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Decoherence of trapped-ion internal and vibrational modes:
The effect of fluctuating magnetic fields
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The effect of ambient magnetic fields on the dynamics of a single trapped ion is studied analytically. We
consider two electronic states with energy separation stochastically varied by magnetic-field perturbations and
coupled to the vibrational modes by a laser. For Gaussian white noise, a master equation is derived and solved.
The results obtained reveal how the effective Rabi frequencies and the decay rates depend on the noise strength
and on the number state index. The detection of features specific to magnetic-field noise in the evolution of
states that can be prepared under standard experimental conditions is discussed. A comparison with the effects
of laser intensity and phase fluctuations is presented. Implications for the realization of logic gates are
analyzed.
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[. INTRODUCTION the analyzed decoherence features in the evolution of initial
. _ ~_ states that can be prepared in standard experimental setups is
The control of decoherence is crucial for the applicability giscussed. Apart from applicability in the identification of the

of trapped ions in quantum computatifit-3|. Recent theo-  characteristics of ambient fields from the experimental data,
retical and experimental research has focused on differenfe yariety of analytical results presented can have more gen-
decoherence sources relevant to the internal or the externgl, implications: they clarify how fundamental aspects of
dynamics, like radlgtlve decays], m_agnet|c—f|e|d NOIS€ " the decoherence phenomenology are rooted in specific prop-
[3-9), stray electric field$6,7), fluctuating trap parameters erties of the noise sources. Moreover, they show that,

[8-12, or random variations in the phase and intensity of thethrough the introduction of controlled stochastic fie|dd],

laser fields used to implement the logic operatifi. The . . ) .
diverse origin of the noise sources and the variety of pmpgrapped lons can be an appropriate testing ground for predic-

erties that they can present make it difficult to give a com—t'%r:ﬁson effects distinctive of various decoherence mecha-

. . . . . n
lete characterization of their role in the experimental real- . . .
b P The outline of the paper is as follows. The system is de-

ization of the logic gates. In fact, although important . . . .
advances have been made in their study, further theoretic F”bEd in Sec. Il In Sec. I, our approach to dealing with

research is needed on significant questions, like the descri _ecoherence_lnd_uceql by random magnetic fields is pr_esented.
tion of technical noise, the relative importance of the various _he stochastic L_|ouvn|e-von Ne_umann _equat[dn?], wh|c_h
decohering mechanisms, the influence of the noise statisti ves th.e evoIl_Jt|on Qf the density matrix for each partlcule_lr
on the emergence of different decoherence features, or tHEISe history, is derived; subsequently, for Gaussmn Wh'.te
design of error-correction schemes. noise, the random terms are averaged to obtain an effective
Here, we will focus on the effect of magnetic-field fluc- master equation, _Whlch is so_lved analytically. In S_ec. IV, the
gﬁects of magnetic perturbations are compared with those of

tuations on the dynamics of a single trapped ion. Previou ther decoheri han hich h b "
theoretical studief3,5] have tackled relevant aspects of this Oth€r decohering mechamsms which have been recently
studied: noise in the phase and intensity of the laser are con-

problem. Specifically, a two-level system, the two electronic idered q its of . K lized
states that form the “qubit,” with an energy splitting stochas->!9€7€d, and some resulls of previous work are generalize
[13]. Finally, in Sec. V our conclusions are summarized.

tically varied by slow magnetic-field fluctuations was studied
[3], and analytical results for the induced dephasing were

obtained. On the other hand, the effect of rapidly varying

deterministic magnetic fields on laser-induced coupling of Il. DESCRIPTION OF THE SYSTEM

electronic and vibrational states was analyzg&ld Recently,

we generalized the stochastic two-level approach by includ- We model the trapped ion as a two-level system, the two
ing general noise statistigs]. Now, we extend the analysis electronic statedg) and|e), which form the “qubit,” with an

