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Experimental K-shell ionization cross sections are reported for low-velocity heavy projectiles of atomic

number small compared to the target atomic number. For such projectile-target combinations, the Coulomb

interaction between the projectile nucleus and the K-shell electrons dominates the K-shell ionization process

at all projectile velocities. The data can disagree by orders of magnitude with the primary predictions of the

nonrelativistic quantum theory in the plane-wave Born approximation. Important physical processes are

shown to be at the root of the discrepancies. They derive from the finite charge of the moving projectile,

and thus do not contribute in the plane-wave Born approximation. They are the Coulomb deflection of the

projectile in the field of the target nucleus and the perturbation of the target atomic states by the projectile.
A theory for these processes is developed in an approximate manner. When incorporated with the theory in

the plane-wave Born approximation, it accounts quantitatively for the data. A method results for reducing

«oss-se«ion data in a comprehensive way. A universal graph of cross sections emerges which, in ',

effect, constitutes an extrapolation of the data to the conditions of zero projectile charge, It comprises cross

sections ranging over six orders of magnitude measured on different targets for various projectiles with a
wide range of velocities, mostly below the mean K-shell velocities. The locus of this universal graph

coincides with the prediction of the plane-wave Born approximation.

I. INTRODUCTION

This is the first of two papers on K-shell ioniza-
tion of atoms in collision with atomic projectiles.
We report measurements of cross sections for
such events and present a comprehensive compari-
son of existing data with theory. New effects ap-
pear. Their interpretation gives fresh insight in-
to the dynamics governing inner-shell excitations.

The distinction between projectile and target is
not linked to the preparation of the projectile beam
before entering the target. Both can be ionized
and both will fill their own K-shell vacancy with
the emission of an Auger electron or a character-
istic x ray. The x ray counted in the laboratory
determines the target. In the following this is in
fact always the laboratory target. The projectiles,
with properties marked by the subscript 1, im-
pinge upon stationary target atoms with properties
marked by the subscript 2.

In considering the wide range of possible pro-
jectile-target combinations, the subject of K-shell
ionization divides itself into well-circumscribed
domains. We distinguish between projectiles that

act as bare point-charge particles in the encounter
leading to K-shell ionization, and those that do not.
And we set apart slow and fast collisions relative
to the response time of the K-shell electrons to be
excited.

Projectiles that e .t as mass points of charge
Z&e when exciting target K-shell electrons are re-
ferred to as charged particles. Target K-shell
electrons are excited by charged particles only
via the Coulomb interaction between the projectile
nucleus and the target electrons and, hence, cause
Coulomb excitation of K shells. Coulomb excita-
tion always dominates at projectile velocities so
high that the projectiles move as bare nuclei
through the target. But even a slow projectii. e
carrying an electronic structure acts as a bare
charged particle provided that its K-shell radius
a,~ is large compared to the target K-shell radius
a~E. This is because at low projectile velocities
K-shell ionization occurs only on deep penetration
by the particle to internuclear distances much
less than a,E. ' Thus, the projectile electrons will
be found mainly outside the interaction region,
leaving the projectile nucleus to excite the target
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K shell as a bare charged particle.
The condition a,~»a~~ imposes the condition Z,

«Z2 on the nuclear charge since a,»=ap/Zg» and

a2» =ap/Z2», where ap denotes the Bohr radius and

Z,»e =e for Z, =1, Z,»e = (Z& —0. 3) e for Z, &1, and

Zp» e = (Zp —0. 3) e denote the screened nuclear
charges. The condition of deep penetration follows
from the circumstance that the impact parameters
which contribute most to ionization' have values
= qp, where hqp = h &op» /v& denotes the minimum
momentum transfer in the ionization of a E-shell
electron with binding energy h~~~ by a heavy pro-
jectile of mass M& and energy E~ = 2Mjv& much
larger than S~,E. Therefore, slow projectiles, for
which qo'«a, ~, must penetrate deeply into the E
shell to remove a E-shell electron. In the following
we usually express k+~E in terms of the dimension-
less parameter 8»—= @&up»/Zp»(R which measures the
nonhydrogenic aspect of the E-shell ionization en-
ergy ((R= —,

' a. u. =13.5 eV); it grows slowly with

Z& from =0.6 for light elements to =0.9 for heavy
elements. Denoting the mean X-shell velocity as
vp»

——Z2» vp (vp is the Bohr velocity), the condition

qo a2E implies vi +2Ea2K 28Ev2K'
-1

Thus, when Z& «Z~, all projectiles act as bare
point charges at velocities v&«&0~v, ~. Athigher
velocities stripping of the projectile E shell can
take place; when stripping occurs, the projectile
again acts as a bare point charge.

Slow projectiles with Z, &Z~ carry their electron
clouds into the ionizing encounter inside the target
K shell and thus act as ions or atoms and not as
point-charge particles. They excite the target E
shell through the exchange forces set up by the
Pauli exclusion principle in the overlapping elec-
tron clouds, as well as by Coulomb excitation. For
example, the electrons can respond by following
diabatically the transient quasimol. ecular orbitals
leading to electron promotion which makes enhanced
excitation possible. %'e generically characterize
these excitation processes as being caused byPauli
excitation of atoms in collision. At low velocities,
v, «v~~, Pauli excitation overshadows Coulomb
excitation. At higher velocities, v, (v~»orlop»), the
response time of the bound electrons is too long
compared to the collision time to allow the Pauli
principle to influence the ionization process, and
Coulomb excitation dominates once more.

Coulomb excitation and Pauli excitation differ in
basic ways. They can give rise to widely different
K-shell ionization cross sections. Our two papers
limit the discussion to projectile-target combinations
with Z, «Z3 and thus are concerned only with Cou-
lomb excitation of K-shell electrons by heavy
charged particles. The adjective heavy, here mean-
ing relative to the electron mass, will usually be omit-
ted in the following. In the experiments to be dis-
cussed, the heavy charged particles are in fact

mostly light nuclei, such as H', D', He", and Li ',
impinging on targets for which Coulomb excitation
dominates. Projectiles with Z& = Z2 and the re-
lative importance of Coulomb and Pauli excitation
will be covered elsewhere.

A meaningful and convenient demarcation be

tween slow and fast collisions is set by the time it
takes for the projectile to traverse the target E
shell, =ap»/v„compared to the characteristic
time of the target K-shell electron roz~. The con-
dition a2»/v~» &op», identifying slow collisions and

hence low velocities, is just the condition qo «a2~
which requires deep penetration for ionization to
occur at low velocities. This condition obtains
when the central parameter

4 (gpQ2») vl /28» 82» (1)

has values «1. Fast collisions or high-velocity
conditions prevail when g»» 1.

It is customary to express the projectile-velocity
dependence of the cross sections through the reduced
particle-velocity parameter:

R»="s/ 2»= ~i
p a»= » 5»

which is proportional to the projectile energy. Note
that g» = 40E, (in MeV)/ZzzM, (in amu). The demar-
cation $~= 1 separates the domains of low velocities
and of high velocities. In the high-velocity domain,
to be discussed in Paper II, the particles have en-
ergies higher than = 0. 5 MeV/amu in light targets
and higher than = 50 MeV/amu in heavy targets.

That heavy charged particles, so slow that v, «va~,
nevertheless do produce inner-shell ionizations has
held the interest of physicists for many years. The
holes or vacancies created in the process are filled
by electrons with the emission of characteristic x
rays or of Auger electrons usually after time periods
long compared to the collision time. Characteris-
tic x rays emitted under particle bombardment were
observed first by Chadwick just 60 years ago. The
tight binding of the electrons to the target nucleus,
as first argued by Gerthsen, ' is the crux for an
understanding of the characteristic x-ray produc-
tion by slow heavy particles. The general theory
for K-shell ionization by Coulomb excitation has
been developed for some time. ' A detailed test
of the theory became possible only very recently
with the accumulation of wide-ranging accurate
cross-section measurements. ' '3

The classical binary-collision theory was applied
recently to this problem. ' Its predictions differ
in some respects from those of the quantum-me-
chanical' and semiclassical formulations. The dis-
parities cannot be resolved by experimental tests,
of course. They must await clarification on theo-
retical grounds.

This paper presents new material and incorporates
data, methods, and ideas that have accrued over the



UNIVERSAL CRGSS SECTIONS FOR K-SHELL IONIZATION. I. . . 985

past several years. 6 '~ ' ' A concise summary
was given recently. ' Section II reports new data.
Inspection of the measurements to date reveals, in

Sec. IV, that the K-shell ionization cross sections
in the low-velocity domain are grossly at variance
with some of the primary predictions of the quantum

theory of K-shell ionization cross sections in the
only fully developed approximation which is the
plane-wave Born approximation (PWBA) summar-
ized in Sec.IG. Certain key features of the PWBA
are identified as being at the root of the discrep-
ancies between theory and experiment. Methods

of improving upon the theory are given in Sec. V.
Finally, in Sec. VI, our new theoretical predic-
tions are tested by a comprehensive comparison
with experiments. A universal graph of K-shell
ionization cross sections issues from this com-
parison. It extends over six orders of magnitude
and comprises data for several different charged
particles, with velocities ranging over two orders
of magnitude in q&, incident on targets of atomic
numbers between 6 and 29.

H. NEW DATA

Our previous measurements' of characteristic
x-ray production yields were limited to ions of,H,

2He, and ~He on aluminum in the energy range 20-
200 keV, restricting the range of gr [Eg. (1)] to
values below unity. In this section we report data
for these particles up to 3 MeV, extending the range
to just beyond fr=1. This permits us, at least
for Al, to test the theory over the entire low parti-
cle-velocity domain.

