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Correlated motion of two atoms trapped in a single-mode cavity field
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We study the motion of two atoms trapped at distant positions in the field of a driven standing-wave high-
Q optical resonator. Even without any direct atom-atom interaction the atoms are coupled through their
position dependent influence on the intracavity field. For sufficiently good trapping and low cavity losses the
atomic motion becomes significantly correlated and the two particles oscillate in their wells preferentially with
a 90° relative phase shift. The onset of correlations seriously limits cavity cooling efficiency, raising the
achievable temperature to the Doppler limit. The physical origin of the correlation can be traced back to a
cavity mediated crossfriction, i.e., a friction force on one particle depending on the velocity of the second
particle. Choosing appropriate operating conditions allows for engineering these long range correlations. In
addition this cross-friction effect can provide a basis for sympathetic cooling of distant trapped clouds.
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I. INTRODUCTION of N strongly trapped atoms in a standing wave cavity mode,

It is a well established fact, both theoretically and experi-it is possible to derive a set of coupled equations for the total

mentally, that light forces on atoms are substantially modiKinetic and potential energy as well as the field amplitude

fied within resonant optical cavitigd—8]. Possible experi- [23], which exhibit collective, damped oscillations ending in
mental realizations range from single atoms or ifM&Q in highly correlated steady states. This approach, however, does
microscopic super cavities to several thousgid12 or up Ot give much insight into the details of the individual dy-
to a million atoms[5,13 in a high<Q ring cavity. Applica- Namics and correlations. In the opposite limit of N untrapped

tions of these systems include possible implementations Oq';]omsl_trt?oylr;lg in thef C?V'ty I|eld, nunlwetr]cal sm&ulatch)'ns
quantum information processing setuf#s4,15, and con- show TItTe Infiuence ot aiom-atom corretations and cooling

. . ... proceeds independent of the atom numks] for proper
trolled nonclassical light sourc¢$6,17 as well as possibili rescaling of the cavity parameters.

ties for trapping and cooling of atoms and molecules. The Recently, an approach for several atoms in a single mode

basic physical mechanism in these Setups can be traced ba&é\\/ity has been developed, which concentrates on the effect
to the backaction of the atoms on the field. They act as ¢ the N—=1 other particles on the cooling properties of a

moving refractive index and absorber, modifying the inten-gingie oneg19]. This, in principle, makes it possible to study
sity and phase of the intracavity field, which in turn governsihe combined optical potential and friction forces. It has been
their motion. This Coupled dynamiCS is at the heart of CaVityrecenﬂy proposed theoretica|524] and Confirmed experi_
enhanced trapping and cooling. mentally[25], that if the atoms are pumped directly from the

It is clear that if a single atom is able to change the field side (as opposed to pumping the cayityhe buildup of spa-
it will influence other atoms in the same field irrespective oftial correlations within a cloud of trapped atoms can lead to
their distance. This introduces long range atom-atom interacsuperradiant light scattering and enhanced cooling behavior.
tions, which are widely tailorable by suitable choices of cav-The theoretical results in this case are based on numerical
ity geometries and operating conditions. On one hand thesemulations of the semiclassical equations of motion for a
interactions are useful and can be used to implement bipartiterge numberN>1 of particles[24]. This clearly demon-
quantum gate§l4]. On the other hand they play a decisive strates collective effects, but does not give much quantitative
role in the scaling properties of cavity enhanced coolinginsight in the buildup and role of atom-atom correlations.
[18,19. For perfectly correlated atoms, the change of refrac- The central goal of the present work is to study the basic
tive index induced by one atom can be compensated by physical mechanisms responsible for the motional correla-
second atom, so that the effective atom-field backreactiotions and to develop quantitative measures of the established
can be strongly reduced. For several atoms in a ring cavitgteady state correlation. For this we restrict ourselves to the
this effect only allows a weak damping of relative motion, simplest nontrivial example, namely two atoms strongly
while the center of mass motion is strongly damgad). coupled to a single standing wave field of a cavity. The en-
This model is closely related to the so-called collectiveergy loss is compensated by cavity pumping, and large de-
atomic recoil lase(CARL), where the kinetic energy of an tuning from the atomic transition is taken to ensure low
atomic beam leads to gain into the counterpropagating modatomic saturation. Moreover, the motion of the atoms is only
of a single side pumped ring resonaf@l]. Effects were followed along the cavity axis. As we will see, this contains
also found in the study of the coupling of two Bose- most of the essential physics but still allows us to derive
condensates in a cavif22]. analytical expressions for many relevant quantities. Most of

Several limiting cases for N atoms commonly interactingthe analytical results are valid for the more genétadtom
with a cavity mode have already been studied. For the casease.
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—wp andAc=w—wc, respectively. The annihilation and cre-
ation operators of the cavity field ageanda", while &, and

