow,

89, 050401(2002; J. W. Reijnders, F. J. M. van Lankvelt, K. e-print cond-mat/0404750.
Schoutens, and N. Read, Phys. Rev. L&8, 120401(2002; [11] M. W. J. Romans, R. A. Duine, S. Sachdev, and H. T. C. Stoof,

B. Paredes, P. Zoller, and J. I. Cirac, PhyS Re6& 033609 Phys Rev. Lett.93, 020405(20049, L. Radzihovsky, J. Park,
(2002; N. Regnault and Th. Jolicoeur, Phys. Rev. Ledt, and P. B. Weichman, Phys. Rev. Lef2, 160402(2004); A.
030402(2003. Kuklov, N. Prokof’ev, and B. Svistunov, Phys. Rev. Le®2,
[3] T. Senthil, L. Balents, S. Sachdev, A. Vishwanath, and M. P.A. ~ 050402(2004; Phys. Rev. A69, 025601(2004.
Fisher, e-print cond-mat/0312617. [12] D. R. Hofstadter, Phys. Rev. B4, 2239(1976).
[4] B. P. Anderson and M. A. Kasevich, Scien@82 1686 [13] X.-G. Wen and Y.-S. Wu, Phys. Rev. Leff0, 1501(1993; D.
(1998. Pfannkuche and A. H. Macdonald, Phys. Rev.58, R7100
[5] K. W. Madison, C. F. Bharucha, P. R. Morrow, S. R. Wilkin- (1997
son, Q. Niu, B. Sunaram, and M. G. Raizen, Appl. Phys. B:[14] N. Regnault and Th. Jolicoeur, Phys. Rev. &, 235309
Lasers Opt.65, 693(1997). (2004).
[6] K. W. Madison, F. Chevy, W. Wohlleben, and J. Dalibard, [15] S. Sachdev, K. Sengupta, and S. M. Girvin, Phys. ReG63
Phys. Rev. Lett.84, 806(2000; J. R. Abo-Shaeer, C. Raman, 075128(2002.

J. M. Vogels, and W. Ketterle, Scien@92, 476 (200); P. C. [16] To achieve large analog magnetic fields, at least one transition
Haljan, I. Coddington, P. Engels, and E. A. Cornell, Phys. Rev. must be driven by Raman lasers.

Lett. 87, 210403(2001); E. Hodby, G. Hechenblaikner, S. A. [17] S. Peil, J. V. Porto, B. L. Tolra, J. M. Obrecht, B. E. King, M.
Hopkins, O. M. Marago, and C. J. Foot, Phys. Rev. L&®, Subbotin, S. L. Rolston, and W. D. Phillips, Phys. Rev6A&
010405(200D. 051603(2003.

041603-4



