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a region where the JWKB asymptotic solutions are
no longer valid.* However, we believe that this
difficulity can be treated using a modified form of
the Miller-Good method.®

III. DISCUSSION

The results of this calculation show that the first
quantum correction for a hard-core-plus-attrac-
tive-well potential is independent of the shape of
the well, and depends only on the value of the po-
tential at the core. Thus for any potential, square
well, triangular well, etc., which is continuous
near the core, the first quantum correction is given

JOSE J. D’ARRUDA 7

by the term®
é% [Bv(a)] (%)

Hence, classical arguments alone should suffice
in distinguishing which potential-well model best
fits experimental data at high temperatures, at
least to O(\*/a).

ACKNOWLEDGMENTS

The author would like to thank Dr. R. N. Hill
for several helpful conversations. Also, he is in-
debted to Dr. L. W. Bruch for his hospitality and
interest during the year.

IM. Boyd, S. Larsen, and J. Kilpatrick, J. Chem.
Phys. 45, 499 (1966).

’R. N. Hill, J. Math. Phys. 9, 1534 (1968).

3J. D’Arruda and R. N. Hill, Phys. Rev. A1, 1791
(1970). This paper also contains many references to
work done previously. Other work on virial coefficients
since then can be found in (a) T. S. Nilsen, Phys. Rev.
186, 262 (1969); (b) A. Theumann, J. Math., Phys. 11,
1772 (1970); (c) B. Jancovici, Phys. Rev. 184, 119
(1969); (d) J. C. Edwards, Phys. Rev. A 2, 1599 (1970);
(e) W. G. Gibson, Phys. Rev. A 2, 996 (1970); 5, 862
(1972); (f) D. Kremp, W. D. Kraeft, and W. Ebeling,
Physica 51, 146 (1971); (g) L. W. Bruch, J. Chem.
Phys. 54, 4281 (1971). Improvements on the Wigner—
Kirkwood semiclassical approximation may be found in
the following: (i) Useful upper and lower bounds are re-
ported for correlation functions and cluster integrals
occurring inquantum statistical mechanics of dilute gases

by L. W. Bruch [J. Chem. Phys. 55, 5101 (1971)]. (ii)
An improvement of Wigner—Kirkwood expansion using
hard-sphere basic functions rather than the free-particle
basic functions ordinarily used is reported by E. J.
Derderian and W. A. Steele [J. Chem. Phys. 55, 5795
(1971)]. (ii) H. Luchinsky and R. N. Hill (unpublished)
have calculated high-temperature second virial coefficient

- for the »"¥ potential using the Laplace transform method.

Their results seem to be better than the Wigner—Kirk-
wood results even at moderate values of N, Detailed
numerical comparisons are now being carried out.

“The author is indebted to Dr. M. Barnhill for dis-
cussion onthis point.

5S. C. Miller and R. H. Good, Phys. Rev. 91, 174
(1953).

SW. G. Gibson [following paper, Phys. Rev. A 7, 822
(1973)] has also obtained this result using a somewhat
different method.

PHYSICAL REVIEW A

VOLUME 7,

NUMBER 2 FEBRUARY 1973

Quantum Corrections to the Virial Coefficients for Potentials with Hard Cores

W. G. Gibson
Depaviment of Applied Mathematics, The Univevsity of Sydney, New South Wales 2006, Australia
(Received 18 July 1972)

The leading quantum correction to the virial coefficients is calculated for the case where

the intermolecular potential has a hard core.

If the potential is bounded and continuous out-

side the core, the leading quantum correction to the second virial coefficient comes entirely
from the region of the hard-core boundary, and depends only on the diameter of the core and
the depth of the potential well at the core boundary. The leading quantum correction to the
higher virial coefficients also involves the value of the classical radial distribution function
at the core boundary. If the potential has discontinuities outside the core, these will give

rise to additional first-order corrections.

We investigate the leading quantum correction
to the virial coefficients for the case where the
intermolecular potential has a hard core. The
standard Wigner-Kirkwood method cannot be used,
since it requires that the potential be differentiable,
Instead we use the method developed in a previous

paper! (hereafter referred to as I) which is valid
for a general potential, The basic quantity is the
thermal Green’s function G(¥,¥; £, and this is
calculated in the approximation where the curva-
ture of the potential boundaries is neglected. This
enables us to obtain the quantum corrections to
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the virial coefficients to first order in the thermal
wavelength A,

The intermolecular potential is taken to be of
the form

v(¥) =, r<a
v()y=v,(r), r>a (1)

where v, (7) is bounded, and decreases rapidly
enough as 7 — « for the virial coefficients to exist.
We wish to calculate XG(F, ¥; f) correct to first
order in A, [x= (27%%6/m)!'? where B=1/kT.]
From Appendix B of I,

cHiw
- 1 1 —
GE T8 ~-5 Eﬂ—iL.w dpe®Gylr,7;7), (2)
where y=p'2 and a=32/21. G,(r,7;7) is the
Green’s function for the one-dimensional Schrédinger
equation and can be constructed according to the
formula