Frﬂ: are the lowering and raising operators of tkth atom.
fffffffffff The Hamiltonian consists of the motional and internal energy
of the atoms, the self-energy of the cavity field, the classical
(lasep pump, and the Jaynes-Cummings-type interaction be-
tween the atoms and the field. The position dependence of
) . the coupling constant is due to the spatial structure of the
; FIG. 1. The setup The motion of two two-level atoms in a field mode:g(x,) =gof(x,), where in our standing-wave cav-
ar-detuned, higlR optical cavity is studied. The cavity is pumped . . . .

by a strong laser beam, almost on resonance with the cavity modét.y f(xk)=cos(k9xk),_W|th ke=2m/\ _belng the cavity wave
Atomic motion is discussed along the cavity axis only. number. The Liouvillean operator includes the effect of cav-
ity losses and of the spontaneous emissions on the combined
atom-cavity field density operat@. This latter is given by

The paper is organ!zed'as fOIIOWS.: after presenting OUthe Jast term, where the integral goes over the directions of
model and the approximations used in Sec. I, we analyti-

. . . . %hotons spontaneously emitted by the atomic dipole, having
cally discuss the central physical mechanisms present in Seex ected wave numbec.=w./c and anaular distribution
l1l. In Sec. IV we quantify the results using numerical simu- P AT A 9

. ) . o N(u).
lations, which are then analyzed in more detail in Sec. V. We consider cold atoms but with a temperature well

above the recoil limitkgT,ec=7Ki/(2M), where M is the
mass of one atom. In this limit the atomic coherence length
Let us start by outlining the system which is shown in Fig.is smaller than the optical wavelength and the position and
1. We considerN=2 two-level atoms with transition fre- momentum of the atoms can be replaced by their expectation
guency w, Strongly coupled to a single mode of a high- values and treated as classical variables. We still keep the
finesse cavity with frequencyc. The system is driven by a quantum nature of the internal variabiand oy. Moreover,
coherent laser field of frequeney and amplituder injected  if the atoms move much less than a wavelength during the
into the cavity through one of the mirrors. The model and itsequilibration time of the internal variables
theoretical treatment follow closely Régfl]. Coupling to the <Ak 3)
environment introduces a damping via two channels. First, v AV
the atoms spontaneously emit with a rate of idito the we can adiabatically separate the “fast” internal from the
vacuum outside the cavity. Second, the cavity photons decdislow” external dynamics as in standard laser cooling mod-
with rate 2 via the output coupler mirror of the cavity. The els[26].
atoms can move freely in the cavity, however, for the sake of ] _
simplicity, their motion is restricted to the cavity axis A. The internal dynamics
(dashed line in Fig. i1 For given positions of the atoms, the internal atomic
Applying the standard Born-Markov approximation the dynamics can be rewritten in the form of quantum Langevin
dynamics are governed by a quantum master equation equations. For low saturation, i.e., whén'a)<1, we can
i . approximate the operatar, by —1/2(this is called bosoniza-
p=-—[H,p]+Lp. (1) tion of the atomic operatoys The resulting Heisenberg-
h Langevin equations then reduce to the following set of

Using rotating-wave and dipole approximations theCoupled linear differential equations:

v

field pump
W

Il. THE MODEL

Hamiltonian and the Liouville operators in an interaction d. . R . -
picture read1] S (Ac-K)a+2 g (x)o+ 7+ ¢, (4a)
k
N f)k
Q:E[—Z—hAAazk}—ﬁAca*a—ihn(é—éT) d .
1 L2m 0= (8= Vo= gx)a+ & (4b)
N
-ih> [g()“(k)&lé— g*(ik)éT&k], (280  The noise operatoré and Zk appear as a result of the cou-
k=1 pling to the external vacuum through the cavity mirrors and
through spontaneous emission. They contain the annihilation
L0 = «(250a" - a'ap - 0a'd) operators of the external vacuum modes, and therefore give 0
N when acting on the environment’s state. Their second-order
+ 72 {2 f dzuN(u){rke“kA“*k@ e"‘A“*k[rE correlation functions are as follows:
- (Et) €' (t) = 2kt ~ 1), (5a)
ATA A~ ~ ATA
—O'O'Q—QO'(T:|. (2b) A
e Rk (Gt) () = 278ty ~ to), (5b)

The atomic and cavity field detunings are definedd\asw  while all other correlations vanish.
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The steady state expectation values of the internal varidescribing the first order corrections to the force acting on
ablesa and oy obtained from the Heisenberg-Langevin Egs.atomk. E, denotes the Langevin noise forces due to photon
(4) then read recoil. They correspond to random kicks along the cavity

. axis with zero average and second moments given by
(8) = ny_',AA, (6a) (ExEm=Dym Note that the matrixDyy, representing the
D strength of the Langevin noise, depends on the time-varying
atomic positions. It represents the quantum fluctuations of
(5=~ WM- (6b) the force due to the facgtF,oF,) # (F°(F. It is by the
D’ addition of the noise term&, that we tailor our classical
force to give the same second-order expectation values as its
quantum counterpaft].

