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Ionization of multielectron systems is investigated by using one-dimensional, multiconfiguration time-
dependent Hartree-Fock calculations. Our analysis reveals the key physical processes underlying ionization of
complex systems. The laser-induced multielectron dynamics, and therewith the ionization process, depend on
the ratio of laser frequencysv0d to plasmon frequencysvpd. In the overresonant limitsv0@vpd, tunnel
ionization is destroyed and ionization takes place by a classical over the barrier mechanism. In the underreso-
nant regimesv0!vpd, tunnel ionization remains dominant, but is weakened by a polarization-induced growth
of the tunneling barrier.
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The numerical investigation of ionization dynamics in
multielectron systems is at the forefront of quantum physics
[1]. Due to the complexity of the problem the use of approxi-
mations is indispensable. The most commonly used simpli-
fication is the single active electron(SAE) approximation,
which is based on the assumption that only the valence elec-
tron interacts with the laser electric field. SAE theories have
proven very successful in explaining ionization in noble gas
atoms[2,3] and in small molecules[4,5]. Recent experiments
in large molecules[6–9] clearly reveal the breakdown of the
SAE approximation. This has raised the challenge to under-
stand the limits of the SAE approximation and to develop
more elaborate multielectron theories.

Here a theoretical investigation of ionization of complex
systems is presented, based on one-dimensional(1D) multi-
configuration time-dependent Hartree-Fock(MCTDHF) cal-
culations [10]. MCTDHF is a further development of the
time-dependent Hartree-Fock method[11] and is currently
the only method that enables calculation of the nonperturba-
tive dynamics of few-electron systems, taking full account of
electron correlation. Our analysis reveals the key physical
processes underlying ionization of complex systems.

The first major result of this Rapid Communication is a
demonstration of the dependence of tunnel ionization on sys-
tem size and spatial structure. The potential barrier becomes
more transparent for increasing system size. As a result, a
larger part of the bound state wave function leaks under the
barrier into the classically forbidden region, resulting in an
enhancement of tunnel ionization. Ionization in complex ma-
terials is usually analyzed by comparing experiments with
atomic ionization(ADK ) theory [6,7]. The observed depen-
dence shows that ADK theory has to be corrected for the
specific structure. Only then can multielectron effects be ex-
tracted from measurements.

The second major result is the dependence of ionization
on the ratio of laser frequencysv0d to the resonance fre-

quencysvpd of collective electron motion. This ratio deter-
mines the dynamic polarizability and therewith the response
of the electrons to the laser field, which strongly influences
ionization. We identify two distinct ionization mechanisms in
the oversv0@vpd and underresonant regimesv0!vpd.

The third major result is a new ionization mechanism in
the overresonant limit. Forv0@vp the electrons move 180°
out of phase with the laser field, and away from the tunneling
barrier. As a result, tunnel ionization is destroyed and a clas-
sical ionization mechanism, dubbed laser dephasing heating
(LDH), becomes dominant. For infrared laser radiation, the
overresonant limit occurs in semiconductor materials and in
nanostructures. Our investigation extends the physics of
quantum dots and quantum wells into the strong field regime,
a so far largely unexplored research area. An understanding
of strong field effects such as ionization is essential, as they
set the ultimate limit to the largest field strengths applicable
to nanostructures.

The fourth major result demonstrates a modified tunneling
mechanism in the underresonant limit that explains the re-
duction of ionization observed in large molecules[7,8]. In
the underresonant limit, the electrons are pushed towards the
tunneling barrier, creating a polarization that increases the
tunneling barrier and reduces ionization. We find an increase
of the saturation intensity of ionization by a factor of 5. This
is in good agreement with typical experimental results[6,7],
supporting the validity of our 1D analysis.

