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In 2® 2, more than two orthogonal Bell states with a single copy can never be discriminated with certainty
if only local operations and classical communicatid©CC) are allowed. We show here that more thén
numbers of pairwise orthogonal maximally entangled statesdsird, which are in canonical form, used by
Bennettet al. [Phys. Rev. Lett.70, 1895(1993], can never be discriminated with certainty by LOCC, when
single copies of the states are provided. Interestingly we show here that all orthogonal maximally entangled
states, which are in canonical form, can be discriminated with certainty by LOCC if and only if two copies of
each of the states are provided. We provide here a conjecture regarding the highly nontrivial problem of local
distinguishability of anyd or fewer numbers of pairwise orthogonal maximally entangled statésid (in the
single copy case
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I. INTRODUCTION tangled states id®d, each of which is in canonical form,
t%jven by Eq.(2) below. Let{|0),|1),...,|d-1)} be the stan-

In ntum mechani n f orthogonal n ; : . ;
quantu echanics, any set of orthogonal states ca ard orthonormal basis of @dimensional Hilbert space. A

discriminated. But for multipartite systems, local information imall tanaled statim d=d is defined to b
of the density matrices, and even local operations and clagl@ximally entangied stal® d@d IS defined to be a pure

sical communicationLOCC), are not sufficient to distin- state for which both reduced density matrices are equal to the
guish among orthogonal states. Recently some interestingaximally mixed statd 1/d)l, in a d-dimensional Hilbert
studies have shown that pairwise orthogonal multipartiteSPace. Using the above-mentioned standard basis for both
states cannot always be discriminated with certainty in @ides, one particular set df number of pairwise orthogonal
single copy case if only local operations and classical comMaximally entangled states can be taken as
munication(LOCC) are allowed[1-4]. But any two multi- 1 d-1 o

partite orthogonal states can always be distinguished with Wiy = => exp{Ljn]U) ® [(j +mmodd), (2
certainty by LOCC, and, in general, pairwise orthogonal Vdj=0 d

multipartite states can be perfectly discriminated by LOCC iffor nm=0.1... d-1.

d-1) copies of each state are providg?l. But there are S . . .
( ) cop b & d Before going into the main results, we discuss in Sec.

sets of pairwise orthogonal states that can be discriminate . .
with less thar(d—1) copies. One such example is thaifo some useful properties of the maximally entangled states,

copiesof a state are provided which is known to be one Ofgiven in Eq.(2), to use them for later purposes. In Sec. lll,
P oo P we show that more thad pairwise orthogonal maximally
the four (pairwise orthogonalBell states

entangled states id® d, all taken from the set given in Eq.

1 (2), can never be perfectly discriminated by LOCC in a
|¢’i>=T§(|00>i 11D), single copy case. As mentioned above, i® 2, the set of

v four (or threg orthogonal Bell states can be discriminated

with certainty, using LOCC only, if at least two copies of
W) = i_(|01> +(10)), (1) each state are given. Interestingly, this is universal, (vee,

V2 show here in Sec. IV thaany number of mutually orthogo-
nal maximally entangled states thed, all taken from the
set given in Eq(2), can be discriminated by LOCC only, if

0 copies of the states are provided. This is definitely sur-
.. prising as one would be inclined to think that the minimum
i umber of copies needed for discrimination would be an
increasing function of the dimensiath These are the two
conclusive results of this paper. Next, in Sec. V, we discuss
the problem of reliable local discrimination of adyr fewer
number of pairwise orthogonal maximally entangled states in
d®d, taken from the set given by E¢R), in the single copy

one can discriminate between them using LOCC ¢8ly In
a recent paper Ghosét al. [4] have shown, using some
properties of entanglement measure, that more than two B
states cannot be discriminated with certainty by LOCC,
single copy is provided.

In this paper, we consider the problem of reliable local
distinguishability of pairwise orthogonal maximally en-

*Electronic address: sibasish@imsc.res.in case[5], based on a particular type of one-way LOCC,
"Electronic address: gkar@imsc.res.in namely, teleportation. We shall see here that there are some
*Electronic address: anirb@imsc.res.in examples of sets of pairwise orthogonal maximally entangled
SElectronic address: debasis@cubmb.ernet.in states ofd®d [all taken from(2)], for each of which, not
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only the above-mentioned local discrimination by teleporta-distorted one. Using the algebraic propertieg3fone can
tion does not work, but whether the states of the set are at aflasily check that the final teleported state will remain pure
reliably locally distinguishable is still an unresolved issue. Inand will bev<d)|¢<d)> whereV d)’s are given by(5).