Here D' is the reduced determinant of the Bloch matrix

D' =(iAc - K)(iAa=7) + 2 g(x)*. )
' IIl. INTERACTION CHANNELS

Since the factor 1D’ appears in both expectation values and
in later formulae as well, it is worthwhile to rewrite it to
reveal its resonance structure with respect to the cavity d

The Hamiltonian(2) contains no direct coupling between
the two atoms: these only arise indirectly due to coupling to
She same field mode. Interestingly the atom-atom interaction

tuning appears in all the three types of forces present in classical
1 1 1 equations of motior{12). First, the steady state fordg de-
D = (iAx—7)i(Ac-U) = (x+T)’ (8 _pends_ on the positions of both atoms.vi_a the stga_dy state
intensity. Second, not only does the friction coefficient on
where one atom depend on the position of the other, but the friction
matrix has off-diagonal terms as well. This means that apart
AA2| g°(x) 5 from ordinary viscous friction(p,>vy) a strange phenom-
= W =Up F(x), (9 enon, which we call crossfrictiotp,v;, for | £k) is also
A ! present. Here the velocity of one atom influences the friction
and experienced by the other atom. Third, the Langevin noise
term on one atom has an expected magnitude influenced by
72| g°(x) the position of the other, and the noise terB)sare directly
= W = FO; f2(x)), (10) correlated as well. Hence, we get joint “kicks” on both atoms

leading to correlated motion. In the following we will ana-
and we usedy(x)=gof(x). It is clearly seen that each atom lyze these interaction channels in more detail.
broadens the resonance at mostiigyand displaces it by,,.

B. The external dynamics A. Steady state force f

Formally the expectation valuf of the force operator

The motion of the atoms is governed by the force operato o .
g y P [ooks very similar to the case of free-space Doppler cooling

= %[ﬁk,ﬂ] =ih[Vo(xara— Vg (xaal.  (11)

Ap
fi=—% a'ay)v,g?(xy). 13
k Ai+72< )V~ (%) (13
However, it additionally depends on the positions of the
other atoms via the cavity field intensity. This dipole force is
approximately valid: there will be a time lad in the intemalyconservative and can be derived from a potential. The poten-
bp Y : 9 ial looks more complicated than in free space as it contains

dynamics W'Fh .respect to the. aton:ns cu.rrent p03|.t|on, aNGhe dynamical nature of the cavity field, but still can be given
hence, we will include corrections # to first order in the i closed form[19]:

atomic velocities.

SincelA:k is normally ordered, its expectation value is easily
obtained upon insertion of the stationary soluti@n of the
internal variables. For a moving atom this expression is onl

The slow evolution of the centers of mass of the atoms, 2 K= ApNA~+ 2 2(x,)
! ! hAA 7| Y ARC 97X
smoothed out on the time scale=max1/«,1/y} is de- V = —————arctan . (19
scribed by the coupled Langevin equations Apr+Acy Apx+Acy
%, = pdM (128 To show the effects of dynamic field adjustment, we plot
kTR this potential for two typical cases in Fig. 2. For the experi-
N mental parameters used in an experiment at MPQ in Garch-
o0 = fo+ M+ =, . 120 ing [27] (Garching parametersk=+vy/2, gy=5v, and for a
Pi= T z‘l Bl K (12 detuning A,=-50y (upper graph the effective interaction

. between the atoms is relatively weak and the potential re-
In these equation§=(F) are the vectors giving the steady sembles the familiar “egg-carton” surface proportional to
statev =0 contribution of the force, whil@,, are the tensors  sin?(kcx,) +sin’(kcx,). For a somewhat stronger atom-field
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V [hy/2n] backaction on the fieldi.e., we assume a constant field in-
tensity). This corresponds to the for¢é3):
4
2
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® i fi= | |2V|92(X|), (15
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one obtains in the limit of very large atom-field detuning. We
can now find corrections from the cavity-mediated interac-

=2

s

\
R

=
==
fo22s
.