Our analysis is based on the solution of the Schrödinger
equation for the 1D,f-electron Hamiltonian with the poten-
tial (atomic units are used throughout, unless otherwise
stated) V=oi=1

f fVnsxid−xiEstd+o j.i
f Vesxi −xjdg. Here, Vn re-

fers to the nuclear binding potential,Ve=1/Îsxi −xjd2+ae

represents the electron-electron interaction potential,ae is a
shielding parameter, andEstd is the laser field. Thef-electron
wave function is calculated by the MCTDHF ansatz[10],

Csx1,…,xf ;td = o
J

AJstdw j1
sx1;td…w j f

sxf ;td. s1d

Here, J= j1,… , j f is a multi-index with j i P h1, . . ,nj. The
expansion coefficientsAJ are fully antisymmetric with re-
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spect to their indices, i.e.,Aj1,…,j i,…,jk,…,j f
=−Aj1,…,jk,…,j i,…,j f

.
Both, the coefficientsAj1,…,j f

and thenù f expansion func-
tionsw j are time dependent and are determined by the Dirac-
Frenkel variational principlekdCui]t−HuCl=0. The spin is
included in the calculations, although it has been dropped in
our notation for the sake of simplicity. In the limitn→` the
expansion Eq.(1) becomes exact. We perform calculations
for f =1, n=1, and forf =4, n=8. In the multielectron case,
a further increase ofn changes the ionization yield by less
than ±0.5% indicating convergence to the exact four-
dimensional(4D) wave function. The Schrödinger equation
is solved on a 1D grid with a uniform grid spacing of 0.15
and 4000 grid points. To avoid reflection at the simulation
boundaries, complex absorption potentials are used. For de-
tails of the numerical technique see Ref.[10].

Both single- and multielectron phenomena play an impor-
tant role in complex materials. As both effects are closely
intertwined, it is helpful to investigate them separately.
Therefore, the paper is organized in the following way. The
first part is devoted to the investigation of single electron
effects in complex systems. In the second part the analysis is
generalized to the multielectron case.

In Fig. 1 the ionization yield of a single electron in a
square-well potential is depicted as a function of the well
width b. For different values ofb, the well-depthA is ad-
justed to keep the ionization potentialIp=0.25 constant. The
laser field has the formE=E0fstdcossv0td with wavelength
l0=800 nm, and peak intensityI =531013 W/cm2. The full
width at half maximum(FWHM) duration of the Gaussian
envelopefstd is chosent=10 fs.

The arrow in Fig. 1 denotes the well width at which the
laser frequency is equal to the transition frequency between
the ground and the first excited state, i.e.,v0=v01. As v01
decreases with increasingb, the areas left and right of the
arrow present the underresonantsv0,v01d and the overreso-
nant sv0.v01d limit of laser-matter interaction. In atomic
ionization theory, the Keldysh parameter[2] g=v0k /E0!1
indicates that ionization occurs predominantly via tunneling,

where k=Î2Ip. For our parametersg=0.34, so that tunnel
ionization is expected to occur over the whole range. Asg is
independent ofb, atomic ionization theory[3] would predict
a constant ionization probability in Fig. 1.

Contrary to expectations, a strong increase of the ioniza-
tion probability is observed in Fig. 1 in the underresonant
limit, in agreement with experiments[12]. The process not
properly accounted for by atomic tunneling theory[3] is
identified by generalizing the theory to a square well poten-
tial, which yields

wstd = csbdk2 expS−
2k3

3EstdD ,

csbd =
cos2skb/2dexpskbd

cos2skb/2d − kb/2 + sk/2kdsinskbd
. s2d

Here,k=Î2sA− Ipd, and the structural correction factorc is
determined by the magnitude of the absolute squared of the
asymptotic ground state wave function in the classically non-
allowed region. In the limit ofb→0, A→−`, the parameter
c→1, and the tunneling rate of a 1D delta-function potential
is recovered. The major difference to atomic ionization
theory is thatc in Eq. (2) depends on the structure of the
system. With increasingb a larger portion of the ground state
wave function can slip into the classically nonallowed region
increasingc. The exponential dependence ofc explains the
sharp rise forb,6. For larger well widthss6øbø12d the
numerical and analytical ionization yields differ by up to a
factor of 2. The difference arises from the fact that the den-
sity of bound states increases withb and so does the electron
mobility. This is not included in Eq.(2). With increasing
mobility the electron is pushed more strongly towards the
tunneling barrier. As a result, the wave function under the
barrier increases(see the dashed line in the inset of Fig. 1),
and ionization is enhanced.

A surprising feature in Fig. 1 is the drop of the ionization
yield in the overresonant regime. Ionization is inhibited, be-
cause the electron moves against(180° out of phase with) the
laser field away from the tunneling barrier(see the full line
in the inset of Fig. 1). This response is known from overreso-
nantly driven oscillators[13]. In the overresonant limit, the
electron dynamics becomes close to that of a free electron
which moves 180° out of phase with the laser field.