A. Experimental Arrangements

The apparatus is similar to that described else-
where. With the use of the van de Graaff accelera-
tor at the Department of Terrestrial Magnetism of
the Carnegie Institution of Washington, we could
extend the particle-energy range to 3 MeV/amu.
The beam, defined by projectile energy and mass
in a 7' analyzing magnet, impinged on a target of
high-purity (99.999%) aluminum foil inclined 45'
with respect to the beam direction and to the line
of sight of the photon detector. The foil was thick
enough, 2. 5&&10 cm, to stop the particles at all
energies and thus produced "thick-target x-ray
yields. " The target, heated to 150 'C to suppress
carbon deposition, was electrically biased to en-
sure a proper current measurement. A 4-in. oil
diffusion pump with a molecular sieve maintained
a pressure in the target chamber of less than
5x10~ Torr under all operating conditions. Visual
inspection of the target after bombardment showed
no evidence of carbon deposition. A flow-mode
proportional counter connected to a multichannel
analyzer recorded the x rays emitted from the tar-
get. Aluminum absorbers between the target and
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FIG. 1. Thick-target yields of Al(K) characteristic
x rays produced by protons as a function of the incident
energy E~. The experimental uncertainties are com-
parable to the size of the dots.

the counter prevented scattered particles from en-
tering the counter. The total x-ray yield is ob-
tained by an appropriate integration over the x-ray
energy spectrum as recorded for preset values of
the integrated beam current.

Several strong Al (p, y)Si resonance reactions
occur in the energy range of this experiment. To
ensure that the resulting y rays do not contribute
measurably to the total x-ray yield, measurements
were made at and just below the resonance energies.
No significant change was observed in the total x-
ray yield.

To connect the present experiments to our low-

energy measurements a molecular hydrogen-ion
beam was extracted from the van de Graaff accel-
erator. Also, the earlier measurements were ex-
tended at the New York University accelerator from
200 to 300 keV to provide a broad region of energy
overlap between the two sets of data. We illustrate
the consistency of the data collected for protons
and Hz' incident on aluminum in Fig. 1. Each data
point represents an average of three to five mea-
surements. The data measured with the molecular
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hydrogen-ion beam agree with the proton induced
x-ray yields. To maintain the proportional counter
in the same range of sensitivity despite the vast
range of yields under investigation, we changed the
detector acceptance angle and inserted aluminum
absorbers between the target and the counter.
Whenever this was done, a series of at least ten
yield measurements determined the combined an-
gle and filter diminution factor.

The 2He and 2He data were normalized to the pro-
ton results by introducing ~H2-~He and ~He-&He gas
mixtures into the ion source and measuring, within
minutes of each other, the respective thick-target
x-ray yields of the ',H and, He' beams resulting
from the former and the 2He' and &He' beam from
the latter mixture. The data for 2He with incident
energies above 3 MeV were obtained with a 2He

'
beam. The rf ion source employed on this occasion
was fed with helium gas exclusively; this minimized
the possibility of contamination of 2He

' beam with

,'H, ' beam. Thick-target x-ray yield measurements
between 2 and 3 MeV with singly and doubly charged
helium agreed within the experimental error.

The data for the aluminum K-shell x-ray yield
under deuterium bombardment were collected at the
New York University heavy-ion accelerator facil-
ity. '6 Since the analyzing magnets cannot separate
deuterium ions from H2' ions of the same energy,
precautions had to be taken to avoid beam contami-
nation. The reported results were obtained with a
pure beam in the sense that atomic and molecular
deuterium beams at the same energy/amu gave iden-
tical x-ray yields.

B. Data Analysis and Results

Our experiments measure the number of charac-
teristic Al (K) photons emitted in the wake of the K-
shell ionizations generated by incident particles of
initial energy E,. To the extent that the x rays are
emitted isotropically, '~ the x-ray production cross
section v„(E&)can be determined from the formula

4m d Y(E&) dE j' cos3
nQy dE,' dR~(E,') s;.s, cosy

(3)
where n is the number density of the target atoms,
Q and y are the acceptance angle and the efficiency
of the detector, respectively, and Y(E,) is the
average number of characteristic x rays registered
by the detector per incident particle. The best
curve through the values of Y(E~) forms the experi
mental x-ray excitation function, with the slope
dY(E,)/dE, evaluated at E,'=E, . The projected
range of the bombarding particle along the direc-
tion of the incident beam is R~(E,') and p, is the ab-
sorption coefficient of the target for its own char-
acteristic x rays. The angles 8 and y are formed,
respectively, by the beam direction and by the line

of sight from the beam spot to the detector with
respect to the normal of the target surface at the
point of beam impact. The function

dEi
( )

dR(Eg)

depends on the stopping power of the material for
the incident ions S(E,) and on the detour factor
[dR(Eq)/dR&(Eq)]s~ s, which measures the devia-
tion of the range of the particle from its projec-
tion along the incident beam direction. The detour
factor for the ion-target systems under study dif-
fers from unity by 1/o or less.

In our experiment 3 = y =45', and Eq. (3) sim-
plifies to

( )
4n

( )
Y(,)

nQy dEg
+ p Y(E~) (5)

For definiteness, the product of the solid angle
and the efficiency of the counter Qy is calibrated
by equating our thick-target Al (K) x-ray yield for
incident protons at E& —-100 keV to the yield of 1.61
x10 ~ x rays/proton measured by Khan et al. '
Should this reference value need revision in the
future, all our cross sections can be readjusted
through multiplication by a constant factor.

The largest source of error encountered in
the determination of the x-ray production cross
section at low projectile energies, where trans-
mission experiments are not feasible and differ-
ential yields must be determined from the thick-
target yields, derives from the calculation of
the slope of 7'with regard to E&. We have ex-
plored sophisticated procedures on the CDC 6600
computer to fit different types of functions' to
Y(E,) which could then be differentiated analytically.
It is difficult to decide which procedure and func-
tion give best slopes since all these slope values
and those derived by graphical methods agree to
within 10-20% over the entire energy range. We
conclude on the basis of this study that an adequate
fit to Y(E&) can be accomplished by a 3- to 7-order
polynomial with the aid of a programmable elec-
tronic desk calculator such as the Wang 700. The
yield values obtained from the fit are denoted F&(E, )

Tables I-IV list the measured Al (K) thick-tar-
get yields Y(E,), the fitted yields Yy(E&), and the
slopes dY&(E&)/dE, as needed in Eq. (3) or (5). No

Yy(E~) value differs by more than 10% from the cor-
responding experimental value Y(E,). The root-
mean-square deviation of the fitted yields from the
experimental values is always less than 4%. The
yield values and their derivatives reported in the
tables include the factors 4v/Oy [cf. Eq. (5)].

The stopping power enters directly in the deter-
mination of the x-ray production cross section from
thick-target yields by Eq. (5). No single set of
experimental stopping power measurements covers
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our wide range of energies which straddles the
stopping power maxima. The stopping powers re-
ported in the literature can differ by as much as

20%. We balance the available data by an averag-
ing procedure suggested by Varelas and Biersack.
One interpolates through the stopping-power maxi-

sI,)
(keV cm2/mg)

+ iofo

390
415
435
452
472
478
478
472
463
453
442
432

dFg{Eg)/dE,
x rays/keV particle

+ 15%

1.15(-1O)
s.5o(- io)
s.20(- io)
1.6O(- 9)
5.00(- 9)
1.05(- 8)
a.oo(- 8)
s.42(- 8)
5.43(- 8)
s. is(- 8)
i.ie(- v)
i.v5(- v)

O„I))
(b)

+ 25%

2.oa(- s)
6.54(- s}
1.61(-2)
s.ae(-2)
1.ov(-1)
2.27(- 1)
4.33(-1)
7.33(-1)
1.14( O)

i.es( o)
2.35( o)
S.46( o)

Energy E~
(Mev}

+ 0, 5%

2.5O(-2)
s.oo(-2)
s.5o(- 2)
4.oo(-2)
5.oo(-2)
e.oo(-2)
v. oo(- 2)
s.oo(-2)
9.oo(- 2)
i.oo(-1)
i.io(- 1)
1.20(- 1)

5.oo(- io)
1.75(- 9)
4.so(- 9)
1.1o{- 8)
4.1s(- 8)
1.15(- V)

a.e4(- v)
5.so(- v)
9.ev(- v)
1.64(- 6)
2.62(- e)
s.99(- 6)

5.18(-1o)
1.73(- 9)
4.eo(- 9)
1.04(- 8)
4.1v(- 8)
1.27(- 7)
a.ve(- v)
5.29(- V)

9.5e(- v)
1.61(- e)
2.5s(- 6)
3.91(- 6)

TABLE I. Aluminum K-shell x-ray production cross sections cr, (Eq) for incident protons of energies E~. Column 2
is the measured thick-target x-ray yield F(E~} and fitted yield F&I~) in x rays per incident particle; F{E~)is normalized
to the result of Khan et g$. (Ref. 5) of 1.61x 10 x rays/proton obtained for 100-keV incident protons. Column 3 is the
slope of the excitation function. Column 4 is the stopping power of aluminum for protons. Column 5 is the x-ray production
cross section, in barns, as determined by Eq. (5) with n=2. 23x 10 8 atoms/mg and @=391cmt/g. Numbers in paren-
theses indicate powers of 10. K-shell ionization cross sections are e~~~ =y~g„.