1 tion to this force by expanding the potent{@¥) in a power
series. Setting the driving field to resonande=U,— «, the
X5 [A] potential Eq.(14) to second order iny/ A, reads
i 2 2 N
V=~ M m_ (14_7_7) +&2 fZ(XI) Y
K 4 4 2K')/|:1 AA
2 \2
4 (1+7—7) —<1+3)N+(&>
4 2 2ky
N 2 2
x(E f2(x|)) (l) . (16
=1 AA
To first order in the small parameter we have a sum of single-
atom potentials, giving the egg-carton shape. The corrections

to this are given by terms of higher order in our expansion
parameter, of which we give the first nontrivial term here.
Note that since it is not simply the distance of the atoms
FIG. 2. Potential as a function of atomic positiorhe potential ~ Upon which the potential depends, the interatomic force be-
(14) is plotted as a function of positions of the two atoms(dnthe  tween them—as can be read out from the above formula—is
Garching parameterisc=y/2, go=57) are used, inb) g, was in-  not a “force” in the sense of Newton’s third law.
creased fourfold. In the first case, the potential is well approximated
by a sum of two single-particle potentials. In the second case, it is
seen that either both atoms are trapped or both are free. The trap is
deeper for smaller couplings. To lowest order in the adiabatic separation of the internal
and external dynamics we used the steady state values of the
tion is quite obvious and the shape of the potential of th internal variables for fixed positions of the atoms to calculate

second atom strongly depends on the position of the firs € abovAe potentlgls.. As a hext step we can include correc-
atom and vice versa. Basically in this second case either boﬁllor.ls fora and theoy I!near in the veloqtyvm of each e}tom,_
atoms are trapped, or both are free. which shogld be valid for_Io_w velocmes. As d_escrlbed in
The peculiarg, dependence of the interaction and the Ref. [1] this leads to a friction matrixg,,, as first order
trapping effects can be understood physically by looking afCrrection tofy. _ N o
formula (13). The atoms see each other through the cavity We obtain the following explicit formula for the friction
field (a'a). As we saw in formulag8)—(10), the field is in ~Matrix:
resonance wherlJ(xq,x,) is approximately Ac+(I'+«). e 2A,
Each atom can shift) in this far-detuned case by approxi-  Bkm= 2/Vig(xy) © Vmg(Xm)W?’m(Skm
matelyuozgéz)/AZA, whereas the cavity linewidth is approxi- 7 A
mately «+ ygy/Az. Using the MPQ parametetd, < «, and N
therefore the backaction of the atoms on the oc:avity field is + VG040 © Ving*(Xer) 2|Dr|2"<ﬁ{2(1 X
weak. In the largey, case,Uy> k, butI'y< x, meaning that
the atoms can shift the cavity resonance significantly more
than a linewidth. Hence, if one of the atoms leaves its trap it
will shift the cavity out of resonance and cause the other
atom to be released as well. Moreover, the amplitude of th&vhere y=(iAp+vy)/(iAy—7y) is a complex factor of unit
force is proportional to the cavity field, which in the largg- modulus, which for large atomic detuning,> y, becomes
case decreases faster with the distance from the trappirgpproximatelyy=1. This formula differs somewhat from
point. This implies that less work needs to be done to free athat obtained by Fischest al. [19] by a slightly different
atom: the potential is smaller, despite the same maximumapproach. The most important difference is that we find a
light shift. matrix symmetricin the indiceskm. This is important be-
Let us now analyze the interaction in a more quantitativecause it is these off-diagonal terms that couple the velocities
way. We start from the limiting case of neglecting the atomicof the atoms, and have a decisive influence on the buildup of

B. Forces linear in velocity: Friction and crossfriction

couplinggy=20y (lower graph in Fig. 2the atomic interac-

X| (A= 7)?-2 g(xoz] +(1+ 3)()2?’}), (17
|
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correlated motion. We defer detailed discussion of the for- 0.2
mula (17) to Sec. V. a)
0.1
C. Random forces due to quantum noise = o
Spontaneous emission and cavity decay introduce quan- < ;
tum noise into the atomic motion. These heat up the system 0.1 ¢
and generally tend to decrease motional correlations of the o2 | ST ]
atoms. Following the line of reasoning briefly mentioned at RIS M
the end of Sec. Il and discussed in more detail in REf.we 02 -01 0 01 02
can calculate the influence of the noise operafoasnd ¢ of x4[A]
Eqg. (4) on the dynamics. FoN atoms we arrive at the fol- :
lowing simple formula: b) 02|
7 01}
Dym= 2ﬁzvkg(xk) ° Vmg(xm)_,z'ygkm
D’| 2
2 x
7 kAp+ yAc
+ 202V, 9(x)? © Vg (Xm)? A 0.1 |
kg( k) mg( m) |D/|2 A |D,|2
(18) o027

This is a simple extension of the corresponding formula for 0.2 -0 < ?7»] 0.1 02
one atom given in Ref[1]. Let us remark here, that the !

