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Intense laser-induced recombination of electrons and ions has been investigated with ultrashort few-cycle
pulses. Our numerical simulations demonstrate that the absolute phase of a few-cycle laser field with respect to
its pulse envelope plays a crucial role in the inverse above-threshold-ionization processes. By controlling the
phase of a few-cycle pulse we can maximize the multiphoton recombination probability for electrons having
certain energies.
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I. INTRODUCTION

Electron-ion recombination processes have been investi-
gated for a few decades due to their fundamental importance
[1]. The invention of the laser has added additional possibili-
ties to modify such basic processes[2]. Using weak laser
fields, experimentalists have observed significant enhance-
ment for laser-assisted electron-ion recombinations[3].
However, intense laser-induced recombination(ILIR ) has not
received much attention until recent studies[4], which
mostly focused on its resulting radiation. Our most recent
investigation [5] showed that the ILIR spectrum exhibits
most features of the above-threshold-ionization(ATI ) pro-
cess. For example, we found(1) electron-ion recombination
peaks at specific energies of the injected electrons,(2) energy
gaps between peaks approximately equal to an integer num-
ber of laser photons, and(3) association of the inverse ATI
(IATI ) phenomena with multiphoton radiative recombination
processes.

Techniques of producing intense, ultrashort laser pulses
have advanced considerably in the last few years. Few-cycle
pulses(FCPs) as short as only a few femtoseconds can be
routinely generated in laboratories[6]. Generally, such
pulses are so short that they have only a few laser oscilla-
tions within their temporal envelopes. The absolute phase of
the laser field with respect to the pulse envelope, which de-
termines the actual field configuration inside the pulse, plays
a crucial role in the interaction of FCPs with matter. The
phase dependence of FCPs interacting with atomic gases[7]
and metals[8] has recently been studied for ATI and high-
harmonic generation both in theoretical studies and in ex-
periments. Most importantly, technical advances have en-
abled experimentalists to measure and stabilize the absolute
phase of FCPs[9]. Furthermore, using ultrashort FCPs to
assist electron-ion recombination has the advantage of avoid-
ing reionization of the formed neutral atoms.

In this Brief Report, we investigated the phase control of
electron-proton recombination with intense few-cycle pulses.
Our numerical results indicate that by adjusting the absolute
phase of FCPs, we can maximize the multiphoton radiative

recombination probability into the ground state for electrons
with particular energies. We describe the calculational details
in Sec. II and present our results and discussions in the sub-
sequent section. Finally, we shall summarize the paper.

II. NUMERICAL METHOD

We consider the interaction of a free electron with a pro-
ton in the presence of a linearly polarized(along thex axis),
intense, ultrashort laser pulse. The system evolution is gov-
erned by a time-dependent Schrödinger equation(TDSE) of
the form (in atomic units[10])
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We have applied the dipole approximation and considered
linear polarization, which imparts a preferred direction that
permits a reduction to a two-dimensional form. An electron
wave packet with a momentump0 sEk;p0

2/2d is initially
located at a distanceR0 from the proton. The laser pulse has
a sin2 envelope and is described by the following extensively
used vector potential[11]:

Astd = A0 sin2spt/Tdcossvt + fd s2d

with a peak amplitude ofA0, a pulse durationT, a frequency
of v, and an absolute phasef with respect to the pulse
envelope. The laser field«std is given by«std=−dAstd /dt. A
two-dimensional soft-core potential[12] approximately de-
scribes the Coulomb attraction of the proton. In the absence
of external fields, this potential supports a number of bound
statesn, designated by the wave functionFnsx,yd. Selecting
the screening parameter asqe=0.63 gives a lowest energy
level of e1=−0.5 a.u., corresponding to the ground state of
the hydrogen atom. The initial state consists of a Gaussian
electron wave packet at a distanceR0 from the proton with
momentump0 (which is moving along thex axis toward the
proton), specifically,

Csx,yut = 0d = N expF−
sx + R0d2
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wheresx andsy represent the width in thex andy directions,
respectively, andN the normalization constant. Typically, we
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choosesx=sy=5aB to produce a narrow momentum distri-
bution.

We solve the TDSE for the initial condition in Eq.(3) by
applying a split-operator algorithm[13] in a spatial box of
size 204.8aB351.2aB with step sizesfDx=Dyg of 0.1aB. The
application of absorption edges[14] in each dimension sig-
nificantly reduces reflection at the boundaries. We performed
one TDSE calculation for each electron wave packet charac-
terized by its initial momentump0 at a specific laser phasef.
The recombination probabilityP1sp0,fut=Td to the ground
stateF1 is calculated by projecting onto the total wave func-
tion at the end of the interaction:

P1sp0,fut = Td =E E F1
*sx,ydCsx,yut = Tddx dy. s4d

We focused on the recombination dependence of the initial
electron energies and the laser phases.

