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Our recent paper reports the experimental realization of a one-atom laser in a regime of strong ¢dupling

McKeever, A. Boca, A. D. Boozer, J. R. Buck, and H. J. Kimble, Naftlwendon 425, 268(2003)]. Here we

provide the supporting theoretical analysis relevant to the operating regime of our experiment. By way of a
simplified four-state model, we investigate the passage from the domain of conventional laser theory into the
regime of strong coupling for a single intracavity atom pumped by coherent external fields. The four-state
model is also employed to exhibit the vacuum-Rabi splitting and to calculate the optical spectrum. We next
extend this model to incorporate the relevant Zeeman hyperfine states as well as a simple description of the
pumping processes in the presence of polarization gradients and atomic motion. This extended model is
employed to make quantitative comparisons with our earlier measurements for the intracavity photon number
versus pump strength and for the photon statistics as expressed by the intensity correlation §ficfion

DOI: 10.1103/PhysRevA.70.023814 PACS nuniber42.50.Pq

I. INTRODUCTION Our intent here is not to belabor the comparison of our

Although a number of theoretical analyses related to £XPeriment with prior work on micromasers and lasers, for
one-atom laser have appeared in the literaf@rel 7], these ~Which extensive reviews are availaljz6-37. Instead, our
prior treatments have not been specific to the parametd?“”CIIOa| goal is to establish quantitative correspond_ence be-
range of our recent experiment as reported in REf. Be-  tween our measurements and fundamental theoretical mod-
cause of this circumstance, we have carried out theoreticﬁls. HaVing thereby validated the SU|tab|l|ty of the theoretical
investigations in support of our experimenta| program, andreatments, We Can.the.n use these mOdelS-tO inform further
present comparisons of these model calculations with ou@XPerimental investigations of the atom-cavity system.
measurements in this paper. In Sec. Il we introduce a simpli-
fied four-state model that captures the essential features of Il. FOUR-STATE MODEL
the operation of our one-atom laser in a domain of strong
coupling but which avoids the complexity of the full Zeeman  We begin with a four-state model to describe our experi-
substructure of the hyperfine levels in atomic cesium. Secthent in which a single cesium atom is trapped inside an
tions Ill and IV then present in turn semiclassical and quan@ptical cavity as illustrated in Fig. 1. Although the actual
tum solutions for this four-state model system. By way of alevel structure of the cesiumSg, — 6P, transition is more
physically motivated transformation for which the length of cOmplex due to the Zeeman substructure, this simpler model
a Fabry-Perot cavity is made progressively shorter, we utiliz&ffers considerable insight into the nature of the steady states
these results to investigate the continuous passage fromapd dynamics. Following the labeling convention in Fig. 1,
domain in which conventional laser theory is applicable intoWe introduce the following set of Hamiltoniait$ in a suit-

a regime of strong coupling for which the full quantum ably defined interaction pictur€:=1):
theory is required. We thereby gain some insight into the

. . . : N o (ATS PN
relationship of our system to prior theoretical treatments re- H1=043(8'0ga.e3+ o3 gad),
lated to the definition of the laser threshold and to “thresh-
oldless” lasing[18—23. The four-state model is further em- H,= %93((}93’83+ Te3.gd)

ployed to calculate the intracavity photon number versus
pump detuning, thereby exhibiting the “vacuum-Rabi” split-

~ R
ting for the atom-cavity systerfi23—25, and to compute the H3=304(0gse3+ Oeaga)s
optical spectrum of the intracavity field.

In Sec. V we describe the procedures followed to obtain Hy= (Apc + A, AT,

solutions for an expanded model that incorporates the rel-
evant Zeeman substructure for the cesium a{8th atomic

state$, two modes of the cavity with orthogonal polariza- Hs=A30e3e3+ As0es ea,
tions, and a simple model to account for the polarization
gradients of the optical fields. Comparisons of the results Hyo = Hy + Hy + Ha+ Hy + Hs. (1)

from quantum jumps simulations based upon this expanded ) ) R
model with our measurements of the mean intracavity phol? @ standard convention, the atomic operators ajg
ton numbem versus normalized pump intensity(Fig. 3 of = i)l for states(i,j), with the association of th&=3,4
Ref.[1]) and with our experimental determination of the in- ground and thé='=3",4’ levels withg3,94,e3,e4, respec-
tensity correlation functiorg'®(7) (Fig. 4 of Ref.[1]) are tively. The HamiltonianH; accounts for the coherent cou-
given in Secs. V A and V B, respectively. pling of the atomic transitioe3+« g4 to the field of a single
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@) Qz,4 L, = x(28pa’ - a'ap - pa'a),
|:2 = 3320, g3,e3/35' €393~ o, es,eaf) - po, e3,e3) )
Ls= 74326 9463903 g4~ Te3,30 ~ POe3 e3)

Ls= 342043 04P0ct,g3 ~ Tes 0aP — PTesea)

Ls = ¥44(2044,64P Tt ga ~ TeneaP = POesea) (3

where the association of each tetmwith the decay pro-
cesses in Fig. 1 should be obvious. Spontaneous decay of the
various atomic transitions to modes other than the cavity
mode proceeds @amplitudg rate y; as indicated in Fig. 1,
while the cavity(field) decay rate is given by.

The master equation allows us to derive a set of equations
for expectation values of atofa; ;) and field(&) operators.
One example is for the atomic polarizatidéry, ¢;) on the
€3+ g4 transition, namely

\_6S1 3 {

FIG. 1. (Color onling lllustration of a one-atom lasefa) The
atom is located in a higkp optical cavity of decay rat&, and is

driven by the fieldd)3 4. (b) Inset of the atomic level scheme rel- KO gy e3) ) R ) R

evant to our experiment with theSg,« 6P, transition in atomic —q_dt’ == [(yss+ ya9 + |A3]<(Tg4,e3>‘ |(Q3<(Tg4,gs>
cesium. The “lasing” transition is from the excited lewet 3’ to

the ground leveF=4. Pumping of the excited'3evel is by way of - Q4<¢}e4,93>)+ i943(<(}e3,e3<’§\> - <5‘g4,g4é>)- (4)

coherent excitation from a laser with Rabi frequerizy Effective ) ) ) )

decay from the ground 4 level is provided by the combination of a A solution to this equation requires not only knowledge of
second field with Rabi frequenc@, and spontaneous decay 4 Single-operator expectation valu@s ;) and(a), but also of

