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A relativistic many-body calculation is performed for the low-lying states of the alkaline earth ions43Ca+

and 87Sr+. The zeroth-order hyperfine structure constants are evaluated with Dirac-Fock wave functions, and
the finite basis sets of the Dirac-Fock equation are constructed byB splines. With the finite basis sets, the core
polarization and the correlation effect are calculated. The final results for43Ca+ are as4S1/2d=−805.3 MHz,
as4P1/2d=−143.1 MHz, as4P3/2d=−30.5 MHz, bs4P3/2d /Q=151.8 MHz b−1, as3D3/2d=−47.8 MHz,
bs3D3/2d /Q=68.1 MHz b−1, as3D5/2d=−3.6 MHz, andbs3D5/2d /Q=100.2 MHz b−1. The results for87Sr+ are
as5S1/2d=−1003.2 MHz, as5P1/2d=−178.4 MHz, as5P3/2d=−35.1 MHz, bs5P3/2d /Q=274.3 MHz b−1,
as4D3/2d=−47.4 MHz,bs4D3/2d /Q=118.2 MHz b−1, as4D5/2d=2.5 MHz, andbs4D5/2d /Q=169.5 MHz b−1.

DOI: 10.1103/PhysRevA.70.012506 PACS number(s): 32.10.Fn, 31.30.Gs, 32.80.Pj

I. INTRODUCTION

With the development of experimental studies of the new
optical frequency standards, studies of the hyperfine struc-
ture have become more and more significant[1–3]. Now
single trapped ions have come to play an important role as
possible frequency standards, with several different candi-
date ions, such as43Ca+ and87Sr+ and so on. The property of
the quadrupole transition in43Ca+ is being studied at the
Laboratory of Magnetic Resonance and Atomic and Molecu-
lar Physics, Wuhan Institute of Physics and Mathematics
(People’s Republic of China). In 2003, the hyperfine struc-
ture of the 2S1/2-

2D1/2 quadrupole transition at 674 nm in
87Sr+ was observed at the National Physical Laboratory of
the United Kingdom[2], before which Martensson had ap-
plied many-body perturbation theory in the coupled-cluster
formulation to perform a calculation of the hyperfine struc-
ture in the 4d states of Rb-like Sr[1]. The effective operator
form of many-body perturbation theory was developed and
applied to calculate hyperfine interactions by Garpmanet al.
[4,5]. An important task of a perturbative calculation is to
carry out summations over all intermediate states. Lindgren
and Morrison used a single-particle function and a pair func-
tion by solving inhomogeneous one- and two-particle equa-
tion [5] instead of the summations. However, in this work
finite basis sets of the Dirac-Fock equation are constructed
by B splines. With the finite basis sets, the core polarization
and the correlation diagrams are calculated, and the hyper-
fine structure constants of the low-lying states of the alkaline
earth ions43Ca+ and 87Sr+ are evaluated.

II. THEORETICAL METHOD

For single-electron systems outside closed shells, the gen-
eralized hyperfine structure constants are[6]

AK = kg j j uT0
Kug j j lM0

K = S j K j

− j 0 j
Dkg jiTKig jlM0

K. s1d

For the magnetic-dipole hyperfine constantK=1, and for
the electric quadrupoleK=2. In the relativistic case, we get
the traditionally used hyperfine constants

a =
A1

I j
=

mI

I j
kg j j uT0

1ug j j l =
mI

I j
S j 1 j

− j 0 j
Dk jiT1i jl, s2d

b = 4A2 = 2Qkg j j uT0
2ug j j l = 2QS j 2 j

− j 0 j
Dk jiT2i jl, s3d

where I, mI, Q, and j are the nuclear spin, magnetic-dipole
moment, electric-quadrupole moment, and total angular mo-
mentum of the electrons, respectively. Also,

kkiT1ik8l = − ask + k8dkkiC1i − k8l

3E sPkQk8 + QkPk8d

r2 dr, s4d

kkiT2ik8l = − kkiC2ik8lE sPkPk8 + QkQk8d

r3 dr, s5d

wherea is the fine structure constant,C1 andC2 are spheri-
cal tensors of ranks 1 and 2,Pk and Qk are the large and
small radial components of the Dirac-Fock single-particle
wave functions, andk is defined as

k = lsl + 1d − js j + 1d −
1

4
. s6d

In order to evaluate second- and third-order perturbation
diagrams, we need a complete set of single-particle states.
We can construct a complete finite basis set of the Dirac-
Fock equation by usingB splines.