Sec. VI, we discuss a necessary conditionthe form of a

conjectura for reliable distinguishability via LOCC. Finally,
in Sec. VII, we draw the conclusion. I1l. LOCAL INDISTINGUISHABILITY OF THE (d+1)

NUMBER OF MAXIMALLY ENTANGLED STATES

Il. SOME USEFUL PROPERTIES OF |\1t§]dn)]) We are now going to show that rid+ 1) number of pair-
) ) ) wise orthogonal maximally entangled states dwd, all
Itis easy to verify, using Eq2), that taken from the set given if2), can be reliably discriminated
(U ® I)|\P |\If§f21>, by I__OCC, in the si_ngle copy case. For this, we shall use the
notion of the relative entropy of entanglemedffo) for a
bipartite quantum state [9,10]:

(I ® Vi Weo) = [Winn. (3
where E, (o) =minS(o |l p),
d-1 o peD
ijn | .. .
U@ =2 ex Tr—] +m)modd 4 . .
nm E{) d X ) | @ whereD is the set of all separable states on the Hilbert space
on whiche is defined, and(allp) =tr{o(log, o—log, p)} is
and the relative entropy ofr with respect top.
Vﬁﬂ,)q: (de& mod d]m)T (5) Consider now the following four party state:
forn,m=0,1,..d-1. From Eqs(3)—«5), one gets that 1 (d+1)
(d+1) — = 2 (d) (d)
p PUW m) el Whm col,
|q,$1c?T)>:(U(d)(UE1d)m/ + |)|\I,£]d)ml d+1 = | Agl nm/CD
W@y = (1o VANV w9y (6)  shared between Alicéd), Bob (B), Charlie(C), and Darlie
h (D) with all four being at distant locations, thrﬁﬁ]‘%) (for
where i=1,2,...d+1) are given any(d+1) number of pairwise
U9 (Ufwd)m,)T orthogonal maximally entangled states dwd, all taken
_ from the set given in Eq(2). Consider now another four
: 2ai(m' —m)n’ | g party state
=ex d [(d+n-n")mod d][(d+m-m")mod d]’
d-1
VANV T E PLW o ael ¥ (mod ) mcol,

nm—

_ 2@i(n" —nm’ | g ™
- d [{c+n-n")mod d][(c+m-m")mod d]* shared among\, B, C, andD, where|¥'?)'s are given by
nmn m=0.1 d-1 Eq (2). By COHStI’UCtIOI’lp(S is separable acro#sB: CD cut.

One can check that® has the same form iAC: BD cut also
In the present paper, we shall repeatedly use teleportatlo(r%ee for example, Ref6]). Thusp® |s separable iMB:CD

of some statd¢'?) of a d-dimensional Hilbert space, via cut as well as iPAC: BD cut. LetE (PA ) be the relative

; (d)
some s_hared maX|maI_Iy entangled StdfmmaQ of de_z)d entropy of entanglement of the stafé*l |n the AC:BD cut.
[which is not necessarily of the form given {@)], using hen

