
Decoherence of trapped-ion internal and vibrational modes:
The effect of fluctuating magnetic fields

S. Brouard and J. Plata
Departamento de Física Fundamental II, Universidad de La Laguna, La Laguna E38204, Tenerife, Spain.

(Received 26 March 2004; published 28 July 2004)

The effect of ambient magnetic fields on the dynamics of a single trapped ion is studied analytically. We
consider two electronic states with energy separation stochastically varied by magnetic-field perturbations and
coupled to the vibrational modes by a laser. For Gaussian white noise, a master equation is derived and solved.
The results obtained reveal how the effective Rabi frequencies and the decay rates depend on the noise strength
and on the number state index. The detection of features specific to magnetic-field noise in the evolution of
states that can be prepared under standard experimental conditions is discussed. A comparison with the effects
of laser intensity and phase fluctuations is presented. Implications for the realization of logic gates are
analyzed.
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I. INTRODUCTION

The control of decoherence is crucial for the applicability
of trapped ions in quantum computation[1–3]. Recent theo-
retical and experimental research has focused on different
decoherence sources relevant to the internal or the external
dynamics, like radiative decay[3], magnetic-field noise
[3–5], stray electric fields[6,7], fluctuating trap parameters
[8–12], or random variations in the phase and intensity of the
laser fields used to implement the logic operations[13]. The
diverse origin of the noise sources and the variety of prop-
erties that they can present make it difficult to give a com-
plete characterization of their role in the experimental real-
ization of the logic gates. In fact, although important
advances have been made in their study, further theoretical
research is needed on significant questions, like the descrip-
tion of technical noise, the relative importance of the various
decohering mechanisms, the influence of the noise statistics
on the emergence of different decoherence features, or the
design of error-correction schemes.

Here, we will focus on the effect of magnetic-field fluc-
tuations on the dynamics of a single trapped ion. Previous
theoretical studies[3,5] have tackled relevant aspects of this
problem. Specifically, a two-level system, the two electronic
states that form the “qubit,” with an energy splitting stochas-
tically varied by slow magnetic-field fluctuations was studied
[3], and analytical results for the induced dephasing were
obtained. On the other hand, the effect of rapidly varying
deterministic magnetic fields on laser-induced coupling of
electronic and vibrational states was analyzed[3]. Recently,
we generalized the stochastic two-level approach by includ-
ing general noise statistics[5]. Now, we extend the analysis
by studying the influence of a random magnetic driving on
the dynamics of the coupled internal and external modes. In
particular, for Gaussian white noise, we give a complete ana-
lytical characterization of the effective Rabi frequencies and
decay rates. Furthermore, in order to make a comparison
with the characteristics of different decohering mechanisms,
we generalize the results of previous work on the effects of
laser phase and intensity fluctuations[13]. The emergence of

the analyzed decoherence features in the evolution of initial
states that can be prepared in standard experimental setups is
discussed. Apart from applicability in the identification of the
characteristics of ambient fields from the experimental data,
the variety of analytical results presented can have more gen-
eral implications: they clarify how fundamental aspects of
the decoherence phenomenology are rooted in specific prop-
erties of the noise sources. Moreover, they show that,
through the introduction of controlled stochastic fields[14],
trapped ions can be an appropriate testing ground for predic-
tions on effects distinctive of various decoherence mecha-
nisms.

The outline of the paper is as follows. The system is de-
scribed in Sec. II. In Sec. III, our approach to dealing with
decoherence induced by random magnetic fields is presented.
The stochastic Liouville-von Neumann equation[13], which
gives the evolution of the density matrix for each particular
noise history, is derived; subsequently, for Gaussian white
noise, the random terms are averaged to obtain an effective
master equation, which is solved analytically. In Sec. IV, the
effects of magnetic perturbations are compared with those of
other decohering mechanisms which have been recently
studied: noise in the phase and intensity of the laser are con-
sidered, and some results of previous work are generalized
[13]. Finally, in Sec. V our conclusions are summarized.

