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Relativistic correlation energies of heliumlike atoms
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The dependence of the relativistic correlation energy in the ground states of helium isoelectronic series ions
on the atomic number, for€Z=<118, is investigated. The correctness of the results derived from large-scale
Hylleraas configuration-interaction calculations has been confirmed by analyzing the results of numerical
multiconfiguration Dirac-Fock calculations. In particular, the relativistic correlation energy is a honmonotonic
function of Z. It has a minimum aZ=20 and a maximum & =68 and rapidly decreases for largéralues.
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The nonrelativistic correlation energy is usually defined adorward in the case of the Schrodinger equation, is hard to
[1] accomplish with the unbounded-from-below Dirac-Coulomb
Hamiltonian.
Er" = Egcnr— Enes (1) The simplest way to calculate the DC energies is to solve
numerically the multi-configuration Dirac-FockMCDF)
whereEgq,is the eigenvalue of the Schrodinger Hamiltonianequations with a sufficiently large basis of configurations.
andEgr is the corresponding Hartree-Fock energy. A relativ-The exact fulfillment of the boundary conditions and of the
istic generalization of this definition is not unique since therelations between the large and small components of the nu-
“exact” relativistic energy of an atom or a molecule is notmerical orbitals makes the numerical Dirac-Fock energies
uniguely defined. The most straightforward definition of theupper bounds to the exact ong. In the multiconfigura-
relativistic correlation energy, also used in this paper, readdional case the relations between the components of the wave
function are only approximately correct. Therefore the bound
Erg"=Epc — Epe, (2) properties of the _energie_s, particularly for extremely laZge
are not necessarily obtained. However, one should expect the
where Epc is the eigenvalue of the Dirac-Coulom®C)  MCDF energies to be close to the exact DC Hamiltonian
Hamiltonian andEpg is the corresponding Dirac-Fock en- eigenvalues. MCDF calculations have been performed for
ergy. By the DC Hamiltonian we understand a Hamiltonianthe ground states of heliumlike ions withsZ <20 [7] and
in which the one-electron part is taken as a sum of appropril<Z<=26 [8] using the the DHF programs developed by
ate one-electron Dirac Hamiltonians and the interaction ig3rantet al. [9]. The calculations for larger values @fare
described by the nonrelativistic, Coulomb,r{ /operators. hindered by convergence problems and by the limits of nu-
Of particular interest is the part of the relativistic correlationmerical —accuracy. Recently, a relativistic ~Hylleraas

energy referred to as thelativity-correlation cross termg] ~ configuration-interactiotHy-Cl) approach{10,11 has been
and defined as applied to solving the DC equation for He-like ions with

point nucleus and £Z<118[11]. The results were rather
E=ES"-ES, (3) unexpected. While the nonrelativistic correlation energy
changes in a monotonic way from -39.8 mhartrees Zor
This quantity, very small for smal- atoms, becomes a =1 to -46.5 mhartrees for the largest value<dit reaches
dominant part of the relativistic correlation energy for ex- this value aZ=48 and remains approximately constant up to
tremely largeZ. the largest physically acceptable valuesZpfthe relativistic
The nonrelativistic electron correlation energies for heli-correlation energy has a minimum of about —46 mhartrees at
umlike ions have been evaluated by Midtdal and Aashamar =20, reaches a maximurequal to —45 mhartregsat Z
using a 17 expansion 3], by Drake using a variational ap- =68 and then rapidly decreases down to —70 mhartrees for
proach[4], and by Kutzelnigg and Morgan using a partial- Z=118. The dependence &:" on Z may be easily ex-
wave expansioffi5]. Accurate determination of the relativis- plained in terms of 1Z expansior{3]. The problem is much
tic correlation energies, particularly for largé remains a more difficult in the relativistic case. It has been shown that
difficult and elusive problem. The difficulty is both numeri- the lowest-order contribution to the correlation-relativity
cal and methodological. For largeions the correlation en- cross term energyg,, vanisheg2]. The third-order correc-
ergy constitutes a very small fraction of the total energy. Fotion is positive and proportional ta?Z2. The higher-order
example, in the ground state ofZa= 80 two-electron ion the corrections are, to the authors’ knowledge, unknown.
correlation energy affects the sixth significant figure of the The Hy-ClI calculations are performed in a basis of ana-
total energy. This means that in order to estimate the relativiytical functions. Then, for reasons of principle, the relations
istic correction to the correlation energy one has to evaluatbetween large and small components of the wave function
the eigenvalue of the Dirac-Coulomb Hamiltonian with ancan be satisfied only in an approximate way. Also the two-
accuracy of at least eight figures. This task, rather straightelectron generalizations of the one-electron exact kinetic bal-
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FIG. 1. (a) and(c) Electron correlation energidZ°", relativistic o
(solid lines and nonrelativistiodotted line$, obtained in several FIG. 3. Pattern of convergence of the MCDF relativity-
MCDF calculations compared with Hy-Cl results derived from a Correlation cross-term energigsin lines to the Hy-Cl values rep-
502-parameter trial functiorithick solid line [11]. (b) and (d) resented by the thick line. All energies are in mhartrees.
Relativity-correlation cross-term energiEs derived from the cor-
relation energies displayed, respectively(anand(c). All energies  reflect the real behavior of the relativistic correlation energy
are in mhartrees. in the ground states of heliumlike ions.

