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is insignificant when compared to what has been
accomplished already for the hydrogen atom'
(except that it has shown precisely how slowly a
perturbation calculation in other than the Coulomb
gauge converges).
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We show that all the coherence properties of the field in an optical cavity can be transferred to a
second cavity by a monoenergetic electron beam. The energy supplied to the second cavity comes from

the electrons's kinetic energy, as in the klystron.

I. INTRODUCTION AND DISCUSSION OF PREVIOUS
THEORY

Recently, there has been much theoretical in-
terest in the possibility of using electrons as car-
riers of optical information. This was stimulated
by a report of an unusual experiment in which an
electron beam appeared to be able to transport
light from one place to another. If the same ex-
periment were done in a much lower frequency
range one could readily understand the transfer of
frequency and phase information by an electron
beam within the context of classical physics. This
is the situation that occurs in a conventional kly-
stron. There, the oscillation of the electromagnetic
field is sufficiently slow and the wavelength suffi-
ciently long that the entire wave packet of the elec-
tron may be considered as a point in both the space
and time dimensions. Therefore, the electrons
can be described by classical trajectories and the
information is carried by variations in the particle
density in the beam.

In the optical range the situation is quite differ
ent. First, with any readily attainable optical field
intensities the average number of quanta absorbed

by an electron in a Schwarz-type experiment' is
less than or of the order of unity. Thus the result
of the interaction with the field cannot be described
as a simple acceleration. Second, the period and
wavelength of the radiation can be long compared
to the coherence time and coherence length of an
electron's wave packet. As a result, upon inter-
action with an electromagnetic field the wave pack-
et undergoes an intrinsic change in structure. In
addition, the classical picture of particle bunching
breaks down because the bunching length is now

smaller than the wave-packet size. Thus, it is
important to obtain a complete quantum-mechanical
understanding of the processes which may be in-
volved.

Existing "quantum-mechanical" theories fall into
two general categories. The first category contains
all theories which do not consider particle-particle
correlations and hence are essentially one-particle
in nature. ~ In the second category of theories, the
whole effect is ascribed to electron-electron cor-
relations. Theories in the first category typically
treat the interaction with the applied field in terms
of a single quantum-mechanical electron's inter-
action with a classical radiation mode. The re-



TRANSFER OF OPTICAL INFORMATION BY COLLECTIVE. . . 867

suiting electron charge-current density is then

treated as a classical source of radiation. Since
the interaction with the applied field causes the
current density to be modulated at the applied fre-
quency, the subsequent radiation is also character-
ized by the same frequency. While these theories
produce believable results in some cases, the
practice of using a one-electron quantum charge-
current density as a classical source conflicts with
the principles of quantum mechanics. The conflict
arises because this practice produces radiation in-
tensities which are quaAic in the initial electron
wave function. If a quantum-mechanical calcula-
tion were to give this kind of dependence it would
have to have a transition amplitude which was qua-
dratic in the initial state, and hence, would violate
the superposition principle. One can avoid this
difficulty by utilizing the usual semiclassical ap-
proximation which uses matrix elenze~ts instead
of expectation values as a source but this does not
produce radiation which is preferential at the mod-
ulation frequency. Thus on the one hand we have
incorrect theories in which an electron appears to
be able to carry light and on the other hand a cor-
rect (at least i.n an approximate way) theory which
predicts no such effect. The resolution of this di-
lemma lies in the second (many-particle) category
of theories.

It was independently recognized by three groups
of workerss that the modulation information is not
contained in the one-electron radiation but in the
many-electron radiation resulting from electron-
electron correlations. In these theories the beam
is treated as a single quantum system, and its in-
teraction with the radiation field is considered.
Two groups, using a product wave function for the
many-electron system, have shown that the col-
lective radiation intensity has the structure

where A is essentially the expectation value of the
current density (or some other operator) for the
neth electron. For a large number of electrons,
say N, emitting collectively this gives a result sim-
ilar to the "one-particle" theories but is propor-
tional to N(N-1) instead of N. Since in this result
the wave function of each electron appears only
quadratically, it is not in conflict with the super-
position principle. Also this fits in with the clas-
sical klystron theory in which it is correlations (in
position) of the electrons which carry the informa-
tion. With a somewhat different approach, Kondo~

has shown that when an electron beam interacts
with a radiation field in an energy eigenstate the
current density does not become modulated, but the
subsequent collective radiation from the beam
nevertheless contains the modulation frequency.