complete von Neumann measurement in a maximally en-
tangled basigwhich is not necessarily of the form given in (@)
(2)] {|CI>i(d)>:i:1,2, ...d% of d®d (and then using corre- E:(paceD
sponding unitary operatiopsThus, for the shared channel d-1
@ i 1@ @y aroke | @y 1 @
state| W), if |[®Y)y=(U;@ )| WD) clicks in the measure- Pl 2 Pl AW (B rmod d] me0]
ment of Alice(U; being an unitary operatprin order to have ” m=0
exacttelepqrtathr(as described in Re[.?]), Bob will have = S(,JxﬂélB)D” p<S)) <log, d.
to apply this unitary operatdd; on his system, so that the
output state at Bob’s side will ddﬁ”) [8]. Let us denote this Why does the last mequallty h0|d good? This is because
(exac) teleportation protocol ap o of the fact that the support qﬁACBD is contained in the
Now consider a situation where Alice and Bob share thesubspaceof d2®d2%d)spanned by thel number of pairwise
state|‘lf(‘2) but to teleport a statép@), the teleportation orthogonal stategl m>Ac®|‘I’[(d mmod d] m'BD (See Ref[6]);
protocoIPOO is followed. The final state will definitely be a and so
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S 1 pS) = — logy(d + 1) (1/\d)(|0)+|1)+- -~ +|d— 1)) through the second copy of this
d-1 shared(gz)hannel state, by using the standard teleportation pro-
+2(loa.d Tr(0%D _prip@ tocol Py, of Bennettet al. [7], used for each of the above-
(log, )nmzzo (PaceoPl¥nmac mentioned two channel states, separately. Now, after this
@ teleportation protocol is over, the final two-qudit state at
@ [W{g-nmod a) mep)) < ~logx(d + 1) Bob’s side, corresponding to two copies of the unknown
+2 log,d < log, d. channel stat@g?}, is given by(modulo a phase
But distillable entanglement is bounded above By (d) (d) 1 _
[11,12. Consequently, the distillable entanglementptif?, (Vm® Vom)|0) @ \x’a(|0> HD+ e +ld-1)

in the AC:BD cut, is strictly less than lggd.

Suppose now that it is possible to discriminateth cer- 1 &2 o
tainty) any (d+1) number of pairwise orthogonal maximally =|m)® =, ex ﬂ] |(j + mmod ),
entangled state*sl'g‘_’r)n)’s in dod, using only LOCC and Vdj=o d

when only a single copy each of the state is provided. So i (d), ; ; _
y 9 Py P T/vherevn s are given in Eq.(5), for n,m=0,1,... d-1.

. . : +1) m; . . .
Alice, Bob, Charlie, and Darlie share the staté"”, then  go 10w irst does measurement in the computational basis

Alice and Bob, without meeting, would again be able to{|o>'|1>' ....|d=1)}, on his first qudit. Ifm) is the outcome,

distill between Charlie and Darlie, le@ ebit of entangle- Bob will then distinaui . Lo

. ; o e guish the followingl number of pairwise
ment, by using this state-discrimination LOC@gether Sysd-1 > .
with possible unitary operations, to be applied by Char"eorthogonal States(l/”d)zizo ex2aijn/d]|(j+mmodd),

. L wheren=0,1, ... d-1. And from both the measurement re-
and/or Darlie, locally. Therefore distillable entanglement of ' T . LT
4 in the AC: BD cut is at least logd ebit. But here, as the sults finally Alice and Bob will be able to discriminate tt&

relative entropy of entanglement p* in the AC: BD cut nug;ber.of pairwise orthogonal maximally entangled states
is less than logd, so the distillable entanglement gf*V, in Vo given by Eq.(2). o
the AC:BD cut, should be less than lpgd, and hence a One can proceed in the same way, for local d|§cr|m|nat|on
contradiction. Therefore n¢d+1) number of pairwise or- of any & numb(ira)@ofdzpa?lrwse o.rthogonall maximally en-
thogonal maximally entangled statesdm d, all taken from ~ tangled stateg[y;" )}, in d@d, if two unitary operators
the set given in(2), are distinguishable by LOCC with cer- U, V can be found, for whichU @ V)[™*)=|w'? ) for i
tainty if only a single copy of each state is provided. =1,2,... % As has been mentioned in the last section, ex-

What would be the case if we consider local distinguish-istence of suclJ, V is yet to be established. Had it been the
ability of any (d+1) numggr of palrW|_se orthogonal maxr case that the most general fm{wi(ma»»idjl of any set ofd?
mally entangled statelg;™"") of ded, instead of consider- ,mper of pairwise orthogonal maximally entangled states of
ing only states from the set of states giver(2)? The above- g 4 was known, one might think of searching for above-
mentioned argument will go through if we can find out two antionedU and V. But what would be the most general

i (maxy _ (4g,(d) A .
unitary operatord) andV such that(U @ V)[¢;"™")=[W 1) form of any set ofd® number of pairwise orthogonal maxi-
fori=1,2,... d+1. But, for most general dimensiah we  mally entangled states id® d is not yet known[14].
do not know whether sucl andV exist.

