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We study dynamical decoupling of a qubit from non-Gaussian quantum noise due to discrete sources, as
bistable fluctuators and 1 hoise. We obtain analytic and numerical results for generic operating points. For
very large pulse frequency, where dynamic decoupling compensates decoherence, we found universal behavior.
At intermediate frequencies noise can be compensated or enhanced, depending on the nature of the fluctuators
and on the operating point. Our technique can be applied to a larger class of non-Gaussian environments.
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Controlling the dynamics of a complex quantum system isswitching ratey=2mwA\(e)|T|? (N is the density of states of
at the heart of quantum informati¢th]. However, in any real  the fermionic bandT,|>=|T[?).
device the computational variables entangle with the envi- This environment is non-Gaussidf], a key feature to
ronment leading to decoheren@. Bang-bangBB) control  explain recent observations in Josephson qusipitting of
techniques have been proposed as a way to achieve an effespectroscopic peaks, beats in the coherent oscillafib6is
tive decoupling from the environmeii8,4]. They may be due to individual impurities close to the device. The ob-
operated by a sequence of strong external pulses separategtved 1f noise is due to a set of such impuritigd. We
by a time At [3]. For At—0 full decoupling[3,4] of the find that decoupling of this environment is sensitive to de-
unwanted interactions is achieved. The physics in this limit igails of its dynamics. If pulses are not very frequent it shows
a manifestation of the quantum Zeno eff§815)]. a rich variety of behaviors, suggesting that BB may also be

In practiceAt is finite especially when full-power pulses used for spectroscopy.
are used. This imperfect decoupling is still well described by We operate with instantaneous pulses, which do not
the Zeno limit if At< y2, the typical time scale of the envi- modify the environment, the corresponding evolution opera-
ronment[3,4]. If vy is large one may argue that BB chops tor beingSp=io,®Ig. The evolution operator of the Hamil-
noise and frequencies <1/At<y are averaged out. This tonian (1) is [SpS]?N, where S=exp—-iHAt)with V(t)=0 is
optimistic scenario could foresee applications to solid statéhe evolution between pulses. Echo correspondé+d. The
coherent devices, where low-frequency nd8gis the major  reduced density matrixRDM) of the qubit is obtained by
problem for quantum state processig-9]. Investigation of  tracing out the environment
this point is one of the topics of this communication, where N t ot 1oN
we study environments of dissipative quantum bistable fluc- p(t) = Tre{[ SpSITW(O)[S'Sp] T = Elp(0)],  (2)
tuators[7].

Recently, decoupling from classical random telegrap
noise (RTN) was studied in the Zeno limitAt< ™ [10].
Gaussian noise with T/spectrum has also been stud[éd] ) )
and decoupling for decreasingt was found. On the other We may try to approximate Eq2) by a BIogh—RedfleId
hand, in echo protocols, details of the structure and of thgwa'ster' eq“aF'F"f‘.lg]- In this framework the enwronment re-
dynamics of a solid-state discrete environmgi® may be- mains in gqumbrlum and the map for the RDM in the fint
come important if the conditioat< y™* is not met. has the Lindblad fOI’n&jAt[p(O)]%eX[X'EAt)p(O). The factor-

We consider a qublto=—(¢/2)a,~(A/2)c;] coupled to ized structure ofW(t) is preserv_ed if we apply pulses, so
an impurity. The Hamiltonian is subsequentAt can be treated in the same way. After

=2NAt we get

H=Ho- o+ He+ VD). @ p(t) = [PeE212p(0), 3

hwhereW(t) is the full density matrix and[ -] is the quantum
map[1] associated with the reduced dynamics starting from
a factorized state/M(0)=p(0) ® wg [17].

whereP is the superoperator of the pulses. This approxima-
tion, which is correct for a weakly coupled and fast environ-
o : . , - T ment, yields that BB does not affect the decay of the coher-
=e.d'd, tunneling with amplituded, (HT‘EkadeJ'H'C') ence. Of course, BB decoupling is effective only in situations
to a fermionic band, described lByg =2y CC. The charge  \yhere memory effects are paramount, and the trace iiZq.

