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Magneto-optical rotation and cross-phase modulation via coherently driven four-level atoms
in a tripod configuration
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We study the interaction of a weak probe field, having two orthogonally polarized components, with an
optically dense medium of four-level atoms in a tripod configuration. In the presence of a coherent driving
laser, electromagnetically induced transparency is attained in the medium, dramatically enhancing its linear as
well as nonlinear dispersion while simultaneously suppressing the probe field absorption. We present the
semiclassical and fully quantum analysis of the system. We propose an experimentally feasible setup that can
induce large Faraday rotation of the probe field polarization and therefore be used for ultrasensitive optical
magnetometry. We then study the Kerr nonlinear coupling between the two components of the probe, demon-
strating a novel regime of symmetric, extremely efficient cross-phase modulation, capable of fully entangling
two single-photon pulses. This scheme may thus pave the way to photon-based quantum information applica-
tions, such as deterministic all-optical quantum computation, dense coding, and teleportation.

DOI: 10.1103/PhysRevA.70.023822 PACS nuniber42.50.Gy, 07.55.Ge, 03.67a

[. INTRODUCTION gation of a weak probe field through a medium of tripod
atoms under the conditions of E[ML5]. We show that this
Electromagnetically induced transpareByT) in atomic  system can support large magneto-optical rotatM@R) of
media is a quantum interference effect that results in a drathe probe field polarization, accompanied by negligible ab-
matic reduction of the group velocity of propagating probesorption. It can therefore be used for ultrasensitive optical
field accompanied by vanishing absorptiph-3]. As the  magnetometry, with the sensitivity comparable(to better
quantum interference is usually very sensitive to the systerthan other hitherto studied MOR schemEks]. In contrast
parameters, various schemes exhibiting EIT are attractintp these schemes, where the basic mechanism of nonlinear
growing attention in view of their potential for significantly MOR is the probe-field-induced coherence between the Zee-
enhancing nonlinear optical effects. Some of the most repreman sublevels of atomic ground st{1&,18, in our case the
sentative examples include slow-light enhancement oMOR results from an extraordinary dispersion induced by a
acusto-optical interactions in doped fib§4$, trapping light  strong driving field in the EIT regime. Hence, by simply
in optically dense atomic and doped solid-state media byhanging the intensity of the driving field, one could control
coherently converting photonic excitation into spin excita-the polarization rotation of the weak probe field. We note that
tion [5-7] or by creating a photonic band gap via periodican interferometric measurement of the magnetic-field-
modulation of the EIT resonand&], and nonlinear photon- induced phase shift of the probe, subject to EIT in the pres-
photon coupling usingN configurations of atomic levels ence of a driving field, can yield sensitivity of the order of
[9,10. 10712 G [19]. These studies and our present contribution re-
EIT is based on the phenomenon of coherent populationeal the significant potential for improving the sensitivity of
trapping[1,2], in which the application of two laser fields to Faraday magnetometers to small magnetic fields as com-
a three-levelA system creates the so-called “dark state,”pared to conventional optical pumping magnetomej2@s.
which is stable against absorption of both fields. Dark states Another motivation for the present work is its relevance
are also found in several other multilevel systems, one ofo the field of quantum informatio(Ql), which is attracting
them being four-level atoms interacting with three laserbroad interest in view of its fundamental nature and its po-
fields in a tripod configuration. Tripod atoms proved to betentially revolutionary applications to cryptography, telepor-
robust systems for “engineering” arbitrary coherent superpotation, and computing21]. Among the various QI process-
sitions of atomic stategl1] using an extension of the well- ing schemes of current interef22—264, those based on
known technique of stimulated Raman adiabatic passagghotons[25,26 have the advantage of using very robust and
(STIRAP) [12]. Parametric generation of light in a medium versatile carriers of Ql. Yet the main impediment towards
of tripod atoms, prepared in a certain coherent superpositiotheir operation at the few-photon level is the weakness of
of ground-states, has been recently discussefl3h In a  optical nonlinearities in conventional medja7]. As men-
related work, it was shown that enhanced nonlinear convettioned above, EIT schemes with atoms havigonfigura-
sion between two laser pulses is attainable in a mediurk of tion of levels have opened up a possibility of achieving en-
atoms with spatially dependent ground-state coher¢idle  hanced nonlinear coupling of weak quantum fields at the
In the present paper, we undertake a detailed study of propaingle-photon level[9,10. The main hindrance of such
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FIG. 1. (Color onling Level scheme of tripod atoms interacting with weak prébend strong drivingg, fields. Upper inset: copropa-
gating probe with circularly left- and right-polarized componefits, and drivingE, fields pass through the atomic medium that is subject
to the longitudinal magnetic fielB. Lower inset: Perpendicular arrangement of the probe and driving fields that is suitable for cold atomic
gas.