— 3. Various radiative decay ratgg appropriate to th®, line in operator products such &8¢ 38). We can develop coupled
Cs are given in the text. equations for such products; ;) but would find that their

solution requires in turn yet higher-order correlations, ulti-

mode of the cavity with creation and annihilation operatorsmately leading to an unbounded set of equations. .
(a',4). The upper state3 of the lasing transition is pumped  Conventional theories of the laser proceed beyond this

by the (coherent-stajefield Q,, while the lower statey4 is im_passe by one of several ultimately equivalent avenues.
depleted by the field, as described by, [l respec. Within the setting of our current approach, a standard way

2 forward is to factorize operator products in the fashion
tively. (H4,Hs) account for various detunings, includidg,c
for the offset between the cavity resonance andethe> g4 (0@ = (07 + (07,8 — (77 ;&) (5)
atomic transitionAg for the offset between the field; and . . " .
the g3 €3 transition, and\,, for the offset between the field With then the additional terms of the forni{c; ;a)
Q, and thegd« e4 transition. Beyond these interactions, we ~(7i,{@) treated as Langevin noise. Such approaches rely
also account for irreversible processes by assuming that tHéh system-size expansions in terms of the small parameters
atom is coupled to a continuum of modes other than thd1/no,1/No), where(ng,No) are the critical photon and atom
privileged cavity mode, and likewise for the coupling of the number introduced in Ref1] for our one-atom laser. Within
cavity mode to an independent continuum of external modeghe context of conventional laser theory, these parameters are
With these preliminaries, it is then straightforward to de-described more fully in Refs[31,32, while their signifi-
rive a master equation for the density operafofor the  cance in cavity QED is discussed more extensively in Ref.
atom-cavity systenfi31,37 in the Born-Markov approxima- [33]. In qualitative terms, conventional theories of the laser
tion. For our model system, this equation is in regimes for which(ny,Ng)>1 result in dynamics de-
scribed by evolution of mean valués ;) and(a) (that are of
order unity when suitably scalgdwith then small amounts
dp R 5 of quantum noisdthat arise from higher-order correlations
= = =i[Heupl + > L. (2)  of order(1/ng,1/Ng)<1].
dt i=1 In the following section, we discuss the so-called semi-
classical solutions obtained from the factorization ;a)
A =(07,;{(@) neglecting quantum noise. In Sec. IV, we then de-
Here, the termd,; account for each of the various decay scribe the full quantum solution obtained directly from the
channels, and are given explicitly by master equation.
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FIG. 2. (Color onling Results from the semiclassical theory as applied to the atom-cavity system in Fagy(K). Intracavity intensity
||? in units of the critical photon number, is plotted as a function of the pump intensity= (Q3/27)2. A threshold for|a|? is evident for
I3=0.8.(c,d) Populationss;j=(ay;) versusls. In (c), population inversionre e3> 0ga g4 OCCUrS Over a wide range as the pump intenkjty
is increased from 0, including in the threshold regigr: 0.8, with then “population clamping” fosres ¢3 asls increases beyond threshold.
In all cases, the recycling intensity=(Q,/2y)?=3 and the detuning&,c=A3;=A,=0.

Ill. SEMICLASSICAL THEORY

(V33 Yaz Yaa V3a) = (%%11121%)7 (7)
FOR A FOUR-STATE ATOM

We will not present the full set of semiclassical equationstvﬁzer?et/he?:e gtesFa}r_eSa}pZ,r nge t'g(jt;ealm\ﬁglde;ii)é;f
3/2» 9, [2: T =9, -

here since they are derived in a standard fashion from th(;< . e o _

. : . 2.6 MHz (i.e., a radiative lifetimer=1/2y=30.6 n3. The
mastgr equapo@Z) [32,34. One examplg is for thg atomic cavity (fiel(g) decay ratex is measurejzj to be?(:27r
polarization{cg, 3> 0N thee3« g4 transition, for which Eq. X 4.2 MHz. The rate of coherent coupling,s for the

(4) becomes e3> g4 transition(i.e., 6P, F' =3' < 6S,,,,F=4) is calcu-
lated from the known cavity geomet(waist and lengthand
the decay rate, and is found to beg,;=27x 16 MHz based
upon the effective dipole moment of the transition.
. ) . . Examples of the resulting steady-state solutions for the
= 04061630+ 1943((Te3 ) ~(Ogaga)),  (6) intracavity intensityla|? together with the populations; of
the four atomic states are displayed in Fig. 2. Pajsand
wherea=(a). There is a set of 18 such equations for the realc) of the figure illustrate the behavior 6f/> and o;; around
and imaginary components of the various field and atomi¢he semiclassical threshold as functions of the pump intensity
operators, together with the constraint that the sum of popuks. Parts(b) and(d) explore these dependences over a wider
lations over the four atomic states be unity. We obtain theange inl;. For fixed ratios among the various decay rates as
steady-state solutions to these equations, where for thi@ Eq.(7), the semiclassical solutions fw|?/n, as well as
present purposes we restrict attention to the case of zeithe various populations;; plotted in Fig. 2 depend only on
detuningsAac=A3=A,=0. Allowing for nonzero detunings the critical atom numbeN, (or equivalently, the cooperativ-
of atom and cavity would add to the complexity of the semi-ity parameterC,=1/N, for a single atom in the cavijy
classical analysis because of the requirement for the seldence, as emphasized in tt&upplementary Information
consistent solution for the frequency of emissi@ee, for  published with our paper Refl], these steady-state solu-
example, Ref[35] for the case of gmultiatom) Raman la- tions from the semiclassical theory are independent of the
sel]. cavity lengthl, and provide a point of reference for under-
The semiclassical solutions are obtained for the paramstanding “lasing” for a single atom in a cavity. This is be-
eters relevant to our experiment with atomic Cs, namely causeN,=2«y/g? is independent of cavity length for a

d 0 - . ~
<0'dg;1,e3> = - [(733 + 743) + iA3]<O'g4’e3>— I(Q3<Ug4,g3>
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cooperativity parametef;> 1. Indeed, in these calculations
we used our experimental value for the cooperativity param-
eterC,;=1/Ny=12. Among other relevant features illustrated
in Fig. 2 is the quenching of the laser emission arolgd

fxi =6.5, presumably due to an Autler-Townes splitting of the
< < > excited statee3 at high pump intensity8].