by studying the influence of a random magnetic driving onenergy splitting#[wy+ dwy(t)] stochastically varied by the
the dynamics of the coupled internal and external modes. Ieffect of magnetic-field perturbationss, is the transition
particular, for Gaussian white noise, we give a complete anafrequency that corresponds to the average magneticBigld
lytical characterization of the effective Rabi frequencies andand dw(t) is the frequency shift induced by the magnetic
decay rates. Furthermore, in order to make a comparisoftuctuationsB—B,. Additionally, we consider coupling of the
with the characteristics of different decohering mechanismsnternal and motional modes through the application of a
we generalize the results of previous work on the effects ofaser field with frequencyw, and phaseb— /2. Specifically,
laser phase and intensity fluctuatidi$]. The emergence of we focus on the Hamiltoniaf8]
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_h . f (sl o, tH (dmm12) Ref. [5]. On the other hand, the effect of high-frequency line
H= E[wo*' dwg(t)]Jo, +iva'a+ S{do€ - noise on the coupling of electronic and motional modes was
characterized in Ref$3,5] as a mere renormalization of the
effective coupling constanf). Here, we aim at extending
those previous studies by analyzing the influence of broad-
o s . band fluctuations on the dynamics of coupled internal and
where o, =|e)(e|~|gXg| and .= |e)(gl; a'(a) is the creation inrational modes. Specifically, we consider fluctuatiogs,
(annihilation operator of the external mode along the laser= B-B,, with Gaussian white-noise characteristics, i.e., de-
propagation diregtionp is the tra_p frequencyt) is the Rabi_ fined by (&(t));=0 and (£(t)&(t));=2D8(t—t’). Obviously,
frequency; andy is the Lamb-Dicke parameter. As we Will s approximation is valid provided that the noise correla-
focus first on the role of magnetic fluctuations, we initially tjon time is much smaller than any other relevant time scale
assume thaf) and ¢ take fixed values(See Sec. IV for a j, the problem. Additionally, we assume that the main con-
discussion of the effects of random variations(lrand ¢.) tribution to Swy(t) corresponds to the linear term in B®);

In most cases, the random frequency shifi(t) can be namely, we takeSwo(t) =[dw/ 3B]g (B~By). The contribution
approximated a3] of the nonlinear term in Eq(2) can be straightforwardly
Jw 1] 2w included in our study through a Gaussian approximation for
Sa(t) = [E} (B—Bo)+§[ﬁ] (B=Bp? (2)  the probability distribution oféwy(t). On this point, it is
Bo Bo worth recalling that, in Ref{5], where it was discussed how

Typical values for the coefficients[dw/dB]s. and the internal-state dephasing is affected by a finite correlation
0

[ﬁzw/ﬁBz]Boand for the noise strength in systems wheretime and by strong departures of the probability distribution

quantum gates have been realized are given in R&f.A for dwy(t) from a Gaussian function, it was shown that the

strong sensitivity of the logic operations to magnetic noisefe_atures distinctive of the_ noise probability density tend to
glsappear as the correlation time decreases.

can be anticipated from some of those values. Note that, : .
P Applying the methodology presented in REE3] to ana-

because of the nonlinear termwq(t) can present a non- | the decoheri Hocts of | intensit d oh f
Gaussian probability distribution even for a normal noisy yze the deconering eliects of 1aser intensity and phase fiuc-
tuations, first we derive the stochastic Liouville-von Neu-

input B—B, [15]. The relative magnitude of the linear and i hich ai h luti f the densit
quadratic contributions téwy(t), which depends on both the mann equation, which gives the evoiution of the density
matrix for particular noise realizations; then, averaging the

noise r;\mplltude and the coefﬂugnt@&w/&B]Bo and noise terms, we obtain the following master equation
[Pwl IB ]Bo, can be controlled by varyinB,,.

A simplified description of the system is given in the ro- i r
tating frame defined by the unitary transformatiti(t) p=—=[G,pl-=[oulo,p]l, (4)
=exp—iwgo,t/2-iva'at). To first order in», and for the h 2
detuning corresponding to the first red sideband excitatior i1,
[13], i.e., for wg— w =v, the transformed Hamiltonian reads

+H.c.|, (1)

N | S

i % . . B
H= 2 dug(t)o,+ 2 Qplo.ad? + oae’®),  (3) G=_Qn(o.a+toa), (5)

