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Relativistic effects in two valence-electron atoms and ions and the search for variation
of the fine-structure constant
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We perform accurate calculations of the dependence of transition frequencies in two-valence-electron atoms
and ions on a variation of the fine-structure constamte?/#c. The relativistic Hartree-Fock method is used
with many-body perturbation theory and configuration interaction methods to calculate transition frequencies.
The results are to be used in atomic-clock-type laboratory experiments designed to test whedhies in
time.
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I. INTRODUCTION II. THEORY

Theories unifying gravity with other interactions allow for ~ In the present work we perform calculations for closed-
the possible variation of physical constagse, e.g.[1-3]).  shell atoms and ions which can also be considered as atoms
A recent analysis of quasar absorption spectra suggests theit ions with two valence electrons above closed shells. We
the fine-structure constaptmight vary in space-timg4—6].  start our calculations from the relativistic Hartree-Fock
There is an intensive search for alternative ways to testRHF) (also known as the Dirac-Hartree-Fgekethod in the
whethera is varying. One of the very promising methods to V' approximation. This means that RHF calculations are
study the local present-day variation of fundamental condone for the ground state of the corresponding atom or ion
stants in time involves the use of atomic clocks. In particularwith all electrons included in the self-consistent field. The
optical atomic clock transitions are suitable to study the posuse of thevN RHF approximation ensures good convergence
sible variation of the fine-structure constant. This is becausef the consequent configuration interacti@) calculations
the ratio of the frequencies of the optical transitions dependor the ground state. Good accuracy for excited states is
on a alone, while the frequencies of the hyperfine transitiongachieved by using a large set of single-electron states. Note
also depend on the nuclear magnetic moments and th&at there is an alternative approach which uses\Ne
electron-proton mass ratio. starting approximatioriwith two valence electrons removed

Laboratory measurements involve measuring how the diffrom the RHF calculations This approach has some
ference between two frequencies changes with time. To reddvantages: it is simpler, and ground and excited states are
late a measurement of the change between two frequenciesti@ated equally. However, the convergence with respect to the
a change iy, the relativistic energy shifts are needed. Thesize of the basis is not as good and the final results are better
relativistic energy shift describes how a level movesaas in theVN approximation. We use thé'~2 approximation as a
varies. Two transition frequencies with very different relativ- test of the accuracy of calculations of the relativistic energy
istic energy shifts are the most desirable candidates for preshifts, while presenting all results in th&' approximation.
cision experiments as they will have the largest relative fre- We use a form of the single-electron wave function that

quency shift between them. explicitly includes a dependence on

The best limit on the local present-day variation of the 1 f(0),Q(/r),
fine-structure constant published to date was obtained by ,/,(r)n“m:—< moam ) (1)
comparing cesium and rubidium atomic fountain clofKkp F'\iag(r)nQ(r/r)jim

Experiments have also been carried out comparing cesiu
and magnesiunj8] and a H-maser compared with a kig
clock [9]. There are many proposals for the search of th
variation of « in atomic optical transitions, some of which , Kn 5 ~ :
were analyzed previously iiL0-13. In the present work we fa(r) + Tfn(r) ~[2+ o€ = Vip)lan(r) = 0,

perform relativistic many-body calculations to find the rela-

tivistic energy shift for many two-valence-electron atoms P .

and ions. Two-valence-electron atoms and ions were chosen gi(r) + =2gn(r) + (e, = Vup)f(r) =0, (2
since many new optical clocks experiments, some of which r

are currently under construction and some still under considwhere «=(-1)"*1*¥3(j+1/2), n is the principle quantum
eration, utilize these atoms and iofs.g., Aln [13], Ca
[14], Sri [15-17, Inu [18-20, Yb1, and Hg [21,22).

This leads to the following form of the RHF equatiofis
eatomic unitg:

number, and/r is the Hartree-Fock potential. The nonrela-
tivistic limit corresponds to setting=0.

We then use the combination of the CI method with the
many-body perturbation theoiMBPT) [23,24. Interactions
*Electronic address: V.Dzuba@unsw.edu.au between valence electrons are treated using the Cl method
"Electronic address: V.Flambaum@unsw.edu.au while correlations between the valence electrons and the core
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TABLE |. Energies of thensnp configuration of two-electron ~ ~
atoms calculated using®', H®'+3.,, andH®'+X,+3,; comparison hyp= r_z +3o, (5)
with experiment(cm™) !

whereiz is a two-particle operator that describes the effects

Experi- Theory of screening of the Coulomb interaction between the valence
Atom or ment electrons by the core electrons. The operalyrand., are
ion State [30] Hel HE'+S, HE+3,, calculated using the second order of MBPT.
- We use the same set of single-electron basis states to con-
Al 3P, 37393 36403 36987 37328  struct two-electron wave functions for the CI calculations