Al{K) x-ray yield
F(E'() Fy{Eg)

x rays/particle

1.4O(-1)
1.5S(-1)
1.6O(- 1)
1.V9(- 1)
a.oo(-1)
2.O4(- 1)
2.5O(- 1)
2.55(-1)
s.oe(-1)
3.5v(-1)
4.os(-1)
4.59(- 1}
5.1O(-1)
e.12(-1)
v. 14(-1)
e.16(-1)
9.18(-1)
1.02( 0)
1.12
1.22
1.33
1.43
1.53
1.63
1.73
1.84
1.94
2.04
a. 14
2.24
2.35
2.45
2.55
2.65
2.75
2.85
2.96

8.27(- 6}
1.22(- 5)
1.61(- 5)
2.44(- 5)
4.ss(- 5)
4.74(- 5)
1.s5(- 4}
1.29(- 4)
2.59(- 4)
5.18(- 4)
e.es(- 4)
1.29(- 3)
i.sv(- 3)
3s 23( 3)
5.18(- s)
7.33(- 3)
9.92(- 3)
1.25(- 2)
1.58(- 2)
i.v5(- 2)
2.08(- 2)
2.37(- 2)
2.59(- 2)
2.88 (- 2)
3.11(- 2)
3.31(- 2)
S.45(- 2}
s.59(- 2)
3.74(- 2)
3.88(- 2)
4.os(- 2}
4.14(- 2)
4.18(- 2)
4.2v(- 2)
4.34(- 2)
4.46(- 2)
4.49(- 2)

s.si(- 6)
1.23(- 5)
1.55(- 5)
2.55(- 5)
4.ae(- 5)
4.65{- 5)
1.1S(- 4)
i.as(- 4)
2.62(- 4)
4 87( 4)
8.14(- 4)
i.ae(- s)
i.ea(- 3)
3.33(- 3)
5.31(- S)
v. ev(- s)
i.os(- 2)
i.si(- 2)
i.eo(- 2)
1.89(- 2)
2.15(- 2}
2.41(- 2)
2.66 (- 2)
a.es(- 2)
s.o9(- 2)
s.as(- 2)
s.46(- 2)
s.ei(- 2)
s.ve(- 2)
s.s9(- 2)
4.oi(- 2)
4.12(- 2)
4.22(- 2)
4.sa(- 2)
4.41(- 2)
4.5o(- 2)
4.59(- 2)

s.4o(- v)
4.oo(- v)
5.oo(- v)
6.9o(- v)
i, o5(- e)
1.08(- 6)
1.94(- 6)
a.o5(- 6)
s.51(- 6)
5.35(- 6)
v. 51(- e)
9.se(- 6)
1.2S(- 5)
i.va(- 5)
2.14(- 5)
2.4v(- 5)
2.68(- 5)
2.V9(- 5)
a. so(- 5)
2.V4(- 5)
a.es(- 5}
2.48(- 5)
a.si(- 5)
2.13(- 5)
1.95(- 5)
i.ve(- 5)
1.62(- 5)
1.4v(- 5)
1.34(- 5)
1.23(- 5)
1.1S(- 5)
i.o5(- 5)
9.80(- 6)
9.2e(- 6)
s.ev(- 6)
e.eo(- e)
8.44(- e)

413
402
395
380
365
363
335
333
310
290
249
263
250
228
210
195
183
173
162
154
145
138
133
128
124
119
114
iio
106
103
100
97
94
92
89
87
85

6.44( 0)
v. 42( o)
9.14( O)

1.22( 1)
1.V9( 1)
1.84( i)
3.11( 1)
s.ae( 1)
5.S4( 1)
v. si{ 1)
9.81( 1)
1.38( 2)
i.vo( 2)
2.34( 2)
2.95( 2)
3.50( 2)
4.oi( 2)
4.4e( 2)
4.84( 2)
5.21( 2)
5.48( 2)
5.ve( 2}
e.o4( 2}
e.av(
e.5o( 2)
e.vo( 2)
e.89( 2)
V. O5( 2)
7.23( 2)
7.s9( 2)
v. 54( 2)
v. es( 2}
v. ei{ 2)
7.96( 2)
e.o9( 2)
8.23( 2)
s.sv( 2)
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mum by taking the sum of the reciprocals of the
low- and high-energy stopping powers:

[S(E,)]-'= [S,(E,)]-'+ [S.(E,)] ',

where Sz, (E,) is the low-energy electronic stopping
power

8'1l' s ZIZ28 ap 5y
2

Ss(Eq) =ct
(

2/g 8/3, 1/g+ 2 ~ ~O

The best fit of the factor e& to data measured with
H and He projectiles is c~=1.25Z& rather than
the value e, =Z,' applicable to heavier projectiles.
A modification'9 of the Bethe stopping-power for-
mula

550

500—

s(E,j

Z
2

I

400
~ keV CtTIq

rng j

250

200

ISOJ

100

STOPPING POWER S(E, )

ALUMINUM Z2 = I5

Se(E,) = Cy 'in(y+1+a/y) (8)

is fitted to high-energy stopping-power data, where 0
10

I I I I I I I I I I I I I I I I I I I I

500 100050 100 5000 10000

C = 8)/ Z, e n/K//,

y =2mv, /KeZz, (lO)

and E~ is the Bloch constant.
By adjusting to the standard aluminum value

E~Z2 =163 eV, we obtain a =2. 5 for incident pro-
tons and a = 5 for helium ions. The stopping pow-
er calculated according to Eg. (6) is shown in Fig.
2, with experimental data. ' ' The electronic
stopping powers for &D and ~He are taken to be the
same as for &H and 2He, respectively, at the same

E, (keV/amu)

FIG. 2. Stopping-power curves for Al based on data
a-h from Befs. 21-28, respectively. The curves marked
"Theory'" are obtained by the interpolation scheme, Eq.
(6)ff. discussed in the text.

velocities. The values of the stopping power in-
corporated in our e„values are listed in Tables
I-DI'.

For the remaining quantity required in the cal-
culation of cross sections, viz. , the absorption

TABLE II. Aluminum X-shell x-ray production cross sections o„{E~)for incident deuterons of energies Z~. Column 2
is the measured thick-target x-ray yield F(Z~) and fitted yield F&(Z~) in x rays per incident particle; F{E~) is calibrated
with ourprotonyields, Table I. Column 3 is the slopeof the excitation function. Column 4 is the stopping power of alumi-
numfor &D. Column 5 is the x-ray production cross section, in barns, as determined by Eq. (5) withn=2. 23x 10~ atoms/
mg and p = 391 cm /g. Numbers in parentheses indicate powers of 10. K-shell ionization cross sections are Oz~ —-y&tT„.

Energy Z~
{Mev)

+ 0.5%

4. oo(-2)
4.5O(-2}
5.oo(-2)
6.oo(-2)
v. oo(-2)
s.oo(-2)
9.oo(-2}
1.oo(-1)
1.10(-1)
1.20{-1)
1.3O(- 1)
1.4O{-1)
1.60(-1)
1.8O(- 1)
2.oo(-1)
2.20(- 1)
2.4O(- 1)
2.6O(-1)
2.so(- 1)

6.41(- 10)
1.33(- 9)
2.53(- e)
v. s1(- 9)
2.ov(- s)
3.91(- S)
v. 12(— s)
1.22(- 7)
2.ov(- v)
3.16(- V)

4. 6o(- v)
6.9o(- v)
1.24(- 6)
2.21(- 6)
3.45(- 6)
5.75(- 6)
8.77(- 6)
1.24(- 5)
1.s4(- 5)

6.28(-1o)
1.35(- 9)
2.62(- 9)
v. e6(- 9)
1.eo(- 8)
3.95(- 8)
v. 3s(- 8)
1.27(— 7)
2.o5(- v)
3.15(- V)

4. 65 (- 7)
6.63(- V)

1.25(- 6)
2.1S(- 6)
3.59 (- 6)
5.64(— 6)
e. 58 (- 6)
1.2V(- 5)
1.S4(- 5)

Al(K) x-ray yield
F(z,)

x rays/particle
d'F, (z,)/dz,

x rays/keV particle

1.o4(-1o)
1.92 (-1O)
3.24(-1O)
v. 6s(-1o)
1.52{- 9)
2. 66(- e)
4.28(- 9)
6.45 {- 9}
9.28{- 9)
1.28(— s)
1.v3(- e)
2.27(- 8)
3.vo(- 8)
5.v1(- 8)
e.49(- 8}
1.23(- 7)
1.73(- 7)
2.41(- V)

3.29(- V)

s(z, )

0 eV cm'/mg)
+ 10%

357
375
390
415
435
452
462
472
476
478
480
478
472
463
453
442
432
423
413

~„{z,)
(b)

+ 25%

1.6S(-3)
3.aS(-3)
5.71(-3)
1.44(-2)
3.00(-2)
5.46(-2)
e.oo{-2)
1.39(- 1)
2. O2(-1)
2.80{-1)
3.81(-1)
4.98(-1)
e.as(-1)
1.22( O)

1.ve( 0)
2.54( o)
3.5o( o)
4.V9( o)
6.42( o}
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coefficient p, of the target for its own characteris-
tic x rays, we have used the value p, = 391 cm2/g
as measured by Bearden. This value is in agree-
ment with our measurements of the diminution
factor of Al foils for Al (K) radiation.

The sources and the propagation of errors in de-
termining the x-ray production cross section from
the measurement of the thick-target x-ray yield
can be summarized as follows. The error in the
measured thick-target x-ray yield is + 3%. This
derives from a 2'%%uo error in the measurements of
the incident ion dose and a 1% statistical uncer-
tainty in the counting of the emitted x rays. With
the methods of thick-target yield data analysis out-
lined above, we conclude that the slope of the ex-
citation function can be determined to an accuracy
of + 15%. We assign an over-all uncertainty of
+ 10'%%uo to the stopping power of aluminum and a sim-
ilar uncertainty to the mass absorption coefficient

of aluminum for its own characteristic x rays. In
summary, we find that the x-ray production cross
sections o„(Z,), which range here over seven or-
ders of magnitude, can be determined at each E&

from thick-target yield measurements to an ac-
curacy of + 20-30'%%uo. We mention parenthetically
that this error can be reduced by a factor of 10
with thin targets in transmission experiments, be-
cause stopping power and self-absorption do not
enter into the data reduction. Transmission ex-
periments at low velocities are not feasible because
of low x-ray yields and the lack of target stability.

