RAPID COMMUNICATIONS

Stable particlelike solitons with multiply quantized vortex lines in Bose-Einstein condensates
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We show that a multiply quantized vortex line core can be energetically stable in a harmonically trapped
two-component atomic Bose-Einstein condensate. The structure, in which the condensate component with the
vortex line is surrounded by the second component forming a vortex ring, can be identified as a particlelike
skyrmion with a multiply quantized winding number, and closely resembles cosmic vortons.
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Among the most remarkable experiments in atomic Bose- The properties of the particlelike skyrmions in a two-
Einstein condensatg®ECS9 are the studies of topological component atomic BEC have been addressed by several au-
defects, such as quantized vortex lines and vortex latfides thors [2,10-15. An analogous configuration may also be
A quantized vortex in a single-component BEC exhibits aformed in a spin-1 BEQ11]. Other theoretical studies of
line singularity of a 1D order parameter field. However, truly spin defects and textures in multicomponent BECs include,
3D topological objects can be afforded by multicomponente g.  the structure of pointlike defedt6—18 and singular
BECs. It was recently shown that a localized particlelikegng coreless vorticefl8—23. \Vortices have been experi-

soliton, or a sky_rmion, can be energe_tiqally sta_ble in @mentally studied in two-component BEG84-2§ and a
trapped two-specie¥Rb BEC under realistic experimental ¢oreless vortex has recently been engineered in an optically
conditions[2]. In this paper we demonstrate that also multi- rapped?®Na spin-1 BEC experimerf27]. Moreover, topo-
ply quantized skyrmions can be stable in a two—componen%D : ’

BEC when the interparticle interaction between the two spel- gical defects in a two-component fermionic atomic gas in

cies is sufficiently strong. In the stable configurations one o n optical lattice can result in particle number fractioniliza-

- : - 28].
the BEC components forms a multiply quantized vortex line lon [ o . I .
and is confined in a toroidal region inside the second com- A skyrmion is a localized particlelike soliton such that the

ponent forming a vortex ring; see Fig. 1. The second com®rder parameter field becomes uniform, with a constant
ponent provides the stability of the multiply quantized vortex@Symptotic value, at sufficiently large distances from the par-
line core against splitting, and no external quartic potential idicle [29]. As a result, we may enclose the skyrmion by a
required, as in the case of multiply quantized vortices in asPhere on which the field configuration has the constant
Sing|e-comp0nent BEQ3]. Moreover, the Centrifuga| en- asymptotic value, with the whole surface of the Sphere iden-
ergy, associated with the circulation of the vortex line, pre-tified with a single point. Then the physical space inside the
vents the shrinking of the vortex ring to zero size. As notedsphere can be considered as a 3-spl$r@ sphere in 4R
in Ref.[13], the structure is closely related to cosmic vortonsMoreover, the order parameter of a nonsingular two-species
which are superconducting cosmic strings and may havBEC takes values o8° [or on SU2)], and we may assign a
been formed in the early Universe phase transiti@ghsAlso  winding number for the skyrmion to characterize the map-
nuclear matter in neutron stars can have a similar descriptiopings from the physical space to the order parameter space:
[5]. The analogies provide an interesting possibility for cos-S*— S°.
mology in laboratory experiments using atomic BECs, as
performed in superfluid liquid helium systeri& 7.

Multicomponent BECs can be prepared in magnetic traps
by simultaneously confining different atomic species in the
same trap or in optical dipole traps where the spin dynamics
is no longer constrained by magnetic fielfj. Here we
consider two BEC components in perfectly overlapping iso-
tropic magnetic trapping potentials. Such a system has been
experimentally realized using thf)=|F=2,m;=1) and -10 0 10
|1y=]1,-1) hyperfine spin states ¢fRb. In that case the x/1
interspecies(a;) and Intraspeciesa, anda,)) interaction FIG. 1. Density profiles for energetically stable multiply quan-
strengths are nearly equal, wit :a; :a;;::1.031:0.97 4764 yortex cores in trapped skyrmions. We display the one-
[9], and the order parameter of the two-component BEC hagimensjonal(1D) densities of the two BEC components (top)
an approximate S(2) symmetry. Since the scattering lengths anq, (bottom along thex axis (in units of 104~3). We show the
satisfy a’| =aa, |, the two species experience dynamicalyortex line core ofj. with the winding number ongsolid line), two