2

which, except for the stochastic terfdwg(t)o,/2, CoITe-  and wherd' =3 [dw/dBJj D. Without loss of generality, we
sponds to the standard Jaynes-Cummings Hamiltofih  oe set=0. The validity of this equation is restricted to
Although, for simplicity, we will present results only for this 6 case of white noise. The equations corresponding to the
Hamiltonian, parallel studies can be carried out for d'ﬁere”tcarrier, blue sideband, and second red sideband excitations

transitions of the coupled _electronic?vibrational spectrum.present the same dissipative te(ii/2)[a,, [, p]]; only the

Namely, re”sults for the carrier, blue sidebafianti-Jaynes- jjmjjionian part, in particular the functional form &, is

Cummlngs terrT), and second red_ sideband tr"’“’]S"t'ons’specific to each transition. Here, a comment is in order on the

which can be excited by a proper chqlce of the detuji, parallelism existent between our approach, based on incor-

are straightforwardly obtained following the same scheme. 440 classical fluctuations in the microscopic dynamics,
and studies of decoherence based on system-plus-reservoir
models. Whereas our method is valid irrespective of the

lll. DECOHERENCE INDUCED BY RANDOM magnitude of the fluctuations, standard treatments of systems
MAGNETIC FIELDS coupled to dissipative environmerits6], based on a Born-
The properties of the different sources of magnetic perturMarkov approach, are valid only in regimes of weak interac-

bations that can be relevant to the dynamics of a trapped iofOn- ] ) o

are diverse. Actually, important components of the stochastic An appropriate basis to solve the master equation is that

magnetic driving are known to be broadband fluctuations anéPrmed by the eigenstates &, given by

line noise, which can both be present in standard experimen- L

tal realizations of the system. The dephasing effects of b _ -

broadband noise on the internal dynamics were described in &) = \E(|g,n> tlen-1). n=12., ©)
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leg) =19,0), (7) relaxation.(ii) The decay of the coherences is purely expo-
) ) nential with ratel’ scaling with the noise variance. At this
wheren is the index of a Fock state of the external mode.point we must recall that we are dealing with Gaussian
The associated eigenenergies are, respectively,  \hite noise(see Sec. IV and Ref5] for an analysis of the
=+(h/2)7Qn and &=0. In this representation, Ed4)  yole played by noise color in the emergence of nonexponen-
leads to tial decay. (i) In contrast with the results of the study of
etlolel) = [— (et — e/ - TIet p(t) et intensity noisgsee Sec. Iy, the damping rates are indepen-
(nlp(®lemw =1 (ei m B Kenlp(ler dent of the number state indexgblote the relevance of the
+ (e |p(t)er), (8)  form in which fluctuations enter the system to the depen-
- dence of the damping rate on. Furthermore, the oscillation
(er]p(t)|eg) =[—ien/h — TKer|p(t) ey + T{el |p(t)| ey, frequencies of the coh_erencas*;;;rin, and, in particular, the
) effective Rabi frequencies),= w;, =147°0°n-T?, depend
on the damping coefficiert, and, consequently, on the noise
. -0 10 strengthD. As no restrictions orD have been imposed to
(olp(t)|eg) = 0. (10 derive the master equation, the form obtained for the noise-
Note that, because of the dissipative term in E4), the inducgd frequency shifts is valid irrespective of the noise
elements (eﬁ|p_(t)|er+;1> [(eflp(t)|e)] are coupled to Mmagnitude. _ _ .
(eF|phled) [(e7]p(t)|ey]. Actually, apart from the trivial It is |mport_ant to §tress that, since the tlme'for a smgle
Eg. (10), we have a set of systems of two equations. Equ¢':19.per""tIon Top '”_}he implementation of the !oglq gatials IS
tions with the same functional form are found for the carrier,9VeN bY 7op=w;," [3] and the decoherence time ig=1"",
blue sideband, and second red sideband transitions in tHB€ range for the noise strength in which the system can have
representation of the eigenstates of their associated HamiltGPPlicability in quantum computation is defined by the con-

nians. The following analytical solutions are readily found: dltio_n wp>T. I_n this regim_e,_ the nois_e_-induced shifts of the
Rabi frequencies are negligible. Additionally, one should re-