waist w, constant

. . ) . A. Relationship to a Raman laser
FIG. 3. (Color onling lllustration of the scaling transformation

considered in Eq(8) whereby the length of a spherical mirror In many respects our system is quite similar to a three-
Fabry-Perot cavity is transformdd- fl while the cavity waist, level Raman scheme, for which there is an extended litera-
and the atomic position are held constant. The atom is indicated bure (e.g., Ref.[35] and references thergirin fact, we have
the “dot” in the center of the cavity mode. carried out an extensive analysis of a Raman scheme analo-
gous to our system in Fig. 1. Pumping is still done by the
cavity with constant mirror reflectivity and cavity waist, field Q5 on the 3—-3’ transition. However, recycling 4
Importantly, the semiclassical theory predicts threshold— 4" — 3 by the field(), and decayys, is replaced by direct
behavior for parameters relevant to our experiment, includdecay 4— 3 at a fictitious incoherent rate of dec@y, with
ing inversionos «3=> 044 g in the threshold region, although level 4 absent. In all essential details, the results from this
this is not essential for Raman gain fg8— g4 viae3. One  analysis are in correspondence with those presented from our
atom in a cavity can exhibit such a “laser” transition for the four-level analysis in this section. In particular, the threshold
steady-state solutions in the semiclassical theory because thasets in precisely the same fashion as in F{@),2and the
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FIG. 4. (Color onling The mean intracavity photon numbetnys and normalized intensity correlation functigf?’(0) are plotted as
functions of pump intensity I3=(Q3/2y)? in (@—d). In (a—c), the cavity length is made progressively shorter
((2500d¢,10d¢,lg), where [p=42.2um is the length of our actual cavity. The corresponding saturation photon numberggare
=(33.0,1.32,0.018 n/ny; andg®(0) are calculated from the quantum theory for the four-state system in Fig. 1, \filey given by the
black curve is from the semiclassical theai) n, g?(0), and the Mande®) parameter shown over an extended range of pump intehsity
for 1=ly. In all cases),=(Q4/2y)?=2, the 3—4’ and 4—4' transitions are driven on resonance, and the cavity detuaing 0. Other
parameters are as given in the text.
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FIG. 5. (Color online Steady-state solutions as functions of pump intenkjtpbtained from the numerical solution of the master
equation(2) for the four-state atom in a cavity illustrated in Fig. 1. Here, the cavity lehg#500,, wherely=42.2 um is the cavity length
in our experiment(a) Mean intracavity photon numb@ernormalized to the saturation photon numbgy=33. The corresponding result for
||?/ng; from the semiclassical theory is given by the lower curd®.Populationsoy; of the four states as labelett) Mean intracavity
photon numben, MandelQ parameter, and intensity correlation functig(0). (d) Ratio R of photon flux from the cavity modesn as
compared to the rate of atomic fluorescenggues 3 for the excited state3. In all cases, the depleting intensity= (Q,/2y)?=3 and the
detuningsAac=A3=A4=0. Field and atom decay rates are as specified in the text.

output is “extinguished” at high pump levels fél;. This  from a “large” value for which the conventional theory is
turn-off appears to be associated with an AC-Stark splittingvalid to a “small” value for which the system is well into a
of the excited 3 level by the(); field that drives the 3  regime of strong coupling. As illustrated in Fig. 3, this trans-
— 4 level out of resonance with the cavity due to the splittingformation is assumed to be under conditions of constant cav-
of the upper level 3 Over the range of intensities explored ity waist wy and mirror reflectivityR, in which case scaling

in this section, the “quenching” behavior seems to be unrethe length by a factof causes the other parameters to scale
lated to any coherence effect associated with the combinatioas follows:

of the field (), and decayya,.
| — 1 =Al,
IV. QUANTUM THEORY FOR A FOUR-STATE ATOM

— 1/2
A one-atom laser operated in a regime of strong coupling 9—gr=9g/f"%

has characteristics that are profoundly altered from the famil-
iar case(described, e.g., in Ref431,32), for which the
semiclassical equations are supplemented ygithall) quan-

Kk — ks = klf,

tum noise terms. The question then arises of how to recog- Y=V,

nize a laser in this new regime of strong coupling, where we

recall the difficulty that this issue engenders even for systems N — No,

with critical photon number much greater than uritg—-23.

The perspective that we adopt here is to investigate the con- No — Nor = g (8)

tinuous transformation of a one-atom laser from a domain of
weak coupling for which the conventional theory should beRecall that in the semiclassical theory illustrated in Fig. 2,
approximately valid into a regime of strong coupling for the quantity|a|?/ny; is invariant under this transformation.
which the full guantum theory is required. By contrast, the role of single photons becomes increasingly
Towards this end, we consider a scenario in which thémportant as the cavity length is reduc@d., no; becomes
cavity length(and hence its volumeis gradually reduced ever smalley, so that deviations from the familiar semiclas-
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FIG. 6. (Color onling Steady-state solutions as functions of pump intenkjtpbtained from the numerical solution of the master
equation(2) for the four-state atom in a cavity illustrated in Fig. 1. Here, the cavity letwgt0d,, wherelg=42.2 um is the cavity length
in our experiment(a) Mean intracavity photon numbernormalized to the saturation photon numbgr=1.3. The corresponding result for
||/ ng; from the semiclassical theory is given by the lower curiy.Populationss;; of the four states as labelett) Mean intracavity
photon numben, MandelQ parameter, and intensity correlation functig®(0). (d) Ratio R of photon flux from the cavity moden as
compared to the rate of atomic fluorescenggues g3 for the excited state3. In all cases, the depleting intensly=(Q,/27)?=3 and the
detuningsA,c=A3=A,=0. Field and atom decay rates are as specified in the text.

sical characteristics should become more important, andlose in Figs. 42 and 5a) since ny;=33 in this case, but
eventually dominant. becomes increasingly divergent in Figgbyand &a) for
which ny=1.3, and in Figs. &) and Ta) for which ng(f
=1)=ny=0.013(as in our experimeint

In qualitative terms, the peak in each of the curves for

Framed by this perspective, we now present results fronm/ny; in Figs. 5-7 arises because of a “bottleneck” in the
the quantum treatment for a four-state model for the atomcycle g3—e3—g4—e4—g3. For our scheme with one
Our approach is to obtain steady-state results for various o@mtom in a cavity, this cycle can proceed at a rate no faster
erator expectation values directly from numerical solutionghan that set by the decay rajg,. For higher pump intensi-
of the master equation given in E@) by way of theQuan-  tiesls, the quenching of the emission displayed by the semi-
tum Optics Toolboxvritten by Tan[36]. Since such numeri- classical theory becomes less and less evident with decreas-
cal methods are by now familiar tools, we turn directly toing | as the coherent coupling rate becomes larger in a
results from this investigation presented in Figs. 4-9. regime of strong coupling.

