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Excitation of Faraday patterns in theeakconfinement space of low-dimensional Bose-Einstein condensates
(BEC) by a periodic modulation of the trap frequen€dyy, in the tight confinement space is shown. For slow
modulation the low-dimensional dynamics of the BEC in the weak confinement space is described by a
Gross-Pitaevskii equation with time modulated nonlinearity coefficient. For increasing modulation frequencies
a noticeable reduction of the pattern formation threshold is observed hgf,2which is related to the
parametric excitation of the internal breathing mode in the tight confinement space. These predictions could be
relevant for the experimental excitation of Faraday patterns in BEC.
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The nonlinear spatiotemporal dynamics of Bose-Einsteirwhere modulation of trap frequencies is usually easier than
condensate@BECS is attracting increasing interest in recent modulation of the atomic scattering length.
years, with a major focus toward the conservative dynamics The starting point of our analysis is the Gross-PitaevsKii
of spatially localized structures like solitons and vortices.(GP) Eq. (6) for a confined BEC, generalized to include
The possibility of controlling the evolution of bright and damping[7]:
dark solitons or of periodic matter waves has been widely v 42
addressed in recent works by exploiting, among others, the  j3— =(1 _i7)<_ —V2+V(r,t) + c|xp|2_ﬁ>qf, (1)
temporal modulation of the atomic scattering lenfth Less Jt 2m
attention has been devoted so far to the study of the dynamvx'/hereC=4ﬂﬁ2Na/m, N is the number of particles, is the

ics of dissipative BECs in view of the potential observation;,ieratomic s-wave scattering lengtiia>0 for a repulsive

of spatially-extended matter-wave dissipative pattgh§] BEC, which we considgym s the mass of the particleg, is
which are ubiquitous in spatially extended physical systemshe chemical potentiaV/(r ,t) is the trapping potential, ang
driven far from equilibriun4]. We recently predictefB] the s the damping parameter. The phenomenological model of a
spontaneous emergence of patterns and quasip'att(.erns dissipative BEC described by E€l) is compatible with ex-
BECs when the atomic scattering length is periodicallyperiments for dilute alkali BEC near absolute zero, and it has
modulated in time. As these patterns arise due to the modiseen used by several authors to study, e.g., vortex lattice
lation of a system parametgthe scattering lengih they  formation in rotating BECY8] and splitting of quantized
show features similar to the parametric Faraday waves obggc vortices[9]. Estimated values foy in 8Rb and?3Nd
served on the free surface of a fluid subjected to oscillatoryange between 0.005 and 0.03-9]. In the absence of damp-
vertical acceleratiorisee, e.g., Refl4]). Indeed, the atomic ing the normalization imposefW(r,t)[2d% =1. Our study
density waves excited in this way oscillate at half the moduqyers both the 1D case of a cigar-shaped BEC extended

lation frequency, and the selected wave-number depends Ulong thez direction, V(r 't):%m[ﬂtzight(t)(xz+y2)+9\%/ea 2,

the modulation frequency through a dispersion—induce%nd the 2D case of a disk-shaped BEC extended irixhg

meﬁgfglivrg.show that, in low-dimensional BECs, Faradayplane’v(r’t):.%W[Qtzigh‘(t)22+g‘%’ea“(xz+y2)]' The condition
patterns can be excited by modulating the trap frequency ifjweak< ign is assumed which means th,ea and Qg
the tight confinement direction, alternatively to the modula-2'® the frequenples of the trap along the weak and t|g|_1t con-
tion of the atomic scattering length. This way 2DD) Far- finement directions, respectively. We assume $gly is
aday patterns can be excited across the extended dimensiovipjected to  periodic  modulation: Qgn(t) = Qyigh{ 1

of disk-(cigar-) shaped BECs. We also show that this mecha-+« cogQt)]. In terms of the scaled variables= Qggnt, R
nism introduces new resonance phenomena which yield, (X,Y,2)=00Y, D 8 Buan= ﬁ/(mﬁ- )
- y 1, &) =\ Y, tights ight™ tight/»