phase separation and can strongly repel each ¢ffjefhe  (dashed ling and thregdashed-dotted linewith the corresponding
interatomic interactions of the tWRb components do not density profiles ofy, exhibiting a singly quantized vortex ring on

mix the atom population and the atom numbers of the bothhe xy plane. The size of the vortex line core region is approxi-
species are separately conserved. mately 2, 3l, 4.9, respectively.
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For the soliton solution we parametrize the order paramwinding numbern, threaded bym singly quantized vortex
eter spaceS’ by _the unit vector n=[-Im(y.),Re(y.), lines in ¢, as long asy_ with m units of circulation is
-Im(¢,),Re(4,) ]/ Vp, in terms of the real and the imaginary confined inside the circulatings,. By assuming a two-
parts of the two condensate wavefunctiafgr) and ._(r). species BEC to be an incompressible gas with a constant
It is assumed that the total denspigr) =i, (r)|?+|y_(r)|?is  total atom density in the homogeneous space, the stable
nonvanishing inside the sphere enclosing the skyrmion. We2 skyrmions were obtained in RdfL3]. We show that the

then obtain the nonsingular configuration: multiply quantized vortex cores in a two-species BEC tend to
o split due to the inhomogeneous density, similarly to the vor-
(‘/’+(r)> - ;( COSA —1 SinA cosf ) tices in a single-component BEG]. Nevertheless, we dem-
P(r) —isin\ singexpiy) /’ onstrate it is still possible to find stable configurations.

The energetic stability of the skyrmion in an inhomoge-
neous finite-sized system is a highly nontrivial concept. The
configuration may collapse, the asymptotic boundary condi-

fi = (sin\ sin B cosy, sin\ sinBsiny, Sin\ cosB, Cos\). tions of the trapped BEC may be violated, or the structure
o . ~may not remain as singularity free. Generally, additional
Moreover, the winding number in terms of the sphericalphysical mechanisms, such as rotation or optical potentials,

where (A, 8,7y) denote the spherical angles in four dimen-
sions(4D), such that

anglesa=(\,3,7) reads will be required for stability[2]. Therefore, it is remarkable
1 Ja that energetically stable particlelike solitons can exist under
W= > f d3x sir? A sinB Det(a—'>. (2)  experimental conditions df'Rb, even in the presence of a
T Xi
i

strong external confinement due to the harmonic {&p

The integration is over the volume of the sphere enclosin% Even in an infinite, homogeneous system topological par-
the soliton, wherep is assumed to be nonvanishing, axd iclelike solitons can be unstable against shrinking to zero
denote the Cartesian coordinates. size. If the energy does not contain any higher order gradient
We numerically investigated the energetic stability of thet€rms than quadratic, a simple spatial rescaling of the wave
BEC wave functions for the initial states which have differ- functions shows that the energy decreases monotonically
ent values of the winding numb&¥. Although generallyn ~ With the size of the soliton in the absence of additional sta-
=\(r) is anisotropic, as an initial state we may use thebilizing features. However, in a two-component BEC, with-
spherically symmetric solution=\(r), with A(0)=0, since  OUt internal spin dynamics, the number of atoms in the two
the minimization of the energy does not preserve the spherEPECIES is separately conserved, which can stabilize the skyr-
cal symmetry of the initial state. It is also illuminating to Mion against collapse to zero sigES]. In the phase separa-
study the general structure of the solutions using this spherfion regime the two species can strongly repel each othzer and
cally symmetric ansatz. By inserting=kd and y=md in Eq. the toroidal filling due to the line component provides a<1/
(2), with k andm integers and#é, ¢) the spherical angles, we centrifugal barrier that can prevent the vortex ring from con-

obtain, for the even values &f W=0, and for the odd values tracting to ZEro radius due_ to its tensifi®,13.
of k In Ref. [2] it was numerically found that the phase sepa-