The relativistic Hamiltonian for an atomic system is given
by

H = H0 + V s7d

with
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H0 = o
i=1

N

fcaipi + sbi − 1dc2 + Vnucsr idg + o
i=1

N

usr id s8d

and

V = o
i, j

1

r ij
− o

i=1

N

usr id. s9d

Then we expand the large and small component radial wave
functionsPksrd andQksrd in terms ofB splines of orderk as

Pksrd = o
i=1

n

pi
skdBi,ksrd, Qksrd = o

i=1

n

qi
skdBi,ksrd. s10d

Using the Galerkin method and the MIT-bag-model
boundary condition, we obtain a 2n32n symmetric general-
ized eigenvalue equation[7]

Ay = eBv, s11d

where the 2n vectorv is given by

v = sp1,p2, . . . ,pn,q1,q2, . . . ,qnd, s12d

andA is a symmetric 2n32n matrix with the form

A = S sVdd + sVex
PPd cfsDd − sk/rdg + sVex

PQd
− cfsDd + sk/rdg + sVex

PQd sVdd − 2c2sCd + sVex
QQd

D
+ A8. s13d

The details of other matrices, such as
B,A8 ,sCd ,sDd ,sVdd , andsk / rd can be found in Ref.[7], and

sVexdi j =E BisrdVexsrdBjsrddr, s14d

where atomic units(a.u.) have been used in the above ex-
pression.

Using the above equations, we can construct the matrices
A andB. Taking 50B splines with orderkB=9, we can solve
the symmetric generalized eigenvalue equation(11) in a cav-
ity of radius RB=50 a.u. So we can get the complete finite
basis set of the Dirac-Fock equation. Details ofB splines can
be found in the book of deBoor[8]. Johnsonet al. have
applied the technique of constructing finite basis sets fromB
splines to calculate the hyperfine constants of the alkali met-
als 7Li, 23Na,39K, 85Rb, and133Cs [9].

Following Lindgren and Morrison[5], the contribution of
the core polarization to the hyperfine interaction can be cal-
culated to all orders:

Dnj
K = 2o

ark

s− 1dk+jm+j r−1s2j + 1dfs2j r + 1ds2ja + 1dg1/2Fs− 1ds3ja+j r+Kddsk,Kd
2K + 1

S j k j

− 1/2 0 1/2
DS j r k ja

− 1/2 0 1/2
DRksmr,nad

− s− 1d2j+KS j k ja
− 1/2 0 1/2

DS j r k j

− 1/2 0 1/2
DH j K j

j r k ja
JRksmr,andGha

r , s15d

s«a − «rdha
r sNd = kriTKial + o

bsk

fG1X
ksrb,asd − G2X

ksbr,asdgha
r sN−1d, s16d

and

ha
r s0d =

kriTKial
«a − «r

, s17d

whereRk is the relativistic Slater integral and

Rksab,cdd =E E r,
k

r.
k+1fPasr1dPcsr1d + Qasr1dQcsr1dg

3fPbsr2dPdsr2d + Qbsr2dQdsr2dgdr1dr2,

s18d

Xksab,cdd = s− 1dkk jaiCki jclk jbiCki jdlRksab,cdd, s19d

and

G1 = s− 1d3jb+js+Kdsk,Kd
2K + 1

, G2 = s− 1d jb+js+KH j r K ja
jb k js

J .

s20d

With Eqs. (15)–(17), we use an iterative procedure to carry
out the core polarization to all orders.

Following Lindgren and Morrison, the diagrams involv-
ing at least one double excitation are called the lowest-order

FIG. 1. One of the 65 lowest-order correlation diagrams.
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correlations; these are third-order hyperfine diagrams. There
are 65 such correlation diagrams. The algebraic expression
for one of these diagrams is shown in Fig. 1; it is

am
+an

+o
rsta

kmuTQ
Kutlktaur12

−1urslkrsur12
−1unal

s«m − «tds«n + «a − «r − «sd

= am
+an

+ o
rstak

ds j t, jd
s2j r + 1ds2ja + 1ds2js + 1d

2k + 1

3S j k j r
− 1/2 0 1/2

D2S ja k js
− 1/2 0 1/2

D2

3
kmuTKutlRksta,rsdRksrs,nad
s«m − «tds«n + «a − «r − «sd,

s21d

whereTQ
K is the hyperfine operator. From this expression, we

can see that the sums run over all the virtual states ofr, s,
and t as the well as core states ofa. The two 3j symbols
s j k jr

−1/2 0 1/2
d and s ja k js

−1/2 0 1/2
d give u j − j r u økø j + j r and

u ja− jsu økø ja+ js, 0ø j r , jsø`, j t= j . In the above expres-

sion, jm= jn= j ; the total angular momentum for the valence
state is used. For numerical calculation it is impossible to
take j r , js up to infinity. We can choose a finite valuejmax as
the maximum and letj r , jsø jmax. But how can we choose
jmax? First we take a small positive floating numberepsas
the precision, and search usingj try to make the absolute
value of the difference of the calculated results of the corre-
lation diagram for two neighboringj try less thaneps. When
we find such aj try, we take thisj try as jmax.