diagonal part of this diffusion matriXD,,, has been also

found by Fischeret al. [19]. Surprisingly, one also obtains c) 002
off-diagonal terms, which have not been considered before. 0.01 |
These terms lead to correlated kicks on the atoms, which can _
add to the atom-atom correlations, rather than destroying < 0
them. *

Spontaneous emission adds recoil noise, which gives an 0.01 ¢
extra term to the noise correlation matrix of the form 002 |

—7°9(x)? -0.02-0.01 0 0.01 0.02
D= Sar2hK3U 77|Z§€|2) Y. (19) X[

Hereka=wa/c is the expected wave number of the emitted d) 002} '
photons ands? is the correction factor coming from the spa- 001

tial distribution of the photons, in our cas8=2/5. As ex-

pected, spontaneous emission, being a single-atom process, =) ol
induces no correlations between the atoms. =

0.01 t

IV. NUMERICAL SIMULATIONS OF THE CORRELATED 002 |

ATOMIC MOTION

-0.02-001 0 0.01 0.02
Having discussed the qualitative nature of the combined (Al
atom field dynamics, we now turn to numerical simulations
for some quantitative answers. We numerically integrate the FIG. 3. Typical trajectories in coordinate spackn the left col-
Langevin equationgl?2), varying the ratio of the cavity loss umn, in(a) and(b), the parameters of the Garching group are used,
rate to the linewidth of the atorr/y as well as the relative in the right column, in(c) and(d), we considered a better resonator
coupling strengtly,/ y. Note that the relative magnitude of (k=0.1y, go=10y) and larger detuningA,=-10 000y). In both
radiation pressure and dipole force can be changed by vargases the first 5@s, in(a) and(c), and the first 3 ms, ib) and(d),
ing the detuning between pump frequency and the atomi@re shown. The coordinate is the distance from the nearest trappping
resonance. As we are interested in cooling and trapping tho!nt.
atoms we fix the cavity frequency a=NUp—« 0 ensure  ea5red from the nearest trapping point. In the left column
efficient coollng[;,28j. The pump power is always _Chosen 10 the detuning was chosén ,=-50y), with the cavity param-
keAeB the atomic ;aturatlon low and approximately atsters of the MPQ group at Garchifig7] (x=v/2,9o=57).
({000 <0.1) at all times. The first 50us are displayed in the figure on the top, and the
Typical trajectories of atom pairs are shown in Fig. 3. Thefirst 3 ms in the one on the bottom. Both atoms localize
atomic positions[xy(t,) ,,(t,)] are plotted at regular time during the first 5Qus to within 1/4 of a wavelength around
intervals t,. For better visibility the coordinate is always respective trapping centers, a sign of cooling and trapping by
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FIG. 4. The phases of the atomic oscillations and the relative phBise time evolution of the oscillator phases of the fitgiper row
and secondmiddle row) atoms is shown, with the phase differeribettom row. On the left the parameter set of the Garching experiments
is used, on the right a better cavity is taken with larger atomic detuning, as in the text. The phases of the atoms evolve too fast on this time
scale, only noise is seen. The phase difference is slower, with the improved parameter set it appears to stabilize at +90° and —90°.

the cavity. In the right column, the detuning is chosen muctsecond parameter set, where the dipole force dominates.
larger (A,=-10%y) with stronger atom-field couplingx Moreover, in this second case, the phase difference clearly
=9/10,9,=10y). In this case the relative importance of stabilizes around +90° or —90°, with random jumps in be-
spontaneous emission is strongly reduced. The cooling in theveen, as expected from the results shown in Fig. 3.
cavity is faster and both atoms reach a steady state rapidly. What s left is to define a single number that quantifies the
The appearance of a circular structure is the striking feastrength of the time averaged correlations. For this we
ture of the right column. This indicates that the motion of thesample the distributions of the oscillation phases and the
atoms is correlated. Both atoms move sinusoidally abouphase difference over time to create the histograms shown in
their respective trapping points, with some noise but in suchrig. 5. As we expect, the distribution of the phases is rela-
a way that the relative phase of the two oscillations is likelytively flat for both parameters sets. However, there is a sig-

to be +90° or —90°.
200

To quantify the correlation between the atomic oscillators Signal:26 S '$1 o
we define their oscillator phases. This is computed in the 10t . ., 15
simulation using the trap frequency, which is

Wirap= \’f2ﬁ|AA|<a'Ta'>k(2:/M ) (20)
if both atoms are well trapped. Hekg is the resonator mode 3 0 ; . S S S —
wave number, ando'o) is the saturation of either atom at 180 -%0 0 90 180
the trapping point. This formula can be derived by expanding 450 .
the potential14), and substituting our particular choice pf 4001 Stgna1s3
and AC' 300 |  Noise: 0.0