. . and u
among others, to a noticeable lowering of the pattern forma- _~ " . o L
tion threshold. These results are of major interest for an exfa“ght\“dmaw’ and assuming for (_Jleflnlt_eness a dlsk.shaped
. . S . BEC, Eq.(1) takes the following dimensionless form:
perimental observation of dissipative patterns in BECS,
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R Y — — —
Oweak™ Qweald Chight<1, @=Q/Qygy, and /'L:M/(hﬂtight)- B =
The dynamical equation for a cigar-shaped BEC is retrieved
from Eq. (2) after interchangingo,eax With wjgr. In the ab- 9 =
sence of damping the normalization condition foreads o =
JIu(R, 7)|?d®R=Q, whereQ=4mNa/ a4 is an adimensional
parameter characterizing the strength of the nonlinear inter-

action. Below we show that, fom<1 (slow modulation, FIG. 1. (a)- (d) Sequence of BEC density as taken at every 1/2

Eq. (2) can be reduced to the same GP equation as used f}f " trap modulation periodrom top to bottony, (€) BEC density

Ref. [3] to describe Faraday patterns in BECs under scattellp momentum spacéensity of the spatial Fourier spectrum of the
in .Ien th modulation. The physical reason for the e uiva-BEC wave function corresponding to snapsh@). Plots are ob-

9 9 . ) Py q tained by numerical integration of E(R) with periodic boundary
lence of modulating the scattering length and the trap fre-

! . . . . conditions in both directions, and with the trapping potential in the
quency corresponding to the tightly confined directian vertical (Y) direction. The trap modulation frequency i®

lies in the (periodically forced breathing dynamics of the =g 63wy,e.u~1.77). Other parameters are=0.5, y=0.01, andu
BEC across that direction. This dynamics entails a periodic-1.54. The spatial grid is 25632 (aspect ratio: 81 The size of

change of the BEC density Wh!Ch, in itS.tUm_, |ead5_t0 alintegration space along the horizontX) coordinate is 176. The
effective modulation of the nonlinear partlcle interaction IN moden=3 of periodic boundarie&@long theX axis) is excited.
the weakly confinedx,y) plane. However, as is increased,

a resonance phenomenon is observed nsa2(9=2(_2ﬁght), Y _ ) ) )
corresponding to the parametric excitation of the BEC 2i—— =(1=iy)(= Vieak— s1+ |9+ agcodwn)|f*y,
breathing mode in the tight confinement directidi®]. Al-

though close to resonance the dynamics becomes compli- (6)
cated and a reduction to a lower-dimensional GP equation is . _ . _ .
not possible, pattern formation is still predicted and occurs ith ap=a/2 (for cigar-shaped BECsy=a). In its present

much lower thresholds, which may be of major interest from orm Eq.(6) coincides with Eq(3) in [3], which was shown
an experimental viewpoint. to support Faraday-type patterns. The wave-nuniizd( w)

We consider first the slow-modulation regime. The reduc-Of the excited pattern and the threshaigl (k) for pattern

tion of the BEC 3D dynamics to an effective 2D descriptionformation at the first parametric resonance tongue follow
is done through a multiple scale analygld]. We assume a from Ref. [3]:

slow modulation,wo O(g) (with e<1), a weak interaction N N

of particles|u[?=O(g), and a largg=0(s™*/)] characteristic k(w) =N= g+ Vpp + 7,

spatial scale of the BEC wave function variation across the

weak confinement plane. This scaling correspondsQto 29\2pq + k(g + K2)

=« O(%), which is compatible with typical experimental con- ao (k) = K . (7)

ditions with dilute BECgqsee, e.g.[6]). Under these condi-
tions a weakly nonlinear analysis of E@), which uses?  The behavior predicted by Eq§) was confirmed by a direct

as the expansion parameter, leads to the factorization numerical integration of Eq2). In order to reduce the com-
putational time the simulations were carried out in 2D space
u(X,Y,z,7 = [%wtight(T)]lMeXd_ %wnght(T)Zz]l//(X, Y,7), by assuming a tightweak confinement in the verticghori-