schemes is the mismatch between the group velocities of thendkgv is the Doppler shift for the atoms having velocity
pulse subject to EIT and its nearly free propagating partnelong the probe-field propagation direction. A strong classi-
which severely limits their effective interaction lendth0].  cal cw field Ey, having frequencywy and wave vectoky
This drawback may be remedied by using an equal mixture=Kp, is driving the atomic transitiof8) < |4) with the Rabi

of two isotopic species, interacting with two driving fields frequencyQq=.3,E4/%, where,,,, is the dipole matrix ele-
and an appropriate magnetic field, which would render thénent on the transitiofr) — [»). In the collinear Doppler-free
group velocities of the two pulses eqyaB]. Here we pro- geometry shown in F|g. 1, upper inset, the driving field has
pose an alternative, simple, and robust approach which relid® be circularly left or right polarized, in order to cpuple/to a
solely on an intra-atomic process, without resorting to twoSNdl€  magnetic sublevell4). Its Zeeman shift A"
isotopic species and using just one driving figl,29. In - #8MrGr B is incorporated in the detuning of the driving
our scheme, wo ortogonally polared veaianim 188 MSI e bk o eSS IS
fields, acting on adjacent transitions of tripod atoms, Propa s~ old atomic sampléDoppler broadening of the atomic

gsgvﬁthhaiesi?finfpgfch\ﬁegﬂg and impress large ConollFesonance is smaller than the ground-state spin relaxation

. ) rate), one can employ the perpendicular geometry of Fig. 1,
The paper is organized as follows. In Sec. Il we formulate) o1 inset, where the driving field is linearky polarized
the theory and give an analytical solution of the equations ofynije the Zeeman shift of leved) vanishes,A’=0 since
motion for the two components of the weak probe field. Iny_, =g ’
Sec. Ill we discuss the setup and sensitivity limits of the g jjjystrate the scheme, we plot in Fig. 2 the absorption
optical magnetometer. Section IV is devoted to the study ofnd dispersion spectra of the two components of the probe
feasibility of strong nonlinear interaction and entanglementield £ for the cased;=0. In the presence of magnetic field,
between two orthogonally polarized weak quantum fieldsthe spectra for th€; and&, are shiftedwith respect to each
aimed at quantum information applications. Our conclusionsther by the amount equal to the Zeeman shit When the

are summarized in Sec. V. probe field is resonant with the unshiftedl=0) atomic tran-
sitions, wp=w3;=w3,, due to the steep and approximately
Il. FORMULATION linear slope of the dispersion in the vicinity ¢f ,=0, upon

ropagating through the medium the two components of the

We consider a near-resonant interaction of two OpticaBrobe experience equal and opposite phase shifts—d¢,,
fields with a medium of atoms with a tripod configuration of which results in a net polarization rotation of the fiefH,
levels(Fig. 1). The medium is subject to a longitudinal mag- :%(¢2-¢1)_ If the Zeeman shift is small compared to the
netic fieldB that removes the degeneracy of the ground-statgyidth of the EIT window for both components of the probe,
sublevels. The Zeeman shift of levéls and|2) is given by  the absorption remains much smaller than the phase shift.
hA=pugMeQgeB, where ug is the Bohr magnetorgg is the  Thus, a weak magnetic field can induce an appreciable po-
gyromagnetic factor, an=+1 is the magnetic quantum larization rotation accompanied by negligible absorption, al-
number of the corresponding state. All the atoms are asowing for extremely sensitive magnetometigec. Ill). In
sumed to be optically pumped to the stdBsand|2), which  addition to the large linear phase shift, each component ex-
thus have the same incoherent populations equal to 1/2. periences a nonlinear cross-phase modulation. Although this
linearly polarized weakguantum probe field€ has a carrier  cross-phase modulation is typically small compared to the
frequencyw, and wave vectok, parallel to the magnetic linear phase modulation, it is nevertheless several orders of
field direction. Its two circularly left- and right-polarized magnitude larger than that in conventional mei@ It can
components; , act on the atomic transitiond)—|3) and  therefore be used for quantum information applications
[2) —[3), with the detunings&l,pr—wgl—kpvIA, where  based on photon-photon interaction and entanglerf@ec.
w3,= w3, is the frequency of the unshifted atomic resonanceV).
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Let us now consider the scheme more quantitatively. We 4