This result further emphasizes the inadequacy of
theories based on the modulation of one-particle
current densities since here the current density is
not responsible for carrying the information.
These theories indicate that there is more than one
way to code information on a beam and hence pose
the problem of finding a more general description
of the mechanism of information transmission by a
beam.

In this paper, we use operator techniques to give
an integral treatment of the collective theories and
to extend them to include fields of arbitrary co-
herence. In addition, we take account of exchange
effects by using a fully second quantized formal-
ism. The model we use consists of a beam of
electrons passing through two optical cavities each
of which is described by a single-mode function.
The excitation in the second cavity is calculated
for an arbitrary state of the first cavity by a per-
turbation expansion. Some of the qualitative re-
sults can be listed here. (i) The power level in
the second cavity is proportional to the power level
in the first cavity and is independent of its coher-
ence properties or any charge-current modulation.
(ii) The phase and amplitude of the expectation
value of the electric field in the second cavity are
determined by the corresponding quantities in the
first cavity. Moreover, all of the coherence
properties (or lack thereof) in the first field are
transferred to the collective part of the radiation
in the second cavity. (iii) The transmission of in-
formation is not vitiated by exchange effects.

II. TRANSFER OF COHERENCE

Ho = Sip (at a+ btb) +Z %u;q,"7i; .
a

In the usual form the interaction between the jth
electron and the radiation field is taken to be

2

[p, ~ A(r, )+A(r, ) ~ p,]+,A (r, ) .
282 C 2mc

The term quadratic in A will henceforth be ignored
because it is of no consequence for subsequent cal-
culations. In terms of the mode functions, the
vector potential has the form

A(r) = af„(r)+ bf~(r —R)+H. c. , (3)

We consider two optical cavities A and B com-
municating via an electron beam which first passes
through cavity A and then through B. For simplic-
ity we assume that each cavity is described by a
single-mode function [ f „(r) or f s(r)] and that they
have the same frequency . Let at and b~ be the
photon creation operators of the cavities A and B,
respectively, and g; be the creation operator of
an electron in the momentum state p= Fiq 'The.
free Hamiltonian of the electron-beam-cavities
system is given by
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where we have taken cavity A. to be centered at the
origin and cavity 8 at R. Vfhen expressed in sec-
ond-quantized form the interaction is then given by

H' = /I Z (Ag;, a'+ B;;,b'))/; r/;, + H. c. (4)
M

with

A;;, =—,— ((I+(I') e"" @"f„(r)d'~,
2mcL

(~+~~), 8/ (o'- o) ~ &r +%) I (r) do2mcL3
(6)

Our general method of calculation will be to calcu-
late the time-dependent expectation values of vari-
ous operators in the interaction picture by relating
them to expectation values in the initial state. For
instance the energy in the second cavity, E~, at
time t is given by

z, =e; «l b'bl t),
where

and H'(t) is the interaction Hamiltonian in the in-
teraction picture and is given by (4) with A„, and

B„,(t) = B„.e''"' "~ "~'", respectively. The initial
state l to) will be taken to be one with a beam of N
electrons about to enter the first cavity and with no
radiation field (vacuum state) in the second cavity.
The initial state of the field in the first cavity will
be left arbitrary. The energy spread of the elec-
tron beam is taken to be much less than 5~ and the
number N much greater than unity.

The lowest-order nonvanishing contribution to
(7) is the second-order term

Es' '=
. o dt'

I

dt" (tol H'(t') ~bHb'(t") tlo)

o

= (27)') Z 5(co —(d) +(()o)5(M + (()o (()4)
all q

x(to l
')/o 7/o )/q 7/q l to ) Bg. q Bqoq

=(2o)' ~ &(&i-o)4)(tol)7o, )/"„I to)

XQ Q((() (()) + (()o)B~ "B""
~t 201 02+
&2

-(2~)' Z b(~-~, + ~,)b(~+~, -~4)
a11 q

x(to l )/~))/- )/;@~ l t() ) B-
~

B- ~, (9)

where t- to has been assumed to be large compared
to the period of any natural oscillation in the prob-
lem. The last term is a two-particle cooperative
term which is present only if the spread in energy
of the beam is wider than b&. (The energy b func-
tions require the simultaneous presence of ener-
gies differing by /io) in the initial state l to). ) It
does not contribute here because of our assump-
tions about the energy spread of the incoming
beam. The first term is a one-particle term
which is just N times the energy radiated into the
second cavity by a single electron and has nothing
to do with the presence of radiation in the first
cavity. Also, unlike the second term, the 5 func-
tion here makes this term insensitive to the details
of the energy distribution of the beam and indepen-
dent of the the modulating frequency.