These figures display the behavior of various characteris- Part(b) in Figs. 5—7 shows the populationg of the four
tics of the atom-cavity system as the cavity length is reducedtates. A noteworthy trend here is the rapid reduction of the
from 1=2500Q, to =100, to I=Iy to I=13/99, wherel, population oz ez With decreasing cavity length. Again, the
=42.2 um is the actual length of our cavity. Figure 4 pro- rate g becomes larger asis reduced, and eventually over-
vides an overview of the evolution and is reproduced fromwhelms all other rates, so that population promoted to this
the Supplementary Informatiom Ref. [1], while Figs. 5-9 state is suppressed.
provide more detailed information about the intracavity field Figure 4 and parfc) in Figs. 5-7 address the question of
and atomic populations. the photon statistics by plotting the Mandglparameteor

Figure 4a)-4(c) and part(a) in Figs. 5-7 display the equivalently the Fano factd¥t=Q+1) as well as the normal-
mean intracavity photon number ny; (whereny is calcu-  ized second-order intensity correlation functigl?(0) [37].
lated for the particular lengihand compare this result to As shown in Fig. 4a), for largel=2500,, the region around
|2/ ng¢ from the semiclassical theory. The correspondence ishe semiclassical threshold displays the familiar behavior as-

A. Field and atom variables for various cavity lengths
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FIG. 7. (Color onling Steady-state solutions as functions of pump intenkjtpbtained from the numerical solution of the master
equation(2) for the four-state atom in a cavity illustrated in Fig. 1. Here, the cavity lefgth, wherel,=42.2 um is the cavity length in
our experiment(a) Mean intracavity photon numbernormalized to the saturation photon numbg=0.013. The corresponding result for
a?Ing from the semiclassical theory is given by the lower curi®.Populationso;; of the four states as labele@) Mean intracavity
photon numben, MandelQ parameter, and intensity correlation functig®(0). (d) Ratio R of photon flux from the cavity moden as
compared to the rate of atomic fluorescenggues o3 for the excited state3. In all cases, the depleting intensly=(Q,/27)?=3 and the
detuningsA,c=A3=A,=0. Field and atom decay rates are as specified in the text.

sociated with a conventional las¢82,34,37-3% namely threshold serving as the abrupt transition between these cases
that g®(0) evolves smoothly fromg®®(0)=~2 below the in the manner of a nonequilibrium phase transitjgd,39.
semiclassical threshold tg?(0)~1 above this threshold. As illustrated in Fig. 7, no such transition is required in the
Furthermore, Fig. ®) shows that the MandeD parameter regime of strong couplingR>1 from the onset as the pump
has a maximum in the region of the thresh@l®]. Beyond 1|5 is increased. This behavior is analogous to the “threshold-
this conventionaffirst) threshold, the Mande&D parameter in  |ess” lasing discussed in Refil8,20-22 and reviewed by
Fig. 5c) also exhibits a second maximum, which has beerRice and CarmichadlL9].

described as a “second” threshold for one-atom lag&fs For the system illustrated in Fig. 3, the progression in
and g'?(0) rises back from 1 to 2. With decreasing cavity |ength reduction has a limit d=)o/2 corresponding to a
length, these features are lost as we move into a regime @apry-Perot cavity with length equal to the lowest-order lon-
strong coupling. For example, the two peak€imerge into it dinal modeo/2, wherex,=852.3 nm is the wavelength
one broad minimum witlQ <0 indicating the onset of mani- of the cavity QED transition. To reach this limit from the

festly quantum or nonclassical character for the emissiorpengtm0 appropriate to our actual cavity, we must schje
from the atom-cavity system. . —flywith f=1/99. In a continuation of the sequence shown
R \',:v'rr:::g’ part(d) in Figs. 5—7 presents results for the ratio in Figs. 5-7, we display in Fig. 8 results for such a cavity
' with 1=Ay/2. Note that althouglC;=1/Ny=12 is invariant
Y with respect to this scaling and the saturation photon number
R=— (90 is reduced tony=1.31x 107, nevertheless the atom-cavity
Ya3Te3e3 system has passed out of the domain of strong coupling, even
gives the ratio of photon flux;n from the cavity mode to the though(ngs,No) <1. This is because strong coupling requires
photon flux y,30e3,¢s appearing as fluorescence into modesthat go> (7, x), so that(ny,Ng) <1 is a necessary but not
other than the cavity mode from the spontaneous degay sufficient condition for achieving strong coupling. For the
—g4. For a conventional lasef;n< y,303 3 below thresh-  progression that we are considering with diminishing length
old, and k> y430.3 above threshold, with the laser (but otherwise with the parameters of our sysiehs /2
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FIG. 8. (Color online Steady-state solutions as functions of pump intenkjtpbtained from the numerical solution of the master
equation(2) for the four-state atom in a cavity illustrated in Fig. 1. Here, the cavity lemgtly/99=x,/2 (i.e., f=1/99), wherel,
=42.2 um is the cavity length in our experiment ang=852.3 nm is the wavelength of the cavity QED transitita.Mean intracavity
photon numben normalized to the saturation photon numbg=1.31x 10 The corresponding result foe|?/ ng; from the semiclassical
theory is given by the lower curveb) Populationso; of the four states as labelett) Mean intracavity photon number, Mandel Q
parameter, and intensity correlation functigl®@(0). (d) Ratio R of photon flux from the cavity modesn as compared to the rate of atomic
fluorescencey, 3o ¢3 for the excited state3. In all cases, the depleting intensity= (Q4/2%)?=3 and the detuning&,c=A3=A,=0. Field
and atom decay rates are as specified in the text.

