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Calculation of the hyperfine structure constants in**Ca* and 8Sr*
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A relativistic many-body calculation is performed for the low-lying states of the alkaline eartHiGas
and®'sr*. The zeroth-order hyperfine structure constants are evaluated with Dirac-Fock wave functions, and
the finite basis sets of the Dirac-Fock equation are construct@&idpjines. With the finite basis sets, the core
polarization and the correlation effect are calculated. The final result$®@a* are a(4S;/,) =—805.3 MHz,
a(4P,»)=-143.1 MHz,  a(4P3,)=-30.5 MHz, b(4P5,)/Q=151.8 MHz b,  a(3Dg,)=-47.8 MHz,
b(3D3/,)/Q=68.1 MHz 5%, a(3Ds/,) =—3.6 MHz, ando(3Ds),)/Q=100.2 MHz b, The results fof’Sr" are
a(5S,,)=-1003.2 MHz, a(5P;,,)=-178.4 MHz, a(5P5,)=-35.1 MHz, b(5P5,,)/Q=274.3 MHz b%,
a(4D4) =—47.4 MHz,b(4D5,)/Q=118.2 MHz b?, a(4Dsj,)=2.5 MHz, andb(4Ds/,)/Q=169.5 MHz b,
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I. INTRODUCTION For the magnetic-dipole hyperfine const&nt 1, and for

] ) ) the electric quadrupol&=2. In the relativistic case, we get
With the development of experimental studies of the newe traditionally used hyperfine constants

optical frequency standards, studies of the hyperfine struc-

ture have become more and more significiht3]. Now ' T AN .
single trapped ions have come to play an important role as &~ i = ﬁ“’” [Tolvii) = H(—j 0] )<J”T1”J>' 2
possible frequency standards, with several different candi-

date ions, such &Ca" and®’Sr* and so on. The property of P

the quadrupole transition ii’Ca’ is being studied at the b:4A2:2Q<yjj|T§|yjj>:2Q( J_ J,)(j||T2||j>, (3)
Laboratory of Magnetic Resonance and Atomic and Molecu- -1 0]

lar Physics, Wuhan Institute of Physics and Mathematic
(People’s Republic of Chinaln 2003, the hyperfine struc-
ture of the?S,,,-°D,,, quadrupole transition at 674 nm in
87Sr* was observed at the National Physical Laboratory o

Swherel, M, Q, andj are the nuclear spin, magnetic-dipole
moment, electric-quadrupole moment, and total angular mo-
tmentum of the electrons, respectively. Also,

the United Kingdom[2], before which Martensson had ap- (K[TY "y = = alk + " ){k||CY - &)

plied many-body perturbation theory in the coupled-cluster

formulation to perform a calculation of the hyperfine struc- > J (PQ +QKPK’)dr (4)
ture in the 4 states of Rb-like Sf1]. The effective operator r? '

form of many-body perturbation theory was developed and

applied to calculate hyperfine interactions by Garpregal. (PP.+0Q.0Q,)

[4,5]. An important task of a perturbative calculation is to (TYx’) = —<K||C2||K’>f ——————=dr, (5
carry out summations over all intermediate states. Lindgren r

and Morrison used a single-particle function and a pair funcyynere o is the fine structure constar@® andC2 are spheri-

tion by solving inhomogeneous one- and two-particle equagy| tensors of ranks 1 and 2, and Q, are the large and

tion [S] instead of the summations. However, in this Work s radial components of the Dirac-Fock single-particle
finite basis sets of the Dirac-Fock equation are constructeg 5. e functions. and is defined as

by B splines. With the finite basis sets, the core polarization
and the correlation diagrams are calculated, and the hyper- .
fine structure constants of the low-lying states of the alkaline =1+ -j(+1) - 4 (6)
earth ions*3Ca* and®'Sr* are evaluated.
In order to evaluate second- and third-order perturbation
diagrams, we need a complete set of single-particle states.
Il. THEORETICAL METHOD We can construct a complete finite basis set of the Dirac-

. _ Fock equation by using splines.
For single-electron systems outside closed shells, the gen- g ye|ativistic Hamiltonian for an atomic system is given
eralized hyperfine structure constants e by