All third-order terms vanish if the beam energy
spread is less than h~ so that the next nonvanish-
ing terms in the perturbation expansion are at
least fourth order. One might be tempted to con-
clude, therefore, that information transferral ef-
fects would be quite small compared to the uniform
background of the second-order term. However,
this fails to take account of the fact that any infor-
mation transfer is a, cooperative effect which de-
pends on higher powers of N. Also it turns out that
the energy transferred is proportional to the en-
ergy density in the source cavity which can be quite
large. Thus, among the fourth-order terms there
are terms of the order (e'/h )'cN(N 1)(t lao~a/ to-)

which is to be contrasted with (e /hc)N for the sec-
ond-order background. Even though e /hc is a small
number, the ratio of these two terms can be large.

The nonvanishing fourth-order terms in
8'o) (tl b bl t) are

&4)&a
'o

+t~

dt's
l

dt2, dt3
"&o "~o

dt, (t, l
H'(t, )H'(t, )b'bH'(t, )H'(t, )l t, )

@CO
dtI

~j g

g2

dto dto dt4 (to l
[H'(to)H'(to)H'(t))btbH'(t4) + H'(t4) b bH'(tg)H'(to)H'(to)]

l to) . (10)
"'o "~o "~o

We handle these terms by first commuting the
electron creation and annihilation operators into
normal order, i.e. , with all gt 's to the left of all

q's. This produces four classes of terms. The
first two are a four-particle class with four re-
maining pairs of g~'s and g's and a three-particle
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class with three remaining pairs of operators. All
of these terms vanish if the initial electron beam
energy spread is less than 5. The next class is
the two-particle terms which contain the effects
we wish to describe and which dominate the last,
one-particle class. There appear to be many two-
particle terms when Eq. (10) is put in normal-or-
dered form but after the time integrations most of
them contain energy 5 functions which cause them
to vanish. The remaining terms can be put in the
form

Eo = ltd (271) Z 5 (td 1
—&d4)5 (td3 (d3)

all q's

x(tl)l li;,ti'; a ati; till to) &c,c &~c

where

Bclc~A44)p AC t )+10' t)414, ~1 —+ + CO+ Z~ ~1 —(0 —V —26

(12)
This result is completely general, subject only to
the conditions that the second cavity is initially un-
excited and that the electron beam energy spread

is less than h~. In order to exhibit the properties
of this expression we will specialize to a particular
initial state,

!
/~

tO& = ~„ f(ql& qkt r qN)li "P"3 ' ' ' a 3) I
0 &electross

xlAo o&. (12)

where f(q„q„.. . , q„) is the wave function of the
N electrons in momentum space and iAo, 0&,~
represents a still unspecified state Ao of the first
cavity and the vacuum state of the second cavity,
and where the normalization of f is given by

1= Z f*(kl, . . . , k„')f(kl, . . . , k„)
all k, k~

x&0!~„; . . . ~„-.~';, . . . &'„-„lo&. (14)

We also assume that the wave fronts are essen-
tially planar at the entrance of the first cavity.
This means that f(k„.. . , k„) contains Kronecker
g's in the transverse components of all momenta.

With this state we can now compute Z~' '.