V. SUFFICIENT CONDITION FOR RELIABLE LOCAL

IV. LOCAL DISTINGUISHABILITY OF MAXIMALLY DISTINGUISHABILITY OF d OR LESS NUMBER

ENTANGLED STATES, SUPPLIED WITH TWO COPIES OF MAXIMALLY ENTANGLED STATES

IN THE SINGLE COPY CASE
It has been shown by Horodeckt al. [13] that a com-

plete orthonormal basis ai®d can be distinguished by Next we discuss the problem of reliable local distinguish-
LOCC, deterministically(i.e., reliably or probabilistically, ~ ability of d (or less thard) number of pairwise orthogonal
in the single copy case, if and only if all the states are prodmaximally entangled states t® d, all taken from the set of
uct. Fan[6] has shown that the totaf number of pairwise States given by Eq(2), in the single copy case. Thus the
orthogonal maximally entangled stateis‘lfg‘::) (n,m prqblem is to test the possibility of reliabl_e Ic_)cal distinguish-
=0,1,... d-1), given in(2), in the single copy case, can ability of d (or less thand) nlﬂjmber of pairwise orthogonal
never(i.e., neither deterministically nor probabilisticallge ~ Maximally entangled statéﬂ’i,@ (in the single copy case
distinguished by using LOCC only. chosen at random from the set df number of pairwise
We are now going to show that any given sekaivhere  orthogonal maximally entangled statbka‘z}), given in (2),
1<k=d? number of pairwise orthogonal maximally en- wheren,,m.e{0,1,... d-1} for k=1,2,... L, andL is a
tangled states id® d, taken from the set given if2), can be  positive integer less than or equal do The answer to the
reliably discriminated by LOCC, itwo copies of each of question whether any givelh (where O<L<d) number of
these states are provided. To show this we employ the folpairwise orthogonal maximally entangled states, taken at
lowing protocol: We teleport the following stat@) through  random from(2), can be reliably distinguished by using
the first copy of each of the sharéletween Alice and Bob  LOCC only in the single copy case is not yet known with full
unknown channel staddfﬁld,f), and also we teleport the state generality. In this section, we first provide a sufficient con-
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dition (Theorem 1, beloywtowards answering this question. come up with certainty to know which was the state, they
In the later part of this section, we discuss this sufficientwere initially sharing.
condition with examples of particular dimensions, where ei- Similarly, one can always show any three pairwise or-

ther this condition is violated or it is satisfied. thogonal maximally entangled states i® 3, taken from the
Theorem 1.Single copies ofL number of pairwise or- set of states given in E2), can be reliably discriminated by
thogonal maximally entangled statef¥® ) (for i  LOCC, using our Theorem 1.
=1,2,... L), taken from the set given in E'q'2), can be Examples for general .dWe now discuss local distin-
reliably discriminated by LOCC if there exists at least one@uishability of particular sets ofl number of pairwise or-
state|¢@) for which the statesvﬁld)m | 6Dy, ng) 6Dy, ..., thogonal maX|maIIy entangled statesdn?) d, all taken from
VO |69 are pairwise ortho onall bvhe\éd)’szzie iven b (2), by using the teleportation protoc@lgo, f_or general val-
nmg ¢ P 9 ' m 9 Y ues ofd. Consider, for example, the following set @fum-
Eq. (5). PR ber of pairwise orthogonal maximally entangled states:
Proof. Let us assume that the stgdié'?) is being tele- |\I,E)c:])1>, |‘1’(1?])1>, |\I'Eg>—1>m>- The states of this set can be