The wave function in the inset of Fig. 1 is plotted forb
=55 (full line). As the wave function is pushed away from
the tunneling barrier, one would expect ionization to be sup-
pressed. Still, appreciable ionization takes place. Inspection
of the wave-function dynamics shows that the electron ab-
sorbs energy, when it hits the potential well barrier. The elec-
tron collides during each half cycle with the potential barrier
and absorbs energy, until its energy is large enough to escape
over the barrier. The strength of LDH scales with the ratio of
electron excursion amplitude to well width. Therefore, ion-
ization in Fig. 1 drops to zero for increasingb.

LDH is a classical process. This follows from a compari-
son of the quantum result to classical simulations. A set of
trajectories, with starting points covering the classically al-
lowed part of the potential well, is launched. The trajectories

FIG. 1. Quantum mechanical(full line), analytical [Eq. (2),
dashed line], and classical(dotted line) ionization probability versus
potential lengthb of an electron in a square well potential with
depthA. A is chosen for eachb to keepIp=0.25 constant. Inset:
Field-free ground state(dotted line), electron probability distribu-
tion at the laser pulse peak forb=10 (thick dashed line) and forb
=55 (full line). The narrow dashed line presents a schematic of the
potential. Energy is plotted versus distance normalized to potential
length.
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are weighted with the probability of the ground state wave
function. The initial velocity is calculated byvi

= ±Î2sIp−Ad. The classical equations of motion are solved
subject to these initial conditions. The ionization probability
is determined by the sum over the weight of the trajectories
that are free after the laser pulse. The result is depicted by
the dotted line in Fig. 1. The agreement with the quantum
results is good, proving the classical nature of LDH ioniza-
tion.

A generalization of our analysis to four interacting elec-
trons shows that ionization by LDH and suppression of tun-
nel ionization also exists in the multielectron case. This is
corroborated by the excellent agreement between quantum
and classical calculations for the four-electron system de-
picted in Fig. 2, where we show the ionization probability as
a function of laser peak intensity. The parameters areae
=1, Ip=0.448,b=100,l0=800 nm, Gaussian envelope, and
FWHM t=6 fs.

In multielectron systems the transition between under-
and overresonant behavior is more complex than in the
single-electron case discussed above, as, in addition to
single-electron excitations, plasmon effects play a strong
role. A plasmon oscillation is a collective excitation in which
the electrons respond to the laser field in a coherent fashion,
like a single macroparticle. Analysis of the electron density
in Fig. 2 reveals that the collective electron motion domi-
nates over single-electron excitations. The inset depicts the
normalized excursion amplitude of the center of gravity of
the electron density at the peak of the laser pulse(upper
part), and the phase relation between laser and electron os-
cillation (lower part) as a function of b for I =5
31013 W/cm2.

The collective electron motion depends on the system
length b, and therewith on the electron density. This is a
typical signature of plasmon oscillations: the plasmon fre-
quencysvpd grows with the square root of the electron den-
sity. With decreasingb the electron density and the plasmon
frequency are increased, and the electron motion changes
from overresonant, 180° out of phase to underresonant, in-

phase motion with the laser electric field. Atb<45 the ex-
cursion is maximum and the phase difference is<90°, indi-
cating resonance between laser and plasmon oscillation, i.e.,
vp=v0. The change from overresonant to underresonant be-
havior can be understood in terms of the dynamic polariz-
ability, asvd=a0/ svp

2−v2d, with a0 the static polarizability.
For v0!vp the dynamic polarizability goes over into the
static polarizability, whereas forv0@vp the polarizability
changes sign, explaining the 180° phase change.

Typical plasmon frequencies of large molecules, of clus-
ters, and of condensed matter lie between<0.035(1 eV) and
<1 (27.2 eV). Therefore, with near-infrared lasers the over-
resonant limit is not reached in most of these media. Sup-
pression of tunnel ionization and LDH are important in nano-
structures, such as quantum wells and quantum dots, and in
semiconductors[14], where electron density and plasmon
frequency can be tailored by doping. The dependence of the
electron dynamics and of ionization on laser wavelength and
electron density opens ways to control carrier dynamics in
nanostructures.