In our program, we calculated all 65 such diagrams. In
addition to the 65 diagrams, there are numerous second- and
higher-order correlation diagrams, which are rather time con-
suming to evaluate and expected to be small[10]. Therefore,
in order to estimate the effects of these diagrams, we have
considered only a few of them rather than evaluating all of
them explicitly. Estimated values based on their sizes and on
the results of earlier work on Rb[11], Ba+ [12], and Mg+

[13] have been assumed in obtaining the final results. In
order to get higher precision, we treated the atomic nuclei as
Fermi nuclei, not point charges, in our calculations. We used
the Gauss integral which has higher precision.

TABLE I. Hyperfine structure constantsa for different states of43Ca+ and 87Sr+ (units of MHz).

Isotope States Our work Other theory Experiment

43Ca+ 4S1/2 −805.348 −819,a −794.7b −797.5s2.4d,c −805s2d,d −817s15de

4P1/2 −143.068 −148,a −144.8b −158.0s3.3d,c −145.5s1.0d,d −142s8d,f −145.4s0.1dg

4P3/2 −30.498 −30.9,a −29.3b −29.7s1.6d,c −31.9s0.2d,d −31.0s0.2dg

3D3/2 −47.824 −52,a −49.4b −48.3s1.6d,f −47.3s0.2dg

3D5/2 −3.552 −5.2,a −4.2b −3.8s0.6dg

87Sr+ 5S1/2 −1003.177 −1000h −1000.5s1.0di

5P1/2 −178.398 −177h

5P3/2 −35.114 −35.3h −36.0s0.4di

4D3/2 −47.356 −46.7h

4D5/2 2.507 1.1h 2.1743s14dj

aReference[14].
bReference[15].
cReference[16].
dReference[17].
eReference[20].

fReference[18].
gReference[21].
hReference[1].
iReference[19].
jReference[2].

TABLE II. Hyperfine structure factorsb for different states of43Ca+ and 87Sr+.

b/Q sMHz b−1d b sMHzd

Isotope States Our work Other theory Our work Experiment

43Ca+ 4P3/2 151.798 155a −6.7s1.4d −6.7s1.4d,b −6.9s1.7dc

3D3/2 68.067 68a −3.0s0.6d −3.7s1.9dc

3D5/2 100.208 97a −4.4s0.9d −3.9s6.0dc

87Sr+ 5P3/2 274.279 271d 88.5s5.4d 88.5s5.4de

4D3/2 118.238 115d 38.2s2.3d
4D5/2 168.513 160d 54.4s3.3d 49.11s6df

aReference[14].
bReference[17].
cReference[21].

dReference[1].
eReference[19].
fReference[2].
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III. RESULTS AND DISCUSSION

In this paper we evaluated the hyperfine structure con-
stants for the low-lying states of43Ca+ and87Sr+. Our results
are listed in Tables I and II.

Table I shows the comparison of our evaluated results and
other theoretical results and experimental results. From Table
I, we can see that the agreement between most of our results
and the experimental results for43Ca+ and 87Sr+ is better
than 3%. Our results are also compatible with other theoret-
ical work except for 3D5/2 of 43Ca+ and 4D5/2 of 87Sr+.

In Table II, we give out our calculated hyperfine structure
b/Q values for43Ca+ and87Sr+. Our results are close to those
of Ref. [14] and Ref.[1]. The size of theb values, of course,
depends on the size of the nuclear quadrupole momentQ.
However, there exists no experimental technique for deter-
mining nuclear quadrupole moments in a direct way. But
with the experimentalb values and our calculatedb/Q val-
ues for the 4P3/2 state of43Ca+ and the 5P3/2 state of87Sr+,
the nuclear quadrupole momentsQs43Cad=−0.044s9db,
Qs87Srd=0.323s20db are derived, and the uncertainties in pa-
rentheses are from the experimental uncertainties in 4P3/2
and 5P3/2, respectively. These values are compatible with
Qs43Cad=−0.043s9db [17] andQs87 Srd=0.327s24db [1].

Using our values ofQs43Cad=−0.044b and Qs87Srd
=0.323b, the b constants of43Ca+ and 87Sr+ are listed in
column 5. And with the calculated valuesa andb, the energy

of the hyperfine interactionWF in D5/2 states can be derived
in the following equation:

WF =
1

2
aD5/2

C + bD5/2

3

2
CsC + 1d − 2IsI + 1dJsJ + 1d

2Is2I − 1d2Js2J − 1d
,

whereC=FsF+1d− IsI +1d−JsJ+1d, andaD5/2
and bD5/2

are
the two hyperfine structure constants. In the 3D5/2 state of
43Ca+ I = 7

2, J= 5
2 and in the 4D5/2 state of87Sr+ I = 9

2, J= 5
2.