(27l) @(d + b(tdl (d4)b(td2 td3) &Ao! a al Ao& &",&4 ck
all q, k, k'

Ixf (kl t ~ ~ ~ ) kN)f (kl ) ~ ~ ~ t kN) &o i nk„nkp;p;p;31';pk, nk„ l
0 &electrons )

where we have used the fact that ihe combination
of the explicit energy p functions and the implicit
Kronecker g's on the transverse components of the
b's [contained in f(k„.. . , k„)] effectively require
q4=q1, q3=q2. We observe that one can rewrite
the second expectation value in E~' ' as

&0 I nk„nklncpckncpc pkl ~ ~ ~ 1'„l 0 &

1k~ Oq2k
—

aq1q2

1kjy ' ' ' iktlkl t ' ' ' ) fkk) I

Now, if we further assume that the functions

C;;1C;2;2 are slowly varying over the energy
spread of the beam (to be examined later) then the
factor containing these functions can be written as

b ((d 1 td4) 5 ((d3 td3)
all q

XCq q Cq q Oqlk] q2k
kg

nr(r )))c„)'(—) (
—)=, ()v)

where 4 is a typical value of the wave vector of the

beam. By making use of this result and the nor-
malization condition Eq. (14) we obtaino

2 2

Eo"' = btd t)j'(~- 1)
I c'3k I

'
&Aol "al Ao& ~k„z

Thus, the two-particle contribution to the energy in
the second cavity depends only on the energy
(Ao I atal Ao) of the first cavity and is independent
of any coherence which may be present. Further-
more, since it can be shown that charge-current
modulation occurs only if there is coherence in the
first cavity, v the semiclassical theory's implication
that modulation is necessary for preferential en-
ergy transfer is therefore incorrect. If, on the
other hand, we were to use the same method to
calculate (t I b ~ t & instead of (ti b'b i t & we would ob-
tain, to second order,

«lb(t)I t&=.-'"' «lbl t&

=2« '"' & &t, lan'-n-
I
to&b(~-~')~;;

=X& '"'(AolaIAo) Ckk

subject to the same assumptions as in the previous
case. Hence, if the field in the first cavity is co-
herent (I (a)l = (ata&), and if the two-electron
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(N ) contribution to (b~b) is the dominant term,
the second cavity has the same coherence as the
first one,

x(0
I
(a )'a

I 0) [1+O(N ')] . (2l)

III. DEPENDENCE ON THE INTERCAVITY DISTANCE

«I k'kl &) =1(flail t&l'[1+ o(N ')] . (20)

In fact, it can be shown that for the leading term
in N (the collective part in the radiation) one ob-
tains the general result, to 2(i+ j)th order,

(tl(('('b'l t)=( ~ ) (c;)'(c,„)'

The function C» which appears in the expectation
values exhibits an interesting dependence on the
intercavity distance R. This function can be cal-
culated from the definitions (6), (6), and (12). Af-
ter integrating over the intermediate states, we
obtain

2 2

C — fe v ds d ' [f*(r) (-ig +2k)f (r') ~ (-ig +2k)e '"''"" "'e'('+ "+'
((k 2(2 I )31 + + B f B A f R

+fe(r) ~ (i%a+2k)f„(r') ~ (ii„+2k)e"'"" "'e '"- +" "']R '
(22)

where k,2—= )P+2~(d/k; In order to simplify the in-
tegrations over r and r' we will assume that R is
large compared to the size of either cavity so that
l R+ r —r'l can be replaced by R except in the
phase factor where we use the expansion

lr -r'l lr -r'l
I
R+r - r'I =R I+ cos&+ aR 2R

(23)
where (I( is the angle between (r —r') and R. The
expansion is terminated after the second-order
term because the essential features of the inte-
grals are unchanged by the subsequent terms. We
now introduce the Fourier transforms of the mode
functions

4ine kC, = dq„dq, f *(q) ~
" f„((I) ~

"
mc SL

y~ (a,- a )/2

x e' ' ' '" sin2(k, + k —2k)R, (26)

where we have neglected the small differences be-
tween k„k, and k in factors which are insensitive
to these differences. In the Fraunhofer limit in
which R is large compared to the Fresnel length,
the variation of the phase factors dominates the
variation of the f ((I). This means that the first
cavity looks like a point source to the second cavity
and vice versa. In this limit we have

aim ek~ 2 2 2

~~sR [fs(4 e4%) e];-(. ).-i2mchLR
f((I)=-(2(() s'2 f e "' f(r)dsr (24) xe"" '-'"~'cos-,'(k, +k -2k)R . (27)

and perform three of the resulting integrations to
arrive at the following expression for C»'.

d'qf *,((I) f„((l) ~ ze"&
2mc hL „
x ( + ~ 6(k k )

- ((R/2k~)(q(( + ((y )~k +k~'

-"-"' 6(k-k — ).«.&'- "'" I. (26)
k

Here we have taken k and 5 to be in the z direc-
tion.