. . . . s mark that a certain degree of control over the decoherence
(&lp(Vler) = <e5|p(0)|e—m>{cos(w;j,;t) process can be achieved by changing the meanBigldnd,
.. consequently, the coefficierﬁvw/o'?B]Bo, which determines,
i n eﬁ‘sin(w’—"’—'t)]e‘“ along with the noise amplitude, the decoherence tipét is
ﬁwﬁ,’ﬁq nm even possible to work with a first-order field-independent

transition[3]. In this case, magnetically induced decoherence
I sinw>fe™, (11)  still enters the dynamics through the second-order shift in
+.+ n,m ' :
®p'm ’ dwq(t) [see Eq(2)] and through the effect of the fluctuations
on the transitions to auxiliary levels, which may be needed
. . . for the implementation of the logic gates and are not consid-
(enlp(D]eo) = <e5|p(0)|e0){cos(w;’0t) ered in our study. Obviously, it is the minimum global effect
of noise that must be sought when choosing the valug,of
The experimental characterization of the noise sources is
usually made by recording and analyzing the probability
Py(t)==(g.nlp|g,n) of finding the atom in the ground state

+ (e p(0)er)

+

€6 . _
ol sm(wﬁvot)}e“
@no

+ (e |p(0)|eg) 1: sin(wr ot)e‘“, (12) fo_r diffe_rent initially prepared statef3]. Then, it is worth
W o ‘ discussing how the decoherence features show upy(t).
We consider the initial state/(t=0))=|g)|a), where|a) is a
(eg|p(t)|eg) = (eolp(0)|ey), (13)  coherent state of the vibrational mode, which can be pre-

si_ [ GEV272_T? N pared by different methods under standard experimental con-
WhMM%\ (&~ &)/ -T and @0 ditions. The evolution of this state is trivially obtained by
=\/(e,~&)*/A*~T"". The analysis of these equations uncov-inverting the sequence of unitary transformations. In particu-

ers the characteristics of the decoherence prodes3he |ar, P4(t) is given by

coherences are found to decay and asymptotically reach a

zero value. Moreover, it is apparent that a transfer of popu- 1 rt r .

lation takes place between the eigenstégsand|e.) (with Pg(t) = S11+e 2P| codat) + ;S'”(‘”nt) ,

the same indexn) until both states are equally populated. : "

Therefore, the asymptotic solution corresponds to a statisti- (14)
cal mixture of eigenstates with populations that can be dif- )

ferent from the initial ones. This behavior can be qualita-where p,=|(n|)[?=(la|*"/nt)e”*!" is the Poisson distribu-
tively anticipated from the form of the Hamiltonian in Eq. tion of the coherent state over the number stai€$ In the
(3): since the stochastic terrt¥;/2) Swy(t)o,, does not com- regime of practical interest, i.e., fas,>1I", the contribution
mute with G, the decoherence process cannot be a meref the terms(I'/ wy)sin(w,t) is negligible. A similar func-
dephasing in the basis of eigenstatesGofAs there are no tional structure ofPy(t), namely, a sum of oscillating terms
transitions between states with differentthere is no energy modulated by damping factors, is found for the carrier, blue
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sideband, and second red sideband transitions; only the foraily, the experimental results are expected to reflect the com-
of the effective Rabi frequencies, is specific to each case. bined effect of the various noise sources. Especially
Actually, this structure ofPy(t) corresponds to that intro- important are, apart from magnetic noise, the fluctuations in
duced phenomenologically to account for experimental rethe phase and intensity of the exciting laser. We compare
sults obtained for the blue sideband transitj8h We point  now the most prominent features of those decohering mecha-
out that the nontrivial dependence of the damping rates on nisms, which were analyzed in previous wofk3], with
found in the experiments cannot be rooted in magnetic nois@hose of random magnetic perturbations.

which, in fact, has been shown to lead to the uniform damp-

ing factore™™™. (See Refs[17-19 for a discussion of differ- A. Phase fluctuations
ent aspects of this problem. . . . .
The result corresponding to thdeterministic Jaynes- First, we will show that there is a partial analogy between

