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We solve the exact three-dimensional time-dependent Schrödinger equation for H2
+ (with fixed nuclei)

interacting with an intense laser pulse with an arbitrary oriented linear polarization. We find that at equilibrium
internuclear distance, the ionization probability of H2

+ is maximum for the parallel orientation of the molecule
with respect to the laser polarization, and is minimum for the perpendicular orientation. The contribution of
each nucleus to the harmonic spectrum is evaluated, so that interference effects between the two contributions
are assessed unambiguously. We show that every half-cycle, high order harmonics are emitted by each nucleus
when the electron wave packet returns for a recollision with both nuclei, and that the resulting harmonic
emission is predominant for the nucleus that experiences the first recollision. In general, each nucleus emits
both even and odd harmonics, but even harmonics are destroyed by interferences between contributions from
each nucleus. In general, this destructive interference occurs over a large spread of harmonic orders, which
depends on the angle between the molecular axis and the laser polarization.
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Coherent radiation at high frequency can be produced via
high-order harmonic generation(HOHG), which occurs
when atoms or molecules, subjected to intense laser fields,
emit radiation of frequency multiple of that of the driving
field. HOHG has been widely studied in strong field physics
[1,2], and is well explained by the three step semiclassical
mechanism[3–5]. According to this mechanism, the electron
first tunnels through the potential barrier formed by the com-
bined Coulomb and laser fields, then it is accelerated by the
laser field, and later driven back for a recollision with the
core. Upon this recollision, the returning electron wave
packet recombines with the core, leading to harmonic radia-
tion.

Theoretical and experimental work on HOHG has been
mostly devoted to atoms. The study of molecules is at the
early stages, and is more challenging and richer in physics,
due to additional complexity and symmetries. Experiments
have shown that the molecular orientation w.r.t. the laser
polarization axis strongly influences ionization[6] and har-
monic generation(HG) [7]. Theoretical studies of effects of
molecular orientation on HG require solving the time-
dependent Schrödinger equation(TDSE); so far, only static
nuclei model potentials[8,9] or two-dimensional(2D) mod-
els[10] have been used. Other studies[11] explored the zero-
range potential and the strong field approximation. In this
paper, we solve the 3D static nuclei TDSE for H2

+ in a laser
pulse with arbitrary oriented linear polarization.

For molecules(in contrast to atoms), the returning wave
packet in the semiclassical picture of HOHG encounters a
core comprising two or more centers(nuclei), which are pre-
sumed to behave as pointlike sources, potentially leading to
interferences in HG[10] and in ATI spectra[12]. Also, de-
pending on the molecular orientation, the nuclei may not
“see” the same returning wave packet, and there may be a
delay between their recollision times. Recent 2D simulations
in two dimensions have found that harmonic spectra of H2

+

and H2 exhibit a minimum, whose location could be approxi-
mately predicted by regarding it as resulting from interfer-
ences between point sources located at the nuclei[10,12]. In

this paper, we develop a 3D approach that yields the contri-
bution of each nucleus to the harmonic spectrum of H2

+, thus
the role of each nucleus and interference effects are exhibited
quantitatively. We show that each nucleus is a source of har-
monic radiation, whose spectrum has features similar to that
of an atom, except the presence of bothodd and evenhar-
monics. We find that the interference of radiation originated
from the two nuclei leads not only to a minimum in the
harmonic spectrum[10], but also to a destruction of even
harmonics over a wide range of harmonics. We also show
that upon recollision of the returning wave packet with the
molecular core, the nucleus that is encountered first by the
wave packet emits more intense harmonics than the other.

The TDSE for H2
+ in a laser field is

is] /] tdCsr ,td = fH + Astd ·pgCsr ,td, s1d

whereH=p2/2+Vsrd+1/R is the bare Hamiltonian, andp is
the electron momentum. We fix the two nuclei along thez
axis with internuclear distanceR. The Coulomb potential ex-
perienced by the electron isVsrd=V1srd+V2srd, where
Vjsrd=−1/r j (j =1 and 2) is the potential due to the nucleusj .
r1= ur +R /2u and r2= ur −R /2u denote the distances of the
electron with respect to the nuclei 1 and 2, respectively. The
vector potential of the laser isAstd=A0fstdsinsv0tdê, where
A0 is the maximum amplitude,v0 is the laser frequency,fstd
is the pulse envelop, andê is the unit vector along the laser
polarization axis. This axis is chosen in theyz plane, i.e.,ê
=sinsxdêy+cossxdêz, wherex is the angle between thez axis
and the laser polarization axis.êy and êz are unit vectors
along they andz axes.

To solve the TDSE(1), we use prolate spheroïdal coordi-
natessj ,h ,fd, wherej=sr1+r2d /R, h=sr1−r2d /R, andf is
the azimuthal angle. The wave function is expanded in a
complex basis as follows:

Csj,h,f,td = o
m,m,n

ammnstdUn
msjdVm

mshdseimf/Î2pd, s2d

where ammnstd are time-dependent coefficients; and where
Un

msjd=Nn
me−bRsj−1dsj2−1dumu/2Ln−umu

2umu (2bRsj−1d), and Vm
mshd
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=Mm
m Pm

mshd. m is the electron’s angular momentum projec-
tion onto thez axis: m=0, ±1, ±2, . . . , ±mmax; m= umu , umu
+1, . . . ,umu+mmax; and n= umu , umu+1, . . . ,umu+nmax. Lp

qsxd
and Pp

qsxd denote associated Laguerre and Legendre func-
tions, respectively.Nn

m andMm
m are normalization constants.