Tables I-IV present our Al (K) x-ray production
cross sections for,'H, ,D, 2He, and ~He projec-
tiles incident on aluminum. Figure 3 displays the
cross sections for protons with energies ranging
from 0. 1 to 3 MeV. They agree within experi-
mental errors with results obtained by other in-
vestigators where the data overlap in energy. "

TABLE III. Aluminum K-shell x-ray production cross sections 0.„(E~)for incident 2He particles of energies E~.
Column 2: is the measured thick-target x-ray yield Y(E~) and fitted yield Y&(E~) in x rays per incident particle; calibra-
tionas in Table II. Column3 is the slopeof the excitation function. Column 4 is the stopping power of aluminum for inci-
dent 2He particles. Column 5 is the x-ray production cross section, in barns, as determined by Eq. (5) with n=2. 23
&& 10 9 atoms/mg and p =391 cm /g. Numbers in parentheses indicate powers of 10. K-shell ionization cross sections
are ag = /If. (7 ~

Energy E&

(Mev)
0.5%

Al(K) x-ray yield
Y(E,) Yy{E,)

x rays/particle
d Yf(E&)/dE&

x rays/keV particle
+ 15%

S(E,)
{kev cm2/mg)

+ 10%

(T„(Eg)
(b)
25~o

4.so(-2)
5.00(- 2)
6.00(-2)
7.00{-2)
8.oo(-2)
9.00(- 2)
1.oo(-1)
1.10(-1)
1.2O(- 1)
1.40(-1)
1.6O(- 1)
1.80(-1)
2.oo(- 1)
4.O8(- 1}
5.1o(- 1)
6.12{-1)
V. 14(-1)
8.16(- 1)
1.o2( o)
1.12
1.22
1.43
1.63
1.84
2. 04
2.24
2.45
2.65
2.85
2.96

1.83(-11)
s.oe(-11)
3.22(-1O)
1.O4(- 9)
2.V2(- 9)
5.97(- 9)
1.1V(— 8)
1.96(- 8)
3.22(- 8)
V. 83(- 8)
1.ss(- v)
2.se(- v)
4.6o(- v)
1.14(- S)
3.3e(- s)
v. s8(- s)
1.vs(- 4)
3.2S(- 4)
9.21(- 4)
1.48(- 3)
2.10(- 3)
3.82(- 3)
e.ev(- 3)
1.14(- 2)
1.S8(- 2)
2.23(- 2)
2.95(- 2)
3.88(- 2)
s.o3(- 2)
s.v2(- 2)

1.81(-11)
S.38(-11)
2. 92 (-1O)
1.O3(- 9)
2.75 {- 9)
6.08(- 9)
1.18(- 8)
2.O6(- 8)
3.36(- 8)
v. eo{- 8)
1.48 (- V)

2.61(- V)

4. 3o(- v)
1.17{- s)
3.38(- 5)
8.13(- 5)
1.v1(- 4)
3.23(- 4)
9.13{- 4)
1.4o(- 3)
2. 06(- 3)
3.96 (- 3)
6.79(- 3)
1.ov(- 2)
1.S8(- 2)
2.21(- 2)
2.99(- 2)
3.91(- 2)
4.99(- 2)
5.57(- 2)

3.92 (-12}
9.81(-12)
3.52 (-11)
l.02(- 10)
2.31(-1O)
4. 00(- 10)
v. 1s(-1o)
1.07 (- 9)
1.53 (- 9)
2.V8(- 9)
4.4V(- 9)
6.89(- 9)
1.00(- 8)
1.3s(- v)
3.18(- V)

6.4o(- v)
1.15(- e)
1.88(- e)
4.o9(- 6)
5.57(- 6)
V. 33(- 6)
1.15(- s)
1.63(- 5)
2. 18(- 5)
2.ve(- 5)
3.44(- S)
4.1e(- s)
4.88{- 5)
s.eo(- s)
s.95(- 5)

706
740
810
865
920
968

1020
1060
1092
1150
1200
1240
1312
1334
1328
1240
1200
1132
1062
1022
992
940
884
844
802
770
736
706
680
670

1.24(- 4)
3.26(- 4)
1.28(-3)
3.9V(-3)
9.S8(-3)
1.vs(-2)
3.29(-2)
S.12(-2)
7.55{-2)
1.as(-1)
2.43(-1)
3.88(-1)
S.96(-1)
8.28( 0)
1.9S( 1)
3.vo( 1)
6.49( 1)
1.O1( 2)
2.11( 2)
2.80( 2)
3.62( 2)
s.s4( 2)
7.65( 2)
1.O1( 3)
1.27( 3)
1.sv( 3)
1.9o( 3)
2.22{ 3)
2. S8( 3}
2.ve( 3)
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x
barns

IO

get atomic states and states describing the parti-
cle as a scattered Coulomb wave. Equation (12)
is then the Coulomb-wave Born series.

Each coefficient G, (g) in Eq. (12) can be expanded

in a power series in g with coefficients J~„which
are related to matrix elements of Up and Vp be-
tween the eigenstates of H, . These eigenstates
are products of unperturbed target atomic states
and unperturbed particle plane-wave states. The
expansion takes the form

IO
I

a=Z Zg"a"Z„„.
v-2 /J ep

(i4)

0 i I i I

0 05 10

III. THEORY IN PLANE-WAVE BORN APPROXIMATION

A. Born Series

I i I

I,5 2.0 2.5 3.0
E, (MeV)

FIG. 3. Thick-target cross sections for Al (Z) x-ray
production by protons as a function of incident energy
Ef. The curve is experim ental, cf. Table I. Other data
are those of Khan et al. (Ref. 5), Needham and Sartwell
(Ref. 30), and Shima et al. (Ref. 31).

The double sum in Eq. (14) is thus a plane-wave
Born series in powers of the strengths of the total
interaction gUp+ AVp between particle and atom.
Retaining the first term yields the (first) "plane-
wave Born approximation" (PWBA)

oPwBA @2g g2 G ( P)

to the exact o, because Jp2 depends only on the

eigenstates of Hp which describe the incoming
particle as a plane wave. The atomic states are
the same for either series [Eq. (12) or (14)].

For a particle of specific charge Z,e, Eq. (15)
implies that cr and o " "are interrelated as

PWBA = Z2
1

where

I' = lim [o(Q~)/Q~]. (17)

The nonrelativistic ionizing collision between a
charged particle and an atom can be described by
a Hamiltonian of the form

a =Z&"G„(g)
V-"2

(12)

The terms k"G„(g)are related to the matrix ele-
ments of AVp between the eigenstates of Hp+gUp.
The leading term, of order k,

acwBA h2G (g) (13)

is the Born approximation to the Born series Eq.
(12) for the exact cross section. It may be termed
the (first) "Coulomb-wave Born approximation"
(CWBA) because Gz(g) depends on the eigenstates
of Hp +@Up which are products of unperturbed tar-

H= Hp+ @Up+ hVp,

where Hp denotes the noninteracting particle-atom
system, gUp is the Coulomb interaction of strength

g between the particle and the atomic nucleus, and

kVp is the ionizing Coulomb interaction of strength
k between the particle and the atomic electrons.
Both A. and g are proportional to the particle charge

Q, . The ionization cross section for this process
can be expanded, in principle, into a Born series
in powers of h:

Qg p

For all target atoms at all particle velocities, the

PWBA to the ionization cross section o is equal
to Z& times 1, the exact ionization cross section
per particle charge squared in the limit of van-

ishingly small particle charge Q, . The quantum

theory of inner-shell ionization has been devel-
oped extensively in this approximation.

Valid application of the theory with the Hamil-
tonian Eq. (11) requires that:

(i) The projectile acts as a point charge.
This will be the case for projectiles whose elec-
tronic structure makes a negligible effect on the
ionization process.

Application of the PWBA in place of the complete
theory for Eq. (11) rests on the basic assumption
that the term given by Eq. (15) dominates all other
terms in the series expansion in Eq. (14). This is
guaranteed in the limit of vanishingly small par-
ticle charge as defined by Eqs. (16) and (17). This
limit requires that:

(ii) The initial and final particle waves are planar
over all space;

(iii) the states of the target electrons are those
of the unperturbed target.

When requirements (i)-(iii) are fulfilled, the
ability to calculate realistic o values to compare
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Zg/Zg« 1, (16)

projectiles act as bare point charges at any veloc-

with experiment is limited solely by the quality of
available approximations to the exact eigenfunc-
tions of Ho.

Requirement (i) is valid for Z, «Z2 at low veloc-
ities v& «&8& v&& for reasons described in Sec. I.
In most targets this requirement is met also at
higher velocities because stripping of the projec-
tile K shell occurs when v, »Z, vo which is v, » (Z, /
Z2K)v2E' Thus, as long as

ity and, as regards requirement (i&, the theory of
Coulomb excitation developed from Eq. (11) applies.

Use of the PWBA, asdefinedby Eqs. (16)and (17),
is qualified by the fact that in the laboratory ioniza-
tion cross sections are measured with projectiles
of finite charge Q, = Z,e, and thus terms higher in or-
der than Eq. (15)may contribute. It is usually assumed
that the limit Q~- 0 can be imitated sufficiently well
by restricting the range of target elements such
that Zqe/Q2«1, where Q~ is the charge governing
the atomic eigenstates of H~ between which the tar-
get transitions take place. For K-shell ionization

TABLE IV. Aluminum K-shell x-ray production cross sections 0„(E~)for incident 2He particles of energies E~.
Column 2 is the measured thick-target x-ray yield Y(E&) and fitted yield Y&(E~) in x rays per incident particle; calibra-
tion as in Table II. Column3is the slopeof theexcitation function. Column 4 is the stopping power of aluminum for 2He

particles. Column 5 is the x-ray production cross section, in barns, as determined by Eq. {5)with z =2.23 && 10
atoms/mg and p =391 cm /g. Numbers in parentheses indicate powers of 10. X-shell ionization cross s.ections are
&exyt

Energy E&

(MeV)
+ 0.5%

Al(K) x-ray yield
YS&) ~&{E&)

x rays/particle
+ 3%

eY~(E,)/dz,
x rays/keV particle

+ 15%

s(z, )
(keV cm2/mg)

+ 10%

O„Ig)
(b)

+ 25%

6.00(- 2)
v. oo(- 2)
8.00(- 2)
9.00(-2)
1.oo(—1)
1.ao(-1)
1.4o(-1)
1.6O(-1)
1.8o(- 1)
a. oo(-1)
4.08(- 1)
s.1o(- 1)
6.12(- 1)
V. 14(-1)
e.16(- 1)
1.02( 0)
1.12
1.22
1.43
1.63
1.84
2.04
2.24
2.35
2.45
2.55
2.65
2.85
2.96
3.06
3.16
3.26
3.67
4.08
4.69
5.51
5.92

