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A theoretical analysis of expanding hybrid atom-molecule Bose-Einstein condensates is presented with
application to the recent experiments of the Rempe group on87Rb, in which the formation of ultracold
molecules by Feshbach resonance was demonstrated. A mean-field approach is used to describe the molecular
association process. The subsequent dissociation of the molecules is treated using a non-mean-field parametric
approximation. The latter method is also used to derive optimal conditions for the formation of a molecular
condensate.
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I. INTRODUCTION

Bose-Einstein condensates(BEC’s) of homonuclear di-
atomic molecules have been recently formed in experiments
on atomic BEC’s[1–4] and on quantum-degenerate Fermi
gases[5–9]. These experiments exploited the effect of Fesh-
bach resonance[10], present when the energy of an atomic
pair is close to the energy of a bound molecular state. The
energy mismatch can be controlled by applying an external
magnetic field, thanks to the Zeeman shift created by the
difference between the magnetic momenta of the molecule
and of the atomic pair. By varying the magnetic field the
energy of the molecular state is forced to cross different
states of the atomic pairs, belonging to a discrete spectrum in
the case of a trapped gas or to a continuum otherwise. The
resonance value of the magnetic field strengthB0 corre-
sponds to the crossing of the lowest discrete state or the
lower boundary of the continuum, respectively. Most of the
experiments were carried out on trapped BEC’s, with the
exception of[2], in which the varying magnetic field was
applied to an expanding BEC.

In the experiments[1–9] the molecules have been formed
by sweeping the Zeeman shift through resonance in a back-
ward direction, so that the molecular state crossed the atomic
ones downwards. This led to the transfer of population from
the lowest atomic state in the case of BEC, or from an energy
band in the case of a Fermi gas, to the molecular state, as had
been proposed in Ref.[11]. Assuming all the atomic popula-
tion is initially in the BEC state, the backward sweep would
have been ideally suitable for forming molecules, were it not
for two destabilizing mechanisms. The resonant molecule is
generally populated in an excited rovibrational and electronic
state, and therefore can be deactivated by exoergic inelastic
collisions with atoms and other molecules(see Refs.
[10,12,13]). In addition, during the backward sweep some
higher-lying noncondensate atomic states can be populated
temporarily. Such quantum transitions, forbidden by semi-
classical Landau-Zener-type theories(and called “counterin-
tuitive transitions”—see Ref.[14]), are most notable in
strong resonances or at low densities(see Ref.[15]). These
two effects restrict the efficiency of conversion from the
atomic BEC to the molecular one. The noncondensate atoms
produced by molecular dissociation are formed as entangled
atomic pairs(see Ref.[15]).

Several theoretical methods are available for the treatment
of such processes, in cases in which they cannot be described
by standard mean-field(MF) theories. One such method is
based on a numerical solution of stochastic differential equa-
tions in the positive-P representation, as used in the present
context in Refs.[16–18]. Another method is the Hartree-
Fock-Bogoliubov formalism(see Ref.[19]), which deals

with coupled equations for the atomicwa=kĈal and the mo-

lecularwm=kĈml mean fields, describing the condensates, as

well as the normalkĈa
†Ĉal and the anomalouskĈaĈal den-

sities.(HereĈa andĈm are the annihilation operators of the
atomic and molecular fields, respectively.) The normal and
anomalous densities describe the second-order correlations
of the noncondensate atomic fields. These correlations are
also taken into account in the microscopic quantum dynam-
ics approach used in Refs.[20–22].

However, the methods used in Refs.[16–22] do not take
into account the effects of deactivating collisions. Neverthe-
less, an appropriate analysis of the formation of molecular
BEC’s, incorporating all relevant destabilizing effects, re-
quires a non-MF approach into which the damping due to
deactivating collisions can be incorporated. Such an ap-
proach exists in the form of the parametric approximation
(PA) used in Refs.[23–25]. In this case, the momentum rep-
resentation can be used to write down the atomic annihilation

operatorĈasp ,td as

Ĉasp,td = Ccsp,tdĈasp,0d + Cssp,tdĈa
†sp,0d, s1d

introducing the twoc-number functionsCc,ssp,td as coeffi-
cients of the creation and annihilation operators at the time
t=0. This parametric approximation has been generalized in
Ref. [15] by allowing for time variation of the molecular
field and the deactivating collisions. This formulation be-
comes mathematically equivalent to the Hartree-Fock-
Bogoliubov approach of Ref.[19] when the inelastic colli-
sions are neglected(see Ref.[26]).