in the impurity is coupled to the qubiE=v d'd. Control is  mustbe taken at the end of the protocol. In these cases we
operated as in Ref3], the external field/(t) being a se- should go beyond the approximation Eg). The possibility
guence ofr pulses abouk. This model may describe charge we explore is to treat part of the environment on the same
noise due to impurities close to a solid-state qubitfooting of the systeni7]. We denote withp(t) the RDM of
[7,8,14,15. The characteristic scale of the impurity is the the qubit plus localized levelThe system is now described

The environment Hamiltoniat{g=Hy+H1+Hg describes
an impurity level occupied by a localized electrok
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by HQ—(1/2)UZI§+Hd and we use the same steps leading to oF
Eq. (3). The mapp(t+At)=e*ip(t) is evaluated by a master g=5
equation[7], with Hy being the interaction ant{gz the bath.
The RDM of the qubitp®=Tryp(t)] is obtained by tracing
out the localized leveht the endof the protocol. e

We expres(t) in the basig 6;)=|6,x)|n), where|n) (n LZ_Z_
=0,1) are eigenstates af'd and|6,+) are the two eigen- g lg=0.1

=
T®

3

states of Ho—(v/2)no,, their energy splitting being, 6

=\(e+nv)2+A2 We denotela)=|¢), [b)=|6p), [c)=|6;) - 808 S

and [dy=|6;). In Ref. [7] it was found that the impurity S

remains in an unpolarized state (1)} =20 1pn(t)[N)n], g=1.1

if initially this was the case. This simplifies the dynamics of 4L, ]

pij: the only nonvanishing entries are the four populations 0 2 4N 6 8 10
and the coherences,,(t) and pq4(t) (with the conjugates

Thus, we should diagonalize arx&8 submatrix ofL. Using FIG. 1. For a fixed=10y"1 we plotI'y(0)/g? for BB procedures
the representation dP, this is enough to find the approxi- ith N echo pair of pulses. The parametemisv/y. N=0 corre-
mate map Eq(3) for a BB protocol, at all times. sponds to free-induction decéylID) [8,9]. A Gaussian environment

If A=0, the calculation can be carried out analytically. Inwith the same power spectrum would give, for arbitrgrghe curve
the absence of pulsdst,o,]=0, the populations of the here labeled withg=0.1, sincel'y(t)<g? [3]. Inset: [\(t) for g
qubit do not relax while its coherences are given by=1.1 for differentAt (lines with dots,yAt=5,2,0.3 are compared
(00+|Trd[p(t)]|00—):pab(t)+pcd(t)_ This holds true also for with the FID Iy(t) (thick line) and with results obtained by a sto-
an evennumber of pulses. This symmetry further simplifies chastic Schrodinger equatiqorosses simulated with a very effi-
£ leading to independent evolutions of populatiogssib- cient piecewise deterministic algorithf,19. Simulations are not

script p) and coherence&p) accgrgte at relatively long times and in_ ge_neral they require large
statistics for the procegsve used 10 realizations.
ot et 0 oo et 0
o efat) = 0 &gt/ (4) equivalent environment of harmonic oscillators in dephasing

the qubit, whereas fog>1 a different physics emerges,

where L4 are 4< 4 matrices, whereak, is a 2<2 matrix ~ dominated by memory effects, and decoherence depends
acting on the vectop,= (pap, pcd)- The pulseP is also di-  strongly on details of the protocols. We preséfig. 1) the
agonal in thep-¢ indexes. In thep subspace it is given by decay of the qubit coherencesT'\(t)=In|[pt)
| ® o, which allows one to obtain the map for coherencest+ p (t)1/[pap(0) +pe4(0)] in the limit of no back action of
(pgpy*) In an echo procedure the qubit on the impurity. This is obtained by letting=0
AT At 0 [7]. At any fixed t=2NAt, |I'\(t)| decreases monotonically