G (', 75 7) = [ Wiy, ) oy 0 Jup (75) ®3)
w, up are solutions of
(—d—i;wuﬁ—n:v(xhyz) u(x)=0, (4)

satisfying the boundary conditions u (a) =0, u,(#)~0
[ 7 . . .
as 7 —oo; Wiy, us)=wuuy — 1y 4y is their Wronskian,
A solution of (4) valid for large y can be ob-
tained using the WKB method.? Since we are work-
ing at large negative energies there are no turning
points, and the solution for 7 >a is

o) =a*[ 4 exp(j "gar)+B exp(—srq )]
Jrod)]. ©

where
a=q() =[y*+mv, (r) /n?]"? (8)

and A and B are arbitrary constants. To the same
order, the derivative is

u'(r) = ¢/ [A exp(sr q dr) -B exp( _I g dy)]
x[1+0(:1;>] . @

If we now require that the potential v(») be con-
tinuous (as well as bounded) for > a, then u(r) and
u’' (#), as given by (5) and (7), are also continuous
for »>a, and can be used to construct the Green’s
function. A straightforward calculation gives

G,(r,7;%) =0, r<a

G,(r,7;7 =—<§) [1—exp<— zsarqd,f)]
o) ], e @

For y large,
exp(-2 [" qar) ~expl-2¢(a+) (- )]
~3gla) o(r-a+) , 9)

where 6(» — a+) is a Dirac § function. Thus

Gy (r, ;1) =- 3lg®)]* + ilgla+)]?
X6~ a+)+0y%), r>a. (10)

Inserting (10) into (2) and doing the inverse Laplace
transform integral gives

G(T‘, -f.; p = 9-3/2 =3 5 -Bv(7)
x[1 =232 06(r - a+)+00®)] . (11)

Note that the right-hand side of (11) is simply
¢-8") times the thermal Green’s function for hard
spheres of diameter a. This is a reasonable re-
sult, as can be seen from the relation

GE',T;B)=(F"|e-¥ra1|T) , (12)

where H,,, is the Hamiltonian for the relative mo-
tion of the two-particle system.

The direct part of the second virial coefficient is
given by

By,=3 [ a*[1-22NG(F, T; 6)] . (13)
Using (11), we find

21a%. 3 anan (A
Bdlr= claas+ 3 Zﬁ eB ta )(;)+O()\z) ’ (14)

where
By rass=13 [ dr(1 - ") (15)

is the usual classical second virial coefficient.
Thus the first-order quantum correction to By,
comes entirely from the region near the hard core.
It depends on v(a+), the value of the potential just
outside the core, but is independent of the detailed
nature of the rest of the potential, provided only
that it is bounded and continuous for »>a. In par-
ticular, the result (14) applies to the hard-core-
plus—attractive-well potential, and is in agreement
with a recent calculation by D’Arruda® for this po-
tential model.

Expressions for the quantum corrections to the
higher virial coefficients can also be found, fol-
lowing the method of I. The quantity c,, defined
by Eq. (19) of I, is found to be

Cp=—2"%na%g(a+)A+ 0N , (16)

where g(7) is the classical radial distribution func-
tion. The pressure is now given by (21) of I:

o=y - o 222 009), an

where p° is the pressure of the classical gas and
p is the number density. If we expand the pressure
in a virial series,
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Bp=p+ 2B, (18)
n=2

with a corresponding equation for p°, and the radial
distribution function in a density series,

g =eD T oy () (19)
n=0

then substituting in (17) and equating powers of p
gives

B,= B+ (n—1)2"%1a%c -8y, ,(a)A+00¥) .

(20)

- B, is the direct part of nth virial coefficient and
Bf is its classical counterpart. y,(»)=1, so for
n=2 (20) reduces to (14). For n>2, y, ,(a) depends
on the detailed nature of the potential, so for virial
coefficients higher than the second the leading
quantum correction is not determined solely by the
depth of the potential at the hard core.

If the potential fails to be continuous for »> a,
there will be additional first-order quantum cor-
rections from the neighborhood of the discontinu-
ities. For example, for the square-well potential

v(#)=w, ¥<a
a<r<b
r>b, (21)

U(y) =—€,
v(r)=0,
the nth virial coefficient is!

B,=BS+ (n—-1)2"Y2q[a%e"y, ,(a)

+ bze(Be)Vn-z (b)])\+O(A2) 3 (22)

where
0(x)=1+e*—2e*2L(5x) . (23)

Comparing (22) with (20) shows that the contribu-
tion from the neighborhood of the hard core is the
same in each case, but we now have an additional
contribution from the discontinuity at »=1b.

In the above we have considered only the first-
order quantum correction to the virial coefficients.
Higher-order corrections to the second virial co-
efficient can be obtained using its expression as
the inverse Laplace transform of the logarithmic
derivative of the Jost function,* and this is the
method employed by D’Arruda in his calculation
for the hard-core-plus-attractive-well potential.?
Another possible method is the modified Wigner—
Kirkwood expansion given recently by Derderian
and Steele,’ in which hard-sphere basis functions
rather than free-particle functions are used.

For the higher coefficients, the only method avail-
able seems to bethat of I. The theory given there
is quite general, and includes all higher correc-
tions. However, even for the second-order term
computational difficulties are severe. Not only
does one require G(¥,T; B) to the next order, but
one also needs the leading term in the function
UrQ@,2,3), and this involves solving a three-body
problem, 8
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It is pointed out that the variation-iteration method offers a fast and accurate means for solving the
variable-phase equation. The method is especially useful for problems involving many partial waves.

In a recent paper by Landman,! a perturbation-
variation treatment of the variable-phase function
has been proposed. The method consists of two
parts. First, the standard technique of perturba-
tion theory is applied to the variable-phase equa-

tion.? A variational principle® is then employed to
optimize the choice for the main part of the poten-
tial,

We wish to point out the limitations of Landman’s
method and offer a remedy. We shall adopt Land-



