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Formation of molecules in an expanding Bose-Einstein condensate
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A theoretical analysis of expanding hybrid atom-molecule Bose-Einstein condensates is presented with
application to the recent experiments of the Rempe grou’Bib, in which the formation of ultracold
molecules by Feshbach resonance was demonstrated. A mean-field approach is used to describe the molecular
association process. The subsequent dissociation of the molecules is treated using a non-mean-field parametric
approximation. The latter method is also used to derive optimal conditions for the formation of a molecular

condensate.
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I. INTRODUCTION Several theoretical methods are available for the treatment

Bose-Einstein condensat¢BEC’s) of homonuclear di- of such processes, in cases in which they cannot be described
atomic molecules have been recently formed in experiment8y Standard mean-fielMF) theories. One such method is
on atomic BEC's[1-4] and on quantum-degenerate Fermibased on a numerical solution of stochastic differential equa-
gaseg5-9. These experiments exploited the effect of Fesh4ions in the positiveP representation, as used in the present
bach resonancfL0], present when the energy of an atomic context in Refs.[16-18. Another method is the Hartree-
pair is close to the energy of a bound molecular state. Th&ock-Bogoliubov formalism(see Ref.[19]), which deals

energy mismatch can be controlled by applying an externalith coupled equations for the atomjg=(¥,) and the mo-

magnetic field, thanks to the Zeeman shift created by th —/ ' -
difference between the magnetic momenta of the molecul‘f‘,-ecu'ar(’Dm (¥ mean fields, describing the condensates, as

and of the atomic pair. By varying the magnetic field theWell as the rlorma{\lfg‘l'a> and the anomalou§V ¥ ,) den-
energy of the molecular state is forced to cross differensities.(HereW, and¥,, are the annihilation operators of the
states of the atomic pairs, belonging to a discrete spectrum igtomic and molecular fields, respectivelfhe normal and
the case of a trapped gas or to a continuum otherwise. Thgnomalous densities describe the second-order correlations
resonance value of the magnetic field stren8hcorre-  of the noncondensate atomic fields. These correlations are
sponds to the crossing of the lowest discrete state or thglso taken into account in the microscopic quantum dynam-
lower boundary of the continuum, respectively. Most of thejcs approach used in Refi20-22.
experiments were carried out on trapped BEC’s, with the However, the methods used in Ref$§6—22 do not take
exception of[2], in which the varying magnetic field was into account the effects of deactivating collisions. Neverthe-
applied to an expanding BEC. less, an appropriate analysis of the formation of molecular
In the experiment$1-9] the molecules have been formed BEC's, incorporating all relevant destabilizing effects, re-
by sweeping the Zeeman shift through resonance in a backuires a non-MF approach into which the damping due to
ward direction, so that the molecular state crossed the atomigeactivating collisions can be incorporated. Such an ap-
ones downwards. This led to the transfer of population fromproach exists in the form of the parametric approximation
the lowest atomic state in the case of BEC, or from an energyPA) used in Refs[23-23. In this case, the momentum rep-
band in the case of a Fermi gas, to the molecular state, as hagsentation can be used to write down the atomic annihilation
l:_)eer) p.ro'poseq in Ref11]. Assuming all the atomic popula- operator\ifa(p,t) as
tion is initially in the BEC state, the backward sweep would
have been ideally suitable for forming molecules, were it not ‘ifa(p,t) - ‘I’c(p,t)‘ifa(p,O) + ‘I’S(p,t)‘if;(p,O), (1)
for two destabilizing mechanisms. The resonant molecule is
generally populated in an excited rovibrational and electroniéntroducing the twoc-number functionsV (p,t) as coeffi-
state, and therefore can be deactivated by exoergic inelastitents of the creation and annihilation operators at the time
collisions with atoms and other moleculesee Refs. t=0. This parametric approximation has been generalized in
[10,12,13). In addition, during the backward sweep someRef. [15] by allowing for time variation of the molecular
higher-lying noncondensate atomic states can be populatdild and the deactivating collisions. This formulation be-
temporarily. Such quantum transitions, forbidden by semicomes mathematically equivalent to the Hartree-Fock-
classical Landau-Zener-type theori@sd called “counterin- Bogoliubov approach of Ref19] when the inelastic colli-
tuitive transitions"—see Ref[14]), are most notable in sions are neglectegee Ref[26]).
strong resonances or at low densitisee Ref[15]). These In the 8’Rb experimentg2], a BEC of about 1D atoms
two effects restrict the efficiency of conversion from the has been kept initially in a harmonic trap with frequencies
atomic BEC to the molecular one. The noncondensate atonixr X (50,120,170 Hz. The magnetic field ramp was started
produced by molecular dissociation are formed as entangleafter a preliminary expansion intervg}=2 ms, following
atomic pairs(see Ref[15]). the switching off of the trap. This measure leads to a reduc-
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1.0 ’ II. ASSOCIATION OF ATOMS IN AN EXPANDING BEC
5 @ . . .
0.8 - 8 The analysis of experiments on expanding condensates
; must take into account the effects of spatial inhomogeneity.
0.6 3

