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The energy spectrum of a particle in the presence of random fixed finite-ranged repulsive
potentials is investigated at low energy. The resulting asymptotically exact density of states
is derived. It exhibits an exponential dependence on energy. This result is shown to be equi~
valent, for the case of §-function potentials, to that of Frisch and Lloyd (1960) in the limit of

low energy.

1. INTRODUCTION

In this paper, we study the one-dimensional sys-
tem of noninteracting particles in the presence of
random fixed finite-ranged repulsive potentials.
The low-lying spectrum is investigated. This re-
gion is interesting not only in its own right, but
because knowledge of it is essential in the study of
Bose-Einstein condensation in the one-dimensional
system (see following paper).

Section II treats the case of 6-function repulsive
potentials of strength V, in the limit where Vis
infinitely large. The wave functions are then sim-
ply localized in the respective cells between two
potentials. The cumulative density of states can
then be derived, by considering the probability dis-
tribution functions of the cell lengths.

In Sec. III, we consider d-function potentials of
arbitrary strength. In the region of small energy,
we use the assumption that the system is equivalent
to that of independent “big” cells in the middle of
only “small” cells. The wave functions are then
localized near the big cells, The reason for this
assumption will be discussed.

In Sec. IV, the resulting low-lying density of
states for arbitrary V, is shown to be exponentially
decreasing for small energy, with the coefficient
determined by a set of integral equations.

Section V shows that the rigorous results of
Frisch and Lloyd! yield identical energy dependence
at low energy, whereas Sec. VI shows that the
coefficient from Frisch and Lloyd1 is the same as
what we obtain in Sec. IV. This gives an indirect
justification for our assumption.

Appendix A discusses the probability distribution
function of the cell lengths. Appendix B general-
izes the result to arbitrary finite-ranged potentials.

II. ENERGY SPECTRUM FOR § FUNCTION WITH STRENGTH

Vo—->oo

We consider a system of independent particles,
each of which satisfies a Schrddinger equation on
an interval of length L,

;,Zz dz

- S 2 V) V) = Ep () . (2.1)

ki

For most of this paper, we restrict ourselves to
6-function potentials, i.e.,

ve=1
V=21 Vodle-xy) . (2.2)
=1
(See Appendix B for the generalization to any finite-
ranged repulsive potentials.) There are v- 1 po~
tentials at fixed but random positions x;. Unless
otherwise stated, we use fixed boundary conditions
throughout, i.e.,

P)=0 atx=0andx=L . (2.3)

Because of the v - 1 potentials, the total length L
will be divided into v one-dimensional cells, the
ith from the left having length L* (see Fig. 1). The
essential task is then to solve the Schrédinger
equation, subject to the above conditions.

We start from the case where Vy—~c, The en-
ergy levels are simply
= om - @H? T 2m
i=1,...,v, s=1, 2 2.4
where
K;s=as /LY, (2.5)

with corresponding eigenfunctions
Pis) = (2/LY) 2 SinK s (6 = % 10y), % juy <X <Ky
=0 X>%X; OF X< Xy,
(2.86)

)

X1 XZ Xi—! Xi Xv«l

FIG. 1. Labeling of intervals between potentials.
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The cumulative density of states N(E), defined
as the number of energy levels below E, is given
oy

v

N(E)= 2 > O(E - E;4)

i=1 s=1
v © ﬁz,”z SZ
=2 <E— = ) , 2.7
&z o L) 2.7
where
Ox)=1, x>0
=0, x<0

is the step function. Equation (2, 7) gives the cu-
mulative density of states for a particular distri-

bution of lengths {L’}. To find the density of states

for a random system, we have to know the proba-
bility distribution function of the lengths. This is

P(L'L%... L)
= (Probability distribution function of
specific cell lengths being LY, L2, ..., L")
=[w-1)1/r" oLt +L2+--- +L"-L1)]. (2.8)

Since the distribution is random, all positions are
equally probable, The constant in front of the 6
function comes from the normalization condition

L L
fo fo P(LY I3 ..., L) dL'adL? -+ a1’ =1.