operators &W(z,t):(1/NZ)EJ“:21|MJ-><VJ-|, averaged over a
small but macroscopic volume containing many atdws
=(N/L)dz>1 around positiorz, whereN is the total number

components of the quantum probe field are described by thest

corresponding field operatoélyz. In a frame rotating with
the probe and driving field frequencies, the interaction
Hamiltonian has the following form:

of atoms andL is the length of the mediuni5]. The two ‘9&13: <i51‘

d

N (- . . . A
H= hEJ d4 8,011+ 5,05+ 6404a— 9(E1031+ E2073))
0

+Fis,
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FIG. 2. (Color online Absorption and disper-
sion spectrd 6= wp—wgl) for the £; and &, com-
ponents of the probe in the presence of a strong
driving (Q4=0.6") and a weak magneti¢A
=0.1I") field, in units of the linear resonant ab-
sorption coefficienty.

; . ; . ; . N Py oy P
describe the medium using collective slowly varying atomic 912 [1(01= 82) = ¥clo12=19€1035 +19E5013+ Fia,

(3a)

r\. PR R A LA
§>013+|951(011_033)+|952‘T12+|Qd014

(3b)

5314: [1(8 = &) = Velo14— 19E1034 + i93&13+ Fia

(30

—Qdfr34+ HC] (1) . . r\. oA R LA ) R
—023= '52‘5 023 +19E5(02p = 0733) +19E1021 +1Q4024
Here g=,31\wp/ (2h€;AL), with A being the cross-sectional R
area of the probe field, is the atom-field coupling constant, + Fy3, (3d)

which is the same for both circular compone#its, due to

the symmetry of the systerty.1| =35 while the opposite J
signs of the Clebsch-Gordan coefficients on the transitions st
|1)—|3) and |2)—|3) can be incorporated into the atomic
eigenstate via the transformatidt)— €7|1)). Using the

slowly varying envelope approximation, we obtain the fol-

tors:

+Fay,

d \~ N
(5 * ca—z>51(z,t) =19Nay3, (28 \yherer, is the ground-state coherenpin) relaxation rate,

— G4 =[1(85 = 89) = Vel 024 = 10E2034+ 1 QT3+ Fog,

(3¢)

: ; : - J . R L Y PUL S U
lowing propagation equations for the quantum field opera—aam: - (,5d+ 5)034_ I9E1614 = IQEL020 + i1y (035— Tas)

(3f)

' is the decay rate of the excited std8, and F,., are
S-correlated noise operators associated with the relaxation.

d d\= LA
(E + Ca_z>52(z,t) = |gN0'23. (Zb)

We now outline the solution of Eq$3) in the weak-field
limit. To this end, we assume that the Rabi frequengi&s,

of the quantum fields are much smaller th@y and the
The equations for the atomic coherences are given by number of photons i, , is much less than the number of
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atoms, thereforé ;= 0,,=1/2 while 633=044=03,=0. We s 2
may thus treat the atomic equations perturbatively in the (}24:—9—92 (52+IF§)(2 ~ %) - g.lle X
small parameterg€; »/ Q. In the first order, from Eqg3b) 20y [l [Qal*7e+ 28)
and(3d) we have i~
R R + Q_dFZ,?n (4d)
sw-_%1 o 9% NP . N
J14 = ZQ G20 = ng' where I,-Eszffj is the .dlm.enS|onIess intensityphoton-
numbej operator for thgth field.