3.34(-11)
1.re(—1o)
4.26(-1o)
1.1e(- 9)
a.v6(- 9)
9.42{- 9)
2.69{- 8)
s.vs(- 8)
1.08(- v)
1.8v(- v)
S.39(- 6)
1.21(- 5)
a.ve(- 5)
6.o1(- s)
1.11(- 4)
3.18(- 4)
4.89(- 4)
v. s3(- 4)
1.48(- 3)
a.vs(- 3)
4.58(- 3)
6.eo(- 3)
9.28(- 3)
1.19(- 2)
1.29{- 2)
1.68(- 2)
1.ve(- r, )

2.59(- 2)
2.85(- 2)
3.16(- 2)
3.4s(- 2)
3.81(- r)
5.18(- 2)
6.V6(- 2)
9.29(- 2)
1.24(- 1)
1.44(- 1)

3.32 (-11)
1.31(-10)
4.29(-1o)
1.16(- 9)
2.6e(- 9)
1.oo(- 8)
2. 65(- 8)
s.6V(- 8)
1.1o(- v)

1.92{- v)
s.oe(- 6)
1.29(- 5)
2.82(- s)
5.75 (- 5)
1.oe{- 4)
3.2o(- 4)
5.04(- 4)
v. s6(- 4)
1.52(- 3)
2. 71(— 3)
4.42(- 3)
6.V4(- 3)
e.vs(- 3)
1.1S(- 2)
1.35(- 2)
1.se(- 2)
1.82(- 2)
2.48(- 2)
a.ve(- 2)
3.12 (- 2)
3.4v(- 2)
3.82(- 2)
5.36(- 2)
v. 01(- 2)
e.s1(- 2)
1.26(— 1)
1.3e(- 1)

6.60(-12)
2.15(-11)
4. eo(-11)
1.o6(-1o)
1.90(- 10)
4. eo(-1o)
1.oa(- e)
1.70 (- 9)
2.91(- 9)
4.so(- 9)
s.aa(- 8)
1.o6(- v)
r, .o4(- v)
3.83(- v)
6.45(- v)
1.so(- 6)
2.12(- 6)
2.85 (- 6)
4.V1(- 6)
v. o4(- 6)
9.81(- 6)
1.30 (- 5)
1.66 {- 5)
1.85(- s)
2.06 (- 5)
2.3o(- s)
a. s3(- s)
2.99(- 5)
3.1s(- s)
3.31(- 5)
3.4s(- s)
3.sv(- s)
3.94(- s)
4. 1o(- 5)
4.oo(- s)
3.42(- S)
3.o1(- s)

706
760
810
850
892
968

1032
1092
1140
1175
1352
1340
1312
1280
1240
1176
1140
1104
1048

996
948
906
872
860
844
832
816
784
776
760
744
736
700
656
608
580
540

2.1O(-4)
v. 3s(-4)
1.VS(-3)
4.O6(-3)
v. 6s(- 3)
2.10(-2)
4.77(- 2)
8.42(-2)
1.so(- 1)
2.41(-1)
3.25( o)
6.6o( o)
1.as( 1)
r, .3o( 1)
3.V8( 1)
8.4V( 1)
1.1v( 2)
1.s4( 2)
2.48( 2)
3.62( 2)
4.95( r)
6.46( a)
8.20( r,)
9.1s( 2)
1.or. ( 3)
1.14( 3)
1.as( 3)
1.4e( 3)
1.se( 3)
1.68( 3)
1.V6( 3)
1.85( 3)
2.18( 3)
r, .44( 3)
a. v6( 3)
3.1O( 3)
3.17( 3)
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Qz=Zz„e. Thus Q, -O is taken to be simulated by
Z, /Z3«1 which is sufficient to satisfy require-
ment (i). Yet the restriction Z, /Z~ «1 alone does
not in general satisfy requirements (ii) and (iii).

Even if Z&/Z2 «1, and hence h «1, large devia-
tions of o " from o can occur because rapid con-
vergence of the Born series hinges on the coeffi-
cients J'„in Eq. (14). Valid application of the
PWBA requires, in addition to Z, /Zz «1, that a
number of other criteria are fulfilled with regard
to particle velocity, particle mass, and target atom-
ic number. It is well known that general criteria
of this kind are difficult to formulate explicitly.
A criterion commonly invoked for the validity of
the PWBA is v, » Zyvp or, in terms of V3~,

+1 ( I /Z2K)+2K' (19)

g) » 28x Z((m /M)vp» (21)

ensures a negligible effect of Coulomb deflection.
The K-shell orbits mill not be distorted by the

passing particle if the electron response time ~2~
is long compared to the particle-electron interac-
tion time =amx/v„ i.e. , requirement (iii) is ful-
filled for

jnvs» wax a2~= & crt VIVE (22)

which, by Eq. (1), covers the high-velocity domain.
As long as Zy &2 a hierarchy of conditions ob-

tains: Eq. (22)-Eq. (19)-Eq. (21). If the connec-
tion between the stripping condition [Eq. (19)]and
requirement (i) is used, this logical chain may be
expressed in terms of requirements (i)-(iii) as:
(iii)- (i)- (ii).

In summary, the PWBA as employed for the cal-
culation of cross sections for X-shell ionization by
heavy charged particles is a theory for particles
of small charges and high velocities which can
break down by a hierarchy of conditions for real
projectiles at low velocities. In fact, we find that,

This, in fact, constitutes the condition that the am-
plitude of the wave scattered by the target electron
is negligible in comparison to that of the incident
wave. ' It pertains to requirement (ii) but cannot
be the complete criterion because Coulomb scat-
tering by the target nucleus is omitted. Equation
(19) bears on requirement (i) since, by coincidence,
it also gives the condition for the stripping of all
electrons from the moving projectile.

One may take requirement (ii) to be satisfied
when the Coulomb interaction between point charges
Z,e and Zse of reduced mass M= (M& + M2 ) ', if
repulsive, is so weak that one-half of the distance
of closest approach in a head-on collision d,

d= p(ZgZ~e /gag) =Zg(m, /M)(v2x/vg) a3„, (20)

is small compared to qp', the optimum penetration
distance for K-shell ionization. That is,

if (28x) & v, /vox & 1, polarization effects of the atom-
ic states can contribute, as will be discussed in
Paper II; if v, /vz„& (-,8„),the penetrating particle
changes the binding energies of the target elec-
trons '; moreover, if v&/v2~&~28~Zf(BE, /M), Cou-
lomb deflection of the particle in the field of the
target nucleus prevents deep K-shell penetration. 6'~

The experimental data reveal significant deviations
from the PWBA predictions in these velocity do-
mains. They can be traced quantitatively to ef-
fects caused by the finite particle charge. These
effects are not contained in the PWBA.

B. Choice of Wave Functions

Before the predictions of the PWBA can be sub-
jected to meaningful experimental scrutiny, we
must demonstrate that the calculated oE

"are not
I

in serious error simply because we have only
approximate wave functions to evaluate them. To
this end, we studied the sensitivity of 0~" " to the
choice of "best" wave functions by computing cross
sections for two sets of approximate K-shell eigen-
functions. One comprises the screened hydrogen-
ic wave functions (8) ordinarily employed in such
calculations. The other derives from self-con-
sistent central atomic potentials determined nu-
merically from a Hartree-Slater (HS) approach. ~'

For the HS set, partial-wave contributions 0, cor-
responding to the angular momentum quantum num-
ber l of the final electron continuum state, must
be computed term by term to obtain

grwBA (HS) Q gPwBA (HS)
l-"p

Detailed calculations of the K-shell ionization
cross sections with II wave functions evince the
dominance of the s-wave term, l =0, over all other
terms in the sum at particle velocities v& «v3~.
The p-wave term, l= l„dominates when v, »v, ~.
At intermediate velocities v& = V~E, the s and p
terms contribute some V0% to the total cross sec-
tion. The terms l & 1 are neglected in this subsection.

The cross sections computed for Al (Z2= 13) and
Cu (Z2= 29) from H and HS wave functions do not
differ significantly (cf. Fig. 4 for Al). This re-
sult is linked to the circumstance, of course, that
the electron environment in the E shell is dominated
by the nuclear Coulomb field and, therefore, the
HS wave functions are essentially hydrogenic in
character. Thus the HS atomic potential differs sig-
nificantly from apure Coulomb potential at distances
larger than a&~. But there both 0 and HS wave
functions are small and contribute little to the
radial integrations. By contrast, H and HS cross
sections for J.-shell ionizations can, under certain
circumstances, differ appreciably. 39

We infer from this study that PWBA E-shell
cross sections calculated with hydrogenic wave
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as a suitable unit for the scaling of K-shell cross
sections. It can be viewed as a wave-mechanical
cross section 4muz~ for each of the two electrons in
the shell, weighted by the square of the relative
Coulomb-interaction strength. With Eqs. (2) and

(25), Eq. (24} can be recast as

+K (n» 8») Zl +2((K) +0»f~n»/8» 8»)/n»'

0.9—

0.8—

I

IOO
I I

0 200 500 500

(keV/arnu)

FIG. 4. Calculated ratios of the Hartree-Slater (HS)
cross sections to hydrogenic (0) cross sections for Al(N
ionization transitions to the s-wave continuum (18@) and
to the p-wave continuum (1SP). The deviations from the
straight line at unity are an indication of the residual
dependence on the choice of wave functions.

I

400

functions can differ only negligibly from the exact
o~" ". The causes for discrepancies between the-
ory and experiment must be sought in the break-
down of the P%BA under the conditions of the ex-
periment.