ration of the two species is a necessary, but not sufficient,
~m 1. condition for the stability of the skyrmion with the winding
W=— A(ro) = Es'r{Z)‘(rO)] ' (3 humberw=1 in a trapped BEC. Using the parameters of the
8Rb vortex experiment§24], it was also required for the
wherer, is the radius of the sphere enclosing the soliton. Thesability that the minimum number of atoms is several mil-
winding number has an integer valMég=nm, for N(ro)=nm, lions [2]. If, in addition, the two-component BEC was ro-
with n integer. For\(ro)=(n+1/2)mr, we obtain “hedgehog” tated at the speed in a narrow window close to 085
solutions withW=(n+1/2)m. The configuration withV=1  wherew denotes the trap frequency, the skyrmion was stable,
has an asymptotic value— 7 at large distances from the without the vortex line drifting in the inhomogeneous trap
particle. It corresponds to the BEC wave functions for whichtowards the edge of the atomic cloud. Alternatively, if the
the physical space is “wrapped” over the order parameteBEC density profile remained cylindrically symmetric, the
space precisely once. stability could be provided by rotating sufficiently fast only
The skyrmion solution(1), with 8=6, y=m¢, and \(0) the vortex line component. The stable particlelike soliton
=0 and\ =n at large distances from the particle, representsstudied in Ref[2] consisted of a singly quantized vortex ring
a vortex line, with the winding numben, in the component in the 8’Rb || ) component, threaded by a singly quantized
_ (the “line component’andn vortex rings iny, (the “ring  vortex line in| 7). In this paper we show that also multiply
componentj. The vortex rings are formed on the circles quantized skyrmions can be energetically stable in a trapped
=0,r=\"Y(n-1/2)7]. The line component, with the vortex BEC, providing a unique system with stable multiply quan-
line oriented along the axis, is confined inside the ring tized vortex lines.
component and fills the toroidal core regions of the vortex We numerically studied the energetic stability of the par-
rings. The winding numbéw is topologically invariant if the ticlelike solitons using the 3D nonlinear mean-field theory of
asymptotic boundary values are not altered andemains the trapped two-component BEC. We minimized the energy
nonvanishing for <r,. We may also obtain a solution for of the skyrmions by evolving the coupled Gross-Pitaevskii
W=nm, e.g., by having a single vortex ring if,, with the  equationgGPE3,
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FIG. 2. (Color onling The decay of a doubly quantized vortex _5. -5
line core. The density profilgg_|? (for y>0) show the two singly ¥ 4 4

-5
3o,
quantized vortices on thez plane between isosurface sections rang-
ing from low at the boundargred) to high at the c_er_1te¢pur_ple or FIG. 3. (Color onling Charge densities for energetically stable
dark gray after the double vortex has already split in the |mag|narytl,‘,jmped skyrmions withV=1, 2, 3(from left to right for y>0. On
he xz plane the charge density between isosurface sections ranges

5
0

time evolution. On the left, the constant surface plofyafi® (red
torug represents a vortex ring encircling the both vortex lines, an rom W=0.001(in units of -3 at the boundaryredto ¥W=0.017

the skyrmion winding numben/=2. In the middle and on the right, geﬂ), W=0.075(middle), W=0.055(right) at the centetpurple or

at later tlmes,_ one of the vortlce_s has crossed the vortex ring whic ark gray. The charge is concentrated close to the interface of the
now only encircles one vortex line, aMi=1. two species

ihd = (Ho +> Kij|<!fj|2) W, (4)  vortex line cores for these parameters by consideNngp to

i 10" atoms. For largél, when the skyrmions did not collapse
via shrinking, the multiply quantized vortex cores for> 1
split into singly quantized vortex lines which drifted towards
the edge of the BEC. The winding nhumbeéf decayed by
integer multiples always when the vortex lines crossed the
vortex ring core, by forcing the total density to zero at the
crossing point and, therefore, by creating a singularity in the
spin texture. In Fig. 2 we show the decay ofA&=2 skyr-

in imaginary time, for initial states exhibiting different wind-
ing numbersW, using the split-step method on a spatial grid
of 128. HereHy=-%°V?/2m+V/(r), with a perfectly over-
lapping isotropic trapping potential for both stat®%r)
=mw?r?/2, andk;; = 4mfi%a;N/m, whereN denotes the total
atom nurr11/l:2)er. We assume the hgfmon'c oscillator lemgth oy when the doubly quantized vortex line has spiit into
= (h/mw)~*=3.86 um, which for “Rb corresponds ta» 4 singly quantized vortices drifting to opposite directions.
=2mX 7.8 Hz[24,30Q. The winding number was calculated one of the vortices crosses the vortex ring core, which is
during the imaginary time evolution to determine the Stab"'numerically also confirmed by the sudden change in the
ity of the skyrmion. We also numerically minimized the en- 51ue of the winding number from two to one. Hele
ergy for the BECs rotating along tteaxis, in order to sta- ~10', N,=2N_, and Q=0.09/w. Increasing the rotation
bilize the skyrmion against the drift towards the BEC gpeeq did not stabilize the skyrmions witin> 1, since ad-
boundary where the density is lower. This was done bygitional vortices entered the ring component due to faster
evolving Egs.(4) in imaginary time, in the rotating frame, |qtation.