Substituting these into Eqé3c) and(3e), and neglecting for From now on we focus on the casef= w3,= ®3,. Sub-
now the spin relaxation, we obtain stituting Eqgs.(4) into Egs.(2),the equations of motion for

. A guantum fields are obtained as
~y_| 9 . i9&;  g&1(01~ dg) -
=| — —i(6= ) =

013 = : o, 1 s . .
N 204 2047 —t g |17~ k€~ (A + Ay (s — Ml + Fo,
_ﬁZ vy ot |
~y_| 9 . igE, g€~ dy) (58
033= | ~1(65,= &) 5 = . ) )
2|y 2|y 5 1914 . -
In these equations, the last equalities result from the adia- 2 @E E2= = k& (A= A(S; = 7ol )& + T,
batic approximation, i.e., we assume that the probe pulse B (58

changes slowly enough so that the atoms follow the field
adiabatically. Quantitatively, the adiabatic evolution requweswhereAd wg— w3, +A’ is the driving field detuning,
that the rate of change of the probe field, fig&/£]~ T‘

where T, is the temporal width of the pulse, should be Ky o= Ng’ { +F(A1Ad) ]
smaller than any transition rate between the system’s eigen- = 2c|Qy? |Qgf?
states, so that no nonresonant transition is indy&€¢3d.
We next write Eq.(38) in an integral form and perform N92 [ AA+ Ad)]
. . $1,= i
the integration, 2 2¢)Q)y? Qg2
. gé'la' gé’;a(llg 2yt are, respectively, the linear absorption and phase-modulation
G1p= 221 - qeTi7i coefficients
iy.— 2A '
where a=[1+(T,A)?]™! is the adiabaticity parameter. Thus M= Ng'2A :
in the adiabatic limifT,> o> |A[™%, as well as for times> y* © 2004 *(2A F i)

(for any A), the term proportlonal te: vanishes. Substituting

(1,2) _ + 1
the above expressions into are the cross-coupling coefﬂuent& =(1/c 312) are

the group velocities of the correspondlng fields, aﬁqz are
A 94231 gng i {( 9 F> “ = } the noise operators having the proper{igg

747720, 0,72 0y (F@)=(F@FE@)=(F@F@)=0,

- P L[(ﬁ ~i5,+ F)azg —F23] (F(2F|(@) =2:8;82-2).
204 Q Q '
d d d In deriving Egs.(5), we have assumed that the usual EIT

after some algebra, we finally arrive at the following set ofconditions|Q4?> (A+ Ak, v, ¥o(I' +k, qv), Wherev is the
equations: mean thermal atomic velocity, are satisfied, allowing us to
. . neglect the Doppler-induced absorption. On the other hand,
O13= - '_*{ﬁ —i(8, - 8y + %] Gyt '_*f:m (43  since the terms containirigy enter Egs(4) linearly, the net
Qql ot Qg4 phase shift of the quantum fields, due to the Doppler shifts of
the atomic resonance frequencies, averages to zero. Note also
} that if states|1), |2), and|4) belong to different hyperfine

components of a common ground state, the frequengjes
and wy of the optical fields differ from each other by at most
a few GHz,w,~ wq= wgl< wpg- Then, as seen from Eq4l),
+ Q_F]_g, (4b)  the difference(k,~kg)v in the Doppler shifts of the atomic
d resonancesl), |2>*>|3> and|4)—|3) is negligible.
p | WhenA(A+Ay) <|Qq4f, the group velocities of; are&,
023:——*{54(52— by + 'yC:| 024+ —=F24, (4c)  are practically the same;t? = vg. Expressing the atom-
Oy Qy field coupling constang through the linear resonant absorp-

. g_e’{ L(@ril2)(8-0) 28
Q4 Q17— 24)
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tion coefficientao://%wpp/ (ficggl) for the transitions|1) Ex(2) = E,(0)e™ 2% 2D (7b)

|2) —|3) as Ng?=a,cl'/2 and assuming that the density of ) - )
atomsp=N/(AL) is large enough so tha,cl > 4042, we where the absorption coefficients and phase shifts can be
havevy=4|Q?/ (a;) <c. Then the solution of Eqg5) can expressed through the group velodity as

be expressed in terms of the retarded timd-2z/vgy as ve T(A%Ay? (8a)
Kip= —+——————, 8