does not lie within the regime of strong coupliigss/y  tation set by Eq(10), note thatR= B,3/(1—B43). All in all,
=61,943/ k=0.40, but rather more toward the domain of a the “bad-cavity” limit specified byc>g?/ x> vy [40,4] (to-
“one-dimensional atom,” for whichc>g?/ x>y (see, for ~ward which Fig. 8 is pressings a domain of single-photon
example, Refs[40,41 for theoretical discussions and a pre- generation for the atom-cavity system, which fok1 has
vious experimental investigatignin this domain of the Pur- passed out of the regime of strong coupling.
cell effect[26,28—30, the fractional emission into the cavity =~ Figures 5-8 provide a step-by-step description of the evo-
mode as compared to fluorescent emission into free space fbition of the atom-cavity system from the domain of conven-
the 3 —4 transition is characterized by the parameter tional laser theoryl >, as in Fig. 5 withf=2500), into the
regime of strong couplingl =I, as in Fig. 7 withf=1), and
then out of the strong-coupling regime into the Purcell do-
main (I=1,/99=\,/2 as approached in Fig. 8 with=0.01)
[26,28—-30. We now attempt to give a more global perspec-
whereC(143):C1(yl Ya3) =48. tive of the scaling behavior of the atom-cavity system by
As compared to Figs. 5-7, a noteworthy feature of theexamining various field and atomic variables directly as
regime depicted in Fig. 8 is the absence of a dependence @finctions of the scale parametérl/l,. A particular set of
g?(0) on the pump levels. In fact, g?(0)=0 over the such results is displayed in Fig. 9, where the pump intensity
entire range shown, so that the cavity field is effectivelyl;=3 is fixed near the peak in the output from the semiclas-
occupied only by photon numbers 0 and 1. In corresponsical theory in Fig. 2, and the recycling intensltyis held
dence to this situation, the Mand®l parameter in Fig. @) constant at,=3.
is essentially given by the mean of the intracavity photon In Fig. 9a), the mean intracavity photon numbeis seen
number,Q=-n, with n< 1. Furthermore, the dominance of to undergo a precipitous drop as the cavity length is made
emission into the cavity mode over fluorescence decay beprogressively shortdi.e., increasing 2, sincel « f). How-
comes even more pronounced than in Figd)7as docu- ever, whem is normalized to the critical photon numbay;,
mented by the rati® in Fig. §d). In agreement with expec- the quantityn/ny is seen to approach unity for smdf/?

(43

Baz 0.99, (10)

S N
1+
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FIG. 9. (Color onling Scaling behavior of various quantities as the cavity lemgshvaried, wherd =1/1,, andly=42.2 um for our actual
cavity. Note thatgec f~12 and ko f~1 and that the range ifi corresponds to that spanned by Figs. 5-8, namely=0104 2500.(a) Mean
intracavity photon numben, the MandelQ parametefQ+1), and the intensity correlation functian?(0). (b) Populationss;; of the four
states as labeledc) Mean intracavity photon number normalized to the saturation photon numimgy=n,f=0.013x f. (d) Ratio R of
photon flux from the cavity modesn as compared to the rate of atomic fluorescepges ¢3 for the excited state3, wherex;=«/f. In all
cases, the pumping and recycling intensiligg=3 and the detuningd,c=A3=A,=0. Field and atom decay rates are as specified in the
text.

(i.e., long cavities with >1,) as appropriate to the conven- creasing cavity length reaching the platézx 1 specified by

tional theory in Fig. 5. With increases i1 (i.e., shorter Eq. (10).

cavity lengths, n/ny rises to a maximum around~ 3

for strong coupling withl ~Iy as in Fig. 7, before then

decreasing to approach a constant value for yet larger values B. Vacuum-Rabi splitting

of {12 as the system exits from the domain of strong cou- |n the preceding discussion, we have compared various

pling. aspects of our one-atom system with conventional lasers and
Also shown in Fig. @) are the quantitieg'?(0) andQ  have restricted the analysis to the case of resonant excitation

+1 that characterize the photon statistics of the intracavityyith A;=0. Our actual system operates in a regime of strong

field. As previously noted,g?(0) lies in the range 1 coupling, so that there should be an explicit manifestation of

=<g?(0)=<2 for conventional laser theory, but drops below the “vacuum-Rabi” splitting associated with one quantum of

unity in the regime of strong coupling and approaches zer@xcitation in the 4~ 3’ manifold [23-25.

for f<1. In this same limit of very small cavities in the  To investigate this question, we consider the dependence

Purcell regimeQ=-n. of the average intracavity photon numbeon the detuning
Figure Qb) displays the populations for the four-state sys-A; of the pump fieldQ);, with the result of this analysis

tem as functions of "*/2. For the conventional regime with illustrated in Fig. 10. For weak excitatidg=<1 [well below

f~12<1, there is population INVErsiomes e3> 0ga g4 (Which  the peak in Fig. @®)], the intracavity photom is maximized

was shown in Fig. 2 for small values of), but this possi- aroundA;=+g,3 (and not atA;=0) in correspondence to

bility is lost for increasingf™? (i.e., decreasing cavity the eigenvalue structure for thg4<—e3 manifold in the

length. Strong coupling dictates that the r@telominates all presence of strong coupling. The excited sta&® is

others, so that appreciable population cannot be maintainetbw represented by a superposition of the nondegenerate

in the statee3. Finally, Fig. 9d) displays the dependence of states|i,) whose energies are split by the coupling energy

the ratioR=(kN)/ (y430e3,e3) ON f~Y2 From valuesR<1in  +hg,s However,

the conventional domainR rises monotonically with de- for large pump intensities;~ 10, this splitting is lost as the
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FIG. 10. (Color online The mean intracavity photon number \l/ \L
versus the detuninds (in cycles/s of the pump fieldQ;, where 0.01
A5;=0 corresponds to the transition frequensys. The three curves ﬁ "\
are for increasing pump intensity) 13=0.1, (ii) 13=1.0, (iii) I3
=10.0. The arrows indicate the positions of the expected “vacuum- 0.001 \
Rabi” peaks at #1,3, whereg,s/27m=16 MHz. In all cases, the re- /

cycling field Q4 is on resonancd,=0 and has intensity,=3. 30 -20 10 0 10 20 30
v (MHz)

Autler-Townes effect associated with the pump field on the

g3+ €3 transition grows to exceeghs FIG. 11. (Color onling The optical spectrund(») as a function

of frequency offsev (in cycles/s ) =27v), wherev=0 corresponds
to the transition frequency,s. (a) Three spectrab(v) for increas-
ing pump intensity(i) 13=0.1, (ii) 13=1.0, (iii) 13=10.0, with the
A central feature of a conventional laser is the opticalrecycling intensityl,=3 in all cases. The overall normalization of