C. Predictions

The nonrelativistic PWBA predicts a particular
universal form for the ionization cross sections.
With h=-Zt/Za for Z-shell ionization [cf. Eq. (11)]
one can rewrite Eq. (15) as

&»"'"= z', (c,(0)/z', }=- z,'z, (g») (24)

+0» Sv+2» (Zl /Za») (25)

to obtain a function Ea(g») that depends on target
and particle via the minimum momentum transfer
hqo which appears through the lower limit in the
integration over aQ momentum transfers for a giv-
en energy transfer.

Equation (24) states that the cross section divicled

by Z& is the same for all particles incident with
identical velocity on a given target atom. This pre-
diction can be tested without knowledge of the func-
tion F simply by plotting cross-section data &x» "/
Z, for a variety of particles against ej, g~, Eq.
(2), or the universal variable ]», Eq. (1). Such
data should fall along a single curve. The com-
parison of the locus of this curve with calculations
of the function pa($»), moreover, provides a test
of the quantitative aspects of the theory.

The dependence of the cross sections on the tar-
get, apart from the scaling through g» = v, /&a»~a»,
appears in F~ as a parametric dependence on 8~
= 2roa»/Za» (a.u. ). To bri~g out target features,
it is convenient to introduce the cross section

8» appears in the function f in combination with q»
as a universal variable g»/8„= ( 2$») and as an

independent parameter. Even though the varia-
tion of 8~ with Z~ represents an implicit paramet-
ric dependence of the reduced cross section o~»" "/
o«on the target, by virtue of the transformation

«y) 'fb'&) =x 'fb'»=&(y» (2V)

TABLE V. The universal function I'(V) for calculating
E-shell cross sections as a function of the particle-
velocity variable q~, Eq. (2). In the P%BA, one sets
y =gE/8&, cf. Eq. (28). The cross section including the
binding effect is obtained by setting y =gz/(&0~), cf.
Eq. (40), where &6&is given by Eq. (37) in conjunction
with Table VI or Eq. (39). I'(y) is shown in Figs. 5 and

7. Although based on values for aluminum (Ref. 36),
this table predicts, by Eq. (27), the nonrelativistic E-
shell ionization cross sections for all particle-target
pairs with Z~ «Z2 at particle velocities such that y &10.

3' I" (y) I'(y)

5.vvs(-1)
e.5so(-1)
6.999(- 1)
v. 2v1(- 1)
v. 4o9(-1)
v. 4s5 (-1)
V. 278 (- 1)
v. o4s(-1)
e.915(-1)
e.e41 (-1)
e.25o(-1)
5.1os(-1)
s.vse(-1)
2.946(-1)

e.ese(-1)
8.464 (-1)
1.o26( o)
1.2ov( o)
1.389 ( 0)
1.v55( o)
2.124{ O)

2.494( O)

2.681{ 0)
3.054( 0)
s.616( o)
5.5os( o)
9.315( O)

1.S15( 1)

e.v96(-3)
9.581(-s)
1.S81(-2)
2.O99(-2)
2.82s(-2)
4.S1V(-2)
5.sse(-2)
v. ss1(-2)
s.94e(-2)
1.213(-1)
1.5se(-1)
2.362 (-1)
3.206(- 1)
4.9so(-1)

one can still scale the cross sections, because the
right-hand side of Eq. (27) is a function of y = tl»/
8» only. The universal. function E(y) is tabulated
in Table V and displayed in Figs. 5 and V. Equa-
tion (2'7) is exact when y «1, is a good approxima-
tion near y —-1, but begins to become less accurate
than the experiments when y» 1. The P%BA pre-
diction of K-shell ionization cross sections can be
stated concisely: The reduced ionization cross
section

+K (n» 8»)/(+OK/8») +(n»/8») (28

depends only on the variable q»/8a». . The inconse-
quential limitation of Eq. (2V) aside, the role of

8~ is merely that of a scale factor.
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FIG. 5. &-shell ionization cross sections in a scaled plot as prescribed by the PWBA, Eq. (28). The data do not
form a universal curve, and the calculated curve disagrees with the data. The data for Al stem from the present work
and Refs. 7 and 8. The other data are taken from Refs. 5 and 9.

All cross sections should follow a universal curve
if reduced as prescribed on the left-hand side of
Eg. (28} and plotted versus g» or q»/82». This
assertion of universality can be tested on data mea-
sured with different particles impinging at various
energies on different targets without any explicit
knowledge of the function F. Examination of the
locus of such reduced data and comparison with cal-
culated values of F can assess the validity ranges
of the assumptions leading from first principles
to the predictions of universality and of the abso-
lute magnitude of the cross sections.

IV. COMPARISON WITH EXPERIMENT

The technique of determining characteristic K-
shell x-ray yields under projectile bombardment
provides a measure of the cross section for x-ray
production o„„asdescribed in Sec. II. The theory,

on the other hand, predicts ionization cross sec-
tions o&. The two cross sections are related by the

fluorescence yield y~. It accounts for the fraction
of E-shell holes created in the ionization process
that subsequently are filled with electrons under
the emission of characteristic Kx rays. The re-
maining fraction of holes 1 —y~ is filled by Auger
processes. Since the contribution of the narrow
range of excited bound states to the sum over final
states is negligible compared to that of ionized
states, the relation

&exy t ~-j. (»}
is taken to determine the experimental E-shell ion-
ization cross section 0~~'. Since the fluorescence
time normally is long compared to collision times,
the fluorescence yield is uninfluenced by the pres-
ence of the projectile. Corresponding values of y~
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are available from experiment and theory. ~

Experimental cross sections o»*' for a variety of
projectiles and targets are 'plotted in reduced form
in Fig. 5 as prescribed by Eq. (28). Two signifi-
cant discrepancies are apparent:

(i) The reduced cross sections at the same value
of q»/8» scatter widely. The spread grows with
decreasing g»/8» to nearly one order of magnitude
on the ordinate scale.

(ii) The experimental cross sections consistent-
ly fall below the calculated PWBA values. The gap
between theory and experiment grows with decreas-
ing g»/82» and can exceed one order of magnitude.

We conclude:
(a) PWBA cross sections account only crudely

for the trends with particle velocity.
(b) The PWBA predictions of universality and of

the magnitudes are in error.
In view of long-standing difficulties in determin-

ing convergence conditions for Born series in, olv-
ing inelastic processes, it is important to note that
an empirical condition for the convergence of Eq.

E~ (keV/amu)
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FIG. 6. Al(K) ionization cross-section ratios, Eq.
(30), for various projectile pairs. The theoretical curves
show ratios of cross sections given by Eq. (42) and
formed as stipulated in Eq. (30). The straight line at
unity marked BORN is the prediction in PWBA. As in
the case of isotope pair ~He, 2He published earlier (Ref.
8), the upper solid curve marked COULOMB applies to
the isotope pair ~D, ~H. It depicts the ratioof the re-
spective Coulomb deflection factors [9Egp(fD)/9E(p(gH)]py,
because the corresponding cross sections crz, Eq. (40),
cancel for isotopes. The lower solid curve marked
BINDING shows the reduction, relative to R~, of R2E
as predicted for the pair 2He, ~D of equal charge-to-mass
ratio. In effect it is a graph of [0~(2He)/4a~(~D)]gy since
the Coulomb-deflection factors essentially cancel for
such pairs. The dashed curve depicts the ratio of the
cross sections for the pair 2He, ~H as calculated from
Eq. (42). It exhibits the competing influences of the
Coulomb deflection and binding effects at very low parti-
cle velocities.

(14) to the PWBA term, Eq. (15), may be obtained
by inspection of Fig. 5. For instance, at g»/8»
= 0. 05, the PWBA cross section is roughly twice
as large as the experimental cross section. Since
0.6&8~&1, this corresponds to v~ —-0.2 v~~ »d an
"observed" criterion for the convergence of the
Born series for K-shell ionization could be taken
to be v&»0. 2 v&~. When this condition is not met
the PWBA cross section ca.n fail by factors of 2 or
more. For g, «g2, as is the case for the data, this
criterion is consistent with the condition of Eq. (19).

The lack of universality of the data can be brought
into sharper focus by plotting ratios R2~ of cross
sections of a given target for pairs of particles S,
and Z', versus the particle velocity as shown in Fig.
6. For definiteness, the ratios are formed such
that g y

& P y «+3 or, if isotopes Z, =S,', such that
M g

& My &&Ma The ratios are formed according to

R2» [+»(~1)/27] Io»(~1)/&l]

It follows from Eq. (26) that Ra» "=1. Ratios of-
fer a sensitive way of comparing dependences on
projectile properties because they largely cancel
uncertainties in the calibrations and the fluores-
cence yields, and because they permit inspection
of deviations on a linear scale over the six-seven
orders of magnitude in experimental cross sections
now available. The measured Rz~ do not agree
with the PWBA value. 6~'

Even before turning to their quantitative analysis,
in Sec. V, the discrepancies can be understood
qualitatively in terms of important physical effects
not appearing in the PWBA. One effect is the Cou-
lomb deflection of the particle in the field of the
target nucleus, which is neglected in the step from
Eq. (13) to (15). The deflection obstructs deep
particle penetration into the K shell and reduces
the likelihood of ionization, the more so the lower
the particle velocity. Of two isotopes (e.g, ,'D,
',H, or &He, 2He) with the same velocity, the heavier
particle penetrates deeper into the K shell. There-
fore, Ra~ shows a pronounced isotope effect in the
form of a rapid rise with decreasing particle veloc-
ity. As a corollary, pairs of different particles
with the same charge-to-mass ratio (e.g. , 2He,

,D or 6~Li, ~~D) undergo equal Coulomb deflections
in the field of a heavy target nucleus. Therefore,
their R&~ should not, and in fact do not, show a
Coulomb upturn even at very low particle veloci-
ties (Fig. 6).