R - - v vyl €2

gl(zl t) = 51(O:T)exd_ Klz + |¢1(Zlovt)] ’ g| d|

z . ¢(Z)__A+Ad A +AY? +A+Adgzlz(0)1—e‘2k22
+ fo dZ Fi(Z2)exd- k(2= 2') +i¢1 (2,2 V)], 1\4) = vy Ug|Qd|2 vy 07 2
(6a) (8D)
. . . 6.2 A-Ag  AA- Ad)zz_ A-Ayg?11(0) 1 -e 22
EZ(Z,t) = 52(0,7')exd— KoZ+ |¢2(Z,O,t)] 2\4) = Vg Ug|Qd|2 Vg |‘Qd|2 2kl

z
+f dZ Fo(Z)exd— ky(z— 7)) +ids(z,Z ,1)], 89
0 When the absorption is smak; ,z<1,ze{0,L}, which re-
(6b)  quires thatvy/y.>L and A2+A§s Y Qq4[?/T, the polariza-
tion rotation of the probe fieldd)(z):%[¢2(z)—¢1(z)] is

where the phase operators are given by given by
R 2, A2 2
31220 = -s(A +Ag)(z-7) bp=27+ A8 A, AGIO, )
z Ug Ug|Qd| Ug Q4
+ (A + Ad)ﬁ dZ'1,(Z', 7+ Z'Ivg), wherel(0)=1,(0)=1,(0) since the probe is linearly polarized
z

at the entrance to the medium. In H®), the first term is
linear in the magnetic field while the second term has a cubic

dx(2,2 1) =s,(A = Ag)(z—2Z') dependence on the field strength. Here we focus our attention
, on the measurement of dc magnetic fields employing the
1T (o y dominating linear term. We wish, however, to point out that
- - + . . o .
74 Ad)L dZ14(Z',7+Z'lvg) the presence of the cubic term may facilitate the detection of

ac fields oscillating slowly compared to the bandwidth of the
These are the central equations of this paper. The first ternsagnetometer, which is limited by the bandwidth of the EIT
in Egs.(6) describe the linear attenuation and the phase shiftvindow [31],

of the corresponding quantum fie@lyz upon propagating |42

k
through the medium, while the second terms account for the ORES T ﬁ (10
Vomp

noise contribution. Note that although the expectation values

of the field operators decay, albeit slowly, with the propaga-Then the spectrum o, along with the fundamental fre-
tion, due to the presence of the noise operators, their conyyency of the magnetic field, will also contain its third har-
mutators are preserv¢d]. We emphasize again that E4S)  monic which, for very small frequencies, may be easier to
are obtained within the weak-field and adiabatic approximadetect[gz]' This issue is beyond the scope of this paper and
tions. will be addressed elsewhere. Finally, the last term of(Ey.

In the following section, we explore the classical limit of peing proportional to the product of the magnetic-field
Egs.(6) for the purpose of sensitive magnetometry. In Secstrength and probe intensity, is a consequence of Kerr-type
IV we study the quantum dynamics of the system and showon|inear interaction betweefy andé&,, which is the subject
that our scheme is capable of realizing strong nonlinear ingf the following section.

teraction and entanglement between two t|ght|y focused We consider a magnetometer Setup in the “balanced po-

quantum fields at the single-photon level. larimeter” arrangementl6], in which, at the exit from the
mediumz=L, a polarizing beam splitter oriented at4 to
IIl. OPTICAL MAGNETOMETER the input polarizef®(0)=0] is used as an analyzer. Then the