Attempts to extend the PA method in order to incorporate
e inhomogeneity are very complicated tasks, requiring a huge
amount of numerical work. Fortunately, in the casé &b,
using a rather weak Feshbach resonance, the analysis can be
satisfactorily carried out by using the simpler MF approach.
This is demonstrated by a comparison of the numerical re-
(6) sults, illustrated in Fig. 1, comparing the atomic and molecu-
lar densities calculated with the PA approach 18] to those
calculated with the MF approach ¢12,13, under the ap-
propriate conditions. The initial atomic density used corre-
sponds to the peak density reached at the expansion time of
2.3 ms. The values used for the deactivation rate coefficients
are k,=7x10"cm’/s (see Ref. [29]) and k,=5
X 10 cm?/s for atom-molecule and molecule-molecule
collisions, respectively. The elastic scattering lengthajs
=99 atomic units(see Ref.[28]). As one can see, already
when the magnetic field is just 0.3 G below the resondirce
FIG. 1. (Color onling Fraction of atomic population surviving g sweep totaling 2.2 Gthe results of the two kinds of cal-
in the atom BEC(a) and converted to molecule®), calculated  cylations coincide. In order to understand why they do, one
using the PA(solid lines and the MKdashed linesapproaches for  shoy|d notice the vanishingly small temporary population of
a homogeneous gas with an initial atomic den§|ty11)13 cm®and  oncondensate atom states, the occupation of which involves
a magnetic ramp speed of 1 G/ms. The fraction of noncondensa_ltgn essentially non-MF process. When faster magnetic sweeps

a;or;n; C?rl]ceu?c;f?j;\s"rtmr;ﬁi?\e?;els rreeszrstsﬁ]rgiggiyo:]hgf gg:f/ei\?in“nznl r higher densities are considered, the results of the two ap-
part(b). i P 9 roaches converge even faster.

converted population calculated using the MF approach while tak® The extension of the MF approach of Refd2,13 to

i t of spatial inh ity and ion. . . . ; .
ing account of spatial nnomogenery and expansion inhomogeneous expanding gases, including both the trapping
and the expansion stages, requires the solution of two

tion of condensate density and thus improves the conversio%OUpled Gross-Pitaevskil equations for the atorpigr,t)

efficiency (see Ref.[15]). The field has been ramped from and the moleculag,(r,t) mean fields:
1008 G to 1005.2 G with various speeds, passing the #2 i

1007.4-G resonance of strength=0.2 G (see Ref.[27])  ifiga(r,)=|~ Envz"f €a(t) + Vu(r,t) - Eka|<Pm(rat)|2
and held for 3 ms. During this time a gradient magnetic field
has been applied, leading to a relative motion of the atoms in
respect to the molecules, due to the difference of magnetic
momenta between a molecule and an atomic pair,
~2.8ug (see Ref[28]). Next, the magnetic field was ramped 52 i

up to 1008 G(in a forward sweep converting the molecules ifi@p(r,t) = [— 4—V2 - A ealr Hf?