Cummings Hamiltonian is trivially recovered by takiigy the effects of laser-phase fluctuatiqsse Ref[13]), and the
=0 in Eq.(14). Typical of the noiseless system are the col-Influence of stochastic magnetic fields. To this end, we con-

lapses and revivals of the population for the considered iniSider the system defined by EQ) with dwe(t)=0, i.e., no
tial state[16]. These features are rooted in the dependence dpagnetic-field fluctuations, and a random phagé). The
the effective Rabi frequencies on the number index: thestochastic unitary transformatiorl,(t) =exdi¢(t)o/2],
dephasing of the different oscillating terms leads to a colwhich leaves the populations in the bagig,n),|e,n)} in-
lapse; the recovery of an approximately constant phase difariant, leads to the transformed Hamiltonian

ference induces a partial revival. The persistence of the re- 5 5

vivals in the noisy system can be anticipated to depend H=—={(t)o,+ —Qy(o,a+o.a"), (15)
crucially on the relative magnitude of the revival and deco- 2 2

herence times. The time of revival~2m|a|/7»Q [16] is

d;eftertmined byl'ghe meantoca(l)patifort]hnudewfagd by t.he magnetic-field noisg¢see Eq.(3)]. The fluctuations ing(t)
efiective coupling constan{} o € Jaynes-Lummings o6 heen converted into an effective random variation in the

Hamiltonian; the decoherence time has been shown to sca . _ )
with the inverse of the noise variance. Although the appear-energy'hg(t)’ characterized bydt=d. Therefore, the popu

ance of collapses and revivals could be affected by the noisel"-monS In the initial representation evolve as if the system
; P . . . y . were driven by magnetic fluctuations wiiBg(t)={(t). In
induced decrease @b, this effect is unimportant for noise articular, a Wiener process ifit) [15] has the same effects
strengths in the range of practical interest. P ’ P [15]

We close this section with a comment on the limit of high on the populations as a white-noise inputdg(t). In con-

noise amplitude. This regime, which would prevent the ap_trast, given that the coherence operators do not commute

plicability of the system in quantum information processing,With U,, differences in the effects of both mechanisms on the

is not expected to be relevant to standard experimental seoherences can be anticipated. One should notice that the
ups. However, its analysis is of interest, as it gives additionafT€ct Of phase noise on the coherences cannot be studied by

insight into the decoherence mechanism and shows the cof€Mving @ master equation from EQ5) as previously done
sistency of our approach. From our results, a nontrivial be!0" magnetic fluctuations: because of the previous random
havior is noticeable: in the limit of high noise strength, thetrar}sfo'rmatloruz, the stochagtlc averaging performed in the
populations in the basi§g,n),|e,n)} become stable, and, c_ierlvatlon of a master equation is not complete lf_ the_ evolu-
consequently, the collapse y(t) for an initial state| it tion 0(1; tgg (_:loherences in the initial reprzs_entatlon is con-
=0))=|g)|a) is inhibited. More specifically, for #202n<T2, ~ cemed. Similar arguments were presented in R},
a purely imaginaryw, is obtained, which implies that the
corresponding coherence does not oscillate, but simply de-
cays. These features are understood by taking into account Now, in order to compare the effects of laser-intensity
that for the Rabi oscillations to take place, the coherent evonoise with those of random magnetic fields, we consider the
lution of a superposition of statds;) and |e;) is needed. system described by E@3) with Swy(t)=0, a fixed phase
Therefore, the oscillations cannot be apparent if the energy=0, and a noisy intensitf(t)=Qq+ 8Q(t), where 5Q(t)
splitting e, — e, =% 7Q2\n is smaller than its associated coher- denotes fluctuations around the mean valyge In the basis
ence decay ratgl’. Indeed, for largeD, the behavior corre-  formed by the eigenstates Gf given by Eqs(6) and(7), the
sponds to an effective decoupling of internal and motionaHamiltonian is expressed as
states which approaches that existent in the system in the
absence of the exciting laser: in the bagg n),|e,n)}, the
populations are fixed and the coherences decay, the form of
the decay being an exponential function for Gaussian white
noise. Whereoimz|e;)(e;|—|e;><e;|. The change of representation
allows us to describe the fluctuations in intensity as random
IV. A COMPARISON WITH OTHER DECOHERING variations in effective energy separations. Therefore, we can
MECHANISMS anticipate that in this case, decoherence corresponds to a
As previously mentioned, different sources of decoher{pure dephasing process in the representation of eigenstates of
ence can be relevant to the dynamics of trapped ions. Actus. Applying the methodology presented in RefS,6], we