III. RESULTS AND DISCUSSION

In this section, we shall discuss two means of controlling
the phase between the electron-proton scattering and the ex-
ternal laser field:(1) by varying the initial position of the
wave packet with respect to the proton for a fixed pulse form
and (2) by varying the absolute phase of a few-cycle pulse
for a set starting position of the wave packet.

We investigate the first type of phase control by fixing the
laser phase atf=0 and calculating the electron-proton re-
combination probabilityP1 for different initial positions of
an electron wave packet. As an example, we use a laser pulse
having a duration of 5.33 fs(including only two-cycle laser
oscillations), and wavelengthl=800 nm with a peak inten-
sity of 1014 W/cm2. The electron wavepacket is assumed to
have an initial momentump0=0.38 a.u. and starts from dif-
ferent initial positionsR0 as the laser pulse turns on. Accord-
ing to our previous analysis[5], we attribute the electron-
proton recombination between this initial energy and the
ground state to then=13 multiphoton process. For each ini-
tial positionR0, we solve the TDSE and calculate the recom-
bination probabilityP1 at the end of the laser pulse. The
recombination probabilityP1sp0=0.38,f=0ut=Td, plotted as
a function of R0 in Fig. 1, exhibits three recombination
peaks at around initial positionsR0=−22.5, R0=−42, and
R0=−63 bohr, respectively. Picking the maximum peak lo-
cated atR0=−42 bohr, we can calculate the time required for
the electron wave packet to reach the proton(i.e., approxi-
mately ts= uR0u /p0.2.67 fs, by neglecting the Coulomb ac-
celeration of the proton). We thus find thatts is exactly equal
to half of the laser pulse durationsT=5.33 fsd at which the
pulse envelope sin2spts/Td has its maximum. Therefore, by
starting fromR0=−42 bohr the electron wave packet with
p0=0.38 a.u. has the best match with the applied laser pulse
sf=0d. The electron-proton collision is thus in phase with
the applied pulse, resulting in a peak probability for the
laser-induced recombination. Similarly, we determine the
collision times ts.1.4 fs andts.4.0 fs for the other two
initial conditionsR0=−22.5 andR0=−63 bohr(correspond-
ing to the other two peaks in Fig. 1), respectively. These two

collision times are either earlier or later by about,1.3 fs
compared to the collision timets=2.67 fs in the case ofR0
=−42 bohr. This time difference of 1.3 fs is approximately
equal to half of the laser period; namely, for these two con-
ditions (R0=−22.5 and R0=−63 bohr) the electron wave
packet “hits” the ±p shifted laser field with respect to the
R0=−42 bohr case. They also result in peaks though their
amplitudes become smaller. Since the electron wave packet
passes through the scattering center(proton) much earlier,
theR0=−22.5 peak turns out even smaller in magnitude than
the R0=−63 one. Furthermore, we note that the two recom-
bination dips in Fig. 1 at aroundR0.−30 and R0.
−54 bohr correspond to the cases in which the phase between
the electron-ion collision and the pulse maximum is shifted
by a quarter of the laser period with respect to the case of the
in-phase central peak. Subsequently, letting the electron
wave packet start from different initial positions is equivalent
to controlling the timing between the electron-proton colli-
sion and the applied laser pulse envelope. This can initiate
one kind of phase control for electron-ion recombination
within an external laser pulse.

We discuss then the second kind of phase control for in-
tense laser-induced recombination with FCPs, namely, di-
rectly controlling the absolute phase of an applied few-cycle
pulse. As indicated above, we place the electron wave packet
at such a distanceR0s=−p03T/2d that the collision happens
at the maximum of the pulse envelope. We perform TDSE
calculations for each chosen initial momentump0 with a cer-
tain laser field configuration(i.e., a certain absolute phasef).
By doing so, we obtain an IATI spectrum for the phasef.
Then, repeating the same calculations for differentf, we can
explore the phase dependence of the IATI spectrum. Our
numerical results are shown by Figs. 2(a)–2(c) for FCP
phases varying fromf=0° to f=360°. The corresponding
FCP field configurations are plotted in Figs. 3(a)–3(c), re-
spectively.