The measured time evolution of the oscillator phases for 2%
the MPQ parameterdeft column and the “improved” pa- 150 |
rametergright column are shown in Fig. 4. For each param- o OTANSREASVIR S W .
eter set, representative runs shown in Fig. 3 are used, and tr' o £~ A - SV PSS St -
oscillator phases of atom (upper row, atom 2 (middle 180 %0 0 % 180
row), and the phase differenagower row) are displayed. FIG. 5. The distribution of the phasé®,,®,) and the relative

The rapid oscillation of the atomghe period is 2.9us for  phase(d,,). For the Garching parameter set, @, the distribu-
the Garching parameters and 0,43 for the idealized ongs  tions are flat. Slight peaks i, and®, at 0° and +180° signal fast
means that the time evolution of the phases is too fast to bgnd free atoms. With the improved parametersjbin the trapping
followed on the timescale shown, in the upper and middles better. Strong peaks at +90° dy, indicate correlation of atomic
rows only “noise” is seen. The phase difference, howevermotion. The strength of these peaks is quantified by their width,
evolves more slowly. This effect is more pronounced for theboth for the phasénoise and the phase differengsigna).
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nificant difference in the distribution of the relative phase: — T T T T 100
we find very pronounced peaks around +90° and —90° for I 18
the second parameter set. ot [ 160
The asymmetry in these peaks is a numerical artefact due Zg
to the finite sampling time. It is strongly diminished if we dic 1§ 3§ %5 g
average over several different initial conditions. A parameter 0051152253354455
that measures the magnitude of the correlation is the Width iy,  Ax=50y
of these peaks, defined throud¥#=(|A ¢|-90°)?, where the 166
overbar denotes averaging over time and over several trajec- N
tories with different initial conditions. Subtracting this width L 60
from the width of the flat distribution we get the signal L 40 907
strengthS=51.96°-W, which can be obtained directly dur- L 20
ing the simulation. ey 1 T
Let us point out here, that this measuBeof motional 0051152258333 14455
correlation is useful only if the atoms are well trapped. In Vs ST
fact, fast atoms freely moving along the lattice generate —,———— 100
peaks in the single atom phase distributionsdgf or ¢, s 1 80
around 0° or 180°. We therefore monitor the single atom - 4 60
distributions simultaneously and measure the widths of the Gt | 1 40
peaks around 0° and 180° in the same way as we did for the |F 120

signal S. If the “noise strength” is too larg€;>10°, an arbi-

0051

0
152253354455

trary valug, we declare our correlation measure unusable. Ky, Ax=-500y
T T T T T T T T T 100
A. Scanning the parameter space 80
Having defined a suitable measure of correlation between 1 ig 9o/Y
the motion of two atoms in the same cavity, we are in the o
position to quantitatively investigate the parameter depen- e 1 |

dence of this phenomenon. To this end, we ran the simulation
program for cavity decay rates of 1/506<«<5y and cou-
pling strengths y<gy<<100y, at atomic detunings of

0051152253354455

Ky,

Ap=-1000y

-10*y<A,<-50y (at detunings of higher magnitude the === ;go
atoms move too rapidly and adiabaticity does not holthe 1 80
results are plotted in Fig. 6. 9o/Y | 1 40
At atomic detunings of 10for less, the atoms are cooled 1 20
but generally not trapped by the cavity, except for a small e S S U
region ofgy<57y and k<. In that case the motion of two 0051 ‘--?d"‘ 2'5A3-%gogy4'5 5
atoms will not be correlated. For detunings as large as L
5000y, the cavity field traps and cools the atoms for any —— 20
considered values of the parameters. The correlation be- 15
comes apparent fay,>40«, and grows weaker ifj, is fur-
ther increased. L 1
5
1 1 i 1 1 1 1 1 1 0

B. Correlation and cooling

A decisive advantage of cavity cooling of an atom is the

0051152253354455

x/y,

Ap=-10000y

fact that it ”ee‘?‘s _l'ttle s_pontaneous emissig]. It has b_een FIG. 6. Correlation vsk and g, at various detuningsAt small
arg‘%ed that this is a single a,'tom,eﬁec_t and Correlat'c,ms esHetunings\AA|<1OOy the atoms are cooled but not trapped, corre-
tablished between the atoms’ motion will decrease efficienCy,jion cannot be measured. At higher detunings trapping is good
or even turn off cooling23] for a trapped thermal ensemble. engygh, and the correlation strength measured as described in the
On the other hand, in some simulations for very Weaklypaper is shown in with shades of gray.
bound atoms, this effect seemed not to play any fb&.