obtained by replacingHy, by Hg—-QL,, with L,=i%(yd, We found energetically stable multiply quantized vortex
—-xdy) and the rotation frequency denoted by At every line cores forN< 10" when we considered a stronger repul-
time step, we separately normalized the wave functions tsion between the two BECs with,_=a,,=5.67 nm and
Ni/N in order to fix the atom number in each component.a__=5.34 nm. In Fig. 1 we show the stable density profiles
The simulations were fully 3D, without imposing any sym- of vortex lines with the winding numbers=1,2,3,repre-

metry on the solution as it relaxed. senting skyrmions witiV=1,2,3, for thecaseN,=N_, N
For particlelike solitons with multiply quantized vortex =7.8x1(f, a,_=5.89 nm, a,,=5.67nm, and a__
lines in the line component, we used as an initial statg Bg. =5.34 nm. Applying the rotatiof) =0.09/w was found to

with W=nm, for n=1 and for different integer values of,  be sufficient to stabilize the configurations at the trap center.
embedded in a parabolic density profile. As shown beforeThe corresponding topological charge densitie§ ), deter-

we obtain this by choosing— 6, y—mé, and a monotonic mined from Eq.(2) with W=/d®W(r), are displayed in
function \(r), with A(0)=0 and\ = at the BEC boundary. Fig. 3.

In order to obtain stable skyrmion configuratiohshad to It is also interesting to consider multiply charged particle-
be sufficiently large and the population difference betweedike solitons withn>1 in the case of one singly quantized
the two specief\, —N_| sufficiently small. In the experimen- vortex line(m=1). We found the stability to be very sensitive
tal values of'Rb the slight difference between the scatteringto the initial conditions. For two vortex rings on thg plane
lengthsa,,:a,_:a__::1.03:1:0.97, witha,_=5.5[9], indi-  with slightly different radii, we found energetically stable
cates that the S(2) order parameter symmetry is only ap- W=2 configurations even using the scattering length values
proximate, being broken down to(I) X U(1). As a result of  of the presenf’Rb experimentg9]. In Fig. 4 we show the
the phase separation faf_=a.,a__, the scattering length stable case using the same parameters as in Fig. 1. However,
difference was previously found to provide a sufficient repul-with one doubly quantized vortex ring as an initial state, the
sion between the two species to stabilize Wie 1l skyrmion,  double ring eventually decayed to one singly quantized ring,
whenN=8Xx 1, for N,=N_ and|=3.86 um [2,30. How-  with the other ring pinching off at the center. This may ex-
ever, here we were unable to find stable multiply quantizeglain why stableW=2 states with one vortex line were not
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36 [32]. Alternatively, multiply quantized vortices could also be
G 3 phase imprinted as proposed in REE1].
A& ‘,.‘ 1‘ $ In conclusion, we showed how multiply quantized vortex
0 — — - lines can be energetically stable, forming particlelike solitons
-100 4 O 10 with multiple winding numbers. The studied set of interac-

_ _ _ _ tion parameter values could possibly be experimentally
FIG. 4. (Color onling Density profiles for energetically stable (aached for different two-species atom mixtures, e.g., by us-
W=2 particlelike solitons with two vortex rings. We show the 1D ing the Feshbach resonances. Moreover, we found the stable
densities along th& axis (in units of 1073) for ¢ with a vortex  \y=2 solitons for two vortex fings using the parameters of
line atx=0 (dashed blue ling . (dotted red lingwith two vortex ¢ ;rrant8’Rp experiments. Although the stability requires rea-
rings, and the total densitgolid line). sonably large atom numbers, the stable configurations could
possibly also be obtained using a smaller number of atoms at
. i higher atom densities, e.g., by first loading atoms to a weak
founq in the h_omogeneous space in HQB] where only a trap and then adiabatically increasing the trapping frequen-
multiply quantized vortex ring was considered. cies to obtain the required nonlinearifg0]. We did not
The particlelike solitons could be created by a sequencgy,qy the stability of truly giant vortex line cores with
of Raman pulses, with three orthogonal standing waves ims. 1 “This would be interesting, as giant vortex systems have
printing a vortex ring, as proposed in R¢l2]. A doubly 550 peen created experimenta(8].
quantized vortex line has recently been experimentally pre-

pared at the MIT by changing the magnetic field direction This research was supported by the EPSRC.
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