(AN)?=(N¥E)) - (N(E))

In the limit where v—, (2. 8) is equivalent to

v
PN IE ..., L) =p" [[e™, (2.9)

i=1

where p= v/L is the number of potentials (impuri-
ties) per unit length, v, L~ but p is finite. [For
a more detailed discussion of P(L}, L%, ..., L"),
see Appendix A. |

The density of states of a random system is given
by its ensemble average, because, as we show, the
standard deviation is negligible:

2

it s
<N(E)>=ZE ?IO(E— om (L’)E)
xP(LY 1% ..., L)aIl. . .dL?

00 2.2
=Eu/ e<E-c—f—2)pe"L’dL*
7Y) @)

- VE e-pcs/JE
S

=v/(*'" - 1)=wm(E), (2. 10)
where
c= iim/(2m)l/?

and #(F)= average cumulative density of states
per unit cell. The standard deviation

=EZ>Z>E ffe(E_Eis)e(E"Ejt)Pe-pLidLipe'ﬂLj dLj

- @? [o@E- E,s)pe'ﬂﬂ‘dL‘) (EZ) [O(E - E,) peo! de)

i1 4 s t

pc/VE _
= %73\?{)12)— = Vu(E) .

Hence
AN _< v u(E) )1/2_ 1 [u@E)]/? 0
(NE)Y “\v&¥E)) Vv ~ anE)
as v-o , (2.12)

Therefore the density of states is given by the en-
semble-average value (2.10). This result has been
derived earlier by Bychkov and Dykhne.? Notice

that for E -  (2,10) reduces to
(N(E)) = (L/7im) (2mE)? (2.13)

which is the same as the case with no potentials.

For E- 0,
(N(E))~vexp|- phin/(2mE)?] (2.14)

or (N(E)) is exponentially small.

jt

(2. 11)

III. ENERGY STATES FOR GENERAL ¥,

In this section we study the energy states of the
system for §-function potentials of arbitrary
strength V. First notice that the wave function
is that of a free particle between potentials (see
Fig. 2):

Pi(x)=A;cosk(x —x; L)+ B;(ko/K) sink(x — x;.,),

X S X <X

V1:10)=A gy cO8K (X —%;) + By (Ko /K) sink(x — x;),

Xy S X< Xpm (3.1)

where
Ay =Pi(xiay), By= (/k)9ikia) , -
ko= 2mV,y /1, 3.2
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FIG. 2. Definitions of A;, B;, x}, x].

and
E = n%2%/2m (3.3)

is the energy of the system. The wave function
must be continuous:

(zph‘l)x:x;‘ - (ll)i)x=xl' =0,

Integrating the Schrddinger equation across x;
yields

(3.4)

n? a
= o T YW+ Vo) = By ),
1 d 1 d 2mvV (3.5)
Tapy 1) _ 2mVy_, -
p dx a ¥ dx %3 4
Substituting (3. 1) in (3. 4) and (3. 5), we get
Ay = AjcoskL + By (ky/k)sinkL? | (3.6)

By = Ay[coskL} - (k/ky) sinkL']
+ By[cosk L! + (kg /x) sink L] .(3.7)

These relations are well known (see, e.g., Bor-
land® and Hori#).

We now study the low-lying states of the system.
From Sec. II, (Vy—=), we know that the lowest
states are localized in the big cells. Hence we use
the assumption that in the low-energy region, the
system is equivalent to that of independent big cells
in the middle of only small cells. This is possible
because, as we shall show, the wave functions stay
localized near the big cells., Further justification
comes from the fact that the resulting density of
states agrees with that of Frisch and Lloyd.! We
have not, however, rigorously proved that this
assumption is correct.

Suppose j is the big cell under consideration.
Assume that all the other cells are small, such

that
kL' <«<1, (3.8)

Since we are interested in small energy, we shall
also use the condition

i#j .

K/Ky < 1,

(2.6) and (2.7) can then be simplified:

(3.9)

Ai-rl = Ai + Bi(KOL’) )
Bia=A; + Bi(1+k,LY), i#j.