In our model we can now study the effect of correlationstures below Doppler temperatufey, while black denotes
on cavity cooling in a very controlled way for a large rangetemperatures above that value.
of parameters. We performed several runs of our simulation Putting one atom into the cavitgFig. 7), we find that
with different cavity parameters and at different detuningssub-Doppler cooling is achieved in the good-coupling regime
comparing the equilibrium temperature for one and two atg,> «,y. In that regime, the final temperature does not de-
oms in the cavity. Our results are plotted in Figs(ohe pend ong,, but is approximately proportional te, as ex-
atom) and 8(two atomg. All shades of gray show tempera- pected from previous work26,29. Here one has to be cau-
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100 100
80 80
60 - 60
/
9oy B 40 oY [ 40
20 20
0 0
0051152253354455 0051152253354455
kY, Ap=-50y ¥y, Ap=-50y
100 1bg
80 80
60 s 60 oo
40 ~° 40 °
20 20
0
0051152253354455 0051152253354455
¥y, Ap=-100y x/Y, Ap=-100y
— 100 100
80 80
60 - 60
/
! 40 S I 40
20 20
0 0
0051152253354455 0051152253354455
/Y, Ap=-500y /Yy, Ap=-500y
100 100
80 80
60 60
/
e 9o/Y 40 %
20 20
0 0
0051152253354455 0051152253354455
XY, Ap=-1000Y ¥y, Ap=-1000y
100 100
80 80
60 - 60
/
90/Y | 40 %Y | 40
20 20
0 0
0051152253354455 0051152253354455
/Yy, Ap=-5000y /Y, Ap=-5000y

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0051152253354455 0051152253354455
xly, Aa=-10000y kY, Aa=-10000y
FIG. 7. One atom in the cavity: final temperature ¥sand g, FIG. 8. Two atoms in the cavity: final temperature ¥sand g,

for different atomic detuning§emperature is shown in units bfy for different atomic detuning§emperature is shown in units ffy
with shades of gray. Black denotes temperature above the Dopplevith shades of gray, as in Fig. 7. For low atomic detuning
limit of Ay. |Aa] <100y the temperature is the same as in the one-atom case.
For large atomic detuning new structures appear in the plots.
tious of the results, since if the atom’s kinetic energy is only
a few times the ground-state energy of the harmonic tragooled, but not trapped, by the cavity field. At larger detun-
potential, the validity of the semiclassical approximation canings, A,=-500y and larger, we see regions in the plot where
be questioned. “extra heating” compared to the single-atom case is ob-
Interestingly, the temperature plots look different if we served. This effect is most prominent at extremely large de-
load two atoms into the cavit§Fig. 8). At moderately large tuningsA,=-5000y and A,=-10%y, where fork<+y a new
detunings,A,=-50y and A,=-100y, temperatures are the structure appears in the temperature plots. This points to the
same as in the single-atom case. In these cases the atoms highly reduced efficiency of cavity cooling: whereas for a
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single atom a better resonat@ower «) implies lower final
temperature, if there are two atoms in the cavity, decreasing
k canincreasethe temperature.

Comparison of the temperature plots in Figs. 7 and 8 with
the plots of the correlation strength in Fig. 6 reveals strong
similarities. Indeed one sees that the excess heating caused
by the presence of the other atom coincides with the buildup
of correlations in the motion. In other words, the correlation 0 01 02 03 04 05 06 0.7 0.8 09 1
established between two atoms results in a loss of efficiency
of cavity cooling, with final temperatures pushed up to the

Measured correlation

Interaction strength

Doppler limit. FIG. 9. Correlation for various interaction channel strengths
The interaction via the conservative, the friction, and the diffusion
C. The origin of correlation: Numerical tests forces is weakened by the mixing ratigs yg, andyy, as described

) ) in the text. The correlation strength was then measured using our
As we have seen earlier, the motion of the atoms becomegyrelation parameter. Crossfriction is seen to play the dominant
correlated due to the cavity-mediated crosstalk. This interagyle in the establishment of correlation.
tion occurs via the force, via the friction, and via the diffu-

slon as well We_ would I'ke. to know which of the_se INterac- 41om separately, and an “interaction” term, containing cross-
tion channels is responsible for the correlation. In our

) ) . . C friction and crossdiffusion. The latter can be rewritten in the
simulation we can conveniently answer this question if Wefollowing form, using the notatiom, =g(x,):

artificially weaken only particular channels of interaction and

measure the correlation. V.0

The interaction can be eliminated from the deterministic 2h 7 1 ! 5 2
force using the approximatiotiL5). Friction and diffusion WP({XI}) P e (Vagie e Vagn), (24)
contain interaction at various levels. On the one hand, cross- VNgﬁ

friction and crossdiffusion are direct interactions between the -

atoms. On the other hand—through the determif2rt-the where the prefactoP depends on the positions of all atoms

positions of both atoms influence the friction and diffusion Symmetrically. _ .