Implementing complex scaling in spheroidal coordinates
consists of using a complex nonlinear parameterb
= ubue−ius0,u,p /2d, so that the basis functionsUn

msjd be-
have asymptotically as outgoing waves[13]. This asymptotic
behavior is crucial for time-propagation, because it prevents
reflections at the boundaries of the region described by the
wave function[14]. Projected in the basis(2), the TDSE
takes the matrix formi ]SC /]t=fH +AstdDgC, whereC is
a vector representation of the wave function.S, H, and D

denote the overlap, the bare Hamiltonian, and the dipole ma-
trices, respectively. We use a Runge-Kutta method to propa-
gate the TDSE, starting from the ground state obtained by
diagonalizingH. This yields energies and wave functions,
thus providing a test for the accuracy of the basis expansion.
With basis parameters used in this work, the energies of the
ground state and of more than 1000 lowest excited states are
obtained with an accuracy better than 10−10. Details of our
numerical approach will be published separately.

Results discussed in this paper have been obtained with
the basis parameters:ubu=0.2, u=0.1, mmax=30, mmax=30,
and nmax=70, leading to about 135 000 basis functions. We
use a laser pulse withv0=0.057a.u.s800 nmd, and peak
intensity 531014 W/cm2. The pulse is turned on and off
linearly over three laser periods, and kept at constant inten-
sity for four laser periods, for a total of ten laser periods
s26 fsd. The internuclear distanceR=2 a.u. is used.

The harmonic spectrumSswd~ uAêsvdu2, where

Aêsvd =E eivtkCstduê · f=Vsrd + EstdguCstdldt, s3d

and Estd=−]A /]t is the electric field of the laser.
When the ground state is not significantly depleted, as in this
work, then kCstd uCstdl<1, which leads toAêsvd<Gswd

FIG. 1. Ionization probability of H2
+ vs its orientation anglex

with respect to the laser polarization axis. The squares are the cal-
culated data, the line is drawn to guide the eye.

FIG. 2. Harmonic spectra(in arb. units) originating from the
nucleus 1 of H2

+ (i.e., uG1svdu2), and from the nucleus 2 of H2
+ (i.e.,

uG2svdu2), for various orientation anglesx: (a) uG1svdu2 for x=40°;
(b) uG2svdu2 for x=40°; (c) uG1svdu2= uG2svdu2 for x=90°.

FIG. 3. Time profiles(in arb. units) of the 85th harmonic emit-
ted by the nucleus 1(solid line), and by the nucleus 2(dashed lines)
of H2

+, for orientation anglesx shown. Both are identical forx
=90°. The dot-dashed line is the profile for the 85th harmonic from
H2

+ (interferences included).
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+ ê·eeivtEstddt, where Gsvd;eeivtkCstduê·=VsrduCstdldt.
The contribution ofEstd to Aêsvd is localized around the first
harmonic. Thus, nearly all features of the HOHG spectrum
are determined byuGsvdu2. We hereafter refer touGsvdu2 as
the harmonic spectrum. BecauseVsrd=V1srd+V2srd, one
may introduceGjsvd;eeivtkCstduê·=VjsrduCstdldt, where
j =1 and 2, so thatGsvd=G1svd+G2svd. SinceGjsvd is the
analog ofGsvd for the nucleusj , it is natural to interpret
uGjsvdu2 as the harmonic spectrum originating from the
nucleus j . Although it is not obvious how to measure
uGjsvdu2, their evaluation sheds light on very interesting
physics, discussed below.

The ionization probabilityPsTd is given by PsTd=1
−o j kC j uCsTdl, where the sum runs over all bound states
uC jl, and whereuCsTdl is the wave function at the end of the
pulse at timet=T. PsTd vs the anglex, shown in Fig. 1,
indicates that the ionization is maximum for the parallel ori-

entationsx=0°d, and decreases with increasing anglex to
reach a minimum for the perpendicular orientationsx=90°d.

Figure 2 shows the spectrauG1svdu2 anduG2svdu2 originat-
ing from the nuclei 1 and 2, for anglesx=40° andx=90°.
These spectra look much like atomic spectra, with a cutoff
that is independent of the anglex and located at approxi-
mately the 85th harmonic. This agrees with the cutoff law
Ec< Ip+3.17Up [3,4], whereIp is the ionization potential of
H2

+ andUp the ponderomotive energy. However, a remark-
able feature in Fig. 2 is the presence of bothodd and even
harmonics. This feature is present for all orientations, except
for x=90°, and is due to a break of the inversion symmetry.
Indeed, it is clear that the potential seen by the electron from
one nucleus is not inversion symmetric forxÞ90°. But for
x=90°, this inversion symmetry holds, leading to only odd
harmonics[Fig. 2(c)].