detector signab is represented by the difference of photo-
Let us COI”IASider the classical limit of Eds), by replacing counts in the two channels of the analyzer,
the operatorg’; , with the corresponding-numberse; , and ol
drop;fing the héise terms. Thepequatigns for thelf\zlvo circu- S=2npe " sind(L)Jeog (L)), (11)
larly polarized components of the cw probe field have thewheren;, =Pt/ (fiwp) =21(0)cty/L, with Pj, being the input
form power of the probe, is the number of photons passing
_ through the medium during the measurement timeFor
£1(2) = £1(0)e 1% 7@ (7a)  simplicity, we neglect the difference between the absorption
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coefficients for the circularly left- and right-polarized com- S (z1) = £.(0.Pexd=in(A = AVET(0 NE(0.PzZ

ponents,k; = k,=k, Which amounts to neglecting the ellip- 2(2t) =& (0, mexd - in @&1(0,7)&:(0,7)7],

ticity of the output field (e=1) since 1-&2 (13b)

— 2) <

_ZFAA“L/(U9|Q“| )<1. - ... where the cross-phase-modulation coefficient is givenby
The most important characteristic of a magnetometer is 'ts:gzl(v 10,2) (assuming y.<A), while the linear phase

sensitivityto weak magnetic fields, which is limited by the gl b c =7 : )

measurement noise. The smallest detectable magnetic ﬁequulanon 1S mcorp.orateAd Into thAe field _f:p(iiitgs via the

Bmin an be defined as being the field for which the signal isunitary - transformations £,(z,t) — &(z,p)e™**2¢* and

equal to the noise. In our system, the total naeN,  &E(z,t) — Ex(z,1)e%2472dZ These traveling-wave electric

+Nshot has two contributions, atomic nois€, and photon  fields can be expressed through single-mode operators as

counting shot nois&Vg,o: The aton_‘nc contribution is dut_a to g,(z’t)zgqa}q(t)eiqz (j=1,2), wherea}‘ is the annihilation op-

the spontaneous photons reaching the detector during thgator for the field mode with the wave vectio+q. The

measurement time, single-mode operators! and a}” possess the standard

. A bosonic commutation relatior[aq,a?'T]:élj 8qq- The con-
Nat:r<‘733>Ntm?|_2’ tinuum of modes scanned lye {-5q/2,59/2} is bounded
_ by the EIT window viadq=< dw/c [28]. The finite quantiza-
where the detector area is assumed to be equdl. t6or  tion bandwidthsq for the field operators leads to the equal-
vanishing magnetic field A<y, we have (o33N time commutation relations
=ancl'y21(0)/(4/Q4* and the atomic noise is given by

A A Lég .
oo Al [£2.8](2)]= 8,7 sind sa(z-2)/2],
a2t ™
For physically realistic parametefsee beloy, the atomic

noise term is small compared to the photon-counting shotth
noise[19],

where sin€x)=sin(x)/x.

Before proceeding, we note that E@&3) are similar to

e corresponding equations of R§28], where the cross-
phase modulation between two quantum fields was mediated

1+eg2xL — by atoms withN configurations of level§9], while the group

Nshot= \/ Tnin < VN, velocity mismatch between the fields was compensated by
using a second kind ok atoms controlled by an additional

In the limit of weak magnetic field, retaining only the linear driving field. In contrast, our scheme relies solely on an

in magnetic-field term, frong=2n;,® = Ny, we obtain intra-atomic process employing only one driving field that
) causes simultaneous EIT for both fields and their cross-
By = L{ﬂ_ (12) coupling. It is therefore deprived of complications associated
Oruoll Vi, with using mixtures of two isotopic species of atof@s] or
o ) _ 5 invoking cavity QED techniqueR26].
For realistic experimental parameters,=3x10'°rad/s, The most classical of all the quantum states is the coher-

['=10" s, p=10" cm® (2p=10" cm™), [ge[=1/2,0¢=T, gt state. To compare the classical and quantum pictures, we
L=10 cm,P;,=1 mW, a?zdtmzl s, the minimum detectable herefore consider first the evolution of input wave packet
magnetic fieldBy,,= 10 G, which is of the same order as |, y=|4,)®|a,) composed of the multimode coherent states
that of[17-19. Thus, concerning the magnetometer senS|t|v—|a_>EH la% (j=1,2). The statesa;) are the eigenstates of
ity, our scheme is essentially equivalent to the one proposeca]' R - _ ay h the ei |