In the 87Rb experiments[2], a BEC of about 105 atoms
has been kept initially in a harmonic trap with frequencies
2p3 s50,120,170d Hz. The magnetic field ramp was started
after a preliminary expansion intervaltpù2 ms, following
the switching off of the trap. This measure leads to a reduc-
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tion of condensate density and thus improves the conversion
efficiency (see Ref.[15]). The field has been ramped from
1008 G to 1005.2 G with various speeds, passing the
1007.4-G resonance of strengthD<0.2 G (see Ref.[27])
and held for 3 ms. During this time a gradient magnetic field
has been applied, leading to a relative motion of the atoms in
respect to the molecules, due to the difference of magnetic
momenta between a molecule and an atomic pair,m
<2.8mB (see Ref.[28]). Next, the magnetic field was ramped
up to 1008 G(in a forward sweep), converting the molecules
back to atoms. The reconverted atoms inherit the velocity of
the molecules and thus form a separate condensate cloud.

Comparative analysis shows that non-MF effects are es-
sential to the analysis of molecular dissociation —more so in
forward sweeps than in backward ones. Nevertheless, for
most aspects of the association stage, an MF approach will
suffice in the case of rubidium studied here. Such an MF
approach is described in[12,13] (which—contrary to[15]—
can be readily extended to traps with inhomogeneity). This
statement will be backed by numerical comparisons de-
scribed at the beginning of Sec. II below and illustrated by
Fig. 1.

The analysis of the association stage, using the MF ap-
proach, is described in Sec. II below. In Sec. III the disso-
ciation stage is described, using the PA approach. In Sec. IV,
optimal conditions for obtaining a molecular BEC in the as-
sociation stage are investigated. The latter exploration, too, is
better carried out using the PA approach.

II. ASSOCIATION OF ATOMS IN AN EXPANDING BEC

The analysis of experiments on expanding condensates
must take into account the effects of spatial inhomogeneity.
Attempts to extend the PA method in order to incorporate
inhomogeneity are very complicated tasks, requiring a huge
amount of numerical work. Fortunately, in the case of87Rb,
using a rather weak Feshbach resonance, the analysis can be
satisfactorily carried out by using the simpler MF approach.
This is demonstrated by a comparison of the numerical re-
sults, illustrated in Fig. 1, comparing the atomic and molecu-
lar densities calculated with the PA approach of[15] to those
calculated with the MF approach of[12,13], under the ap-
propriate conditions. The initial atomic density used corre-
sponds to the peak density reached at the expansion time of
2.3 ms. The values used for the deactivation rate coefficients
are ka=7310−11 cm3/s (see Ref. [29]) and km=5
310−11 cm3/s for atom-molecule and molecule-molecule
collisions, respectively. The elastic scattering length isaa
=99 atomic units(see Ref.[28]). As one can see, already
when the magnetic field is just 0.3 G below the resonance(in
a sweep totaling 2.2 G), the results of the two kinds of cal-
culations coincide. In order to understand why they do, one
should notice the vanishingly small temporary population of
noncondensate atom states, the occupation of which involves
an essentially non-MF process. When faster magnetic sweeps
or higher densities are considered, the results of the two ap-
proaches converge even faster.

The extension of the MF approach of Refs.[12,13] to
inhomogeneous expanding gases, including both the trapping
and the expansion stages, requires the solution of two
coupled Gross-Pitaevskii equations for the atomicwasr ,td
and the molecularwmsr ,td mean fields:

i"ẇasr ,td = F−
"2

2m
¹2 + eastd + Vasr ,td −

i

2
kauwmsr ,tdu2

+
4p"2

m
aauwasr ,tdu2Gwasr ,td + 2g*wa

*sr ,tdwmsr ,td,

i"ẇmsr ,td = F−
"2

4m
¹2 −

i

2
kauwasr ,tdu2

− ikmuwmsr ,tdu2Gwmsr ,td + gwa
2sr ,td. s2d

Herem is the mass of the atom andeastd=−1
2msBstd−B0d is

the time-dependent Zeeman shift of the atom relative to half
the energy of the molecular state. The external magnetic field
Bstd is kept constant whilet, t0 and is linearly ramped at
t. t0, letting the resonance be crossed att=0 so thatBs0d
=B0. The atoms are considered trapped in a harmonic poten-
tial

Vasr ,td =
m

2 o
j=1

3

v j
2r j

2ust0 − tp − td,

which is switched off before the ramping, att= t0− tp. The
atom-molecule coupling is related to the phenomenological
resonance strengthD as ugu2=2p"2uaaumD /m (see Ref.[13]).

FIG. 1. (Color online) Fraction of atomic population surviving
in the atom BEC(a) and converted to molecules(b), calculated
using the PA(solid lines) and the MF(dashed lines) approaches for
a homogeneous gas with an initial atomic density 331013 cm−3 and
a magnetic ramp speed of 1 G/ms. The fraction of noncondensate
atoms calculated with the PA is represented by the dotted line in
part(b). The dot-dashed lines represent the fraction of surviving and
converted population calculated using the MF approach while tak-
ing account of spatial inhomogeneity and expansion.
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The molecular trap potential and elastic collisions involving
molecules can be neglected since the molecules are formed
after the expansion starts when the trap is switched off and
the densities decrease substantially.