Py 37454 36466 37053 37393  andto calculat&. The set is based on tiBspline technique
3P, 37578 36592 37185 37524  developed by Johnsaet al. [25—-27. We use 4@ splines in
p, 59852 59794 60647 60090 a cavity of ra_ldiusR:_AanB (ag iS_ Bohr radiu;. T_he single-
Ca P, 15158 13701 14823 15011 ele_ctron basis functlons are linear combinations of BlO _
3p . 15066 splines and are also eigenstates of the Hartree-Fock Hamil-
1 tonian (in the VN potentia). Therefore, we have 40 basis
°Pe 15316 13851 14997 15179  fynctions in each partial wave including tH&spline ap-
Py 23652 23212 24968 24378  proximations to the atomic core states. We use a different

S P 14318 12489 13897 14169 number of basis states for the Cl wave functions and for the
Py 14504 12661 14107 14367  calculations of2. Saturation comes much faster for the ClI
3P, 14899 13021 14545 14786  calculations. In these calculations we use 14 states above the
p, 21698 20833 23012 22305 core in each partial wave up tg,.=3. Inclusion of states of

nn 3p, 42276 37825 39238 42304 higher principal quantum number or angular momentum

3p, 43349 38867 40394 43383 does not change the result. To calculateve use 30 out of

3p, 45827 41168 42974 45904 40 states in each partial wave upliQ,=4. _

1p, 63034 62181 64930 62325 The results for the energies are pre.sente.d in Table I. We
b 3p 17288 14377 16352 16950 present the energies of .thlesnp conflguratl_on of two-

5 0 electron atoms or ions with respect to their ground state
Py 17992 15039 17189 17705  1g ng. The states considered for atomic clock experiments
P, 19710 16550 19137 19553  gre 3P, and 3P,. However, we present the result for other

P, 25068 24231 27413 26654  states as well for completeness; these also make it easier to
Hg! 3P, 37645 31864 32692 37420 analyze the accuracy of the calculations. Also, transitions
3p, 39412 33751 34778 39299  associated with some of these states are observed in quasar

. e 1 L
3p, 44043 38155 39781 44158 ab§ror|(ajt|on spfcttreet.r?., _the S(; P, tre;ntiltlon in Cal.
1p, 54069 50247 52994 56219 0 demonstrate the importance of the core-valence corre-

Ti 3P, 49451 43831 43911 49865 lations we include results of pure Cl calculatiqmsth no )

3Pl 52393 47091 47350 52687 as well as the results in which OnE/l is included buth is
3, 61725 55088 56891 62063 Mot One can see .that the accuracy of pure ClI caICL_JIations is
1p 75660 74291 76049 24717 about 10% while inclusion of core-valence correlations im-
. proves it significantly to the level of about 1%. The deviation
from experiment of the final theoretical energies for the trip-
let states of all atoms except Yb is not more than 1%. For Yb
St is 2%. The accuracy of the singlet states is about 1% for
the ions, 3%—-4% for Ca Sri, and Hg and 6% for Yhi. The
HC! = hy + hy + hys. (3y ~ accuracy of the fine-structure intervals ranges from 2% to
A 7%. The accuracy of calculations for Yb is not as good as for
Here h; (i=1 or 2 is an effective single-electron Hamil- other atoms because the two-electron approximation is a

electrons are included by means of the MBPT. We can writ
the effective Cl Hamiltonian for two valence electrons as

tonian given by poor app_roximation for this atom. Electrons from th—
7 shell, which are kept frozen in the present calculations, are
h=caxXp+(B-1)mE-22 +V. +3 , 4 rglatlvely easy.to exc@e qnd corresponding configurations
(=caxpt(p-1) e Tl @ give a substantial contribution to the energy. Note that we do

~ . . include these excitations perturbatively in tﬁeoperator.
and Veore is the Hartree-Fock potential created by the CoreHowever, due to their large contribution, the second-order

electrons; it differs fronV/,;r in Eq. (2) by the contribution of  treatment of the excitations from thé gubshell is not very
the valence electrons:; is the one-electron operator that accurate. On the other hand, the CI+MBPT results for Yb
describes the correlation interaction between a valence eleete still much better than pure Cl values.

tron and the core. The third term in E() describes the Note also that the CI+MBPT results presented in Table |
interaction of the valence electrons with each other and caare in good agreement with similar calculations in Refs.
be written as [28,29.
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TABLE II. Calculatedq coefficients, for transitions from the TABLE lll. Experimental energies and calculatgetoefficients
ground state, usingl®!, HC'+3,, andHC'+3,+3,. (cmY) for transitions from the ground states’ to the nsnp con-
figurations of two-electron atoms or ions.