C. Optical spectrum of the cavity emission

spectrum of the emitted field, defined by ®(v) is arbitrary, but is common for the three cas@gs.®(v) on a
- logarithmic scale for decreased intensitigs|,=0.5, with the peak
_ ot A . value of® scaled to unity. The arrows indicate the position of the
P = f_w dT{!E?C(a (Da(t+ 7)exp-iQ7), (11 expected vacuum-Rabi peaks a3 wheregys/27=16 MHz. In

all cases in@) and(b), the pumping field); and the recycling field
where as in Eq(1), (&T,4) are the creation and annihilation 4 are on resonance with their respective transitithg=0=A,).
operators for the single-mode field of the cavity coupled to

the atomic transitiore3<—>g4. The results for the Schawlow- that the two time correlation function in Eq]_]_) is given by
Townes linewidth are well known and will not be discussed

t - t -
here[31,32,34,38,3P Instead, in Fig. 11 we present results (@'(0a(n) =Trpsa'(0)a(n)] = Trip(na0)],
specific to the domain of operation of our system. wherep(7) is obtained by numerically evolving

For the choice of parameters corresponding to Fig. 7, t
®(Q) in Fig. 11(a) exhibits a pronounced two-peak structure, po= ps&'(0)

with the positions of the peaks corresponding to the Autlerynder the master equation, apg is the steady-state density
Townes splitting of the ground state by the recycling fieldmatrix. By Fourier transforming the correlation function ac-
(). Contrary to what might have been expected from thesording to Eq.(11), we obtain the optical spectrum.
analysis of the previous sectio®((2) shows no distinctive The optical spectrum of the emitted light from our cavity
features associated with the vacuum-Rabi splitting of the eXcould in principle be measured by way of heterodyne detec-
cited state. For reduced values of pumping and recyclingion. The cavity output would be combined on a highly trans-
intensitiesls 4,=0.5, there are small features in the optical missive beam splitter with a local oscillator beam that is
spectrum af) = +ggs, as is illustrated in Fig. 11 whe®()  frequency shifted by an intervalo that is large compared to
is plotted on a logarithmic scale. With respect to the complexhe range of frequencies in the output field. The optical spec-
degree of coherenci87], the coherence properties of the trum is then obtained by taking the Fourier transform of the
light from the one-atom laser in the regime of strong cou-autocorrelation function of the resulting heterodyne current.
pling are set simply by the inverse of the spectral width ofAlthough we have not carried out this procedure experimen-
®(Q), which can be determined from the plots in Fig. 11. tally, it is straightforward to model using a quantum jumps
The curves shown in Fig. 11 are calculated by way of thesimulation of the four-state model. We have computed such
gquantum regression theorem applied to the four-state systespectra for several values bf, using a local oscillator flux
of Fig. 1. From the quantum regression theorem, we havequal tox. This is an experimentally reasonable value, since
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it is small enough so as not to saturate the detectors, yet large oy 1 oy .

enough that, as our further simulations indicate, increasing 933~ " TE(Egg,es‘zga,es)- (13
the flux does not significantly change the resulting spectrum. v

The results for the spectrum obtained from this quantum )

jumps simulation agree reasonably well with results from the Sy, = . S 3-1 14)
quantum regression theorem presented in Fig. 11. 933 \5( st Fg3.0 (

V. QUANTUM THEORY INCLUDING ZEEMAN STATES n38 = Dgzes (15

AND TWO CAVITY MODES where

In an attempt to provide a more detailed quantitative treat- Sq , ,
ment of our experiment, we have developed a model that Soes=2 2 [03,mi(3,m;1,ql4.m'Xg4,m'|.  (16)
includes all of the Zeeman statéf,mg) for the F=3,4 mom
ground levels and theF'=3',4" excited levels of the The phases) arise from the spatial variations of the polar-
6S,,, 6P5, transition in atomic cesium, of which there are jzation state of the); 4, beams, and are given, for example,
32 in total. We also include two cavity modes with orthogo-by 65,=ksx with ks, as the wave vector of the pair 61,
nal linear polarizations to describe the two nearly degeneratBeams propagating along
TEMgo modes of our cavity43], with three Fock states for ~ The (), , beams tend to optically pump the atom into dark
each modg|0),|1),]2)}. The total dimension of the Hilbert states, with this pumping counterbalanced by atomic motion
space for this set of atomic and field states is thlerB2  leading to cooling44] and by any residual magnetic field. In
X 3X3=288, making it impractical to obtain steady-state so-our case, imperfections in tHeoRT polarization[42,43 re-
lutions from the master equation directly. Instead, we employsult in a small pseudomagnetic field along the cavity axis
the Quantum Optics Toolboi36] to implement a quantum [45] with peak magnitudBEzO.?S G. This pseudofieIB§
jumps simulation, with various expectation values computeds included in our simulations and tends to counteract optical
from the stochastic trials. pumping by the); , beams into dark states for linear polar-
In broad outline, our expanded model includes Hamil-ization in thex-z plane, 63,= 05,= 6,,= 0,,= /2, but has no
tonian terms of the form of Eq(1), with now the termso;; effect for polarization along the cavity axis 6s,= 03,= 6y
generalized to incorporate each of the various Zeeman statesg,,=0.
Likewise, the coherent coupling of the atom to the cavity Overall, the operation of our driven atom-cavity system

takes into account two orthogonally polarized mogeg).  involves an interplay of cycling through the levej8— e3

The operators; are similarly modified to obtain a new mas- - 94—~ &*—g3 to achieve output light on the3— g4 tran-
ter equation that includes the full set of decay paths amonémon’ and of polarization gradient cooling for extended trap-

the various state€.e., o, 7 transitiong, as well as the as- tr:?gu t'thT]Se' -LT;Srizlaattitoer: prg)dﬁz?lfs gfv:)lﬁlv%es bg;onr]n;canrgoitslon
sociated quantum collapse terms in the simulation. 9 P 9 4

We attempt to describe the dynamics arising from the:'(;’re"’l.tIy comphcated by the presence B{j The det.unlngs
complex state of spatially varying polarization associateqand Intensities of thé}, , beams are chosen operat_lonally SO
with the Q)5 , beams by way of the following simple model. as to optimize the outpyt from our one-aFom Iasgr In aregime
In a coordinate system with the z directions perpendicular of strong coup_lmg,_ while at the same time maintaining ac-
to the cavity axis along, the ()3 , beams propagate along ceptable trapping times, as shown in Fig. 2 of H&f.