The expansion of a pure atomic condensate cloud has
been considered in Refs.[30,31]. We generalize this theory
here to the case of a hybrid atom-molecule condensate. Let
us consider an initial atomic field with a Thomas-Fermi dis-
tribution and a zero molecular field att, t0− tp. We can rep-
resent the two mean fields in the form

wasr ,td = AstdFasr,tdeiS,

wmsr ,td = AstdFmsr,tde2iS, s3d

using the scaled coordinatesr j =r j /bjstd, 1ø j ø3, and a
scaling factorAstd=fb1stdb2stdb3stdg−1/2. The scalesbj obey
the set of equations

b̈jstd = v j
2A2std/bjstd, bjst0 − tpd = 1. s4d

The phase in Eq.(3),

Sstd =
m

"
o
j=1

3

r j
2 ḃjstd
2bjstd

−
e0

"
E

t0−tp

t

dt8A2st8d, s5d

accumulates most of the contributions of the kinetic energy.
(Heree0=4p"2aan0/m is a chemical potential of the atomic
BEC andn0 is its peak density while the trap is on.) As has
been shown in Refs.[30,31], the residual kinetic energy
terms can be neglected in the Thomas-Fermi regime when
the kinetic energy in the initial state(while the trap is on) is
negligible compared toe0.

Substitution of Eq.(3) into Eq. (2) leads to the following
set of coupled equations for the transformed mean fields:

i"Ḟasr,td = Feastd −
i

2
A2stdkauFmsr,tdu2GFasr,td

+ 2Astdg*Fa
*sr,tdFmsr,td,

s6d

i"Ḟmsr,td = − iA2stdF1

2
kauFasr,tdu2 + kmuFmsr,tdu2GFmsr,td

+ AstdgFa
2sr,td.

The loss processes and atom-molecule transitions distort
Fasr ,td andFmsr ,td from the Thomas-Fermi shapes, leading
to additional energy shifts compared to the pure atomic case.
These shifts, however, are of the order ofA2stde0 and can
only lead to a negligible small shift of the resonance(of less
than 10−4 G in the present case).

Equations(6) have a rather clear physical sense. They
describe a ballistic expansion of the atomic and molecular
BEC with the same velocity distribution, reducing the densi-
ties by the factorA2std and leading to a rescaling of the
coupling and deactivation parameters. This reflects the fact
that the acceleration predates the formation of molecules that
inherit the velocity of the atoms they are formed from.

The results of a numerical solution of Eq.(6) are shown in
Fig. 1. The inhomogeneity and the expansion reduce the
atomic density, leading to a slower loss of atoms and mol-

ecules. The dependence on the sweep rate is presented in Fig.
2 for two values ofka (the best fit and upper limit taken from
Ref. [29]). The results are in agreement with the experimen-
tal data of Ref.[2] reporting that,7% of atoms are con-
verted to molecules and,30% remain in the atomic BEC for
ramp speeds less than 2 G/ms.

III. DISSOCIATION OF MOLECULES
ON A FORWARD SWEEP

Consider now the dissociation of molecules on a forward
sweep, when the molecular state crosses the atomic ones
upwards. Such a sweep has been used in experiments for
detection of molecules. The experiments demonstrate no sig-
nificant dependence of the reconversion efficiency on the
ramp speed. Our calculations using the PA demonstrate that
under the experimental conditions all molecules are dissoci-
ated except for a small part lost due to deactivating collisions
during the sweep. The molecules dissociate to entangled
atomic pairs in a wide energy spectrum(see Ref.[15]) char-
acterized by the peak energyEpeak. The calculations demon-
strate thatEpeak increases with the ramp speed(see Fig. 3).
The results show no significant dependence on the molecular
density, justifying the applicability of the homogeneous den-

FIG. 2. Fraction of atomic population surviving in the atomic
condensate(solid line) and that converted to molecules(dot-dashed
line) calculated with the MF approach, taking account of spatial
inhomogeneity and expansion, are shown forka=10−10 cm3/s. The
dashed and dotted lines show the fraction of surviving and con-
verted populations, respectively, calculated forka=7310−11cm3/s.