The remaining integration can be performed in
two limits. The first is what we will call the
Fresnel limit in which the intercavity distance R is
small compared with the Fresnel lengths (the
transverse area of a cavity divided by the electron
wavelength). In this limit the physical size of the
cavity is so large that the functions f ((I) have a
width which is so narrow that the phase factors
exp [~iR(q„+q, )/2k, ] can be regarded as unity.
Hence we get

These results give the R dependence of the energy
transfer through I CI,
Ee' '- sin -', (k, + k —2k)R, Fresnel limit

(28)-R cos —,'(k„+ k —2k)R, Fraunhofer limit .
The wavelength of the periodicity in both ca.ses is

given by

~=2vlk. +k-2kI =2v ~ &~ 2 2 2
9 k 2 p 2'
Qg pl (d

(»)
which is correct for relativistic electrons with nz

taken to be the rest mass. This wavelength varies,
for example, with a photon energy 5M = 2, 5 eV,
from 1 cm at an electron energy of 50 keV to 1 m
at an electron energy of 2 MeV. This periodicity
in R is the most striking feature of the cooperative
energy transfer by particle beams. It can be
thought of as resulting from a sort of second-order
interference between the interference terms be-
tween wave numbers k, and k and between wave
numbers k. and k. This effect would not be pres-
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ent if the electron's mass were zero since in that
limit (k. —k) = (k —k ).

In deriving Eq. (17) we made the assumption that

C» is a slowly varying function in k over the range
of the energy spread of the beam bE. The most
rapidly varying factor in C» is exp [~2'(k, —k )R].
If this phase factor varies by an amount compa-
rable with unity over the spread AE, the sums in
Eq. (17) are essentially zero due to the random
phase introduced into the left-hand side. Since the
spread of —,'(k. -k ) is just I B k/BE i(~) (b, E), this
means that the energy spread of the beam must be
restricted to be less than [R i

B'k/BZ'l (her)] ', or

&Z&P /m (gR (3o)

Therefore, since this is perhaps the shortest prac-
tical distance at which an experiment can be done,
this represents the minimum damping factor one
can obtain and provides a. reason to make hE/~
as small as possible.

IV. DISCUSSION

We have demonstrated that the coherence prop-
erties of an optical cavity can be transferred to a
second cavity by an electron beam provided the
beam energy spread is much less than the photon
energy. The fermion statistics of the electrons
have been taken into account explicitly by the use of
a fully second-quantized formalism. The coher-
ence transfer is a general property of quantum-
mechanical waves and does not depend on the sta-
tistics (i..e. , commutation or anticommutation re-

if Eq. (17) is to be valid. If one wishes to see
the details of how this energy restriction affects the
intensity one can assume a Gaussian distribution
of electron energies (with a width b, Z) in the sum
in Eq. (17) and obtain an exponential cutoff factor9

exp [- ,'m'&'I —'(rZ)'R-'] .
It is interesting to note that, provided the Fresnel
length is greater than A, the damping factor at the
first maximum (R= —,A) of the periodicity factor
is independent of everything except the energy
spread and the photon energy,

lations) of the particles involved. In addition, our
results confirm earlier calculations for the special
case of the energy transfer by an electron beam in
which exchange effects were not included. It is
interesting to note in both the quantum domain
(where the wave nature of the particles is domi-
nant) and in the classi. cal domain (where the parti-
cle nature dominates —e. g. , in the klystron) the
coherence information is carried by the many-par-
ticle terms. Of course, one should bear in mind
the fact that there is also a background of incoher-
ent radiation whenever an electron beam interacts
with a cavity. This background is contained in
terms we have dropped from our results. Also we
have not included higher-order terms in the per-
turbation expansion. The neglected terms contain
contributions of relative orders (e /kc) (Ao I a a lA0)
and Ne /hc but terms of the relative order
(Ne /hc) (Aol a alA0) do not arise. Thus, our ap-
proximation allows the last parameter to be large
compared to unity while the first two parameters
are required to be small. In this situation the co-
herent radiation dominates the incoherent radia-
tion. However, even if the first two parameters
were not small so that our numerical predictions
would be unreliable (i. e. , the perturbation expan-
sion fails), one would still expect the same sort of
general structure of the radiation, but a correct
calculation would require the use of the T matrix
rather than our perturbation expansion.