back to atoms. The reconverted atoms inherit the velocity of m

the molecules and thus form a separate condensate cloud. _ ) 5

Comparative analysis shows that non-MF effects are es- — ikl om(r, O [@m(r, ) +9g5(r,).  (2)
sential to the analysis of molecular dissociation —more so in
forward sweeps than in backward ones. Nevertheless, fdrlerem is the mass of the atom am,j(t):—%M(B(t)—Bo) is
most aspects of the association stage, an MF approach wilhe time-dependent Zeeman shift of the atom relative to half
suffice in the case of rubidium studied here. Such an MRhe energy of the molecular state. The external magnetic field
approach is described [12,13 (which—contrary to{15]—  B(t) is kept constant whilé<t, and is linearly ramped at
can be readily extended to traps with inhomogeneithis  t>t,, letting the resonance be crossedtad so thatB(0)
statement will be backed by numerical comparisons de=B,. The atoms are considered trapped in a harmonic poten-
scribed at the beginning of Sec. Il below and illustrated bytial
Fig. 1.

The analysis of the association stage, using the MF ap-
proach, is described in Sec. Il below. In Sec. lll the disso-
ciation stage is described, using the PA approach. In Sec. IV,
optimal conditions for obtaining a molecular BEC in the as-which is switched off before the ramping, &tt,—t,. The
sociation stage are investigated. The latter exploration, too, istom-molecule coupling is related to the phenomenological
better carried out using the PA approach. resonance strength as|g|?=2n%?a,uA/m (see Ref[13)]).
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The molecular trap potential and elastic collisions involving
molecules can be neglected since the molecules are formed
after the expansion starts when the trap is switched off and
the densities decrease substantially.

The expansion of a pure atomic condensate cloud has
been considered in Reff30,31]. We generalize this theory
here to the case of a hybrid atom-molecule condensate. Let
us consider an initial atomic field with a Thomas-Fermi dis-
tribution and a zero molecular field & t,—t,. We can rep- L
resent the two mean fields in the form 1 2 3 4 5

is ramp speed (G/ms)
@alr )= A(t)(Da(P,t)e' )
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FIG. 2. Fraction of atomic population surviving in the atomic
om(r,t) = A(t)q)m(pg)ezis, 3 condensatésolid line) and that converted to moleculédot-dashed
) ) ) line) calculated with the MF approach, taking account of spatial
using the scaled COOfdlnat%:rj/bi(t)a 1<j=3, and a inhomogeneity and expansion, are shownkigr 10-1 cn/s. The
scaling factorA(t)=[by(t)b,(t)bs(t)]™>2 The scales; obey  dashed and dotted lines show the fraction of surviving and con-

the set of equations verted populations, respectively, calculated Kgr 7 X 10" *cn/s.
D) = 272 -
bj(®) = W ATO/;(D,  byto—tp) = 1. @ ecules. The dependence on the sweep rate is presented in Fig.
The phase in Eq3), 2 for two values ok, (the best fit and upper limit taken from
3 - . Ref. [29]). The results are in agreement with the experimen-
Sit) = ns 2 by (1) _ @f dt’ AZ(t") (5) tal data of Ref[2] reporting that~7% of atoms are con-
him '20t) A ot ' verted to molecules aneg30% remain in the atomic BEC for

o o ramp speeds less than 2 G/ms.
accumulates most of the contributions of the kinetic energy.

(Here ey=4mh?a,n,/mis a chemical potential of the atomic
BEC andn is its peak density while the trap is 9m\s has lll. DISSOCIATION OF MOLECULES
been shown in Refs[30,31], the residual kinetic energy ON A FORWARD SWEEP
terms can be neglected in the Thomas-Fermi regime when
the kinetic energy in the initial statgvhile the trap is ohis
negligible compared teg.