. d) ;

ported via one of the unknown channgl stadté‘ﬁimi> (fo.r ! reliably discriminated by LOCC, in the single copy case,
=1,2,...L), taken from the set given in E@2), by Using  for any given value ofm from the set{0,1,... d~1}.
the teleportation protocdPy,. After completion of this tele-  Thjs can be achieved by sending the stédté/d)(|0)+|1)
p?gtation, th? )corresponding% )output states will be one 0f+...+|d_1>) through the unknown channel state us’iP@

d d d d d d ; ) )
Vn1m1|¢( ), Vn2m2|¢( DI VanL|¢’( ') depending on the ;.4 corresponding output states will be one of the following
channel state. As thede numbers of output states are or- 4 number of pairwise orthogonal statvﬁd%(l/\fd)(|0>+|l>
thogonal to each other, therefore they can be reliably d|sjr,_.+|d_1>):(1/vya)zq__g exd 2mijn/d]|(j+ mmodd) (for
criminated, and, hence, the initially shared stéﬂie(;%)ni) (for  n=0,1,2, O deé)_ending on the channel state. Simi-
i=1,2,... ) can be reliably discriminated by using LOCC |arly the following set ofd number of pairwise orthogonal
only. maximally entangled statéﬁ’ﬁﬁ}), \Ifﬁf’l}), |\If§%_l)) can be

Belo_w,_ We use th_is theorem to discusg the possibilities 0Feliably discriminated by LOCC, in the single copy case, for
local distinguishability ofd number of pairwise orthogonal any given value ofi from the sef0, 1 d-1}, by sending

maximally entangled states dfxd, taken from(2), in the the state|0) using Pf)‘g; the output state will be one of the

single copy case, for particular as well as general values of ()
The case for ¢2 and d=3. Although we are dealing with Mutually — orthogonal  states, Vi,;j0)=[m)  (for m

maximally enatngled states, in the case af2(and, in fact, ~0:1,2,...d-1) depending on the channel.
in the case of any bipartite systgnwalgateet al. [2] have Counterexamples for =4. When we come across the

already shown that any two orthogonal states can always garoblem of reliable local disting.uishability in&d4, we will
reliably discrminated. encounter one example of having four mutually orthogonal

In 3® 3, Walgateet al’s result[2] is not going to help us maximally entangled states, taken from the cannonical set

directly, as we are interested here in local distinguishability(z)' WhiCh cannot be(4;1iSCfimif!atEd reliably by using th_e tele-
of three states. Consider the following three mutually or-Portation protocolPy,. Let Alice and Bob share a single
thogonal maximally entangled states: copy of one of the following four states:

), e, and (¥, "Wio) [Vi6). W), and [¥5p)

Alice first teleports the state 1B(|0)+w|1)+[2)) (wherew  1N€re existsioinput state{¢) for which
=ex{2mi/3]) through the unknown channel stat@ken V@), VAB| 6@, Vb 6@y, V| @)
from the above-mentioned three statessing the protocol
Pffg, and Bob will have(respectively one of the following
three mutually orthogonal stat¢gp to some phasgsafter
finishing the teleportation protocol:

are pairwise orthogonal. This failure does not depend on the
choice of the teleportation protocol. In fact, we would like to
mention here that if we allow only one-way protocols for
discriminating the above-mentioned four states, the reliable
@1 1 discrimination of these four states will be th@npossible
Voo T§(|0> +w|1) +(2)) = T§(|O> +w|1) +[2)), [15]. So there will beno local basis transformation via which
v v these four states can be rewritten as
1 1 [WE0) = 10" a) +[1' 1) +[2'y) +13' 80),
VE 100+ wi1) +12) = = ([0 + wll1) + w2, e m e e
v v lJ ! ! !
| [Wi8) =107 o) + |1 Bp) +[2"y2) +[3'55),
an
1 1 W5 =10"ag) +[1'By) +[2'v3) + |3 8),
Vel =0+ wit) +[2) = —=(0) +[1) + wi2)). B
V3 V3 (Wo2) =0"ay) + |1 Ba) + (2 v4) +[3' 64, (8)

So, in this case, in Theorem 1¢®)=(1/\3)(|0)+W|1)  where|0’), [1'), [2'), and|3’) are pairwise orthogonal states
+[2)). By discriminating these states, Alice and Bob will of a four-dimensional Hilbert space, ard;|a;)=(8|5;)
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=<yi|'yj>=(5i|5j)=0 if i # j—a sufficient condition for reli- about this implicatiorfwritten in italicy; and if it turns out to
able local discriminatiori2]. be true, thimecessargondition will become the same as the

{|\p<l‘8>,|qf<2‘8>,|xpé‘g>,|qf(l42>>} is another set of four locally sufficient condition(given by Theorem Jfor local distin-

indistinguishable stategy the teleportation protocol, de- guishability of the Stateﬂ’ﬁ%) (fori=1,2,... ).