Atom orion State HS'  HC+3; HCO+3,, Other

Atom or ion 4 State Energy30] q
Al %Py 138 142 146 5
P, 200 007 11 Al 13 3s3p 3F>o 37393.03 146
P, 325 340 243 3s3p 3F>1 37453.91 211
1P, 266 76 278 3s3p 1P2 37577.79 343
ca P, 108 115 105 3s3p 3P1 59852.02 278
3, 158 173 180 230101 Cai 20  4sAp 3F>o 15157.90 125
P, 260 201 204 4s4p 3F>1 15210.06 180
p, 228 238 250 30010] 4sdp le 15315.94 294
S P, 384 396 43 4s4p 3P1 23652.30 250
P, 560 609 642 66731] Sn 38 5§p 3E° 132(1)471.22 222
P2 939 1072 1084 5552 3F>l 14898.56 1084
1p, 834 865 924 105831 550 1P 5169848 924
Inu 3p, 3230 2932 3787 441m2 a '
P, 435 4125 4860 532@7] Inu 49  5s5p 3Po 42275 3787
3p, 6976 7066 7767 780[1.2] S5p Spl 43349 4860
p, 6147 6103 6467 S5p 1P2 45827 7767
Ybi 3p, 2339 2299 2714 5S5p 3P1 63033.81 6467
P, 3076 3038 3507 Ybi 70 6s6p 3Po 17288.44 2714
P, 4935 5707 cs83 6s6p 3F>1 17992.01 3527
1, 4176 4674 4051 6s6p 1P2 19710.39 5883
Hg 3p, 13231 9513 15299 6s6p 3P1 25068.22 4951
*p, 15022 12167 17584 Hg 80  6s6p 3F>O 37645.08 15299
*p, 22004 10515 24908 6s6p 3P1 39412.30 17584
1p, 20536 16622 22780 6s6p 1F>2 44042.98 24908
ul 3p, 14535 11101 16267 197432 6s6p 3P1 54068.78 22789
3p, 18476 14955 18845 232132 Th 81 6bp 3P° 49451 16267
3p, 32287 28903 33268 31642 6s6p 3Pl 53393 18845
lp, 28681 25160 29418 66p P, 61725 33268
6s6p Py 75600 29418

IIl. RESULTS AND DISCUSSION
_ w(AX) — w(- AX)
In the vicinity of the «p, the present-day value af, the a= 2AX (7)
frequency of a transitionp, can be written as

and
= wWo + qX! (6)

_ 1§ w(AX) — o(= AX)] = 2/ w(2AX) — w(- 2AX)]
where x=(a/ ap)?>-1, wy is the present-day experimental B 24AX '
value of the frequency, and tliecoefficient is the relativistic
energy shift that determines the frequency dependence on The second formula is needed to check for nonlinear contri-
It is clear from the above exprESSion thﬁtoefﬁCientS can  pytions todw/dx. We useAx=0.1 andAx=0.125. The re-

8

be described by sults are presented in Table II.
As for the energies, we use three different approximations
_ do to calculate relativistic energy shiftgl) a pure Cl approxi-
T dx w0 mation for two valence electron&) a Cl with %;, and(3) a

CI+MBPT approximation with both,; and X, included.
Thus, in order to calculatg coefficients the atomic energy Inclusion of core-valence correlations leads to increased val-
levels of the atoms and ions of interest at different values ofies of theq coefficients. This is because the correlation in-
x need to be calculated. The relativistic energy sipift then  teraction of a valence electron with the core introduces an
calculated using the formulas additional attraction which increase the density of the va-
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lence electron in the vicinity of the nucleus and thus emphawhen core-valence correlations are included. It is natural to
size the importance of the relativistic effects. expect that the final accuracy for tliecoefficients is also

Note thatil andiz are of the same order and need to behigher when core-valence correlations are included. Com-
included simultaneously to obtain reliable resuligis much  parison with our previous results also shows some deviation
easier to calculate and inclusion Bf alone often leads to ©On @pproximately the same levghe largest relative discrep-
significant improvements of the results for the energgee ~ ancy is for Ca where relativistic effects are small and high
Table ). However, the results for thgcoefficients show that accuracy is not needgdMost of this discrepancy can be
neglectingiz may lead to significant loss in accuracy. In- att_rlbuted to the.maccuracy of our old, I?SS complete cglcu—