II. DESCRIPTION OF THE SYSTEM

We model the trapped ion as a two-level system, the two
electronic states,ugl anduel, which form the “qubit,” with an
energy splitting"fv0+dv0stdg stochastically varied by the
effect of magnetic-field perturbations:v0 is the transition
frequency that corresponds to the average magnetic fieldB0,
and dv0std is the frequency shift induced by the magnetic
fluctuationsB−B0. Additionally, we consider coupling of the
internal and motional modes through the application of a
laser field with frequencyvL and phasef−p /2. Specifically,
we focus on the Hamiltonian[3]
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H =
"

2
fv0 + dv0stdgsz + "na†a + F"

2
Vs+eihsa+a†d+ivLt+isf−p/2d

+ H . c.G , s1d

wheresz= uelkeu− uglkgu ands+= uelkgu; a†sad is the creation
(annihilation) operator of the external mode along the laser
propagation direction;n is the trap frequency;V is the Rabi
frequency; andh is the Lamb-Dicke parameter. As we will
focus first on the role of magnetic fluctuations, we initially
assume thatV and f take fixed values.(See Sec. IV for a
discussion of the effects of random variations inV andf.)

In most cases, the random frequency shiftdv0std can be
approximated as[3]

dv0std = F ] v

] B
G

B0

sB − B0d +
1

2
F ]2v

] B2G
B0

sB − B0d2. s2d

Typical values for the coefficientsf]v /]BgB0
and

f]2v /]B2gB0
and for the noise strength in systems where

quantum gates have been realized are given in Ref.[3]. A
strong sensitivity of the logic operations to magnetic noise
can be anticipated from some of those values. Note that,
because of the nonlinear term,dv0std can present a non-
Gaussian probability distribution even for a normal noisy
input B−B0 [15]. The relative magnitude of the linear and
quadratic contributions todv0std, which depends on both the
noise amplitude and the coefficientsf]v /]BgB0

and
f]2v /]B2gB0

, can be controlled by varyingB0.
A simplified description of the system is given in the ro-

tating frame defined by the unitary transformationU1std
=exps−iv0szt /2−ina†atd. To first order inh, and for the
detuning corresponding to the first red sideband excitation
[13], i.e., for v0−vL=n, the transformed Hamiltonian reads

H =
"

2
dv0stdsz +

"

2
Vhss+aeif + s−a†e−ifd, s3d

which, except for the stochastic term"dv0stdsz/2, corre-
sponds to the standard Jaynes-Cummings Hamiltonian[16].
Although, for simplicity, we will present results only for this
Hamiltonian, parallel studies can be carried out for different
transitions of the coupled electronic-vibrational spectrum.
Namely, results for the carrier, blue sideband(“anti-Jaynes-
Cummings” term), and second red sideband transitions,
which can be excited by a proper choice of the detuning[13],
are straightforwardly obtained following the same scheme.

III. DECOHERENCE INDUCED BY RANDOM
MAGNETIC FIELDS

The properties of the different sources of magnetic pertur-
bations that can be relevant to the dynamics of a trapped ion
are diverse. Actually, important components of the stochastic
magnetic driving are known to be broadband fluctuations and
line noise, which can both be present in standard experimen-
tal realizations of the system. The dephasing effects of
broadband noise on the internal dynamics were described in

Ref. [5]. On the other hand, the effect of high-frequency line
noise on the coupling of electronic and motional modes was
characterized in Refs.[3,5] as a mere renormalization of the
effective coupling constantV. Here, we aim at extending
those previous studies by analyzing the influence of broad-
band fluctuations on the dynamics of coupled internal and
vibrational modes. Specifically, we consider fluctuations,j
;B−B0, with Gaussian white-noise characteristics, i.e., de-
fined by kjstdl f =0 and kjstdjst8dl f =2Ddst− t8d. Obviously,
this approximation is valid provided that the noise correla-
tion time is much smaller than any other relevant time scale
in the problem. Additionally, we assume that the main con-
tribution to dv0std corresponds to the linear term in Eq.(2);
namely, we takedv0std=f]v /]BgB0

sB−B0d. The contribution
of the nonlinear term in Eq.(2) can be straightforwardly
included in our study through a Gaussian approximation for
the probability distribution ofdv0std. On this point, it is
worth recalling that, in Ref.[5], where it was discussed how
the internal-state dephasing is affected by a finite correlation
time and by strong departures of the probability distribution
for dv0std from a Gaussian function, it was shown that the
features distinctive of the noise probability density tend to
disappear as the correlation time decreases.