scribed abovein 4® 4, like the one described above. Let us now give two examples where the above-
d=5 and beyondFor the case whed=5, there are non- mentioned implicatior{or similar to thi9 is satisfied.

trivial (i.e., sets of states which are not of the two general (i) Distinguishability of any two orthogonal maximally

forms, described above, for amly sets of five states, taken entangled stateset |¢\”) and [4\”) be given as any two

from the set of states given in E@®), which can be reliably pairwise orthogonal maximally entangled states dafd,

distinguished by using the teleportation protocol. One suclvhich are not necessarily of the form given(®). These two

example is the following set of five stateblfﬁ%), |‘If(fg>, states are reliably distinguishable by LOCC oifi8]. For

|\I,(253>, |q,éfg>, |q,(5é)>_ On the other hand, there are sets ofthese two states, we can always find an orthonormal basis

states (e.g., [Wgo), [Wi)), [W5)), [¥53), [¥5)) which {|O),|1),'...,|,d—1,>} for Alice’s Isystem, an,d another orthonor-
cannot be reliably distinguished by using the teleportainal basig|0’),[1'), ... ,|(d=1)")} for Bob’s system such that

tion protocol 73((350). Similarly, for d=6, o o 1 .

(V5 V1), W) 1), W) ) s set of six WD =@ DI = (100) rexigy]iii) + -
pairwise orthogonal maximally entangled states im & )

which cannot be reliably distinguishgéh the single copy +exdify4]|(d-1)(d-1)")),

case by the above-mentioned teleportation method.

With this, we end our discussions about satisfiability of
Theorem 1, for particular values df

Local distingushability of less than d number of states .
Let us now mention another sufficiency condition on local +exlidy-J/(d - 1)(d- 1)), 9

distinguishability ofL number of pairwise orthogonal maxi- | pare {l0),]27), ... [(d=1)")} is an orthonormal basis of

mally entangled states, taken frq®), where 2<L <d, and Bob’s systemyj’|j")=0 for j=0,1,2 d-1, andV is an

d is a prime numbe(see Ref[6]): . X . U ' .
Any set of L number of pairwise orthogonal maximally ET(')t,f’;ry 0\;/)|eir’€;1t_or, F[ap(tslqﬁ"(;n Bob\z (3{3;)6?_’ su&:h;ldﬁ?(é

entangled states of@d, taken from Eq(2), can be reliably :1)">’ 2] Thu;et)r(lelrelarel 's;t.é'te:jO’) 7 _e|z(d—|1(;_’§ (of

distinguished by LOCC, in the single copy case, (it £1) k ' ) . ) ’

<2d, where we have to take d to be prime Bob's system for which {1]0%),V|0)}, {I[1'),VI1)},...,
This shows that any three states im 5, taken from Eq.  11/(d=1)"),V|(d=1)")} ared pairs of orthogonal states.

(2), can be distinguished. Then there is a possibility of find- (i) Distinguishability of aII|\If§2}’s when two copies are

ing a set of four states in &5 which cannot be locally given We have seen that ti# number of pairwise orthogo-

distinguished. One such possible example is the set consistal maximally entangled states, given by E2), are reliably

ing of | w2, [w5), |‘P(153?>, |\If(25§> [given in Eq.(2)]. One can  distinguishable by using LOCC only, if two copies of each of

check that there exists no pure staé®) for which  these states are given. Let

V349 V2 69, V| 8), VD 5 are mutually or- Xomacen = [F @) ® [F@

(5)s, . .
thogonallVyns are given in EG(5) for n,m=0,1,... d-1 and where Alice possesses the two
VI. NECESSARY CONDITION FOR RELIABLE systemdA, C, and Bob possesses the other two systBpi3.
DISTINGUISHABILITY Thus we see that when Alice and Bob share a single copy of
) one of thed? number of pairwise orthogonal maximally en-
We have seen in Sec. V that there are setd nwfimber of tangledstatesyn,macep Of d2® d? they can reliably distin-

pail’Wise Orthogonal maXima”y entangled Statesj@fd, all guish these StateS’ using LOCC 0n|y. Also here
taken in the form of Eq(2) (we have seen it fod=4,5,6),