The effects of Coulomb deflection on the cross
section become unimportant at still fairly low par-
ticle velocities, so that, for $»& 0. 5, they do not
interfere with the analysis of the causes for devia-
tions from the PWBA. These deviations derive
from the dynamics of the target electrons under the
influence of apassing chargedparticle. For isotopes
such electronic effects virtually cancel in forming
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V. IMPROVEMENTS TO PWBA

A. Nuclear Goulomb Deflection

In their semiclassical treatment, Bang and Han-
steen calculate the K-shell ionization cross sec-
tion by first-order time-dependent scattering the-
ory under the assumption that the particle moves in
the fieM of the target nucleus on. a classical Cou-
lomb-deflected hyperbolic trajectory. In the parti-
cle velocity range $»«1, the differential cross
section for transfer of energy W (in units of —,

'
Z~»

a,.u. ) can be written

dgPSBA»» e-rdq w/8» (1 ~)dW dW

where to lowest order in gK,
41

do'K 2 '0K

dW +OK 5 W10 for ~2 1 ~

(31)

(32)

The small correction 4 is omitted in the integration
from 5"=8K to W=, with the result '

~» = 9 EM(vdqo)~»"'" (33)

R2» at any velocity. For all pairs that are not iso-
topes, and after the Coulomb upturn has subsided
for particle pairs of unequal charge-to-mass ratios,
Fig. 6 reveals that 82K is significantly smaller than
BzK "=1, and that it approaches the line R2K "=1
slowly from below.

%e attribute this effect to the influence of the in-
cident particle on the atomic state from which ion-
ization occurs. 6 ' Particles of low velocity such
that (» «1 cause significant ionization only if they
penetr ate into the E shell with impact parameters of
order qo = v, /&oa»«aa». In so doing they remain
inside the K shell for times aa»/v~ long compared
to the K-sheO time &2K. The E-shell electrons can
respond to the presence of the projectile near the
nucleus. In effect, then, the electronic state from
which ionization occurs is characterized not by the
binding energy 8»Zz»|R but, in the zero-velocity
limit, by 8»(Za»+Z, ) jul. Thelatter reflects an in-
crease of the binding of the electrons to the domain
of the target E shell owing to the presence of the ioniz-
ing particle. To first order in Z, /Za», this increase
in binding can be represented by a binding factor
times HKg2KS. In the low-velocity limit, this fac-
tor is seen to be the constant 1+2Z, /Za». The
factor approaches the value 1 as v1 exceeds v2K '
The binding effect decreases the cross sections
and their ratios in the way shown by the examples
in Fig. 6. The curves represent theoretical pre-
dictions of the effects of particle Coulomb deflec-
tion and electronic binding as derived in the follow-
ing Sec. V.

PWBA g1'l (~ q4

&0»/8» ' 46 k»l
for ~ «1,/K

~K
(s4)

which obeys the transformation Eq. (27) explicitly.
As an expedient, Eq. (33) with rr»" "as given

by Eq. (26) is used to incorporate Coulomb de-
flection effects. ' This procedure yields the proper
limiting expressions: at velocities so high that
Coulomb deflection effects vanish and 9E~o(wdqo)
= 1, one retrieves o»~" "[Eq. (26)]; at low veloc-
ities the cross section reduces to Eq. (33), with
the asymptotic form of o»" " [Eq. (34)] as derived
from Eqs. (31) and (32).

The Coulomb deflection introduces, through
Eq. (33a), a dependence of the cross section on the
projectile mass, i.e. , an isotope effect, as well as
additional dependences on Z„8»,and r)»/8». The
influence of Coulomb deflection vanishes at pro-
jectile velocities such that mdqo«1 as anticipated
by Eq. (21).

B. Binding

The target E-shell electrons become more tight-
ly bound to the K-shell region during the encounter
with the particle because at low velocities it must
penetrate to distances = qo'«a2K deep within the
K shell to cause ionization. As mentioned pre-
viously, under this condition the electron response
time is much shorter than the collision time. This
allows the electron to adjust to the presence of the
projectile. The increased binding reduces the
probability of ionization. ' Our approach is re-
lated to a systematic development of time -dependent
scattering theory for particles of finite charge. 3'

The ground-state energy shift ~»(y) is derived as
a function of the reduced distance y =

I R I/az» be-
tween the target nucleus and the point charge in
first-order bound-state perturbation theory, i.e. ,
to order Z, /Z2. In the present context, one can
approximate the time-dependent I RI by the particle
impact parameter for reasons given in Appendix A.
The average change in the binding energy h( a~a»)
is calculated by weighing the contribution for each
impact parameter by the E-shell ionization prob-
ability function I 1Vi»(y/$») I and integrating over
all impact parameters,

10. One can express the argument of E,o in terms
of q»/8» as

vdq, =(-'.v) Z, (m, /M)8 (q, /8', )-'~' . (SSa)

The precise functional form of the Coulomb de-
flection factor 9EM(vdqo) applies at particle veloc-
ities so low that OKP" " approaches the asymptotic
form corresponding to Eq. (32),

where 0&QEM(x)& 1forallx&0. Thefunction Eqo(x)
= f,"t ' e "'dt is the exponential integral of order

)f(~ ) fp b,E»(y) I M»(y/$») I y dy
f "IM (y/$ )I'ydy (36)



UNIVERSAL CROSS SECTIONS FOR &-SHELL IONIZATION. I. . . 99V

TABLE VI. Values of g(f»), where $»=2qJ /8», for
computing the binding factor ~ = 1+2(Zf/Z2g8+) g($g),
Eq. (37). An approximate formula is given in Eq. (39).

(z ~z~~z

into the cross sections. When the binding effect is
included, the cross section becomes

o' o=-'"'" (n; «) =(oo /«) E(n /(«)'),

0.0
0.04
0.08
0.16
0.24
0.32
0
0.48
0.56
0.64
0.72
0.8
0.88
0.96
1.0
1.2
1.4

0.0
0.0004
0.0016
0.0064
0.0144
0.0256
0.0400
0.0576
0.0784
0.1024
0.1296
0.1600
0.1936
0.2304
0.25
0.36
0.49

1.000
0.996
0.985
0.953
0.912
0.869
0.826
0.784
0.745
0.709
0.674
0.643
0.614
0.587
0.574
0.517
0.469

1.6 0.64
1.8 0.81
2. 0 1.00
2. 2 1.21
2.4 1.44
2. 6 1.69
2.8 1.96
3.0 2.25
3.4 2.89
3.8 3.61
4.2 4.41
4.6 5.29
5.0 6.25
6.0 9.00
7.0 12,25
8.0 16.00
9, 0 20, 25

0.429
0.395
0.366
0.341
0.319
0.299
0.282
0.266
0.240
0.218
0.200
0.185
0.171
0, 145
0.126
0.111
0.100

where 8 denotes that the binding effect is included.
The cross section is calculated by setting y = q»/
(e8») and multiplying E(y), Table V, by op»/e8».

In summary of Secs. VA and V B, the formulas

o'» = 9Egp (vdqpe) o»" "
(q», «'»)

= sz„(.~„.)(';)z(,,",
, )

(41)

(42)

incorporate in an approximate but comprehensive
manner the particle Coulomb deflection through
9EM (vdqpe) and the change in K-shell binding
through e. The Coulomb deflection factor includes
q since qo~ 81,. The same factors can be applied
to the binary-encounter theory.

We note in conclusion that if one inserts &8& into
Eq. (34), the total cross section Eq. (41) can be
expanded in the limit &&e - 0 as

The velocity-dependent function I M» I' derived by
Bang and Hansteen' is proportional to y'Za(y/g»),
where R2 is a modified Bessel function. The bind-
ing factor

e.(&.) =1.«,.(t.))/,. (36)

changes the target constant 8~ into a velocity-de-
pendent function e8E which can be written"

e8 =e (g )8 =[1+2(Z, /Z, 8 )g((„)]8. (37)

Appendix A gives details of this derivation. Val-
ues of g(g») obtained by the numerical integration
of Eq. (36) are listed in Table VI. It is monotonic
with the limiting behavior

1 —0()») for $»«1
g(5») =

0.95)» for (»»1.
(38)

It can be calculated, with errors & 1%, from the
formula

g (g») = (1+g») (1+5)»+ 7 14(»

+ 4. 27$' + 0.947$'). (39)

At high particle velocities, f»» 1, the binding
effects vanish as given in Eq. (38), which is con-
sistent with Eq. (22). When $»«1, the influence
of the binding effect, although due only to a small
perturbation (e —1) &2Z, /Za»8», can become large
because o»o- (e8») [Eq. (34)]. The function e in-
troduces additional dependences on Z, /Z, 8„and g»

o» =o„[1—p vqpd —18(Z, /Za8») g (g») + O(Z, )]

= ZiEa —ZiEa —ZiEp+ O(Zi). (43)

In this sense, the Coulomb deflection and the bind-
ing contribute terms which correspond, respective-
ly, to the terms with coefficients J» and J~3 in the
second plane-wave Born approximation, Eq. (14).
Since E', and E, are positive they constitute low-
celocity subtractive "ZP, effects. " High-velocity
additive Z& effects have been identified recent-
ly. '3'3'" They will be discussed in Paper II.

VI. UNIVERSAL CROSS SECTIONS

The impact of Coulomb deflection and of binding
on the understanding of the experimental data is
apparent in Fig. 7 if taken in juxtaposition with
Fig. 5. The scaling proceeds in accordance with
Eq. (42). The Coulomb deflection factor QE,p(»dqpe)
breaks the universal scaling rules through its de-
pendence onthe particle charge and mass, and
therefore is divided out of the experimental cross
sections o&"' . The binding effect is taken into ac-
count by replacing 8» with e8», Eq. (37), wher-
ever 8& appears in the scaling scheme suggested
by the PWBA.

The low-velocity cross-section data in Fig, 7

cover six orders of magnitude as q»/(e8») changes
by three orders of magnitude. For q»/(e8») & 5
0&10 the data unify to form one curve. The scat-
ter in this domain is unsystematic and comparable
to the experimental uncertainties.

When 5 && 10 a & q» /(a8») & 1 the experimental points
in Fig. 7 begin to spread significantly and rise
above the theoretical curve. Such deviations from
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the curve including the binding effects were re-
ported earlier' ' and are apparent in the ratio
curve Fig. 6. This new effect is indicative of the
high-velocity additive Z~ effect to be treated in
Paper II.