constants for the other atoms. This parametric interaction For well-trapped atomg, <\ (x, denoting the distance of

was not analyzed, but does not seem to play a prominerﬁtomkfrom thg nearest trapping sjtehe coupling constants

role. Both crossfriction and crossdiffusion can be eliminatecf@n be approximated as

by simply suppressing the off-diagonal terms in the friction

and diffusion matrices. 9= (%) = gocoskexi) = Go(1 ~ 7kXE) (25
The elimination of the interaction can be made continuou

_ g g %ubstituting these into the interaction parts of the matrices
with mixing parameters &yg,yg,yp=<1, giving the force,

the friction, and the diffusion with the following formulae: (24) yields
Ir
F'=yeF + (1 -yp)Fo, (21 8% 12 %1
ﬁP({xﬁ)ggk“Crz i o(xlrexyr),  (26)
IBI,(m: yBﬁkm"’ A1 = yB)Bkm; (22) XY
, where the “radius’r =(2,x)2, is the distance of the system
Dyn=YpDPxm™* 61 —Yp) Dy (23 r=Eq) y

from the origin in the coordinate space. This matrix is a
We show an example of what this gives for detunihg=  projector to the vectofx,, ... ,xy), and hence, the interaction
—-5000y, decay ratex=0.5y and couplingg,=30y in Fig. 9.  terms affect only the “radial” motion.

The results of these investigations are quite unanimous. It In the well-trapped case we can write the friction and
can be seen that linearization of the potential has no systenghffusion matrices to second order in the coordinageas:

atic effect on correlation strength, and correlations are

slightly enhanced if the noise is decorrelated. If crossfriction Bim= BoSkm+ BrXiXm, (27)
is eliminated, however, all correlations disappear. We can
therefore conclude that the dominant effect leading to corre- Dim= Dobum+ D1XiXm- (29

lated motion is related to crossfriction.
The following notation is used:

V. THE ORIGIN OF CORRELATION: ANALYTICAL

2
EXPANSION FOR DEEP TRAPPING Bo= 21— 1A 22 Aa k&, (29
Dy AR+

The emergence of motional correlations between trapped
atoms can be examined analytically using the formulas pre-
sented in Sec. Ill. Both friction and diffusion matrices have Do = 242 7 o 2 .35, 30
- . . 0= 2 Ydoke| £+ =keXi ) (30
an “isotropic” term proportional t@&,,, which acts on each |Dy| 5 5
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772

iy

1 , properties. This poses limits to cavity induced cooling for
goked ,2{770(1 -3+ (3D Jarge particle numbers.
Do From the various mechanisms at work, crossfriction turns

B1=

out to be the most important. It creates correlation and leads
2(1- X)[('AA )? E g(x)) ] (32 to a fast thermalization of two distant particles without direct

interaction. Hence, this mechanism should prove vital for the
implementation of sympathetic cooling of distant ensembles
coupled by a far off-resonant cavity field. In order to get
efficient coupling the two species should have comparable
oscillation frequencies, so that correlation buildup and ther-
whereDj stands for the Bloch determina® defined in Eq.  malization is fast. The finesse of the cavity should also be
(7), evaluated at the trapping site. Near the trapping sitgall large (long photon lifetime.
go to zero, and onlyD, remains finite. This prevents the  The second important coupling mechanism, which works
atoms from stopping completely: they are “heated out” fromyia the joint steady state potentials, was suggested for use in
the trapping sites themselves. At some distance from thehe implementation of conditional phase shiftd]. It can be
trapping sites the interaction terms become important agiewed as a cavity-enhanced dipole-dipole coupling. Al-
well, in the coordinate space this induces extra diffusion andhough this contribution will become more important for
friction in the radial direction. Provided, is high enough, |arger atom-field detunings, the conditions for this part to
radial friction is enhanced much more than radial diffusion,dominate the dissipative crossfriction seem rather hard to
leading to a “freezing out” of the radial mode, i.e., a motionachieve in practice. Finally, we found that the noise forces

o 4, KAA+ YAC
Dy |Dgl?

: (33

at approximately constant distance from the origin. acting on different atoms contain nonlocal correlations too.
These are particularly important for large detunings and rela-
VI. CONCLUSIONS tively low photon numbers, where spontaneous emission is

trongly reduced. As a result they could seriously perturb

As pointed out in several previous papers, the motion o ipartite quantum gates in cavities.

particles in a cavity is coupled quite generally through the

field mode. This implies the buildup of motional correlations,

which we havg investigated here in more dgtall. In general ACKNOWLEDGMENTS
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