in [19], where an interferometric measurement of thet'® INPUt operatorsj(0.t) at z=0 with the eigenvalues
magnetic-field-induced phase shift of a probe field, subject ta (1) == g€ £;(0,t)|a;)=a;(t)|a;). Upon propagating
EIT with A atoms, was studied. Experimentally, however,through the medium, each pulse experiences a nonlinear
measuring the polarization rotation of the probe, as sugeross-phase modulation. The expectation values for the fields

gested here, may be more practical than measuring its phasee then obtained as

shift in the setup off19], which employs a Mach-Zehnder ) 5
interferometer. <3‘1(z,t)):al(r)exp{[e”’l(z)— 1 7'r||i1;(;')| } (143
IV. CROSS-PHASE MODULATION
2 i0(2) 27T| a1(7)|2
In order to rigorously describe the nonlinear interaction (Eo(z,1)) = ax(1)exp) [€727 - 1]T , (14b

between the wealpulsedfields, we now turn to the fully
quantum treatment of the system. When absorption is smaj\here 01 A2)=9(AgtA)LSqZ/ (27). These equations are
enough to be neglected, from Eq§) we have similar to those obtained for single-mod&3] and muilti-

- - _ ~t - mode copropagating field28]. They indicate that when the
&z 1) = £,(0,nexdin(A + Ag)£3(0,7&,(0,72], cross-phase modulation is large, upon propagating through
(139 the medium, the phases
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27 sinf 6, A |a2’1(7')|2 gqq’ _ i dz dZ W '\ a-iqzamiq'Z’ 18
WSIr{ 1,2 Z)] L(Sq i (t) - L2 z ij(zvz 1t)e € . ( )
and amplitudes We first calculate the expectation values of the intensities
|y 1(7)[2 (lj(z,1)) by substituting the operator solutiqd3) into Eq.
ay J(T)exp) — 4w Sin] 0) A(2)/2]—— s (16),
q
of the quantum fields exhibit periodic collapses and revivals (Ii(z ) =|fj(= cn)[*= |fj(zdvg - cH?, (19

as 0y ,(z) change from 0 to 2. In particular, when the phase
shift is maximal,0; ,= /2, the amplitude of the correspond-

i_ng field izs reduced Dby a factor of ry; pises are slowed down tg <c, their spatial envelopes are
=ex~2mla 1|*/(Log)]. On the other hand, the maximal compressed by a factor af v, [5]. Outside the medium, at
dephasing of the —multimode fcoherent fieldt;»  7>1 and accordingly r=t-L/vy—(z-L)/c, we have

_exp[—477|a211| /(L&g)], is attained or491,2(2)—(2n+1)7r <,|\]-(Z,t)>:|fj[Z+L(C/Ug_1)_Ct]|21 which shows that the

(n=0,1,2,..), where the phase shift is zero. ! .
We have thus seen that the behavior of weak quantu ropagation velocity and the pulse envelopes are restored to
their free-space values.

fields is remarkably different from that of classical fields, as Consid t the t hot funct Aft
in the quantum regime the nonlinear phase shift is boundeg onsider next the two-photon wave functia;. After
e interaction, az,z’ =L, we have the general expression

between +2r|a, 1?/(L5q). Only in the limit of weak cross-
phase modulatiorf; ,<1 do the quantum Eqg14) repro- . , fi(-c7
duce the classical result Vyztz t) =fi-enf(-cr)) 1+ f(—cr)
i

£ (2,1)) = ay o(Dexin(Ag+ A)|a, 1(D)|?2], S .
(€12Z,1) = oy 2 Hin(Agx A)lag (1) <sin _w(T_ M@ w-1nt 20
whereby the cross-phase shift grows linearly with the propa- 2

gation distance and can attain large values when the f'eIQ/here as beforer=t-L/v,—(z-L)/c and similarly for7'.

amplitudes are sufficiently high. For quantum information applications, it makes sense to con-
Let us now consider the input stdtg,)=|1;) ® 1), gon- sider the relatively simple case of small magnetic field, such
sisting of two single-photon wave packet§)=2q/3"10)  that A, A’ <Ay, where the driving field detuninghg=a,

where 7=t-z/v4 for 0<z<L. This equation indicates that
upon entering the medium, as the group velocities of the