(8. 10)

We can also define A} Bf from the right-hand side
of the system (Fig. 3):

(wave function) =,(y)=A} cosk;(y ~v;)

+Bj (ko /) sink(y - y;) ,
(3.11)
where y is the distance measured from the right-
hand boundary of the system,

y=l-x, (3.12)
yi=L-xy,
A=T,037), Bl= (/T3 . (3.13)

Relations equivalent to (3. 10) can be obtained:
Al =A}l+ Bj (KoLi):
Bl =A}+ B} (koLt+1), i#j

(3.14)

Using (3. 10) and (3. 14), we will now show that the
wave function is localized near the big cell j. Let
us now start from the left-hand boundary of the
system. Fixed boundary condition gives A;=0 and
B,=B¥” (so far an undetermined constant). Using

(3. 10), we obtain
A, =B (kgLY) B,= BX(1+k,L") . (3.15)

We can continue the process, finding all the A;,

B; by iteration. Since (3. 10) is linear,
A; = BYay(L++- L
i i( )’ (3. 16)
B, =Bip, (L e LY, i=1,2, ...,7

where a; and b, are functions of L'L%. .. L*"! only.
We want to prove now the following theorem.

Theovem (L):
@) |Bul2|Bi| (1+#oL%;

(ii) B, has the same sign as BT,

+
Ai-\ll(xl_ll
gLyt
B xow“l-l)
Ai.‘“y})—.
el (y) L~
Bl ly(yj),(o ...AH
.-B].|
",/ \~
X X,
j-1 J
X y Y, ]

FIG. 3. Schematic of localized wave function. y=L —x,

PO) =vk).
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i=1,2,...,j-1
Proof. First eliminate B; or A; from (3. 10):
Biyy = Biyy (2+K,L"") - By, (3.17)
Ap=Apg A+ L¥YL 4 ko LY - A, LP¥YLY
i=1,2,...,5-2. (3.18)
We will prove Theorem (L) by mathematical induc-
tion. Since
B,= B (1+k,LY),

the theorem is certainly true for i=1. Suppose

it is true for all £< 2’; then
B‘p‘_z = B{l,l(l-i- K(]L“*-l)-l— (Bi’+1 - B"l) .

Since Bj. and B,y have the same sign as Bf and
|Bje,11>1Bye|, By, has the same sign as BY, and

lBi’+2 ’Z lBl'+1 l (1 + KOLHH) .

Therefore, Theorem (L) is proved.
Similarly, using (3. 18), we can prove the follow-

ing theorem.
Theorem (L'):

@) |Asl2]4;[(1+ koL ;
(ii) A;,; has the same sign as B,
i=1,2,...,j-1.

Hence, from (3. 1) we see that the amplitude of the
wave function increases exponentially from the
left-hand boundary to cell j.

By the same reasoning, we can show, using
(3. 14), the following theorem.

Theovem (R):

@) |Afa|2|A3[(1+ KoL)

(i) [Bfa|2[BE [ (1+ 1o LY);

(iii) Aj., and Bj., have the same sign as
Bl=BFand AL=0 for i=j+1, j+2,..., v.

Therefore, the amplitude of the wave function in-
creases exponentially from the right-hand bound-

ary to the cell j.
Let us now write the wave function in the cell j

(Fig. 3):

Pi(x)=A; o8k — %)+ B (Ko /K) sink(x ~ x,.y) .
But the wave function can also be written

Pi{y) = Ajcosk(y —y;)+Bj(ko/K)sink(y —v;)

= A} cosk(L? = x+x,.,)
+BY (ko /K) sink(L? —x +x,.,) .