Applying the methodology presented in Ref.[13] to ana-
lyze the decohering effects of laser intensity and phase fluc-
tuations, first we derive the stochastic Liouville-von Neu-
mann equation, which gives the evolution of the density
matrix for particular noise realizations; then, averaging the
noise terms, we obtain the following master equation

ṙ = −
i

"
fG,rg −

G

2
†sz,fsz,rg‡, s4d

with

G ;
"

2
Vhss+a + s−a†d, s5d

and whereG; 1
2 f]v /]BgB0

2 D. Without loss of generality, we
have setf=0. The validity of this equation is restricted to
the case of white noise. The equations corresponding to the
carrier, blue sideband, and second red sideband excitations
present the same dissipative term,sG /2dfsz,fsz,rgg; only the
Hamiltonian part, in particular the functional form ofG, is
specific to each transition. Here, a comment is in order on the
parallelism existent between our approach, based on incor-
porating classical fluctuations in the microscopic dynamics,
and studies of decoherence based on system-plus-reservoir
models. Whereas our method is valid irrespective of the
magnitude of the fluctuations, standard treatments of systems
coupled to dissipative environments[16], based on a Born-
Markov approach, are valid only in regimes of weak interac-
tion.

An appropriate basis to solve the master equation is that
formed by the eigenstates ofG, given by

uen
±l =

1
Î2

sug,nl ± ue,n − 1ld, n = 1,2..., s6d
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ue0l = ug,0l, s7d

wheren is the index of a Fock state of the external mode.
The associated eigenenergies are, respectively,en

±

= ± s" /2dhVÎn and e0=0. In this representation, Eq.(4)
leads to

ken
±uṙstduem

± l = f− isen
± − em

± d/" − Ggken
±urstduem

± l

+ Gken
7urstduem

7l, s8d

ken
±uṙstdue0l = f− ien

±/" − Ggken
±urstdue0l + Gken

7urstdue0l,

s9d

ke0uṙstdue0l = 0. s10d

Note that, because of the dissipative term in Eq.(4), the
elements ken

±urstduem
± l fken

±urstdue0lg are coupled to
ken

7urstduem
7l fken

7urstdue0lg. Actually, apart from the trivial
Eq. (10), we have a set of systems of two equations. Equa-
tions with the same functional form are found for the carrier,
blue sideband, and second red sideband transitions in the
representation of the eigenstates of their associated Hamilto-
nians. The following analytical solutions are readily found:

ken
±urstduem

± l = ken
±urs0duem

± lFcossvn,m
±,±td

− i
en

± − em
±

"vn,m
±,± sinsvn,m

±,±tdGe−Gt

+ ken
7urs0duem

7l
G

vn,m
±,± sinsvn,m

±,±tde−Gt, s11d

ken
±urstdue0l = ken

±urs0due0lFcossvn,0
± td

− i
en

± − e0

"vn,0
± sinsvn,0

± tdGe−Gt

+ ken
7urs0due0l

G

vn,0
± sinsvn,0

± tde−Gt, s12d

ke0urstdue0l = ke0urs0due0l, s13d

where vn,m
±,± =Îsen

±−em
± d2/"2−G2 and vn,0

±

=Îsen
±−e0d2/"2−G2. The analysis of these equations uncov-

ers the characteristics of the decoherence process.(i) The
coherences are found to decay and asymptotically reach a
zero value. Moreover, it is apparent that a transfer of popu-
lation takes place between the eigenstatesuen