The solid curve in Fig. 7 depicts the reduced
theoretical cross section or" "(qr, e8r)/(oor/e8z)
=E(gr/(&8')') as listed in Table V. Although cal-
culated from PVfBA values for protons on alumi-
num, ~8 Table V applies to all target elements with
nonrelativistic K shells by virtue of Eq. (2V). The
order-of-magnitude discrepancies in Fig. 5 have
been resolved in the fxame of reference of Fig. V.

The accuracy of the data and variations in the
data analysis adopted in different laboratories limit
the precision of the comparisons made in Fig. 7,
and the problem of the proper choice of fluorescence
yield is ever present, However, one can now de-

duce a consistent set of best fluorescence yields on
the basis of observations with different particles at
different velocities by normalizing the reduced x-
ray cross sections to the P%BA curve in Fig. V. This
suggests, for example, that yr(Al) =4&&10 is a
better value than the value' 3~10"3 chosen in pre-
paring Fig. V. Appendix B provides a sample cal-
culation of a E-shell ionization cross section de-
rived fx'om the theory presented in this papex'.

VII. SUMMARY

The analysis of new and existing data leads to an
understanding of the observed behavior of cross
sections for E-shell ionization under bombardment
by various low-velocity heavy chax'ged particles.
One finds that the Coulomb deflection of the
particles by the target nucleus and the perturbation
of the initial atomic states by the incoming particle

IO
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FIG. V. Universal graph of &-she11 ionization cross sections as prescribed by Eq. {42). The data are taken from
Fig. 5 and Ref. 11. The curve is the PWBA prediction {Table V). The deviations when 0.05&g&/e 8@&1 can be ac-
counted for by incorporating the high-velocity Z3~ effect (Refs. 12 and 13) as reported in Paper II.
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reduce the cross sections drastically. When these
effects are incorporated into the theory, all known

experimental cross sections exhibit a universal
behavior, A unified experimental curve emerges
which, . in effect, represents an extrapolation of the
data to the limiting conditions of zero projectile
charge. This curve coincides with the predictions
of the PWBA. The initial discrepancies of nearly
two orders of magnitude are resolved. Agreement
between experiment and the theory as developed
here is now close to being limited by current ex-
perimental uncertainties.
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APPENDIX A: DEVELOPMENT OF THE BINDING
FACTOR

The semiclassical treatment of the E-shell ion-
ization problem in first-order perturbation theory
gives the leading term of the low-velocity expan-
sion of the differential probability for E-shell ion-
ization to a final state of energy EI as [cf. Eq.
(3.12), Ref. 1]

moving with velocity v, & v2& at the distance l Rl
= (b + vq t )' . Hence bE»(y) varies with time. In
practice, the binding effect is incorporated by
adding nE»(y) to )i(q)o» in the integration over time
which leads to Eq. (A1). We make use of the fact
that the principal contribution to the time integra-
tion comes from the interval I tl S (qp vq) '= (d))~».

This limits the range of I R I in the time integration
for fixed impact parameter to b &

I RI & (b + qo )
Since the largest contribution to the impact param-
eter integration, Eq. (A2}, comes from values
b=qp, I RI varies between b and )) 2b in the time
integration at impact parameters of importance.
At b = qp', for example, $» & y & v 2 )» in the time
integration. Thus, at low velocities, y «1. Since
t)E»(y) is a slowly varying function for y «1,
omitting the time dependence of y for the sake of
convenience should not cause significant error.
This is illustrated by replacing (» by v 2$» (cor-
responding to the upper limit of y) in the function

g($») (cf. Table VI). The shift e-1 from Eq. (37)
diminishes by at most 15/p in its range of validity
$»& 1. Thus in what follows we set y = b/ao».

The binding effect is incorporated into Eq. (A2}
by adding AE»(y) to hippo» or, equivalently, hq(y)-=t)E»(y)/Rv, to q(). This gives

o;=Cffv, f,"b'db f",«»q Z', (bq)dq

=Cttv, fp b dbD(bqp+bbq(y))), (A4)

where the superscript B denotes the binding effect
and

!(A5)D(») = f u 'Id,'(u) du.

The use of first-order perturbation theory for
the binding effect suggests that D(bqp+ bb, q(y)) be
expanded in a Taylor series to order t),q(y) p& (Z,/
zo»)

D(bqo+ b(q)q(y)) = D(bqo} (bqo} Ko(bqp) bhq(y)

+«W(y)') («)
Thus

o'» ~ Ckvg[qp fo x D(x) dx

—qp f() t) q(x$») x Ko (x)dx], (A7)

where x=bqp and fox'D(x)dx=g(2/5). The bind-
ing effect may be identified as a Z, term by noting
that C«Z, and hq(y)«Z, [cf. Eq. (A3)]. Then Eq.
(A7) can be written

=2(Z, /Z„}Z,',e y-' [1 —(1+y)e-"], (A3)

with the notation y =
I Rl/ao». R is the particle

coordinate for a straight-line trajectory, r is the
electron coordinate, and )lq»(r) is the unperturbed
nonrelativistic hydrogenic K-shell wave function.
The particle excites the K-shell electrons while

o " "(q,) =' Chv, (2'/5)q, ,

which is equivalent to Eq. (34).

(A9)

o» o»"'"(qp) [1—Qq()'(5/2') f() nq(xh») x'Ao(x) dx],

(AB)
where
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It is convenient to employ the approximation

1 —9qo (5/2 ) fo &q(x4)x Aa(x)dx

= [1+q,-'(5/2'). fo ~q(xg») x'Ifa(x) dx]-', (A10)

because it reestablishes the binding effect as a
shift of order Z~/Za» in the binding energy, rather
than a subtractive term of order (Z~/Za») to the
cross section. This device also provides a suc-
cinct way of incorporating the binding effect into
the cross section to all orders in v&. By defining
e, Eq. (37), as

e -=I+ qo'(5/2') f, hq (xg») x'Z, (x) dx, (Al 1)

we note, from Eqs. (A8) and (A9), that

(A12)
Since y = x(» and hv, hq(xg») = ~»(y), we identify
Eq. (All) with Eq. (36) and retrieve Eq. (35) in the
form

@&~a»($») &=)aoa»0o'(5/2 ) fo «(x&»» &a(x) dx.

(A13)
Equation (40) then follows from Eq. (A12). This

step introduces the function g into the calculation of
the universal cross section 0~.

APPENDIX 8: SAMPLE CALCULATION OF K-SHELL
IONIZATION CROSS SECTION

To find the cross section for 408-keV helium
(Z, =2, M, =4 amu) on aluminum (Za=13, M, =27
amu, 5&@a» = 1559.6 eV), values for the binding factor
a, and the Coulomb deflection factor 9E,o(wdqo«) must
be computed. Kith

8» ——I»oa» /Zaa» 8 = 1560 eV/(13 —0, 3)a x 13.6 eV

= 0. 0273. The value of F(y) = o'» (oo»/&8»)
' f»

y = q»/(Ee») = 0. 0273, obtainedby interpolation from
Table V, is 8. 12&&10 . Since

oo»=(, /Za»)'8»aa»=(Z /Z'„)' 8»a'o

= [2/(12. 7)a]a 7.04 x 10 'a cma

=1.08&&10 ' cm2,

we obtain

o„=8. 12x 10 ' x 1.08 x 10 "cm'/0. 963

=9.12x10-» cm2

This is the theoretical E-shell ionization cross
section which includes the binding effect. To find
the Coulomb deflection factor, the value of

dq, —,Z, 8»(m, /M)/a)~~

must be calculated, where M=M&Ma/(Mr+Ma) is
the reduced mass:

M = 4 x 27/(4+ 27) = 3.48 amu,

dq, = -,' (2) (0.711)j(1836x 3.48 x 0. 00403) = 0.0276.

The argument of the Coulomb deflection factor be-
comes

7fdQ'p6 = 3 14 && 0.0276 X 1.355 = 0. 117

so that4'

9&,o(0. 117)=9x0.0974=0.876.

Thus the theoretical prediction o f the K-shell ion-
ization cross section, including the Coulomb de-
flection and binding effects, becomes

a» =9E„(»dqoe)o» = 0. 876x9. 12x 10 "cm'

=8.00X10 GIQ =80 b.

and

va» Zaa»(R M, /~,

Comparison with the experimental x-ray cross
section from Table IV, o„(408keV) = (3.25 t 0.8) b
gives, for this example, the fluorescence yield

y (Al) =(o„/o ) =4, lx10 y25%,
= 408 keV/(12. 7)'(l3. 6 eVx 1836x4) = 0.0253,

one finds q»/8„=0.0501. From Table VI or Eq.
(39) one obtains g($») =0.800. Then e is calculated
as follows:

e = 1+2 -- 8» g(g») = 1+2
2 0.800

2E 12.7 0.711

or e = l. 355. This gives &e»=0. 963 and q»/(e8»)

which is somewhat higher than the mean value
3&&10 used in Figs. 5 and 7.

Because of Eq. (27), the values given in Table V,
although calculated for aluminum, can be used for
any target as long as q»/(ag») & 10. For high ve-
locities, more accurate cross sections for other
targets can be obtained by recourse to the source
of the universal function given in Table V.
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Total p-ray cross sections at 12 & energies (most of them are at new energies) are deter-
mined in Cu, %, and Pb and the results are reported. The error in these results is of the
order of 1Vo. An analysis of the data is presented.

I. INTRODUCTION

In previous investigations, '3 it was shown that
there are inconsistencies in the available total
y-ray experimental cross sections. Recently a
few measurements were reported. 3' However,
there remain large energy gaps, especially above
145 keV. Hence, in the present investigations
these cross sections are measured at 12 y energies

(most of them are at new energies) in a wide en-
ergy region from 60 to 1400 keV in three typical
elements, viz. , Cu, W, and Pb, and the results

p td.
II. EXPERIMENTAL DETAILS AND RESULTS

The total y-ray cross sections can be measured
by conducting the usual transmission experiment~
on a good geometry setup. A similar3 good