Comparing the coefficients of the above equations,
we obtain

A; = AjcoskL? + B} (ky/k) sinkL? |

(3.19)

Since A, and B, are multiples of B, A} and B} are
multiples of B®, (3. 19) allows the ratio BX/B® to
be determined. By dividing the two equations in
(3.19), an equation for k can be found;

(®/Ko) (AJ/BJ)+ (k/Ko) (149/35)
1-[(k/ko) (A /BY) (/Ko) (A;/B))]
(3. 20)
A,;/B; and A}/B’ are always positive; k/k,is small.
Hence, we can solve for kL’;

B, = A} (k/Ko) sinkL? — B coskL?

tankL?! = -

i _ K_ Ai _
KL’ = sm Ky B; ko Bj
(3.21)

The wave function is
b(x)=A; cosk(x — x;)+ B, (ko/k) sink (x — x;),
Xy =K =S Ky

No new wave functions are obtained by replacing
s by —s. Also, the solution s =0 gives =0, which
is physically uninteresting.

We still have one degree of freedom, viz., B*
or BY, It can be determined by normalization,

L
fye)pedn=1.
We can find an expression for A;/B; and A}/Bj.
Using (3. 10), we obtain

B 1
et S Y = .
A KoL+ A /By

(3.22)

We can iterate the process, giving the continued
fraction®

B 1 1 1 1 1

[ -

A, 1+ koLI™ 4 1+ koL%%4 14ee¢ koLt °
(3.23)

Similarly,

B 1 1 1 1

=i =

p VY 3 U Wy o C S
(3.24)

(3. 23) and (3. 24) are both positive continued frac-
tions. Both are convergent.

Proof. The positive continued fraction

1 1 1 1
fi+ Set+ s+ fa+-o.
is convergent if, and only if, at least one of the
series is divergent®:

Sr+fa+Fs+--

F=f,+

fotfo+Sfo+e-o.

For (3. 23), the second series is 1+1+1+...,
which is divergent. Hence (3. 23) is convergent.
Similarly, (3. 24) is convergent.

In conclusion, if j is the only big cell, in the
presence of only small ones, the low-lying state
is localized in the neighbor of the cell j, with cor-
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responding energy level [see (3. 21)]

st
Kis = —T—(L n ajE N ajk,) , (3.25)
where
r_ 1 A r_ 1 _Aj
aj = %o B, and aj = % "Bl (3. 26)

are positive continued fractions and
Kis/Ko << land Kkl << 1,

where [ is the average cell length,

In reality, the system consists of many big cells.

We will, however, treat them independently. This
is possible because, as we have shown, the low-
lying states are localized near the respective
cells. More detailed analysis shows that the over-
lap between states localized near different cells
is indeed small. We have, hence, a tight-binding
picture for disordered systems.

Arguments for localization of all states have
been given by Borland® and Halperin.” We have
illustrated this for low-lying states.

(NE) = V?/w...[we(E_ c?
0 0

- 1 -
X pe™t " e e pe Pl gL e dLlpe""Lj Yees e dL

The factor v enters because all the cells are equiv-

alent after ensemble averaging.
The integration over L? can be easily done:
(N(E)) = v e™s/"® (e"”f') (e”])

8=l

(NE)W?, (4.2)

where (N.(E))=cumulative density of states when
Vo" 0,

(e™7y = [explpaf (LY, L?, ..., LI)]

XP(L .« 1Y drldr? -« - ar’-t  (4.3)
and
(e™Fy = [ exp[pa®(Li*Y, 172, ..., L")
xP(L* e ) daLi*t. .. dL” . (4.4)

Of course, (e ""f)= (e"“f’)E W by symmetry, and W
J

. fo 8(x; (LY, ..., LY) = x)pe

X9+ 1

-prd"1

6( x'+1
1+ (Q+x) ko, LT

1+ (L+2,0,) ko L7t

Je1
xo) pe " AL Q(x")dx’

705

IV. DENSITY OF STATES FOR ARBITRARY V¥,

The cumulative density of states of a particle
in repulsive 6-function potentials of arbitrary
strength V, is, by definition,

NE)=2,0(E-E,{L}),

where E,,,{L,} are the various energy levels as a
function of the distribution of cells {L;}. For a

random system, the cumulative density of states
is given by its ensemble average

(NE) = [ 2,0 -E,{L})
XP(LY, I3, ..., L¥)dL...dL?