Time profiles of harmonics emitted by each nucleus of
H2

+ and by the H2
+ molecule are shown in Fig. 3, for various

FIG. 4. (Color) Full harmonic
spectrumuGsvdu2 (blue curve) of
H2

+, and harmonic spectrum
uG1svdu2+ uG2svdu2 (red curve) of
H2

+ without account of interfer-
ences. The arrows cover the set of
harmonics that are suppressed by
at least one order of magnitude
due to interferences. High-order
harmonic generation from two-
center molecules. Time-profile
analysis of the number of
contributions.
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anglesx. These profiles are obtained via a Gabor transform
[15] of Gjsvd andGsvd, using a Gaussian window function
having a full width at half maximum of 5v0 and centered at
the 85th harmonic. All profiles show two peaks every laser
period, indicating harmonic emission upon the two recolli-
sions of the electron wave packet with the molecular core.
The positions of the peaks are independent of the molecular
orientation and are separated by half the laser period.

We now focus on the casex=0° in Fig. 3(a). The first
major peak in the profile occurs at timet1<−1.31 (in units
of the laser period); a classical analysis indicates that at this
time, the returning wave packet encounters nucleus 1 first,
and nucleus 2 next[16]. One sees that there is an intensity
asymmetry att= t1, as the intensity of the profile for nucleus
1 higher than that of nucleus 2. At the next peak in the profile
at time t2<−0.81, the wave packet encounters nucleus 2
first, and nucleus 1 next, leading to a more intense profile for
nucleus 2 than for nucleus 1. For all orientations exceptx
→90°, this asymmetry exists, and the role played by the
nuclei 1 and 2 alternate from one recollision to the next. This
clearly indicates that every half-cycle, high order harmonics
are emitted predominantly by the nucleus that experiences
the first recollision with the returning electron wave packet.
In fact, after recolliding with the first nucleus it encounters,
the returning electron wave packet that reaches the second
nucleus is attenuated mainly by its scattering off the first
nucleus. This is evidence that the nuclei screen each other
from the returning wave packet. This screening gradually
decreases asx increases from 0° to 90°. This is illustrated in
Fig. 3, where the asymmetry in the intensity of harmonic
profiles of the nuclei at each recollision decreases asx
→90°. Note that the profile for H2

+ in Fig. 3(c) is strongly
suppressed, compared to that of the two nuclei. As shown in
Fig. 4(e), this is due to a strong destructive interference in
the vicinity of the 85th harmonic.

It follows from the above that each nucleus is a source of
harmonic radiation, and that one may write the spectrum of
H2

+ as uGsvdu2= uG1svdu2+ uG2svdu2+2 RefG1svdG2
*svdg.

Thus, we identify 2 RefG1svdG2
*svdg as the interference

term, anduG1svdu2+ uG2svdu2 as the harmonic spectrum of
H2

+ without account of interferences. We have plotted

uGsvdu2 anduG1svdu2+ uG2svdu2 in Fig. 4 for various anglesx.
For each angle, a direct comparison of the two plots allows
to assess the influence of interferences in the spectrum. As
expected from Fig. 2, the spectra obtained without inclusion
of the interference term exhibit both odd and even harmon-
ics, except forx=90° [Fig. 4(f)]. The inclusion of the inter-
ference term leads to a cancellation of even harmonics[see
Figs. 4(a)–4(e)]. In fact, one of the consequences of adding
the interference term is to restore the overall inversion sym-
metry of the system, leading to only odd harmonics. Forx
=90°, even harmonics are absent, as discussed previously,
and uGsvdu2=4uG1svdu2=4uG2svdu2, i.e., there are only con-
structive interferences. Having in mind the semiclassical pic-
ture of HOHG, it is clear that forx=90°, the two nuclei see
the same tunneling and returning wave packet, which recol-
lides with the two nuclei simultaneously. Thus, both nuclei
simultaneously emit radiation of the same intensity, fre-
quency, and phase, which simply add to each other.

It also appears from Fig. 4 that interferences lead to a
strong suppression(up to two orders of magnitude) of a set
of consecutive harmonics, leading to a minimum in the har-
monic spectrum. With increasing anglex the size of this set
of strongly suppressed harmonics increases, and the center of
this set moves to higher harmonics.

In conclusion, we have solved the 3D TDSE for a two-
center molecule having one active electron, in an intense
arbitrary polarized laser pulse. We have shown that each
nucleus of H2

+ is a source of harmonic radiation, whose
spectrum is similar to that of an atom, besides the presence
of both odd and evenharmonics. Interference of harmonic
radiation emitted by each nucleus leads to a minimum in the
harmonic spectrum of H2

+, and to a destruction of even har-
monics. Every half-cycle, for anglesxÞ90° for which the
nuclei screen each other from the returning electron wave
packet, the nucleus that experiences the first recollision with
the wave packet emits more intense harmonics than the
other. Finally, the interference of harmonics emitted from
each nucleus occurs over a wide spread of harmonic orders,
thus implying that many electron trajectories probably con-
tribute to the spectrum. The mathematics of the interference
pattern is currently investigated in detail[17].
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