« « J ]> « H:H0+V (7)
— ' . —_ . K .
AK—<711|T0|YJJ>M0—<_J- 0 i O viMo. @
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N N
Ho= 2 [caipi + (B = D)E? + Vpudr)]+ 2 u(r)  (8) m
i=1 =1 e <
and t
1 N
v=2 == ur). (9)
i<i fij =1 '
Then we expand the large and small component radial wave
functionsP,(r) andQ,(r) in terms ofB splines of ordek as n
n n
P = pB (), Q= q“Bir). (10) FIG. 1. One of the 65 lowest-order correlation diagrams.
i=1 i=1

Using the Galerkin method and the MIT-bag-model
boundary condition, we obtain axX 2n symmetric general- (Vexj :f Bi(r)Ve,(r)B;(r)dr, (14)
ized eigenvalue equatidi]
where atomic unitga.u) have been used in the above ex-
Av= €eBv, (11)  pression.
Using the above equations, we can construct the matrices

where the  vectorv is given by A andB. Taking 50B splines with ordekg=9, we can solve

0 =(P1,P2 -+ P12y -+ ) (12) the symmetric generalized eigenvalue equatidh in a cav-
] . o ity of radius Rz=50 a.u. So we can get the complete finite
andA is a symmetric B 2n matrix with the form basis set of the Dirac-Fock equation. DetailBdaplines can
PP _ p be found in the book of deBodi8]. Johnsonet al. have
= ( (Vo) + (Vex o cl(D) (;2</r)] + (Vex ) applied the technique of constructing finite basis sets fBom
—c[(D) + (/1) ]+ (V5D (Vg) = 2¢%(C) + (VD) splines to calculate the hyperfine constants of the alkali met-

A (13) als 'Li, ®Na,*K , ®Rb, and'**s[9].
Following Lindgren and Morrisoif5], the contribution of
The details of  other matrices, such as the core polarization to the hyperfine interaction can be cal-
B,A’,(C),(D),(Vq), and(k/r) can be found in Ref7], and  culated to all orders:

Aﬁj = 22 (- 1)k+Jm+jr—l(2j + 1)[(2jr +1)(2j,+ 1)]1/2|: (- 1)(3ja+jr+K)M( j k )( Ir K Ja )Rk(mr,na)

i 2K+1\-1/2 0 1/2)\-1/2 0 1/2
i ik Ja v ko1 K] =
_ —121+K< )( ) R¢(m, ]hr, 15
COMN 12 0 w2)\c12 0 12)] K, [RMRAD N (19
(84— £)NL™N = (r|Ta) + >, [G,XK(rb,as) — G,XX(br,as) ]n,N-Y, (16)
bsk
[
and X@b,cd) = (- DNjdICiblCHliwR(@bcd), (19)
K
fro - @) 4y A
Eq~ & .
G,=(- 1)3jb+js+KM G, = (~ 1)ib*is™k Ir Ja .
whereRK is the relativistic Slater integral and 2K+1' ib ks
(20

K
K _ I<
R(a@b.cd) _ff r'gl[Pa(rl)PC(rl) * Qar)Qelry)] With Egs.(15—17), we use an iterative procedure to carry

out the core polarization to all orders.
X[Pp(r2)Py(ra) + Qu(rz) Qu(ra)Jdrydrz, Following Lindgren and Morrison, the diagrams involv-
(18 ing at least one double excitation are called the lowest-order
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TABLE |. Hyperfine structure constantsfor different states of3Ca’ and 87Sr* (units of MH2).

Isotope States Our work Other theory Experiment
43cat 4S,,, -805.348  -819,-794.7 -797.52.4),° -8052),4 -81715)°
4P, -143.068 -148-144.8 -158.03.3°-145.51.0)9-1428), -145.40.1)¢
4P,,  -30.498  -30.§-29.? -29.711.6),° -31.90.2),4 -31.00.2)¢
3Dy,  -47.824 -5F -49.4 -48.31.6), -47.30.2)9
3Ds), -3.552 -5.2-4.2 -3.80.6)?
87gpt 5S,, -1003.177 -100b -1000.51.0)
5P, -178.398 -17%
5P,  -35.114 -35.3 -36.00.4)
4Dy,  -47.356 -46.7
4Ds, 2.507 1.1 2.174314)
*Referencq14]. 'Referencq18].
PReferencd15]. 9Reference21].
‘Referencd16]. "Reference1].
GIReference[l?]. fReference[lQ].
*Referencg20]. IReferencq2].