s when the pulse frequency Af increases, which shows that

0 eF¢AteF¢At>

BB effectively suppresses RTN. For large frequencies,
. . 1/At> vy (or 2N> ), |T\(t)| shows universal behavior, scal-
The “diagonal form” implies *that the game reduces to themg with g2. On the other hand, forNe< yt qualitative dif-
two-component map,4(t)=[e' +'e"»2Np,(0). This can be ferences in the behavior are apparent gor1 andg> 1.
cast in a convenient form if the map éXjt) found in Refs.  Notice that for intermediate frequenciesAt < v, the regime
[7] is represented in S@) of experimental interest, BB is still able to cancel part of the
_ 21N /NALEN o noise due to a fast fluctuatég<<1). For a slow fluctuator
py(t) = [D/|afTle™™ 00, (0). ®) (g>1) BB cancels the beafsninima inT'(t), inset of Fig.
Here a=[(1-iw)?-2i dp,g—-g°]¥? determines the rates of 1] in the coherent dynamicl6], but besides this, it is
the multiexponential reduced dynamics of the qubit, the paweakly effective against slow RTN, despite of the semiclas-
rameterg=(Q;-Qo)/ y quantifies non-Gaussianify], dpe;  Sical arguments, because there is not much to cancel. Classi-
is the equilibrium population difference of the fluctuator, andcal RTN causes also a systematic phase error which BB does
w is related to the energy shifts produced by the band. Finot cancel[19], but can be compensated otherwise. Notice
nally, D(At) = (D,, D,,D,) and the quantitie®,(At) are eas- E)hat the limit we discuss is the exact result for classical RTN,
ily found from the results in Refs[7] [e.g., Dy(At) ut Eq.(S) con'talns also thqugntumdynamlcs of the fluc-
= | a/?| cost{yaAt/2)[2+(1+g2+w) | sint{ yaAt/2)|?] and de- tu_ators, including the back action of the qubit. These results
_ 2 N will be presented elsewhefé9].
termine D(At)=[Do~[D|*[2, x(At)=arctank|D| /D), and The physics forA # 0 is even richer. We study the purity
op=0-DI|D|. S=In Tr(pQ)?, which gives deviations from unitary dynamics
Equation(5) allows one to discuss the dynamic decou-of the qubit[1]. Efficient decouplingS=0, corresponds to
pling of a quantum bistable fluctuator. We expect a rich physlocalization in a “Zeno subspac¢5], which is a pure state.
ics, since this environment has distinctive features depending/e study BB forgeneric tand At by diagonalizing ex(_t).
critically on g [7]. Fast impurities(g<<1) behave as an The resultgFig. 2) show that for frequent pulses decoupling

[Peﬁ ¢At]2 = (
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FIG. 2. The purityS=In[Tr(pQ)?] at fixedt=8y~ for protocols
with N echo pair of pulses. The parametergis(Q,—Q)/y. We
take e=A, v/Q=0.2 and start from an eigenstate @f. For g=2
(slow fluctuatoy, S is nonmonotonic withN. Fast fluctuatorgg
=0.5 andg=0.1) show a more regular behavior. Ins8tscales ag?

for N>1. This regime of efficient decoupling is not easily met for

slow fluctuatorgg=2 requiresAt=< y1/25).

is achieved S~ 0. This agrees with the results of R¢1L0]

for ag<1 impurity. However decoupling slower impurities
g>1, requires comparatively largh. Universal behavior,
S~ ¢?is again found. Instead, for a smallgiit may happen,

especially forg> 1 thatSis not monotonic withN, including

the possibility that the qubit decafesterthan in the absence
of pulses[3]. This is reminiscent of thaverseZeno effect
[13], and it is due to the complex coupled dynamics of qubit

and impurity forg>1.