@) zonta) direction. Periodic boundary conditions along the
horizontal direction were used, corresponding to the limiting
. . case of flat potential in the elongated direction. Figure 1
Wherel}z at the leading order, the reduced amplitufle ghows an example of quasi-1D Faraday patterns. A sequence
<O(e7) satisfies of snapshots of the BEC density in coordinate space is
shown at time intervals equal to half the modulation period
(left), and BEC density in momentum space corresponding to
snapshota) is shown on the right. The BEC density pulsates
R in the tightly confinedvertical) space at the trap modulation
+ g DY = iy, (5 frequencyw, see Eqs(3) and (4), whereas the BEC spa-
tiotemporal oscillations along the weakly confined space oc-
which is obtained as a solvability condition at ordéf? in cur at half the trap modulation frequency. Note that the val-
the asymptotic expansion. The chemical potentjal ues of the modulation frequencyw=0.62 and of the
=[ wiigni( 7) + 1112, with u, < O(e) [12]. Note that Eq(5)isa  reduced chemical potentighk,=2.08, as calculated from the
damped GP equation with time-varying nonlinear term. Notevalue w=1.54 used in simulationsare of order of 1. This
also that, for a flat trap in the weakly confined spacemeans that the mechanism of excitation of Faraday patterns
(wwear=0) and small dissipation coefficient and modulationis efficient even when the parameters of the system are be-
depth(y,a<1), Eq.(5) becomes yond the smallness assumptions underlying &g.

dy l-iy
I—= (- V\?veak"' w\%veal&XZ + YZ)
T 2
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FIG. 2. Same as Fig. 1, except for parameters. The trap modu-
lation frequencyw=1.56 is closer to the frequency of the BEC
breathing mode in the vertical directionjea=1.77; «=0.1. The
moden=6 of periodic boundarie@long theX axis) is excited. 0.0

k
The parametric excitation process usually saturates for

sufficiently large dissipation, leading to a stationary pattern 051

(steadily oscillating with the half of excitation frequency b) 04

whereas for very weak damping the direct parametric process 1

can be followed by its inverse process, leading to periodical 0.3

sequences of revivals similar to those observed in conserva- [

tive 1D BECs[13]. We observed periodic revivals typically 0.2 15 2.0 25 @

for y=<0.001, whereas damped periodic revivals are obtained

for more realistic values ofy (we typically usedyx0.01 FIG. 3. (a) Pattern formation threshold vs modulation frequency
[7-9. (neutral stability curvias obtained by numerical integration of Eq.

A key aspect of the modulation frequency value used ir(2) (solid circles, by analytical asymptotic analysigEgs. (7),
Fig. 1 is that it is far below the natural oscillation frequency dashed ling and by the analytical model taking into account the
of the BEC breathing mode in the tight confinement direc-"¢S0nant enhancement of BEC pulsat[@s. (8), solid liné]; (b)
tion, wpean Which is close to 2. Asw is increased close to wave numper qf the pattern as obtalned. by numer!cal integration of
@pront; the BEC dynamics becomes more involved owing to=d: (2) (solid circles, and by the analytical modeline). Param-
the parametric excitation of the internal breathing mpi@. eters and conditions are the same as in Fig. 1.
In the conservative, undriven case such breathing oscillations o ] ] ]
are undampeg10], and in an elongated BEC may lead to ahanf:ement of the'BEC breathing in the tightly conf|ned'd|-
self-parametric instability, i.e., the transfer of the breathing’€ction. To quantitatively evaluate such a resonance in a
energy to longitudinal waves in the weak confinement spac€imple way, let us assume a BEC with large aspect ratio
[14]. In the presence of damping and trap frequency modut@wea=0) and use a Gaussian-shaped Ansatz to(Epdis-
lation, an enhancement of the breathing oscillation depth i§€€garding the spatial dynamics in the nonconfined space. We
expected when the parametric resonance condition consider a disk-shaped BEC and setA(7)exd-B(n)Z’],
= wyyearniS attained, with a corresponding threshold loweringWhereA(7) and 5(7) are complex-valued functions of time.
for pattern formation. Numerical simulations of £8) show  After substituting the Ansatz into Eq2) and making a para-
indeed such a characteristic resonance behavior. As an ekolic approximation inZ of the nonlinear term one obtains:
ample, Fig. 2 shows pattern formation dynamics for
=1.54, Whiph is close to the gxpected resonanG@vpreath d_A: —(y+i)(B+|AZ- WA, (8a)
~1.77, which has been numerically computed by perturbing dr
the undriven ground state. The main effect observed, as com-
pared to Fig. 1, is the enhancement of the contrast of the
pattern, as well as a dramatic lowering of the pattern forma- —— == (y+i)[2B%+|AAB+B) - %wﬁgm(f)]. (8b)
tion threshold. In fact the numerically found thresholds are dr
oy =0.149 andey,,=0.031 for Figs. 1 and 2, respectively.
Figure 3a) shows the dependence of the numerically deter
mined threshold on the modulation frequericircles, com-