correlations; these are third-order hyperfine diagrams. Thersion, j,=j,=]j; the total angular momentum for the valence
are 65 such correlation diagrams. The algebraic expressigtate is used. For numerical calculation it is impossible to
for one of these diagrams is shown in Fig. 1; it is

ararS (mITgJt)talr3rs)(rs|r3|na)

sta (Em—&d(entea—g — &y

(2 + D2jat D(2js+1)

=arar > 3w

rstak

2k+1

X(i k jr)2< o ks
-1/2 0 1/2/ \-1/2 0 1/2

(m[T¥|tyRX(ta, rs)RX(rs,na)

(em—ed(en+ea— 8 — &9,

)2

(21)

takej,,]js up to infinity. We can choose a finite valijig,, as
the maximum and lef,,js<]mnax BUt how can we choose
imax? First we take a small positive floating numhegsas
the precision, and search using, to make the absolute
value of the difference of the calculated results of the corre-
lation diagram for two neighboring,, less thareps When
we find such gy, we take thisjyy asjmax

In our program, we calculated all 65 such diagrams. In
addition to the 65 diagrams, there are numerous second- and
higher-order correlation diagrams, which are rather time con-
suming to evaluate and expected to be sifidl]. Therefore,
in order to estimate the effects of these diagrams, we have
considered only a few of them rather than evaluating all of
them explicitly. Estimated values based on their sizes and on

whereTy, is the hyperfine operator. From this expression, Weihe results of earlier work on RiL1], Ba' [12], and Md
can see that the sums run over all the virtual states sf

andt as the well as core states af The two 3 symbols

(ia K s

ik .
(—1/201/2) and 5047 give

|j_jr| $k$j+jr

and

[13] have been assumed in obtaining the final results. In
order to get higher precision, we treated the atomic nuclei as
Fermi nuclei, not point charges, in our calculations. We used

lia=isl <ksjatjs O<j,,js=%, j;=]. In the above expres- the Gauss integral which has higher precision.

TABLE Il. Hyperfine structure factorb for different states of°Ca" and87Sr*.

b/Q (MHz b™Y) b (MHz)
Isotope States Our work Other theory Our work Experiment
43cqr 4P, 151.798 158 -6.7(1.4) -6.71.4,° -6.91.7°
3Dy 68.067 68 -3.00.6) -3.71.9°
3Dy, 100.208 o? -4.40.9 -3.96.0°
87gy+ 5Pa), 274.279 274 88.55.4) 88.55.4)°
4D, 118.238 118 38.22.3
4Dg, 168.513 166 54.43.3) 49.116)"
*Referencq14]. YReference1].
PReferencd17]. °Referencd19].
‘Referencg21]. 'Referencq2].
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TABLE lll. Energy of the hyperfine interactiowf at different TABLE IV. Energy intervals toF =7 in the Dg,, state of®’Sr*
F in the D5, state of*3Ca’ (units of MH2). (units of MH2).
F W of 43Ca* in 3Dg), F Our work Experimerft
1 38.302 2 -51.166 -44.126
2 32.459 3 -59.986 -52.336
3 23.224 4 -65.399 -57.553
4 10.029 5 -61.965 -54.867
5 -7.878 6 -42.885 -38.138
6 -31.441 7 0 0
*Referencg2].

Ill. RESULTS AND DISCUSSION

In this paper we evaluated the hyperfine structure con
stants for the low-lying states fCa* and®’Sr*. Our results
are listed in Tables | and II.

of the hyperfine interactiolVi in Dg,, states can be derived
in the following equation:

Table | shows the comparison of our evaluated results and §c(c +1)-21(1+1)JJ+1)
other theoretical results and experimental results. From Table 5, — }a C+b
[, we can see that the agreement between most of our results F™2%Pse Dsr2 2121 - 1)23(23-1) '

and the experimental results f6fCa* and 8’Sr* is better
than 3%. Our results are also compatible with other theoretwhere C=F(F+1)-I1(I+1)-J(J+1), and ap,, and bD5/2 are
ical work except for ®s, of *Ca" and D, of &'Sr. the two hyperfine structure constants. In tHas3 state of
In Table II, we give out our calculated hyperfine structure*3ca 1=£, J=2 and in the &y, state of®’Sr* 1=2, J=2.
b/Q values for**Ca* and®’Sr*. Our results are close to those The values ofW; in the Dy, state of43Ca’ are isted in
of Ref.[14] and Ref[1]. The size of thé values, of course, Table Ill. From Table Ill, we can see that the order of the
depends on the size of the nuclear quadrupole mor@ent valuesWi of “3Ca’ from maximum to minimum is the nor-
However, there exists no experimental technique for determal one,F=1,2,3,4,5,6. Theenergy intervals t&~=7 in
mining nuclear quadrupole moments in a direct way. Butthe 4D, state of¥’Sr* are listed in Table IV, from which we
with the experimentab values and our calculatdtf Q val-  can see that the order of the valudé¢ of 87Sr" is F
ues for the #;, state of**Ca’ and the 5, state of*’Sr*, =7 6,2,3,5,4which is compatible with the latest experi-
the nuclear quadrupole moment®(**Ca=-0.0449)b,  ment[2]. The order ofWr is mainly determinate by the
Q(®7Sn=0.32320)b are derived, and the uncertainties in pa- magnetic-dipole interaction, but if the magnetic-dipole inter-
rentheses are from the experimental uncertaintiesRg,4 action is too small, and the value bfa is large enough, the
and 3, respectively. These values are compatible withorder will be abnormal. For example, in th®4, state of
Q(*3Ca)=-0.0439)b [17] andQ(®” Sn=0.32724)b [1]. 87Sr*, the magnetic-dipole constaats abnormally small, so
Using our values ofQ(*3Ca=-0.044 and Q(®’Sr)  the order oW is abnormal. The different between our data
=0.323, the b constants of*3Ca’ and 8’Sr* are listed in  and experiment i#’Sr* is caused by the difference afand
column 5. And with the calculated valuasandb, the energy  b. Our data are a little larger than the experimental data, so

TABLE V. Contributions from different parts of the hyperfine operator todfiactors of*3Ca* and®’sr
(units of MH2). H(1) is the Dirac-Fock contribution, 2) complete polarization, £) the first-order corre-
lation, and “total” is H1) + H(2) + H(3). H(4) is the estimated second- and higher-order correlations, and
“final” is total + H(4).

Isotope States ‘) H(2) H(3) Total H(4) Final

Scar 4S)» -588.933 -117.893 -101.790 -808.616 3.268 -805.348
4Py -101.492 —-22.742 -19.335 —-143.569 0.501 -143.068
4P -19.646 -8.495 -2.454 -30.595 0.097 -30.498
3D3y —-33.206 -0.619 -14.160 -47.985 0.161 -47.824
3Ds)» -14.144 18.204 -7.691 -3.631 0.079 -3.552

87Sr* 5S/» —-736.547 -135.887 -135.886 -1008.320 5.143 -1003.177
5Py -121.576 —24.544 —-33.023 -179.143 0.745 —-178.398
5Pz, -21.331 -11.078 -2.835 -35.244 0.130 -35.114
4D3p -31.126 -2.413 -13.978 -47.517 0.161 —-47.356
4Ds)p -12.977 21.876 -6.459 2.440 0.067 2.507
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TABLE VI. Contributions from different parts of the hyperfine operator to bif€ factors of*3Ca* and
87Sr+ (units of MHz b'1). Notation is the same as in Table V.

Isotope States ‘) H(2) H(3) Total H(4) Final

43cat 4P5), 96.890 41.020 14.365 152.275 -0.477 151.798
3Dz, 54.445 -2.922 16.808 68.331 -0.264 68.067
3Ds), 77.132 -3.456 26.961 100.637 -0.429 100.208

87gr 5Pz 165.747 80.173 29.367 275.287 -1.008 274.279
4D 80.347 17.740 20.567 118.653 -0.415 118.238
4Ds)» 110.040 26.267 32.773 169.080 -0.567 168.513

the intervals of energy are a little larger than the experimenhigher-order correlation diagrams, which are rather time con-

tal ones, but the order is the same. suming to evaluate; therefore, we have not evaluated them
Tables V and VI show the contributions from different explicitly. We have considered only a few of them and listed

parts of the hyperfine operator to the final results for thethe estimated values in column 7 of Tables V and VI in

hyperfine structure constardsandb/Q factors, respectively. obtaining the final results for all states. From Tables V and