X,z with orthogonalo, configurations. The helical patterns

of linear polarization from pairs of counterpropagating A. Mean intracavity photon number as a function
beams then give rise to terms in the interaction Hamiltonians of pump intensity
H, 3 of the form In this section, we present simulation results for the mean

intracavity photon number versus pump intensity. In qualita-

~ 1 oy oy ) oy tive terms, we should expect that the output fkixpredicted
Hy= EQS[(EQS,% * 23 ga)SIN(03)+ (Cgze3 from the full multistate model is significantly below that cal-
culated from the four-state model presented in Sec. IV. This
+i§3’g3)sin(032)]+ %%{(iéaeﬁigsygs)[cowsx) is because the atom necessarily spends increased time in
manifolds of dark states associated with the pumping by the
+ 001932)]} (12) ‘QS 4 beams.

o - _ o We can modify the four-level model to account for these
and similarly forH; to describe th&), beams Wlth mdepe_n- effects by reducing the decay ragg,— y4, The slower cy-
dent phasego.y, 64,). Here(); and(), are Rabi frequencies cjing of the atom due to the reduction gf, approximates, in
corresponding to the incoherent sum of the |ntgn5|t|es of thg phenomenological way, the slowing effect on the recycling
four individual beams. In Eq(12), the operator&3yg; are  of the atom due to optical pumping into dark states. We find
linear combinations of various atomic projection operatorghat a valuey;,=0.07ys4 gives a good fit to the datgFigs.
for the diverse Zeeman-specific transitions for linear polar-12(a) and 12b)]. We plot the intracavity photon number ver-

ization alongx,y,z, and are given explicitly by susx=(7/9)(l5/1,), since we estimate that either measured
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FIG. 12. (Color online Comparison of theory and experiment for the intracavity photon numkees a function of pump intensity
=(7/9)(15/1,) for fixed 1 ,=13 (corresponding to a measured intensity of 50 mW4crfihe measurementpoints with error barsare from
Fig. 3 of Ref.[1]. (a,b n versus pump strengtk for the four-level model withy,;=0.07X y,3. (c,d) n versus pump strengtk for the
constant phase model with= /2. (e,f) n versus pump strengthfor the constant velocity model described in the text. The immediate onset
of emission supports the conclusion of “thresholdless” lasing. Details of the measurements can be found]nviRefe the parameters for
the simulation are given in the text.

intensity alone is uncertain by a factor of about 2, but thevalue 6=/2 chosen for comparison in Figs.(&2and 12d)

ratio is known much more accurately. gives good correspondence between the simulations and our
For the multilevel simulation, we use two different mod- measurements with the adjustment of no other parameters.

els to generate mean intracavity photon number versus punfgor this curve, we plot the average,+n,)/2 of the intrac-

intensity curves. In the first model, we neglect the motion ofavity field for the two cavity modea andb.

the atom and attempt to capture the essential features of the As a second, more sophisticated model, we assume that

optical pumping processes via a single constant phiase the atom moves at a constant velocity in the radial direction.

= 03= 05,= 4= 6,,. The choiced=0 gives no output light, This gives time-dependent phases; for example, if we assume

since the{); , beams pump the atom into dark states. Thethat thex coordinate of the atom is
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X(t) = Xo + vyt antibunchingg®(0) < g?(7) and sub-Poissonian photon sta-
tistics g?(0) <1 [37]. In agreement with the trend predicted
by the four-state model in Fig.(@ (as well as by the full

O3x(t) = KgX = Bgy o+ w3t quantum jumps sir_nulationg(z)(O)_ increases with increasing
) _ _ pump intensity, with a concomitant decrease in these non-

where 03, 0=ksXo, ws=Kswx. FOr @ single simulation run, cjassical effects. The bottleneck associated with the recycling
we randomly choose the velocity of the atom and initial yrocess leads to this nonclassical character, since detection of
phases of thel; , pumping beams; the intensities from 20 5 second photon given the first detection event requires that
such runs are averaged for each valu&.dfhe velocities are  ine atom be recycled from tHe=4 ground state back to the
chosen uniformly in the range 10—20 cm/s, which gives ang =3 ground state. In this regard, we point to the prior work
gular frequencies in the ranger200—200 kHz. The result- 5 pump-noise suppressed lasers in multilevel atomic sys-
ing input/output curve is plotted in Figs. @ and 12f). A tems, as, for example, in Re#7].
before, we plot the average of the intracavity field for the two | more quantitative terms, theoretical results §#(7)
cavity modes. , _ o from the full quantum jumps simulation are given in parts

We make no claim for detailed quantitative agreemenr(cld) of Figs. 13 and 14 fok=0.17 andx=0.83. The excess
b_e_tween theory and experime_nt, as the simulations are Sefluctuationsg®(7) = 1 extending overr=+1 us appear to
sitive to the parameters which are known only approXi-ye rejated to the interplay of atomic motion and optical
mately, such as the intensity of tlib; , pumping beams and 1\ ing into dark statefg4], as well as Larmor precession

the magnitude of the pseudo and real magnetic fields. AlsQy, 5 ariges from residual ellipticity in polarization of the int-
the simulations neglect a number of features of the real SYSacavity FORT [43,49.

tem, such as atomic motion in the axial direction, the depen-
dence of the cavity coupling on the position of the atom,
and a possible intensity imbalance in tlik; , pumping
beams. However, the simulations do support the conclusio
that the range of coupling valuesg that contribute to our

then

These results fog?(7) provide a perspective on the issue
of whether the cavity is effectively “empty” sinagis quite
small. Based upon the mean photon flux from the cavity, this
[§ a reasonable inference, but it is also misleading. The non-
i ) zero values fog?(7=0)=0.3,0.6>0.01 in Figs. 13 and 14
results is restricted roughly to @g=g=d,. Furthermore, are in fact due to the presence of more than one photon in the

the simulations yield information about the atomic popula-cavit Althouah the mean intracavity bhoton number is onl
tions, from which we deduce that the rate of emission from= Y. g yp y

the cavity ki exceeds that by way of fluorescent decdy 3 n~ 0.005, this number is comparable to the saturation pho-

4 ( }, by roughly tenfold over the range of pum ton numbemy=0.013. Indeed, the quantum statistical char-
% Yaz(0g13), DY TOUGNlY 9€ OTPUMP 5cter of the intracavity field is determined from the self-
intensity I3 shown in Fig. 12a).

consistent interplay of atom and cavity field as in standard
laser theories, even though it might appear that this interplay
B. Photon statistics as expressed by the intensity correlation IS not relevant to the determination of a dynamic steady state.
function g®@(7) Figure 9 attempts to illustrate this point by investigating the

passage from the domain of conventional laser theory
through the regime of strong coupling and thence into a do-
main of single photon generation witf?(7=0) =0 over the
entire range of pumping conditions.