the states of none of which can be reliably discriminated by (1€ ® Won) [ Xnm'acep = | Xo0'ac:e

i ; d) i . . . . . .
using the teleportation protoc@y,. This is because of the \yhere|AC s the identity operator on thé?-dimensional Hil-
fact that in none of these cases is the condition of Theorem { . space of Alice, whila\2=V\? & \/? is a unitary op-
satisfied. Does it mean thabneof these sets of states can be o401 acting on thel-dimensional Hilbert space of Bob
reliably discriminated by LOCC only, in the single copy whereV\® is given by(5). Let us consider the states<d2>) '
case? Ofi.e., contrapositively we want to check whether :|O>®(1n?qe"a)(?0)+|1)i/---.+|d—1>) It can be shown that
reliable local distinguishability of single copies (or multiple . v , S X
copies) of L number of pairwise orthogonal maximally en-{" fac(z,z)we have shown it earlier, in this pap¢ne states
tangled state$¥'? ) (fori=1,2, ... L) implies the existence Won @)~ (for  n,m=0,1,...d-1) are pairwise

n:m:
() . ) orthogonal.
m:d;a\t Ie(?)st one (i)tat@?w ) for thch_the states ?ﬁh""b ) For each of the(d)sets cuf_pairwise orthogonal maximqlly
Vim0 Vo' [¢19) are pairwise orthogonal, where entangled stategt'® ) (for i=1,2, ... d), discussed earlier
1

ng%’s are given by (5) Later, in this section, we discuss for particular values ofl, where the state®f the sef can be

)= 1@ V) = =(100) + expi L1+ -
v
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shown to be reliably distinguishablesing Py) by LOCC  tion (2)] are reliably locally distinguishable, in the single
only, we are able to find an input stalié'®) such that the copy case, is yet to be settled fully. Fgg) provided a partial
following d number of stateslfr)n_|¢(d)> (for i=1,2,...d) answer to this question, by showing thatdfis a prime

are orthogonal to each other. On the other hand, for particf?umPer and ifl is a positive integer such tha(L -1)<d,

lar values ofd, we have seen that there are examples of set@rt‘etn L numﬁerfof E,""ix’i_se c;rttfkllog?nal m.aximglﬁll)y entartl)gled
(d) _ states, each of which is of the form given (@), can be
of d states|¥ ) (for i=1,2,... d), where one can never 9

. iy reliably distinguished by LOCC only, in the single copy case.
(d)
find a pure state4'®) such that thed number of states If the above-mentioned conjecture is true, one can easily

Vfw(ij:ni|¢(d)> (for i=1,2,... d) are orthogonal to each other. gee that nd. number of pairwise orthogonal maximally en-
And in each of these later types of examples, the states afgngled stategfp(pi(d))Eq ®v§d))lwg‘§> (for i=1,2,... L) of
possibly reliably locally indistinguishabl@.g., the four pair-  §gd can be reliably discriminated by using LOCC only, and
wise orthogonal maximally entangled stateisy), [18),  in the single copy case, if= (d+1). This is so because there
[Wie), [ of 424 can be shown to be reliably indistin- would be no room for the existence bfnumber of pairwise
guishable by using one-way LOCC only, and there exists Nrthogonal  states Vi<d>|¢(d>> (for i=1,2,...L) in a
state |¢“) for which the four states/s|d™), Viel¢™®),  d-dimensional Hilbert space, If=(d+1). It is to be noted
Voo 6@, Vip|¢¥) are orthogonal to each otheAll these  here that the maximally entangled staj@$”) are not nec-
facts lead to the following conjecture, in terms of the above-essarily of the form given in Eq2).
mentioned necessary condition: While giving the sufficient conditioriin terms of Theo-
Conjecture Let S={|® ") =(1a V)W) :i=1,2,...L}  rem 1 for reliable local discrimination of pairwise orthogo-
be any given set of number of pairwise orthogonal maxi- nal maximally entangled states, we restricted ourselves to
mally entangled states af® d, whereVi(d)’s are unitary op- states which are of the form given in E(®). This is so
erators acting on the states oflalimensional Hilbert space, because there are examples of sets of pairwise orthogonal
and 2<L<d If theseL number of states are reliably dis- maximally entangled states for which the above-mentioned
tinguishable by using LOCC only in the single copy casenecessary conditiorigiven by the conjectujeis satisfied
then there will always exist at least one sté¢é”)) of the  (i.e., one can find at least one stagé)) for which the states
d-dimensional Hilbert space, for which thestatesv'@|¢@)  V¥|¢@) are pairwise orthogonglbut local discrimination,
(fori=1,2,... L) are pairwise orthogonal. by using standard teleportation protocol, fails. One such ex-
We have mentioned at the end of Sec. V, for the set omple is the following set of three pairwise orthogonal maxi-
four states| W), ¥y, |wE), and|P)), one can show mally entangled states ofe33:
that there exists no staté®) for which VO|4®), 1
Vi 69,V ¢9), Vi3l ¢®) [VieTs are given in Eq(5)] are |yn) = —=((00) +]11) +[22)),
mutually orthogonal to each other. Thus if the above- V3
mentioned conjecture turns out to be true, the set of four
states| ¥y, [¥1), [w), and | will be indistinguish-