As it is known[2,8,13, the cross-term corrections (fs)?
ance conditions, necessary to secure the bound properties gfiells of heavy-nuclei atoms are much larger than the non-
the Hamiltonian eigenvaludd.2], are represented by an in- relativistic correlation energies and the major part of the con-
finite sequence of conditions and can never be satisfied exribution to the total two-electron relativistic correction is
actly [11]. Therefore the authors of these calculatigh$]  due to the Breit interaction. Nevertheless, the demonstration
concluded: “We cannot exclude that the behavior of the relaof the correctness of the Hy_C| results for |arge'0ns is
tivistic correlation energy for very largg (strong decrease jmportant for at least two reasons. First, establishing the re-
with increasingZ) may be an artifact resulting from a slight |iapility of the relativistic Hy-Cl approach opens a way to
departure of the eigenvalue of the DC Hamiltonian describyery accurate relativistic calculations for several-electron
ing the ground state from the Hylleraas-Undheim-gystems, in particular, to precise estimates of the Breit cor-
MacDonald theorem conditionghe effect concerns the 7th rections for superheavy ions using the Hy-Cl wave functions.

significant figure in the energy In this Brief Report we  gSecond, it shows that the relation between relativistic and
demonstrate that these results are not an artifact but they
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FIG. 2. A comparison of the results displayed in Figa)lwith FIG. 4. Relativity-correlation cross-term energids, (in
those in the literature: MCDFls+ 2s+2p+3d)2, 78<Z< 87 (full phartreey derived from Hy-Cl calculations with trial functions

circles [14], MCDF (1s+2s+2p+3s+3p+3d+4s+4p+4d+4f containing 502 parametersolid line), 1131 parametergbroken
+5g)2, Z<21 (broken ling [7], MCDF results based on an 11- line), and 1836 parameter@lotted ling, compared with MCDF
configuration expansion extrapolated to a complete basis21 results extrapolated to the limit of a complete expansion taking as a
(squarey [7], and based on a 21-configuration expansior,27 base for the extrapolation results including @l)? configurations
(circles [8]. All energies are in mhartrees. with n<5 and(5g)? (squares[7] and withn<7 (circles [8].
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nonrelativistic correlation energy for largeions is entirely  simple pattern of convergence of the MCDF results to the

different from that of the smal- ones. Hy-Cl is very well seen in Fig. 3. Finally, in Fig. 4 the Hy-ClI
The Hy-ClI trial functions are composed of 502 termsresults obtained in three different basis sets of explicitly cor-

(they contain 502 linear variational paramejefhe spaces yg|ated trial functions foZ <30 are compared with the ex-

2f2(l)arge—la|rge andfsma}l—small cr?m_rprc])nents Ea)_re Spanned apolated energies derived from two sets of MCDF calcula-
two-electron functions each. The combined space Qf .. Taking into account all configuratiofisl)? with n<5
large-small and small-large components is spanned by 26

two-electron functions. In the expansion correlation factors‘s‘m_j (59)* (gqu_are}?[7]; ar]d taking into account all configu-
with r,, n=0,1,2, have been included. The resulting waveations(nl)= with n<7 (circles [8].

functions exactly satisfy the boundary conditions in all sin- The three sets of Hy-CI calculations correspond to 502-,
gular points of the DC Hamiltonian and the two-electron1131-, and 1836-function basis sdtkl]. The results ob-
kinetic balance conditions are satisfied up to the second otained with the smallest set, the same as in the cases dis-
der. A detailed description of the structure of the trial waveplayed in Figs. 1-3, are represented by the solid line, the
function is given in[11]. The Hy-CI correlation energies and remaining two, respectively, by the broken and the dotted
relativity-correlation cross terms are compared with MCDFjines. The agreement between Hy-Cl results and the most
results in Fig. 1. It is interesting to note that the strong degccurate extrapolations of MCDF calculations is perfect.
crease of the relativistic correlation energy for largéds Also, the convergence pattern of the Hy-Cl calculations is
caused by ars-type partial wave[by (2s)? configuration. correct.

The contributions due to configuratiof8p)? and (3d)?* are We conclude that the Hy-Cl relativistic correlation ener-
entirely different. On one hand they lead to a decrease of thgies are correct and the influence of the approximate satis-
correlation energy, approximately uniform for @lvalues  faction of the relations between components of the two-
and, on the other, they are responsible for the maximu#h in gjectron wave function is negligibly small. Consequently, the

dependence oEf". This can clearly be seen in Figsicl  Hy.c approach proves to be applicable to relativistic calcu-
and Xd). A comparison of our results with the ones in the |5tions. and also for superheavy elements.

literature is shown in Fig. 2. The convergence of the MCDF
expansion is seen to be painfully slow—only the extrapo- This work was supported by the Polish State Committee
lated MCDF results are comparable with those of Hy-ClI. Afor Scientific ResearckKBN), Project No. 5 PO3B 119 21.
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