In addition to measurements piversus pumping rate, we
have also investigated the photon statistics of the light emit
ted by the TEM, mode of the cavity by way of the two
single-photon detector®, , illustrated in Fig. 1 of Ref[1].
From the cross-correlation of the resulting binned photon
arrival times and the mean counting rates of the signals and C. Discussion of possible coherence effects
the background, we construct the normalized intensity corre- | Sec. 11l A we briefly described our analysis of an

lation function(see theSupplementary Informatioaccom-  gquivalent Raman scheme to address the question of possible

panying Ref[1]), coherence effects associated with g recycling beam.
s _ Beyond this analysis, we have also considered the possibility
g(Z)(r):M, (17) that various other coherent processes associated with the
Gl():)2 pump fields might be important. One concern relates to the

) . possibility that four-wave mixing processes could be impor-
where the colonsAdenote normal and time ordering for thgant, as, for example, in a wave-mixing process that cycles
intensity operators [37]. the atom 3- 3" —4—4'— 3 [46]. From an operational per-

Two measurements fa@'®(7) from Fig. 4 of Ref.[1] are  spective, if there were to be a correlated process involved in
reproduced in@a,b) of Figs. 13 and 14, together with results the cycling of the atom 3-3' —4—4'—3, then two pho-
from our quantum jumps simulation from the constant phasé¢ons would be emitted into the cavity mo@ée “signal” on
model with #=#/2 in (c,d). In Fig. 13, we again have, the 3 —4 transition and the “idler” on the’4- 3 transition.
=13 and the pump intensitls is set for operation withx In this case, since we employ no filter to block the “idler”
=0.17 near the “knee” im versusx, while in Fig. 14, the field separated by 9.2 GHz, the measured intensity correla-
pump level is increased ta=0.83. These measurements tion function g?(7) for the emitted light from the cavity
demonstrate that the light from the atom-cavity system isvould exhibit bunching around=0, instead of the observed
manifestly quantunti.e., nonclassicaland exhibits photon antibunching and sub-Poissonian character. The measured
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FIG. 13. (Color onling The intensity correlation functiog'®(7 of the one-atom laseta,b) g@(7) for x=0.17 as experimentally
determined in Ref[1]. (c,d) Theoretical result fog'®(7) for x=0.17 from a quantum jumps simulation withs /2. All traces have been
“smoothed” by convolution with a Gaussian function of widtk5 ns.

character ofg®(7) therefore argues against a coherent pro-Furthermore, as previously discussed, the model calculation
cess that cycles the atom from an initial quantum state antbr a four-state system agrees well in its essential character-
back to that state by way of coherent processes involvingstics with a three-state system where the decay of the ground
coupling to the cavity field. state 4-3 is via an ad hoc spontaneous procéss in a

We also note that the coherent coupling of the cavity fieldRaman laser rather than by pumping 44’ and decay
and atom for the 4— 3 transition is greatly suppressed due 4’ _, 3,
to the large detuning=9.2 GHz, leading to an effective cou- A final general comment relates to the nature of phase-
pling coefficient (ger/ 277~ 30 kH2)) < (y/2m=5.2 MH2).  matching(e.g., as applied to four-wave mixing and paramet-
Therefore, for whatever mixing processes, the coupling tQijc down conversionfor a single atom in a cavity. For a
the external vacuum modes characterized by the sate sample of atomsgor a crysta), there is a geometry that de-
should dominate that due @y In this regard, note that we fineg girections for which fields from successive atoms might
have included the effect of off-resonant coupling of the 4 54y constructively for various wave®.g., pump, signal,
excited state in our S|mulat|0r(gvh|ch IS on!yz_ZOO ,MHZ idler). Cavities can then be placed around these directions to
detuneq. The relevant process is then excitation»4' via enhance the process@sg., the threshold for an optical para-

the Q, pump field, followed by emission into the cavity . . ;
. o metric oscillator is reduced by a factor of the square of the
mode due to the coherent coupling of the transition-4t. L .
avity finesse for resonant enhancement of both signal and

This coupling increases the intracavity photon number b)f

only about 10%, suggesting that coupling for tHe-43 tran- idler fields. Clearly a cavity would be ineffective if its ge-
sitign 9.2 GHanwa?/gis negligible. ping ometry did not match the preferred geometry defined by the

In support of these comments, our detailed numericaP@mMPple and pump beams. However, for a single atom as in

simulations agree sensibly well with the observed behavioPUr experiment, these considerations do not apply in nearly
of g(2>(7-) (as in F|gs 13 and 3,4 and do not include any the same fashion. The relevant issues are the coherent

“wave-mixing” effects. This statement is likewise valid for coupling coefficientsy; of the various atomic transitions to
the dependence of photon number versus pump I@éel the cavity field.
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FIG. 14. (Color onling The intensity correlation functiog®(7) of the one-atom laseta,b) g@(7) for x=0.83 as experimentally
determined in Reff1]. (c,d) Theoretical result fog®(7) for x=0.83 from a quantum jumps simulation witx 77/2. All traces have been
“smoothed” by convolution with a Gaussian function of widtk5 ns.

VI. SUMMARY i i ) ,
system, and that by including a simple model for the motion

We have presented a simplified four-level model whichof the atom we can obtain reasonable agreement with the
describes the qualitative features of our experiment. We havexperimentally observed curve. We have also used the simu-
shown how decreasing the cavity length causes the modédtion to calculate intensity correlation functions, and have
system to move from a regime of weak coupling, where thecompared these results to measurementg@fr) from our
semiclassical laser theory applies, into a regime of strongxperiment.
coupling, where quantum deviations become important. The
four-state model predicts many of the observed features of
our gxpenmgntal system, including the qualltayve 'shape'of ACKNOWLEDGMENTS
the intracavity photon number versus pumping intensity
curve, and photon antibunching.
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