pared with the theoretical prediction valid for slow modula- )
tion, Eq. (7) (dashed ling the wave numbers of the POS€Sw>1/2. The BEC response for small, Eq. (3), is

corresponding patterns are shown in Figh)3Due to peri- easily studied in the limity, «<1 by standard Iinea_trization
odic boundaries the allowed wave numbers have a discrefd EAS-(8) arc;und the steady state. The expression for the
charactefthe set of spatialFourien modes is discreleThis ~ @mPplitudeA|A[* of the BEC peak density oscillations around
explains the observed periodic-like character of the patterifs mean valug/A|? is too cumbersome to be given here;
formation threshold that lowers for some frequendib®se however simple expressions can be providedyfer 0. For a
resonant with BEC modes in the weakly confined diregtion disk-shaped BEC the resonance frequency «i§.=3
The theoretical dashed curve, as expected, does not captutd/(4u?), which compares well with the numerical resuilt
the threshold lowering ab= wyeq, Which is due to the en-  wpea=1.77 for the parameters used in Figs. 1 and 2. Note

In the absence of modulatidw;g,=1, Eq.(3)] the steady-
State solution to Egqs(8), which corresponds to the BEC

ground state, read8=1/(4u), |Al2=u—1/(4w), which im-
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that wpreari— 2 Whenu—1/2, i.e., whenAl?>— 0, which is 2)
the noninteraction limit. If we introduce the modulation en- m
hancement factob=(A|A|?/|Al?)/ a, in the limit y—0 one
obtains =2/|w?- wf], which for w<wgy gets close to
1/2, i.e., corresponds well to that following from the b)
asymptotic expansiofi6): «y/a=1/2. Analogous calcula-
tions for cigar-shaped BECs lead tg..=2, and 6=4/|w? —
—wrzeJ independently of the value qf, which is compatible
with Ref. [10].

The above study has been performed in the zero confine- ©)
ment limit in the weak confinement space. More realistic m !
configurations were considered by numerically integrating
Eq. (2) with a weak harmonic potential trap in the weakly
confined direction. Figure 4 shows an example. The pattern
formation thresholds as well as the emerging wave numbers FIG. 4. Snapshots of the BEC density distributigtedt, coor-
in the presence of weak confining potentials correspond saflinate space; right, momentum spp@s obtained by numerical
isfactorily to those previously obtained in the absence ofntegration of Eq(2) with the weak(nonzerg confinement poten-
axial confinement. In the simulations of Fig. 4 the modula-ia! in the X direction. The aspect ratio of the trap 4</AY~8.
tion depth parameter was chosen approximately 2 time§arameters and conditions asin Fig. 1, @d»=1.55,=0.15;(b)
above its threshold value, and the patterns depicted appear&g 20> ¢=0-15:(€) ©=2.95,a=0.75.
after 50 periods of the radial trap modulation.

The calculation in Fig. 4 is a 2D analog of a cigar-shapgength modulation studied in Refl]. Since the modulation
BEC. The parameters used for the calculation, in terms 0ff the trap parameter is usually easier than that of the scat-
frgal physics units, correspond, e.g.,Ne5x 10° atoms of  tering length, and additionally ieads to a dramatic threshold

Rb in an elongated trap of axial and radial frequencies ofequyction due to the excitation of the BEC internal oscilla-
14 and 112 Hz, respectively, which result in a BEC axial andjon mode, we envisage that our results can have major im-

radial size of 100 and 12,am, respectively. These param- portance toward an experimental observation of Faraday pat-
eters are compatible with Refl5]. The corresponding terns in BECs.

modulation frequencies used in casgay (b), and(c) in Fig.

4 correspond to 190, 257, and 370 Hz. Financial support from Sonderforschungsbereich 407 of
In conclusion, we demonstrated that log@ne- and twoy ~ the Deutsche ForschungsgemeinscltifiS.) and from the
dimensional Faraday patterns can be parametrically excite8panish Ministerio de Ciencia y Tecnologia and the Euro-
in the weak confinement space of BECs by periodic modupean Union FEDER through Project No. BFM2002-04369-

lation of the trap frequency in the tight confinement spaceC04-01(G.deV) is acknowledged. K.S. gratefully acknowl-
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