which has the same form as the Hamiltonian that describes

B. Intensity fluctuations

% S
H= 5779(02 Vno', (16)

n=1
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can obtain the exact time propagator without solving a masthe fluctuations shift the effective Rabi frequencies. The ap-
ter equation. An evident advantage of this approach is thaplicability of the system in quantum information processing
the restriction of considering only Gaussian white noise, im+equires that the time scale for the logic operations, deter-
posed to derive the master equation, can be removed. Thisisined by the effective Rabi frequencies, must be much
not a minor advantage taking into account that the intensitygmaller than the decoherence time. In this range for the noise
noise actually relevant to the experimental arrangements castrength, the noise-induced frequency shifts are negligible.
present a finite bandwidth and high-frequency contributionAlthough we have focused on the case of having a dominant
[3]. For Gaussian colored noi$&5], i.e., for SQ(t) defined linear contribution in the magnetically induced stochastic

by (8Q(t)) =0 and(5Q(t) 5Q(t"));=(D/ r)e I, we have  frequency shift, our results can also serve to describe quali-
obtained analytical results for the populations and cohertatively a quadratic Zeeman effect, provided that a Gaussian
ences. In particular, for the initial statg(t=0))=|g)|a), the ~ @PProximation for the frequency shift is valid.

probability of finding the atom in the ground state is given by A comparison with the effect of other relevant sources of
fluctuations has been presented. Whereas there is a partial

analogy with decoherence induced by laser-phase noise,

qualitative differences with the effect of laser-intensity fluc-

tuations are found. Moreover, we have extended a previous
(170 analysis[13] of the influence of intensity noise on the dy-
namics by considering fluctuations with a finite bandwidth.

where qualitative differences with the result found for ran- S .
dom magnetic fields are evident. The effective Rabi frequen-our results uncover features distinctive of the noise spectrum

cies are independent of the noise strength. Additionally, th& the evolution of the coherences.
exponents of the damping factors depend on the number state ~Part from the characterization of the effect of uncon-
index, the dependence being linear for the considered refolled noise sources, the study provides an understanding of
sideband transition. Furthermore, the effect of noise color i§10W fundamental aspects of the phenomenology of dissipa-
apparent: a finite value of the correlation timg implies ~ ton are rooted in the properties of the decohering mecha-
nonexponential time decay. More specifically, fet ., the ~ NiSMS. We recall that in previous wofl4], different con-
decay has a Gaussian form; subsequently, there is an intdfolled environments, realized by incorporating random
mediate regime distinctive of the noise spectrum: finally, for/arations in the trap frequency and by including stochastic
t> 7., exponential decay sets in. It is important to remark€lectric fields in the system, served to test predictions on the
cr .

that there is no sharp crossover from Gaussian to exponentigf@/ing of decoherence rates. In a similar way, the introduc-
decay, but a transient period, which can be analytically chariion Of controlled stochastic variations in the intensity and
acterized for different types of Gaussian noise; its identificaPase of the laser, which is feasible under the current experi-
tion in the experimental data can serve to define the Co|op1ental condmons_, can be used to “engineer” reservoirs W'th
properties of the noise source. In the white-noise limit, pamcula_r properties. Therefore, it is possible to test, with
.0, purely exponential decay is found at any time, in agree;ra_pped ions, crucial aspects of decpherence, I|I§e the role of
ment with the results of Ref13). noise color in the appearance of different _funct!onal_forms

for the decay, or the relevance of the form in which dissipa-

tion enters the system to the emergence of diverse dynamical

V. CONCLUDING REMARKS properties.

1 —. _2 ~t/7e_
Pg(t) = S[1 + 2 py cos mdovnt)e”” Mo le T,
n

We have studied the effect of ambient magnetic fields on
laser-induced coupling of electronic and vibrational states of
trapped ions. Magnetic white noise has been shown to induce One of the authoréS.B.) wants to thank the Ministerio de
pure exponential decay of the Rabi oscillations, the dampingiencia y Tecnologia of SpaifGrant No. BFM 2001-3349
rates being independent of the number state indexes and scalhd the Gobierno de CanarigBl 2002/009 for financial
ing with the noise variance. Additionally, we have found thatsupport.
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