4 lations. Comparison between the energies calculated in the

deed, the results fay's with 2; alone are often smaller than

: ; - 2 WN and VW2 approximations and the experimental values
g]nO dS?jif(f)g:?:’gfr? filrr:ar\lj;?ugs{ S;?Jpctl(: 2/'0% /ETS%%%r%)ggzgggsuggests that 10% is a reasonable estimate of the accuracy of

A —— oA ) the present calculations of the relativistic energy shifts for
3, cannot be justified, we present results with@ytfor il- Al 1, Car, and Sn, 15%for Ini, 25% for Ybi, and 20% for
lustration purposes only. Hg1 and T

The accuracy of the calculation of thpcoefficients can In Table 11l we present final values of the relativistic en-
be est|mat(_=3d by ﬁompan,?_gz the Cl _and. Cl+MBPT resultsergy shifts together with the experimental energies.
calculated in thev™ and V™= approximations and also by

comparing the final results for the energi@scluding fine-

structure inter_vabsw@th experimental values. As one can see ACKNOWLEDGMENT

from Table Il inclusion of the core-valence correlations can

change the values of thg coefficients by more than 15%. This work is supported by the Australian Research coun-
However, the accuracy of the energies improves significantlgil.

[1] W. J. Marciano, Phys. Rev. Letb2, 489(1984). [17] M. Takamoto and H. Katori, Phys. Rev. Letf@1, 223001
[2] J. D. Barrow, Phys. Rev. (35, 1805(198%). (2003.
[3] T. Damour and A. M. Polyakov, Nucl. Phys. B23 596 [18] Th. Beckeret al. (unpublished
(1994. [19] W. Nagourney(unpublishegl
[4] J. K. Webb, V. V. Flambaum, C. W. Churchill, M. J. Drinkwa- [20] J. von Zanthieet al, Opt. Lett. 25, 1729(2000.
ter, and J. D. Barrow, Phys. Rev. Le&2, 884(1999. [21] S. Bize(private communication
[5] V. A. Dzuba, V. V. Flambaum, and J. K. Webb, Phys. Rev. [22] S. G. Porsev, A. Derevianko, and E. N. Fortson, Phys. Rev. A

Lett. 82, 888(1999. 69, 021403(2004).

[6] J. K. Webb, M. T. Murphy, V. V. Flambaum, V. A. Dzuba, J. D. [23] V. A. Dzuba, V. V. Flambaum, and M. Kozlov, Phys. Rev. A
Barrow, C. W. Churchill, J. X. Prochaska, and A. M. Wolfe, 54, 3948(1996.
Phys. Rev. Lett.87, 091301(2001). [24] V. A. Dzuba and W. Johnson, Phys. Rev.5, 2459(1998).
[7] H. Marion et al, Phys. Rev. Lett.90, 150801(2003). [25] W. R. Johnson and J. Sapirstein, Phys. Rev. LB, 1126
[8] A. Godone, C. Novero, P. Tavella, and K. Rahimullah, Phys. (1986.

Rev. Lett. 71, 2364(1993. [26] W. R. Johnson, M. Idrees, and J. Sapirstein, Phys. ReS5A
[9] J. D. Prestage, R. Tjoelker, and L. Maleki, Phys. Rev. L#d. 3218(1987).

3511(1995. [27] W. R. Johnson, S. A. Blundell, and J. Sapirstein, Phys. Rev. A
[10] V. A. Dzuba, V. V. Flambaum, and J. K. Webb, Phys. Rev. A 37, 307(1988.

59, 230(1999. [28] S. G. Porsev, Y. G. Rakhlina, and M. G. Kozlov, J. Phys. B
[11] V. A. Dzuba, V. V. Flambaum, M. G. Kozlov, and M. V. 32, 1113(1999.

Marchenko, Phys. Rev. 46, 022501(2002. [29] S. G. Porsev, M. G. Kozlov, Y. G. Rakhlina, and A. Derevi-
[12] V. A. Dzuba and V. Flambaum, Phys. Rev. 81, 034502 anko, Phys. Rev. A64, 012508(2001).

(2000. [30] C. E. Moore,Atomic Energy LevelsNatl. Bur. Stand(U.S)
[13] D. J. Winelandet al. (unpublishegl Circ. No. 35(U.S. GPO, Washington, D.C., 197Mols. | and
[14] Th. Udemet al, Phys. Rev. Lett.86, 4996(2001). Il.

[15] I. Couirtillot et al, Phys. Rev. A68, 030501(2003. [31] V. A. Dzuba, V. Flambaum, and M. V. Marchenko, Phys. Rev.
[16] H. Katori et al, Phys. Rev. Lett.91, 173005(2003. A 68, 022506(2003.

014102-4