From Table V, we can see that for th®3, of *Ca” and VI, we can see that the estimated values have only a small

4Dg,, of 87Sr* the complete polarization is larger than for the effect on all the interaction constants except for the magnetic

other states and has the opposite sign. In particular, for thimteraction ones in thB states, because the absolute value of

4Dg,, state of®’Sr, the final result is abnormally small and the total magnetic interaction D states is abnormally small,

seems to be inverted because of the complete polarizatioeven much smaller than the lowest-order correlation contri-

From Table VI, we can see that fét states the complete butions. We hope that our calculated results will be useful in

polarization effect is much larger than the correlation effectfuture experiments.

But for 3D, and Py, of 43Ca’, the complete polarization

effect is much smaller than the correlation effect, and its

value has the opposite sign. Fdd4, and s, of 8Sr*, the ACKNOWLEDGMENT

complete polarization effect is close to the correlation effect.

As mentioned above, in addition to the 65 lowest-order cor- This work is supported by the National Natural Science

relation diagrams, there are a large number of second- aréoundation of China under Grant No. 10274094.

[1] A.-M. Martensson, J. Phys. B5, 917 (2002. (1983.
[2] G. P. Barwood, K. Gao, and H. A. Klein, Phys. Rev. &Y, [14] A.-M. Martensson and S. Salomonson, Phys. Re\38@\ 712
013402(2003. (1984).

[3] B. K. Sahoo, G. Gopakumar, R. K. Chaudhuri, and B. P. Das{15) A -M. Martensson, A. Ynnerman, H. Warston, L. Vermeeren,
Phys. Rev. A68, 040501R) (2003. , R. E. Silverans, A. Klein, R. Neugart, C. Schulz, and P.
[4] S. Garpman, I. Lindgren, T. Lindgren, and J. Morrison, Phys. Lievens, Phys. Rev. A5, 4675(1992
Rev. A 11, 7 1975. ' ' ' o ’
ev. A 11, 758(1979 [16] A. T. Goble and S. Maleki, Phys. Rev. A2, 649 (1990.

[5] I. Lindgren and J. MorrisonAtomic Many-Body Theory, ) ’
Springer Series in Chemical PhysicSpringer, Berlin, 1982 [17] R. E. Silverans, L. Vermeeren, R. Neugart, and P. Lievens, Z.

[6] I. Lindgren and A. Rosen, Case Stud. At. Phyis 93 (1974 Phys. Dt At.,, Mol. Clustersl8, 352 (199]).
[7] W. R. Johnson, S. A. Blundell, and J. Sapirstein, Phys. Rev. A18] F. Kurth, T. Gudjons, B. Hiblert, T. Reisinger, G. Werth, and
37, 307(1988. A.-M. Martensson, Z. Phys. D: At.,, Mol. Cluster34, 227
[8] C. deBoor A Practical Guide to Spline&Springer, New York, (1995.
1978. [19] F. Buchinger, E. B. Ramsay, E. Arnold, W. Neu, R. Neugart,
[9] W. R. Johnson, M. Idrees, and J. Sapirstein, Phys. ReS5A K. Wendt, R. E. Silverans, P. Lievens, L. Vermeeren, D. Ber-
3218(1987). dichevsky, R. Fleming, W. L. Sprung, and G. Ulm, Phys. Rev.
[10] T. Lee, N. C. Dutta, and T. P. Das, Phys. Rev1A995(1970. A 41, 2883(1990.
[11] M. Vajed-Samii, S. N. Ray, T. P. Das, and J. Andriessen, Phys[20] F. M. Kelly, H. Kuhn, and A. Pery, Proc. Phys. Soc., London,
Rev. A 20, 1787(1979. Sect. A 67, 450(1954).
[12] S. Ahmad, J. Andriessen, K. Raghunathan, and T. P. Das, Phy§21] W. Nortershauer, K. Blaum, K. Icker, P. Muller, A. Schmitt, K.
Rev. A 25, 2923(1982. Wendt, and B. Wiche, Z. Phys. D: At., Mol. Clustes 33
[13] S. Ahmad, J. Andriessen, and T. P. Das, Phys. Re27A2790 (19898.

012506-5