Substitution of Eq(3) into Eq.(2) leads to the following
set of coupled equations for the transformed mean fields:

Consider now the dissociation of molecules on a forward
sweep, when the molecular state crosses the atomic ones
upwards. Such a sweep has been used in experiments for
detection of molecules. The experiments demonstrate no sig-
nificant dependence of the reconversion efficiency on the

o _ i, 5 ramp speed. Our calculations using the PA demonstrate that
ifiP4(p,t) = | elt) = EA (Oko|Pr(p, )] | Da(p, ) under the experimental conditions all molecules are dissoci-
L. ated except for a small part lost due to deactivating collisions

+2A(g P, (p,)P(p,Y), during the sweep. The molecules dissociate to entangled

(6) atomic pairs in a wide energy spectrysee Ref[15]) char-
o _ 1 acterized by the peak energ.,. The calculations demon-
— 2 2 2
i ®r(p,t) = 1A (t){aka@a(”’m + K| Pre(p, )] ]qu(”’t) strate thatEe. increases with the ramp speéske Fig. 3.
The results show no significant dependence on the molecular

+AbgP3(p.t). density, justifying the applicability of the homogeneous den-

The loss processes and atom-molecule transitions distort
®,(p,t) andd,(p,t) from the Thomas-Fermi shapes, leading w b T ;,
to additional energy shifts compared to the pure atomic case. ‘////
These shifts, however, are of the order Af(t)e, and can _300F - E
only lead to a negligible small shift of the resonario€less = ///"/
than 10 G in the present cage §200 //"/ .

Equations(6) have a rather clear physical sense. They W e ]
describe a ballistic expansion of the atomic and molecular 100 &~ E
BEC with the same velocity distribution, reducing the densi- 1.5
ties by the factorA?(t) and leading to a rescaling of the 0 Pt b s s S

. S . 0 1 2 3 4 5

coupling and deactivation parameters. This reflects the fact dB/ot (G/ms)
that the acceleration predates the formation of molecules that
inherit the velocity of the atoms they are formed from. FIG. 3. Peak energy of the noncondensate atoms formed by the

The results of a numerical solution of @) are shown in  dissociation of molecules in a forward sweep, calculated using Eq.
Fig. 1. The inhomogeneity and the expansion reduce thes) (solid line) and the PA, for the initial molecular densities'30
atomic density, leading to a slower loss of atoms and mol{), 10'* (x), and 162 (+) cm™3,
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sity approximation to real inhomogeneous situations. es b
In the present case the dissociation can be described by a :
simple analytical curve-crossing model based on the ap-
proach of Ref.[13]. A molecule dissociates into two en-
tangled atoms, each with an enerfgyby a crossing occur-
ring at w(B(t)—By)=2E. In the weak-resonance case, the
quantum curve-crossing theof25] and the semiclassical
Landau-Zener theory yield approximately the same result for

(=]
o
T

o
o

conversion efficiency
o
B
T

% §
o
b

the crossing probability—i.e.,e?™-1~1-e 2™~ 27\, IR 10
where \=8n%ia,n,(1)A/(m|B|) (see Ref.[15]). Neglecting 110° &
deactivating collisions the molecular density(t) =|¢(t)|? 102?5:
is given by the solution of Eq50) in Ref.[13]: 101%%
o
aud (Y —————— 0=
Ny(t) = nm(td)exp[— 2 aﬁ'i f dt’ vmu[B(t') - Bo]], 12_1
ty ; i :
wherety is the starting time of the dissociation ramp. The 10" 10% LM L 107
resulting energy distribution of the produced atoms is given Mofte) (6m™)
by

FIG. 4. Conversion efficiencga) and lifetime of the molecular

1= _ap 1 BEC 7, (b) at the optimal ramp spee@B/dt)yy, all plotted as

f(E) = 5\”E|:-pea|<ex - é(E/EpeaL)a/z , (7)  functions of the initial atomic density,, calculated with the homo-
geneous PA, for the resonances at 100{ci&les and 685 G(tri-

with angles, using two rates of molecule-molecule deactivation,
s 1071% cm?/s (solid lineg and 0.5< 1071 cm?/s (dashed lines The
1 <ﬁ2m||3|) 8 dash-dotted and dotted lines in pésj plot (dB/dt),y for the same
peak™ o 4a A (8) two rates, respectively.