to a “multimode” environment. We generalize the results a
A=0 of Ref.[3], to an arbitrarynon-Gaussiarenvironment.
The Hamiltonian is of the general form Ed.). For the evo-

lution between two pulses &t andt, we use[’H,o,]=0 and

following the steps of Ref[3] we obtain the evolution

operator at t=2NAt for a BB protocol,

:[e—i(HE+1/2(rZE)Ate—i('HE—l/Z(rZE)At]N' In the overall BB proce-

Son(t)
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FIG. 3. BB control of 1f noise forA=0. The analytid"\(t) at

t=2NAt (symbols-lines are guides for the gyg compared with the
evolution with no pulsesthick solid line). Noise is generated with
N fluctuators with rates; distributed from 16to 10'° Hz. Slower
fluctuators are ineffectivgz]. Noise level<v?Ny, is fixedat a value
typical of experiments in charge qubits: it is realized with coupling
v=9.23x 10" Hz, for q=6 (full triangles, 7 (circles, and 8
(squarey with Ny =6x 10"-% scaled accordingly. Points fay=6
coincide with results for Gaussian noise withf Jfower spectrum.
Crosses are stochastic Schrédinger simulations withrddlizations

of the 1/f process, fogq=7.

and we take a distributiorry ™ of the individual switching
rates to produce X/noise[6,7].

The contribution of each impurity to the suppression fac-

tor in EqQ.(6) is calculated using the map E@). The decay
of the coherences isFN(t)=E,,In|[p(")(t)+p(cz)(t)]/[pab(0)

ab

(7 4y s .
In order to treat 1f noise we now extend our formalism _+p°d(0)]|’ where eacfpij” (t) is given by Eq.(5). The results

n Fig. 3 show that frequent pulsésurves with many sym-
ols) suppress decoherence. Under pulsed conkiglt)

changes fromrt? to ot i.e., it is described by a rate depend-
ing on At, as in the Zeno effect. For noise levels typical of
experiments with charge qubitgig. 3) the pulse rate for
substantial recovery is practically independenvoihus the
criterion for efficient decoupling proposed in REZ0] is not
effective in this regime. The situation may change if a broad

dureo, is conserved, so we need only off-diagonal entries ofyistripution of couplings is considerdd?2]. The physics is

the RDM of the qubit, in ther, basis

p3 (1) = pS (O TrelSon(t]o)WeShy(tlo")},

(6)

richer for A#0 [19,20 and compensation of I/noise is
nonmonotonic for decreasingt, as for a single impurity.

BB suppression of noisé€RTN and 1f) due to quantum

fluctuators is an example of general situations where a
“structured” environment is involved. Indeed the qubit inter-

where we assumed factorized initial conditions. Heregcts mainly with the impurity, which is a “quantum filter”
San(t| o) =(alSan(t)|o) expresses the conditional evolution modulating the noise from the band. We treat this filter on
of the environment under a well defined sequencesof the same footing of the qubit.
Universal behavior in terms of the scaling parametéor
made of noninteracting “modes,” & are additive and if the very frequent pulsegAt<y™) indicates that when decou-
initial wg is factorized. If modes are oscillators, one obtainspling is effective, details of the environment are unimportant.
the result of Ref[3], which has been applied toGaussian

=+1. The trace in Eq(6) factorizes if the environment is

environment with 11 spectral density11]. This model may

Instead, in the experimentally relevant case of filtgAt
= vy1), the different physics of slog>1) and fast(g<1)

have limitationg7,10] in describing discrete noise sources of fluctuators manifests itself, and may give rise to decoupling

the solid state, so we study a more realistic model, the muland/or to enhancement of decoherence. This picture, unex-
timode version of the Hamiltonian Edl), Hg— X, He, and
vd*d—>2,,v,7d;d,] [7]. Each “mode” is now a single impurity inverse Zeno effecfl3]. The BB scheme we discussed pre-
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pected in the naive description of BB, is reminiscent of the
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vents decoherence but freezes part of the dynamics. Morg/f noise at general bias point, confirming the qualitative
complicated schemes may also allow one to perform compuicture of this work. We finally stress that our results apply
tation [21]. The rich physics we find suggests that BB mayto other sources of discrete noise, as flux or critical current
be used to extract informations on the environment, e.g., fopoise in flux qubits.

1/f noise at otherwise inaccessible frequencies. Results dis-

cussed here are exact for classical RTN anél ddise, but

the formulas we presented have a broader validity: we also We thank P. Facchi, R. Fazio, F. Petruccione, and F. Wil-
studied[19] the back action of the qubit on the fluctuator and helm for several comments and discussions.
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