Finally, we would like to emphasize that the en-
ergy (unlike the coherence information) supplied to
the second cavity does not come from the first
cavity. It is supplied by the electron beam exactly
as in the case of the klystron. This suggests the
possibility of using an electron beam as a coherent
pump for a laser by first letting the beam interact
with another laser so If the energy supplied by the
beam were greater than the loss in the laser, an
optical amplifier (or klystron) would result.
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A time-of-flight technique has been used to measure the quenching of the 2 'So metastable state of
helium by a static electric field. Neutral ground-state helium atoms effusing from a cooled source slit

are immediately excited to the 2 'So and 2 Si metastable states by a pulse of antiparallel

magnetically focused electrons. The metastable beam is collimated before passing through a uniform

electric field region 0.5 m long and is then preferentially detected at the end of the time-of-flight

region, 1.825 m from the electron gun. The time-of-flight distribution for the 2 So state is separated
from that of the 2'Sl state by illuminating the beam before the electric field region with an

0

rf-discharge helium lamp. The 2 'So state is quenched by resonant absorption of a 20581-A photon,

raising the atom to the 2 'P, state, which then decays to the 'So ground state; the 2'S, state remains

unaffected because it is the ground state for the triplet system. The 2 So time-of-flight distribution is

therefore obtained from the difference between the full beam and the quenched beam, The number of
2 S, atoms arriving at the detector in specific velocity intervals with the electric field off is compared
to the number with the field on to determine the quenching rate (=k E'). The result for the

quenching constant k for both He' and He' with E in kV/cm is k =0.933+0.005; this value is in

good agreement with theory and with an earlier less accurate experiment. The error in the present

experiment arises from a 0.5% uncertainty in the effective length of the electric field region.

I. INTRODVCTION

A time-of-flight technique' has been used to mea-
sure the quenching of the 2'So m"tastable state of
helium by a static electric field. The 2 So state
usually decays by spontaneous two-photon emis-
sion; however, the presence of a sufficiently
strong electric field may, through admixtures of
~'I' states, quench the 2 S, state and yield a single
photon. This quenching process may be viewed
as the zero frequency limit of stimulated two-photon
emission.

The theoretical value ' of 19.5 msec for the
two-photon radiative lifetime of the 2'S, state of
helium is in good agreement with the experimental
value of 19,7+ 1.0 msec. Other heliumlike two-
photon lifetime measurements in Li' and Ar'6' are
also in good agreement with theory. An additional
test of the calculations is provided by a measure-
ment of the quenching rate (=PE') of the 2'So state
in a static electric field E; as shown in Sec. II,
the matrix element used to calculate the quenching
constant k is identical to the matrix element re-
quired in the calculation of the two-photon decay
rate, but with one photon frequency equal to zero.

The motional electric field quenching of the
2 S&/p metastable state of Li ', C", and 07' has
been measured~ and then used in conjunction with

the Bethe-Lamb theory' of quenching to obtain the
Lamb shifts of these hydrogenlike heavy ions. Al-
though apparently adequate for hydrogenlike sys-
tems, the Bethe-Lamb theory, as previously
noted, predicts a quenching constant for the 2 Sp
state of helium that is 25% greater than a time-in-
dependent perturbation calculation, ' and the
perturbation calculation agrees with an earlier
measurement of the 2'So quenching constant.
Thus an accurate measurement of the quenching
constant for the 2 So state of helium can serve as
an independent confirmation of the theory of elec-
tric field quenching of a metastable state. Using
the Heitler-Ma formalism, Fontana and Lynch
have investigated two excited levels coupled by an
external perturbation (electric field) and have
shown that the phenomenological Bethe —Lamb
theory is justified in this case. Using a nonper-
turbative time-dependent approach, Holt and Sel-
lin'3 have obtained a result for three excited levels
which reduces to the Bethe-Lamb theory when ap-
plied to hydrogenlike systems. For the quenching
of the 2 So state of helium, however, an accurate
comparison of theory and experiment requires the
treatment of all excited discrete n I' levels as
well as the continuum.

Following a second-order time-dependent per-
turbation theory of quenching, this paper outlines