This model is in good agreement with the numerical resultshe gssociation of the atomic BEC and the two loss processes
(see Fig. 3 Similar models have been independently devel-__ the dissociation of the molecular BEC onto nonconden-
oped in Refs[4,22]. Recent measurement of the dissociationsate atoms and the deactivation by inelastic collisions. A re-
energy reported in Ref32] are in excellent agreement to gyction of the ramp speed enhances all three processes. The

these models. calculations of Ref[22], taking no account of the inelastic
collisions, result in a monotonic increase of the conversion
IV. OPTIMIZED MOLECULAR FORMATION efficiency with a decrease of the ramp spéseée also Fig.
ON A BACKWARD SWEEP 5). The inelastic collisions, however, tend to reduce the con-

. _version efficiency at slow ramp spee@se Fig. 3 as has
Figure 1 demonstrates that the molecular population,sq peen demonstrated in REF5]. The optimal ramp speed

reaches a maximum, corresponding to a conversion effiyyreases with the density and the resonance strefsgi
ciency~50%, about 0.1 G below the resonance, and falls bMZig. 4.

half about 0.5 G below the resonance. The low conversion
efficiency observed in experimeri] is due to collision loss

during the long sweep to 2.2 G below the resonance. Al- Hor ]
though the PA results of Fig. 1 overestimate the loss by ne- o8| ]
glecting the expansion, the molecular population of the ex- g ]
panding gas falls by half on reaching 2.2 G. Under the ¥$06[ ]
conditions of the experiments the lifetime of the molecules & | ]
formed is about 0.5 ms, too short for an effective detection. §°'4 [ ]
As in the case of Nasee[15]), the lifetime and conversion So2f 3
efficiency increase on reducing the initial condensate density. -

This is demonstrated in Fig. 4, showing the results of calcu- 0.0 : : : ‘

lations using the PA15] for the homogeneous case. The use 10° 10' 10° 10°
of this non-MF approach is important for such situations, as “dB/dt (Gfs)
the MF approach becomes inadequate in the vicinity of the £ 5. conversion efficiency as a function of the ramp speed
peak molecular occupatiofsee Fig. 1 and at low conden-  qpyqt, calculated with the homogeneous PA, given an initial atomic
sate densities. A use of the weaker resonance at 685 G Witlknsity of 163 cmi® for the resonances at 1007 @ircles and
A=17 mG u=14ug (see Ref[28]) should increase the con- 685 Gtriangles, using the rates of molecule-molecule deactivation
version efficiency(see Fig. 4 kyn=10710 cm3/s (solid lineg andk,=1071° cm3/s (dashed lines

As in the case of Na studied in Rgfl5], the conversion The dotted lines demonstrate the results of calculations taking no
efficiency is determined by a concurrence of three processestcount of inelastic collisiong.e., k,=k,=0).
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V. CONCLUSIONS method, produce the energy spectrum of entangled noncon-
densate atom pairs formed by molecular dissociation in a
The experiment§2] on the formation of molecules from a forward sweep, following the association. Analysis of opti-
8Rb BEC due to a Feshbach resonance, using a backwardal conditions for the formation of a molecular BEC in a
sweep, are sufficiently described by a MF theory of expandbackward sweep shows the existence of an optimal ramp
ing atom-molecule BEC's, obtaining good agreement withspeed, depending on the resonance strength and on the initial
the experimental data. Non-MF calculations, using the PAgas density.
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