because, just as in the discussion of the V;
limit, the standard deviation is negligible. For
small E (the region in which we are interested),
only small E,{L'} contribute to (N(E)). Three
levels can be described by the large interval j and
the neighboring intervals as in (3. 25). If we use

(8. 25) for all levels, the higher ones will be treated
incorrectly, but do not contribute in any case.
Hence

s¥/(L?+a} + af)z)e“’f‘jde’

J+1

eeedLl? ., (4.1)

is independent of ¢,
We now proceed to calculate W. First, we ob-
tain

af=1/kotj , (4.5)

where, using (3. 22),
B t

tj=—5t= e

1= A, Y T LY, (4.6)
Define

Xy=1t7=1, ®©>x;>0 4.7

%, = 1+%4. C= @i LY

1+ (1+xy.) kL™

(4. 8)
Let @(x;) be the probability distribution function
for x;; then

1 -
..pe™t gL't .. 4Lt

(4.9)
- 1
xo) pe-aL’ t pe ™ arit. . Lt

(4. 10)
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|3

where we have interchanged the order of integrations and used the fact that

Q)= [6(x;—x")pe™ 2. aL?"2. . ALY .

The distribution function for x,., must have the same form as that for x;.

Quo=[ ewnas exp| -2 (
0

(4.10), we obtain

=f Q(x")dx’ exp[————
xo-l

Define

e™ /%o
Q(xg)= “}"g‘“‘ R(xg) , (4.13)

where y=p/k,. The equations (4. 11) and (4. 12)
may be written

R(xg)= y/“ R(!) expl=y/x'+ v/ 6!+ D] 4,

x! ’
0
0<xo<1  (4.14)
) 7/“’ Rixt)exploy/x’ e v/ + D] 4
x
xg=1
1< %< . (4.15)

Equations (4. 14) and (4. 15) and the normalization
condition

- R
/ Q(x)dx:f e—x—r—R(x)dx= 1 (4. 16)
0 0
determine R(x). Thus we find
W= (e) = (e/xaty))
Ef e’r/(l-rxj)Q(xj)dxf
0
© e-y/x
=f o/ ) (T) R(x)dx . @.17)

0

W is independent of E and is a function of y only.
From (4. 2), the cumulative density of states has
the same exponential dependence on energy as the
Vo= case. Only the multiplying constant is
altered. That is, for small E we may write

NE) =[1/T(y)] e/ "E (4. 18)
where
Jy)=1/W?,

We have not obtained a closed expression for J
from the integral equations (4. 14) and (4. 15).
However, it is possible to obtain solutions for
small y (“low density of impurities”) and large y
(“high density of impurities”). We only present
the results of these calculations.® They are

After integrating over L™l in

1
wu)]?ﬁ"}?g’ 0< o< 1 (4.11)
1 _p
2 +1) |Koxd”’ lexg<. (4.12)
I
J)=1- 2+ 0(’Iny), y <1 (4.19)
:(%ﬂ)1/2y1/4e-aﬁ” y>> 1 (4. 20)
wots ) /' 1:<_1f1_u)_3,?_e i
=1.257... . (4. 21)

V. RESULTS OF FRISCH AND LLOYD AT LOW ENERGY

The density of states of this model has been dis-
cussed previously by many authors using the meth-
od of node counting.3%1% In Frisch and Lloyd,!
the cumulative density of states N(52x2/2m) is
given by solving the following integral equations:

T(s) = w'@)e”™! ™ 2 (N(I/2m))- f e,
u(i):exp(%tan”%), —w<z <o, (5.1)
This is Eq. (18) of Frisch and Lloyd. Equation

(16) of Frisch and Lloyd is

(1/v)(N(7%?/2m)) = (1/p)lim, .. 32T (3) ,
5. 2)
and Eq. (13) of Frisch and Lloyd is (
[ 1(s)as-=1. (5.3)

We have used our notation, We want to simplify
(5. 1)—=(5. 3) at low energy. Put

T(3) = 2 (NG 2m)) W 0)F(3). (5.9)

Then (5. 1) becomes

_ ) _
F(a)—l—/ o - ko dt (5. 5)