In the remainder of the paper we generalize ionization in
the underresonant limit to multielectron systems. This limit
applies to the interaction of infrared laser light with most
molecules and clusters. Even in the underresonant regime,
the plasmon frequency plays an important role in ionization.
Recently it was suggested that nonadiabatic transitions to
excited states can take place[7], resulting in an enhancement
of ionization. Our analysis shows that the plasmon resonance
plays a dominant role in the nonadiabatic regime of ioniza-
tion. Here, we focus on the adiabatic limitv0!vp, where
transitions to excited states, such as the plasmon resonance,
can be neglected, andasvd<a0.

In order to describe the asymptotic potential of molecules
correctly, the target is modeled by a chain of four Coulomb
nuclei with one electron per nucleus, i.e.,Vnsxid
=−o j=1

f 1/Îsxi − jdd2+an, with the distanced=3.5 between
adjacent nuclei. The nuclear and electron shielding param-
eters are chosen to bean=2.25 andae=0.81. The ionization
potential of the highest occupied molecular orbital(HOMO)
is Ip=0.261. Finally, the laser pulse is Gaussian,l0
=1500 nm, andt=10 fs.

The multielectron effects are identified by a comparison
to SAE-electron calculations. The SAE potential is assumed
to be a smoothed Coulomb potential outside the leftmost and
rightmost nucleus of the molecule, and constant inside. The
well depth is chosen to obtain the sameIp as for the four-
electron molecule.

The comparison of SAE(empty squares) and four-
electron (full triangles) calculations in Fig. 3 reveals that
multielectron effects dominate tunnel ionization. Despite the
same ionization potential, the four-electron saturation inten-
sity of ionization is by a factor of 5 larger than the SAE
result. Taking the 1D nature of our analysis and experimental
uncertainties into account, this result is in reasonable agree-
ment with measurements, where an increase of the saturation
intensity by factors of 3–8, as compared to SAE theory, was
obtained[6–8].

It is interesting to make the same comparison for He.
From comparison with experiments it is known that the SAE

FIG. 2. Quantum mechanical(full squares) and classical(open
squares) ionization probability versus laser intensity of a square
well potential with four electrons. Inset: normalized excursion of
the center of gravity of the electron density at the peak of the laser
pulse(upper part), phase relation between laser electric field and the
center of gravity motion of the electron density(lower part) versus
b (intensity,I =531013 W/cm2).
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approximation works well for noble gases. Forae=0.55 and
an=0.55 the ionization potential of He,Ip=0.9, is obtained.
The two-electron(full squares) and the SAE(empty circles)
calculation in Fig. 3 coincide, giving proof of the validity of
the SAE approximation.

Finally, the physical origin of the violation of the SAE
approximation in complex systems needs to be identified. In
the single-electron case we have seen that the electron is
pushed against the tunnel barrier by the laser field. In the
multielectron case the same process polarizes the molecule.
The resulting modification of the molecular potential results
in an increase of the tunneling barrier, as is shown in the

inset of Fig. 3. The inset shows the potential of nuclei, re-
maining bound electrons, and laser field as felt by the tun-
neling electron(full line). The dotted potential is calculated
from the field-free four-electron wave function, where the
molecule’s polarization is zero. The full line denotes the po-
tential obtained from the four-electron wave function at the
peak of the laser pulse, where the polarization is maximum.
Comparison of the two curves reveals a polarization caused
increase of the molecular tunneling barrier.

Ionization in 1D complex multielectron systems was in-
vestigated by using the MCTDHF method. We identified the
main physical effects determining ionization in multielectron
systems, which are size and geometry, electron mobility, and
polarizability. Our analysis revealed ionization mechanisms
playing an important role in a broad range of research areas,
from strong field molecular physics to nanotechnology. De-
spite the 1D nature of our calculations, reasonable agreement
with experiments shows that the essential effects of tunnel
ionization can be captured by a 1D analysis. The results of
our analysis present a guideline for the generalization of ex-
isting ionization theories to more complex systems. Finally,
they will be helpful for the design of future strong field ex-
periments in a broad range of areas, including nanophysics
and molecular physics.
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FIG. 3. Ionization probability of the HOMO electron versus
laser peak intensity. Full triangles: four-electron molecule; empty
squares: corresponding SAE calculation. Full squares: two-electron
He; empty circles: He SAE calculation. Inset: tunneling barrier in
the presence(full ) and absence(dotted) of electron polarization.
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