1
able by LOCC, in the single copy case. l2) = EGOD +12+20),

VIl. CONCLUSION e = %(|O¢o> 160+ [26)),
\!

In conclusion, we have shown that more tltanumber of _
pairwise orthogonal maximally entangled stateslind, all ~ where |¢g)=(1/13)(|0)+|1)+|2)), |¢b1)=(1/\3)(|0)+w]|1)
taken from the set given i®), cannot be reliably discrimi-  +w?2)), |¢2>:(1/€§)(|O>+W2|1>+W|2>)' and where w
nated, in the single copy case, by using LOCC only, but they- exd2+i/3]. Although failure of local discrimination by us-
can be reliably discriminated, by using LOCC only, if two jnq the standard teleportation protocol does not guarantee the
copies of each of the states are given. It has been shown hetgme for all other teleportation protocols, we are, still now,
using the standard teleportation protocol of Bense#l.[7],  ynaple to reliably distinguish the above-mentioned three

that for d<3, anyd number of pairwise orthogonal maxi- painwise orthogonal maximally entangled states in 3 by
mally entangled states mh® d can be reliably discriminated, using any teleportation protocol.

in the single copy case, by using LOCC only, when all the
states are taken from the set given(2y (the same result has
also been obtained by F46]). But for d=4, our method of
discrimination, by using the above-mentioned standard tele-
portation protocol, fails in some cases, and we are undecisive The authors thank Arun K. Pati for useful discussion of
in this situation regarding reliable local distinguishability of the problem and Somshubhro Bandyopadhyay for earlier dis-
d number of pairwise orthogonal maximally entangled stategussion on general aspects of local discrimination via tele-
in d®d, all taken from the set given i(2). Whether the most portation. The authors would also like to thank Samir Kunkri
general type ofd or fewer number of pairwise orthogonal for helpful discussions in regard to this work. Part of the
maximally entangled states af®d [i.e., maximally en- work was done when S.G. was working at the Indian Statis-
tangled states which are not necessarily of the form of equétcal Institute, Kolkata.
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Alice, i.e., “Alice going first"[3] ) doing generalized measure-
ments {A}Y,, where N, ATA =1, and the resulting states
TrA[<Ai®|>P[|\v;§>]<Ar®n], Tral(A @ P{WHIA @ 1],
Tral (A DP[W)IAT® D], and Tral(A @ 1)PITE) AT

®1)] at Bob's end(corresponding to each measurement out-
come " of Alice’s generalized measurementill be pairwise
orthogonal(including the case when one or more of these re-
sulting states becomes a null syateo that Bob can then reli-
ably distinguish these pairwise orthogonal states, and hence
the discrimination protocol is over—no further operation has
to be done by Alice or Bob, on their respective subsystems.
Now choosing A=27, [¢;)j| (for i=1,2,...N), where

| i), |din)s |Pio), | i) are states of some-dimensioanl Hil-

bert space, and they are not necessarily normalized, not neces-
sarily orthogonal to each other, bliti’\il(¢ij|¢ik>=5jk, for
j,k=0,1,2,3, one carverify that the above-mentioned or-
thogonality conditions will always give rise to a contradiction.