For the case off=0° indicated in the upper left-hand
corner of Fig. 2(a), the three peaks located atp0.0.21, p0
.0.38, andp0.0.60 a.u. correspond to then.12, n.13,
andn.15 multiphoton radiative recombination process, re-
spectively. The peak associated with then=14 process dis-
appears due to destructive interference[5]. According to our

FIG. 1. The recombination probabilityP1sp0=0.38,f=0ut=Td
as a function of the initial positionR0 of the electron wave packet.
The maxima inP1 occur for cases in which the electron wave
packet arrives at the target when the laser vector potential reaches a
local maximum.(See text for further description.)

BRIEF REPORTS PHYSICAL REVIEW A70, 035401(2004)

035401-2



previous analysis[5], once the following condition for a
multiphoton resonance is met,

Ek + Ip + Up = n"v, s5d

the electron, having a kinetic energyEk, can jump to the
recombined ground state of hydrogen, by emitting a high-
energysn"vd photon. Here,Ip is the ionization potential of

the hydrogen atom, andUp denotes the ponderomotive po-
tential of a free electron in the laser field. Since the actual
maximum fields«maxd inside a FCP depends on the absolute
phasef, the “effective ponderomotive potential”Up (calcu-
lated by the actual maximum field of FCP, i.e.,Up
=«max

2 /4v2) in Eq. (5) becomes a function off. Thus, by
changing the FCPs’ absolute phasef, we can shift the IATI
resonance peaks to different electron energies. This was in-
dicated in Fig. 2(a), in which the IATI peaks(associated with
different n) move toward the low-energy side due to the in-
creasingUp as the absolute phase varys fromf=0° to f
=90°. To make this clearer, we take a closer look at those
varying fields shown in Fig. 3(a) as f changing from 0° to
90°. We found that the actual maximum field strength«max
changes from −0.04832,−0.051,−0.05272, to −0.0533 a.u.;
and the corresponding “effective ponderomotive potential” is

FIG. 2. The IATI spectrum, i.e., the intense laser-induced re-
combination probability as a function of the injected electron mo-
mentum, for different phases of FCPs varying from 0° to 360°. The
FCPs corresponding to each panel are plotted in Fig. 3. For a fixed
electron momentum,P1 shows considerable sensitivity to the rela-
tive phase of the laser electric field with respect to its time
envelope.

FIG. 3. The field configuration of few-cycle pulses forf vary-
ing from 0° to 360°. The laser parameters are the same as used in
Fig. 1.
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varying, respectively, fromUp=4.888, 5.446, 5.820, to
5.948 eV whenf increases from 0°, 30°, 60°, up to 90°.
Furthermore, the IATI peak magnitude decreases with in-
creasesingf. The two cases off=120° andf=150° in Fig.
2(a) show smaller peaks on the high-energy side. For those
phasesf over 180° shown as Fig. 2(b) the IATI peaks retreat
from the low-energy side. For example, we see that the two
broad peaks atp0,0.32 andp0,0.62 a.u., indicated in the
f=240° panel of Fig. 2(b), move back to aroundp0,0.40
and p0,0.70 a.u. in the cases off=255°, 270°, and 285°,
respectively; Also a small peak atp0,0.22 a.u. gradually
forms asf increasing. However, the IATI peak amplitudes
shown in Fig. 2(b) are several or ten times smaller than that
of the f=0° case. This may be understood in the following
way. Since the electron wave packet is assumed to start from
the negativex axis and move toward the proton(i.e., with a
positive initial momentum), it first encounters a positive half-
cycle field (though having small strength) for those FCPs
shown in Fig. 3(b). Consequently, this positive half-cycle
field acts to decelerate the electron wave packet and makes it
spread significantly. Thus, the resulting recombination prob-
ability decreases considerably. Figure 2(c) shows the results
for FCP phase varying fromf=285° tof=360°. We observe
that as f.300° the low-energy IATI peaks, located at
aroundp0,0.21 andp0,0.40 a.u., shift only a little; but the

high-energy one moves down fromp0,0.70 to p0
,0.60 a.u. whenf increases. Moreover, Fig. 2(c) indicates
that the IATI peak amplitudes dramatically increase by a fac-
tor of 5 for f varying from 285° to 360°. Going back to Fig.
3(c), we find the first positive half-cycle field that makes the
wave packet spread considerably disappears gradually. This
may explain the increasing IATI peak magnitude exhibited in
Fig. 2(c).

IV. SUMMARY

We have investigated phase control of the IATI process
induced by intense few-cycle pulses. Our results elucidate
that by timing the electron-proton collision with the applied
FCPs, either by shooting the electron from different initial
positions or by controlling the absolute phase of FCPs, one
can maximize the electron-ion recombination probability of
certain injected electron energies. This may have implica-
tions for synthesizing exotic species.
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