+l and uen
−l (with

the same indexn) until both states are equally populated.
Therefore, the asymptotic solution corresponds to a statisti-
cal mixture of eigenstates with populations that can be dif-
ferent from the initial ones. This behavior can be qualita-
tively anticipated from the form of the Hamiltonian in Eq.
(3): since the stochastic term,s" /2ddv0stdsz, does not com-
mute with G, the decoherence process cannot be a mere
dephasing in the basis of eigenstates ofG. As there are no
transitions between states with differentn, there is no energy

relaxation.(ii ) The decay of the coherences is purely expo-
nential with rateG scaling with the noise variance. At this
point, we must recall that we are dealing with Gaussian
white noise(see Sec. IV and Ref.[5] for an analysis of the
role played by noise color in the emergence of nonexponen-
tial decay). (iii ) In contrast with the results of the study of
intensity noise(see Sec. IV), the damping rates are indepen-
dent of the number state indexes.(Note the relevance of the
form in which fluctuations enter the system to the depen-
dence of the damping rate onn). Furthermore, the oscillation
frequencies of the coherences,vn,m

±,±, and, in particular, the
effective Rabi frequencies,vn;vn,n

+,−=Î4h2V2n−G2, depend
on the damping coefficientG, and, consequently, on the noise
strengthD. As no restrictions onD have been imposed to
derive the master equation, the form obtained for the noise-
induced frequency shifts is valid irrespective of the noise
magnitude.

It is important to stress that, since the time for a single
operationtop in the implementation of the logic gates is
given bytop.vn

−1 [3] and the decoherence time istd=G−1,
the range for the noise strength in which the system can have
applicability in quantum computation is defined by the con-
dition vn@G. In this regime, the noise-induced shifts of the
Rabi frequencies are negligible. Additionally, one should re-
mark that a certain degree of control over the decoherence
process can be achieved by changing the mean fieldB0, and,
consequently, the coefficientf]v /]BgB0

, which determines,
along with the noise amplitude, the decoherence timetd. It is
even possible to work with a first-order field-independent
transition[3]. In this case, magnetically induced decoherence
still enters the dynamics through the second-order shift in
dv0std [see Eq.(2)] and through the effect of the fluctuations
on the transitions to auxiliary levels, which may be needed
for the implementation of the logic gates and are not consid-
ered in our study. Obviously, it is the minimum global effect
of noise that must be sought when choosing the value ofB0.

The experimental characterization of the noise sources is
usually made by recording and analyzing the probability
Pgstd;onkg,nurug,nl of finding the atom in the ground state
for different initially prepared states[3]. Then, it is worth
discussing how the decoherence features show up inPgstd.
We consider the initial stateucst=0dl= uglual, whereual is a
coherent state of the vibrational mode, which can be pre-
pared by different methods under standard experimental con-
ditions. The evolution of this state is trivially obtained by
inverting the sequence of unitary transformations. In particu-
lar, Pgstd is given by

Pgstd =
1

2H1 + e−Gto
n

pnFcossvntd +
G

vn
sinsvntdGJ ,

s14d

where pn;uknualu2=suau2n/n!de−uau2 is the Poisson distribu-
tion of the coherent state over the number states[16]. In the
regime of practical interest, i.e., forvn@G, the contribution
of the termssG /vndsinsvntd is negligible. A similar func-
tional structure ofPgstd, namely, a sum of oscillating terms
modulated by damping factors, is found for the carrier, blue
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sideband, and second red sideband transitions; only the form
of the effective Rabi frequenciesvn is specific to each case.
Actually, this structure ofPgstd corresponds to that intro-
duced phenomenologically to account for experimental re-
sults obtained for the blue sideband transition[3]. We point
out that the nontrivial dependence of the damping rates onn
found in the experiments cannot be rooted in magnetic noise,
which, in fact, has been shown to lead to the uniform damp-
ing factore−Gt. (See Refs.[17–19] for a discussion of differ-
ent aspects of this problem.)

The result corresponding to thedeterministic Jaynes-
Cummings Hamiltonian is trivially recovered by takingG
=0 in Eq. (14). Typical of the noiseless system are the col-
lapses and revivals of the population for the considered ini-
tial state[16]. These features are rooted in the dependence of
the effective Rabi frequencies on the number index: the
dephasing of the different oscillating terms leads to a col-
lapse; the recovery of an approximately constant phase dif-
ference induces a partial revival. The persistence of the re-
vivals in the noisy system can be anticipated to depend
crucially on the relative magnitude of the revival and deco-
herence times. The time of revivaltr ,2p ua u /hV [16] is
determined by the mean occupation number ofual and by the
effective coupling constanthV of the Jaynes-Cummings
Hamiltonian; the decoherence time has been shown to scale
with the inverse of the noise variance. Although the appear-
ance of collapses and revivals could be affected by the noise-
induced decrease ofvn, this effect is unimportant for noise
strengths in the range of practical interest.