(j=1,2. The Fourier amplitudeg], normalized asEq|§q| —o?, satisfies |Ag<dw/2. We thus have 6 ,=0
=1, define the spatial envelop&gz) of the two pulses that = pA4L28q/(2). Then the equal-timet=t’) two—photon
initially (att=0) are localized around=0, wave function reads
<0|21(z, 01 = > gﬁe“‘z: fi(2). Wii(z,2',t) = fi[z+ L(clvg— 1) - ct] fj[Z + L(clvg— 1) - ct]
A . ! filz+L(clvg— 1) —ct]
In free spacegj(z,t)=¢&;(0,7) with 7=t-z/c, and we have * fi[z' +L(clvg— 1) —ct]
(0[&;(z,1)[1;)=f;(z—ct). The state of the system at any time
can be represented as ><smo[—(z - z)}( 1. (21)
= q ay[19’
|At) E 1 (O[1D13), (15 For large enough spatial separation between the two photons,
ad such that|z’ -2z > 897 and therefore siféq(z' -2)/2]=0,
from where it is apparent thafg (0)= £, Eq. (21) yields
Since for the photon-number states the expectation values V(2,2 1) = fi[z+ L(clvy - 1) - ct]
of the field operators vanish, all the information about the !y o
state of the system is contained in the intensities of the cor- xfi[z' +L(clvg— 1) —ct],
responding fields which indicates that no nonlinear interaction takes place be-
<f-(z £) = (i |*. (16) tween the photons, which emerge from the medium un-
e el changed. This is due to tHecal character of the interaction
and their “two-photon wave function2,28| described by the sinc function.
L o Consider now the opposite limit ofz’ -z <5q* and
Vii(z,6:2,t') =(0[&;(Z' ) E(Z, V)| thn) - (17 therefore sinkdq(z'—2)/2]=1. Then for two narrowband

The physical meaning oF;; is a two-photon detection am- (Fourier Iimit,ed pulses with the duratiofi,>|z'~2|/c, one
plitude, through which one can express the second-order cof@sfj(2/f;(z’)=1, and Eq(21) results in
relation function G(z) \If iV [21. The knowledge of the Vi(z,Z 1) = elf[z+ L(clvg—1) —ct]
two- photon wave functlon aIIows one to calculate the ampli- ,

xfi[z' +L(clvg— 1) —ct].
tudesg‘l‘2 of state vecto(15) via the two-dimensional Fou-
rier transform of¥;; att=t’, Thus, after the interaction, a pair of single photons acquires
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conditional phase shifé, which can exceedr when driven four-level atoms in a tripod configuration. We have
2 9 presented a detailed semiclassical as well as quantum analy-
(%) - M sis of the system. One of the conclusions that emerged from
2 e’ this study is that optically dense vapors of tripod atoms can
To see this more clearly, we use EdS8) to calculate the support uItras_ensitive magneto—optica[ pc.)l'arization ro'tation
amplitudes of the state vectpf(t)), of the probe field and therefore have significant potential for

improving the sensitivity of Faraday magnetometers to small
gﬁjq’(t) = eiﬁgﬁq'(o)exp{i (a+q")[L(c/vg—1) -ct]}. (22 magnetic fields. Another finding is that this system is capable
of realizing a novel regime of symmetric, extremely efficient
nonlinear interactions of two multimode single-photon
pulses, whereby the combined state of the system acquires a
large conditional phase shift that can easily exceedhus
l(LIvg) = e in). (23)  our scheme may pave the way to photon-based quantum in-
formation applications, such adeterministic all-optical
quantum computation, dense coding, and teleportd&2dh

At the exit from the medium, at timé=L/vg, the second
exponent in Eq(22) can be neglected for al{,q’ and the
state of the system is given by

When 6=, this transformation corresponds to the truth
table of thecontrolled-phas€¢ CPHASE logic gate between
the two photons representing qubits. Together with the linear

single-photon phase shiffsealizing single-qubit rotations

the CPHASE gate is said to hmiversalin the sense that it ACKNOWLEDGMENTS
can realize arbitrary unitary transformati@2il].
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