The values ofWF in the 3D5/2 state of43Ca+ are listed in
Table III. From Table III, we can see that the order of the
valuesWF of 43Ca+ from maximum to minimum is the nor-
mal one,F=1,2,3,4,5,6. Theenergy intervals toF=7 in
the 4D5/2 state of87Sr+ are listed in Table IV, from which we
can see that the order of the valuesWF of 87Sr+ is F
=7,6,2,3,5,4,which is compatible with the latest experi-
ment [2]. The order ofWF is mainly determinate by the
magnetic-dipole interaction, but if the magnetic-dipole inter-
action is too small, and the value ofb/a is large enough, the
order will be abnormal. For example, in the 4D5/2 state of
87Sr+, the magnetic-dipole constanta is abnormally small, so
the order ofWF is abnormal. The different between our data
and experiment in87Sr+ is caused by the difference ofa and
b. Our data are a little larger than the experimental data, so

TABLE III. Energy of the hyperfine interactionWF at different
F in the 3D5/2 state of43Ca+ (units of MHz).

F WF of 43Ca+ in 3D5/2

1 38.302

2 32.459

3 23.224

4 10.029

5 −7.878

6 −31.441

TABLE IV. Energy intervals toF=7 in the 4D5/2 state of87Sr+

(units of MHz).

F Our work Experimenta

2 −51.166 −44.126

3 −59.986 −52.336

4 −65.399 −57.553

5 −61.965 −54.867

6 −42.885 −38.138

7 0 0

aReference[2].

TABLE V. Contributions from different parts of the hyperfine operator to thea factors of43Ca+ and87Sr+

(units of MHz). H(1) is the Dirac-Fock contribution, H(2) complete polarization, H(3) the first-order corre-
lation, and “total” is H(1) + H(2) + H(3). H(4) is the estimated second- and higher-order correlations, and
“final” is total + H(4).

Isotope States H(1) H(2) H(3) Total H(4) Final

43Ca+ 4S1/2 −588.933 −117.893 −101.790 −808.616 3.268 −805.348

4P1/2 −101.492 −22.742 −19.335 −143.569 0.501 −143.068

4P3/2 −19.646 −8.495 −2.454 −30.595 0.097 −30.498

3D3/2 −33.206 −0.619 −14.160 −47.985 0.161 −47.824

3D5/2 −14.144 18.204 −7.691 −3.631 0.079 −3.552
87Sr+ 5S1/2 −736.547 −135.887 −135.886 −1008.320 5.143 −1003.177

5P1/2 −121.576 −24.544 −33.023 −179.143 0.745 −178.398

5P3/2 −21.331 −11.078 −2.835 −35.244 0.130 −35.114

4D3/2 −31.126 −2.413 −13.978 −47.517 0.161 −47.356

4D5/2 −12.977 21.876 −6.459 2.440 0.067 2.507
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the intervals of energy are a little larger than the experimen-
tal ones, but the order is the same.

Tables V and VI show the contributions from different
parts of the hyperfine operator to the final results for the
hyperfine structure constantsa andb/Q factors, respectively.
From Table V, we can see that for the 3D5/2 of 43Ca+ and
4D5/2 of 87Sr+ the complete polarization is larger than for the
other states and has the opposite sign. In particular, for the
4D5/2 state of87Sr+, the final result is abnormally small and
seems to be inverted because of the complete polarization.
From Table VI, we can see that forP states the complete
polarization effect is much larger than the correlation effect.
But for 3D3/2 and 3D5/2 of 43Ca+, the complete polarization
effect is much smaller than the correlation effect, and its
value has the opposite sign. For 4D3/2 and 4D5/2 of 87Sr+, the
complete polarization effect is close to the correlation effect.
As mentioned above, in addition to the 65 lowest-order cor-
relation diagrams, there are a large number of second- and

higher-order correlation diagrams, which are rather time con-
suming to evaluate; therefore, we have not evaluated them
explicitly. We have considered only a few of them and listed
the estimated values in column 7 of Tables V and VI in
obtaining the final results for all states. From Tables V and
VI, we can see that the estimated values have only a small
effect on all the interaction constants except for the magnetic
interaction ones in theD states, because the absolute value of
the total magnetic interaction inD states is abnormally small,
even much smaller than the lowest-order correlation contri-
butions. We hope that our calculated results will be useful in
future experiments.
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