We close this section with a comment on the limit of high
noise amplitude. This regime, which would prevent the ap-
plicability of the system in quantum information processing,
is not expected to be relevant to standard experimental set-
ups. However, its analysis is of interest, as it gives additional
insight into the decoherence mechanism and shows the con-
sistency of our approach. From our results, a nontrivial be-
havior is noticeable: in the limit of high noise strength, the
populations in the basishug,nl , ue,nlj become stable, and,
consequently, the collapse inPgstd for an initial stateucst
=0dl= uglual is inhibited. More specifically, for 4h2V2n,G2,
a purely imaginaryvn is obtained, which implies that the
corresponding coherence does not oscillate, but simply de-
cays. These features are understood by taking into account
that for the Rabi oscillations to take place, the coherent evo-
lution of a superposition of statesuen

+l and uen
−l is needed.

Therefore, the oscillations cannot be apparent if the energy
splitting en

+−en
−="hVÎn is smaller than its associated coher-

ence decay rate"G. Indeed, for largeD, the behavior corre-
sponds to an effective decoupling of internal and motional
states which approaches that existent in the system in the
absence of the exciting laser: in the basishug,nl , ue,nlj, the
populations are fixed and the coherences decay, the form of
the decay being an exponential function for Gaussian white
noise.

IV. A COMPARISON WITH OTHER DECOHERING
MECHANISMS

As previously mentioned, different sources of decoher-
ence can be relevant to the dynamics of trapped ions. Actu-

ally, the experimental results are expected to reflect the com-
bined effect of the various noise sources. Especially
important are, apart from magnetic noise, the fluctuations in
the phase and intensity of the exciting laser. We compare
now the most prominent features of those decohering mecha-
nisms, which were analyzed in previous work[13], with
those of random magnetic perturbations.

A. Phase fluctuations

First, we will show that there is a partial analogy between
the effects of laser-phase fluctuations(see Ref.[13]), and the
influence of stochastic magnetic fields. To this end, we con-
sider the system defined by Eq.(1) with dv0std=0, i.e., no
magnetic-field fluctuations, and a random phasefstd. The
stochastic unitary transformationU2std=expfifstdsz/2g,
which leaves the populations in the basishug,nl , ue,nlj in-
variant, leads to the transformed Hamiltonian

H =
"

2
zstdsz +

"

2
Vhss+a + s−a†d, s15d

which has the same form as the Hamiltonian that describes
magnetic-field noise[see Eq.(3)]. The fluctuations infstd
have been converted into an effective random variation in the
energy,"zstd, characterized byzdt=df. Therefore, the popu-
lations in the initial representation evolve as if the system
were driven by magnetic fluctuations withdv0std=zstd. In
particular, a Wiener process infstd [15] has the same effects
on the populations as a white-noise input indv0std. In con-
trast, given that the coherence operators do not commute
with U2, differences in the effects of both mechanisms on the
coherences can be anticipated. One should notice that the
effect of phase noise on the coherences cannot be studied by
deriving a master equation from Eq.(15) as previously done
for magnetic fluctuations: because of the previous random
transformationU2, the stochastic averaging performed in the
derivation of a master equation is not complete if the evolu-
tion of the coherences in the initial representation is con-
cerned. Similar arguments were presented in Ref.[13].