FIG. 3. Peak energy of the noncondensate atoms formed by the
dissociation of molecules in a forward sweep, calculated using Eq.
(8) (solid line) and the PA, for the initial molecular densities 1010

s+d, 1011 s3d, and 1012 s+d cm−3.
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sity approximation to real inhomogeneous situations.
In the present case the dissociation can be described by a

simple analytical curve-crossing model based on the ap-
proach of Ref.[13]. A molecule dissociates into two en-
tangled atoms, each with an energyE, by a crossing occur-
ring at msBstd−B0d=2E. In the weak-resonance case, the
quantum curve-crossing theory[25] and the semiclassical
Landau-Zener theory yield approximately the same result for
the crossing probability—i.e.,e2pl−1<1−e−2pl<2pl,

where l=8p"aanmstdD / smuḂud (see Ref.[15]). Neglecting
deactivating collisions the molecular densitynmstd= uwmstdu2
is given by the solution of Eq.(50) in Ref. [13]:

nmstd = nmstddexpF− 2
aamD

"2 E
td

t

dt8ÎmmfBst8d − B0gG ,

where td is the starting time of the dissociation ramp. The
resulting energy distribution of the produced atoms is given
by

fsEd =
1

2
ÎEEpeak

−3/2expF−
1

3
sE/Epeakd3/2G , s7d

with

Epeak=
1

2m
S"2muḂu

4aaD
D2/3

. s8d

This model is in good agreement with the numerical results
(see Fig. 3). Similar models have been independently devel-
oped in Refs.[4,22]. Recent measurement of the dissociation
energy reported in Ref.[32] are in excellent agreement to
these models.

IV. OPTIMIZED MOLECULAR FORMATION
ON A BACKWARD SWEEP

Figure 1 demonstrates that the molecular population
reaches a maximum, corresponding to a conversion effi-
ciency,50%, about 0.1 G below the resonance, and falls by
half about 0.5 G below the resonance. The low conversion
efficiency observed in experiments[2] is due to collision loss
during the long sweep to 2.2 G below the resonance. Al-
though the PA results of Fig. 1 overestimate the loss by ne-
glecting the expansion, the molecular population of the ex-
panding gas falls by half on reaching 2.2 G. Under the
conditions of the experiments the lifetime of the molecules
formed is about 0.5 ms, too short for an effective detection.
As in the case of Na(see[15]), the lifetime and conversion
efficiency increase on reducing the initial condensate density.
This is demonstrated in Fig. 4, showing the results of calcu-
lations using the PA[15] for the homogeneous case. The use
of this non-MF approach is important for such situations, as
the MF approach becomes inadequate in the vicinity of the
peak molecular occupation(see Fig. 1) and at low conden-
sate densities. A use of the weaker resonance at 685 G with
D<17 mGm=14mB (see Ref.[28]) should increase the con-
version efficiency(see Fig. 4).

As in the case of Na studied in Ref.[15], the conversion
efficiency is determined by a concurrence of three processes:

the association of the atomic BEC and the two loss processes
— the dissociation of the molecular BEC onto nonconden-
sate atoms and the deactivation by inelastic collisions. A re-
duction of the ramp speed enhances all three processes. The
calculations of Ref.[22], taking no account of the inelastic
collisions, result in a monotonic increase of the conversion
efficiency with a decrease of the ramp speed(see also Fig.
5). The inelastic collisions, however, tend to reduce the con-
version efficiency at slow ramp speeds(see Fig. 5), as has
also been demonstrated in Ref.[15]. The optimal ramp speed
increases with the density and the resonance strength(see
Fig. 4).

FIG. 4. Conversion efficiency(a) and lifetime of the molecular
BEC tm (b) at the optimal ramp speedsdB/dtdopt, all plotted as
functions of the initial atomic densityn0, calculated with the homo-
geneous PA, for the resonances at 1007 G(circles) and 685 G(tri-
angles), using two rates of molecule-molecule deactivation,
10−10 cm3/s (solid lines) and 0.5310−10 cm3/s (dashed lines). The
dash-dotted and dotted lines in part(b) plot sdB/dtdopt for the same
two rates, respectively.

FIG. 5. Conversion efficiency as a function of the ramp speed
dB/dt, calculated with the homogeneous PA, given an initial atomic
density of 1013 cm−3 for the resonances at 1007 G(circles) and
685 G(triangles), using the rates of molecule-molecule deactivation
km=10−10 cm−3/s (solid lines) andkm=10−10 cm−3/s (dashed lines).
The dotted lines demonstrate the results of calculations taking no
account of inelastic collisions(i.e., ka=km=0).
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V. CONCLUSIONS

The experiments[2] on the formation of molecules from a
87Rb BEC due to a Feshbach resonance, using a backward
sweep, are sufficiently described by a MF theory of expand-
ing atom-molecule BEC’s, obtaining good agreement with
the experimental data. Non-MF calculations, using the PA

method, produce the energy spectrum of entangled noncon-
densate atom pairs formed by molecular dissociation in a
forward sweep, following the association. Analysis of opti-
mal conditions for the formation of a molecular BEC in a
backward sweep shows the existence of an optimal ramp
speed, depending on the resonance strength and on the initial
gas density.
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