B. Intensity fluctuations

Now, in order to compare the effects of laser-intensity
noise with those of random magnetic fields, we consider the
system described by Eq.(3) with dv0std=0, a fixed phase
f=0, and a noisy intensityVstd=V0+dVstd, wheredVstd
denotes fluctuations around the mean valueV0. In the basis
formed by the eigenstates ofG, given by Eqs.(6) and(7), the
Hamiltonian is expressed as

H =
"

2
hVstdo

n=1

`

Însz
snd, s16d

wheresz
snd;uen

+lken
+u− uen

−lken
−u. The change of representation

allows us to describe the fluctuations in intensity as random
variations in effective energy separations. Therefore, we can
anticipate that in this case, decoherence corresponds to a
pure dephasing process in the representation of eigenstates of
G. Applying the methodology presented in Refs.[5,6], we

S. BROUARD AND J. PLATA PHYSICAL REVIEW A70, 013413(2004)

013413-4



can obtain the exact time propagator without solving a mas-
ter equation. An evident advantage of this approach is that
the restriction of considering only Gaussian white noise, im-
posed to derive the master equation, can be removed. This is
not a minor advantage taking into account that the intensity
noise actually relevant to the experimental arrangements can
present a finite bandwidth and high-frequency contributions
[3]. For Gaussian colored noise[15], i.e., for dVstd defined

by kdVstdl f =0 andkdVstddVst8dl f =sD /tcde−ut−t8u/tc, we have
obtained analytical results for the populations and coher-
ences. In particular, for the initial stateucst=0dl= uglual, the
probability of finding the atom in the ground state is given by

Pgstd =
1

2
f1 +o

n

pn cosshV0
Întde−h2nDft+tcse−t/tc−1dgg,

s17d

where qualitative differences with the result found for ran-
dom magnetic fields are evident. The effective Rabi frequen-
cies are independent of the noise strength. Additionally, the
exponents of the damping factors depend on the number state
index, the dependence being linear for the considered red
sideband transition. Furthermore, the effect of noise color is
apparent: a finite value of the correlation timetc implies
nonexponential time decay. More specifically, fort!tc, the
decay has a Gaussian form; subsequently, there is an inter-
mediate regime distinctive of the noise spectrum; finally, for
t@tc, exponential decay sets in. It is important to remark
that there is no sharp crossover from Gaussian to exponential
decay, but a transient period, which can be analytically char-
acterized for different types of Gaussian noise; its identifica-
tion in the experimental data can serve to define the color
properties of the noise source. In the white-noise limit,tc
→0, purely exponential decay is found at any time, in agree-
ment with the results of Ref.[13].

V. CONCLUDING REMARKS

We have studied the effect of ambient magnetic fields on
laser-induced coupling of electronic and vibrational states of
trapped ions. Magnetic white noise has been shown to induce
pure exponential decay of the Rabi oscillations, the damping
rates being independent of the number state indexes and scal-
ing with the noise variance. Additionally, we have found that

the fluctuations shift the effective Rabi frequencies. The ap-
plicability of the system in quantum information processing
requires that the time scale for the logic operations, deter-
mined by the effective Rabi frequencies, must be much
smaller than the decoherence time. In this range for the noise
strength, the noise-induced frequency shifts are negligible.
Although we have focused on the case of having a dominant
linear contribution in the magnetically induced stochastic
frequency shift, our results can also serve to describe quali-
tatively a quadratic Zeeman effect, provided that a Gaussian
approximation for the frequency shift is valid.

A comparison with the effect of other relevant sources of
fluctuations has been presented. Whereas there is a partial
analogy with decoherence induced by laser-phase noise,
qualitative differences with the effect of laser-intensity fluc-
tuations are found. Moreover, we have extended a previous
analysis[13] of the influence of intensity noise on the dy-
namics by considering fluctuations with a finite bandwidth.
Our results uncover features distinctive of the noise spectrum
in the evolution of the coherences.

Apart from the characterization of the effect of uncon-
trolled noise sources, the study provides an understanding of
how fundamental aspects of the phenomenology of dissipa-
tion are rooted in the properties of the decohering mecha-
nisms. We recall that in previous work[14], different con-
trolled environments, realized by incorporating random
variations in the trap frequency and by including stochastic
electric fields in the system, served to test predictions on the
scaling of decoherence rates. In a similar way, the introduc-
tion of controlled stochastic variations in the intensity and
phase of the laser, which is feasible under the current experi-
mental conditions, can be used to “engineer” reservoirs with
particular properties. Therefore, it is possible to test, with
trapped ions, crucial aspects of decoherence, like the role of
noise color in the appearance of different functional forms
for the decay, or the relevance of the form in which dissipa-
tion enters the system to the emergence of diverse dynamical
properties.
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