F(3)>0 since T(3) >0 (see Frisch and Lloyd).
Equation (5. 3) becomes

1= (1/v) (N(B#*?/2m)) ™/ [~ u’(3) F(3)d3

(5. 6)
and (5. 2) becomes

(1/v) (N(#%?/2m)) = limgy s (1/v) (N B2/ 2m))
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xe"”/z"j—z—az exp(gtan"1 §>F(3) ) 1 (N(#%2/2m)) e/ 2 Oda-p— e™*/3F(3)e /%
3k K K v 3®
since ®
+/ da%} e"”*F(a)e""/z"> =1
u'(§) = gzizeXp<% tan'1§> 0 .
K K as K=0. The first term in the large parentheses
Therefore is zero because of e/ % if F(3) exists as k-0,
Therefore
1= efr/2 g=ro/ 2 F(=)
(1/v) AN B2/ 2m))y=e'* (1/7) , (5.8)
= gPT/ 2% pmol2 F(+%), (5.7)
J= [T ds (0/3%)e™?F(3) . (5. 9)
F(-w)=1 F(+o)=e™/*, fﬂ
Equation (5. 5) can be further simplified in the
Equation (5. 6) can be further simplified: limit k- O:
J
u'(E—Ko)_ p p -1 £k -1_§_>
u@®) - E-kgr i exp |~ tan I tan rIE
: P, b=k a £
lim,.o 7{-(tam1—K—°—tan1 ;):—oo, Ko>E >0
1 1
= == <0 or &>k
P ( g E_ KO) ’ g ‘5 0
F(3)=1- ad& ——p—gexp p(—l— 1 > F -k, 3<0 (5. 10)
(& - ko) ) -
F(3)=1- oéﬁ ____Zp ex 1 F(& - kg) 0<3< (5.11)
; E-ro? TPLP E ™ Tk ko) =32k )
F(3) = F(xo) - adE —L eX[ <1 1 >]F(£ Ko), Ko<3 (5.12)
°f E-ko? “PLPNE "%,/ o Ko<3. :
ko
Introduce the notation
3 =kot and F(3)=Flket)=1(¢) , (5. 13)

and y=p/Kk,, as before. Equations (5. 10)~(5. 12) and (5. 9) become

¢
f(t)=1—J dr (;_y—l—;geXp[y'(%—Til)]f(T—l), t<0 (5. 14)
0 -1 1
f(t):l—J dar (?—Z—l)-gexp[y<~;——;r—_—1>]f(7—1), 0<it<1 (5. 15)
t 11
f(t):f(l)—J dar G—Z—l)gexp['y<; —_-r_—l)]f(T—l) , 1<t<e (5. 16)
1
[
and VI. EQUIVALENCE OF OUR RESULT AND THAT
7 fm i@t (e_ ”l t/t 2) f(t) (5 17) OBTAINABLE FROM FRISCH AND LLOYD
=y o . .

We want to prove
Equations (5. 14)- (5. 16) determine f(t), and (5. 17) Weo 1/7 6. 1)
and (5. 8) give the cumulative density of states. - ’
Notice that (5. 8) has the same exponential form from (4. 17) and (5. 17). First write (5. 16) as
as (4.2). J is a function of y only. follows:



708 J. M. LUTTINGER AND H, K. SY K

)= {f(l) - Yf: ar ?r—z'/_ﬁf eXp[‘V (% -;{-_—T)] fr - 1)}

” 11
=74[ dar (,r—fl)-gexp[-)/(;—;—:—f)] fir=1), 1<, (6.2)
I
s s - n t T1-1
The term in the large brace is equal to Fit)=1+ > - -y)if ar, ¢(T1)J dry ()
fE)=lim,ge™* = 0, i1 ; o3
1'{_1-1
from (5. 7). m’I-‘herefore, ) J' o), nel>tsn,
= Y 1 1 B 1
f(t)_YJ: I EoAp em[y(f _7-1)]ﬂT 2 n=1,23, ... (6.12)
1<t<wo, (6.3 - -
stee. 6.9) ¢(r)=exp{7[1(/:_11)/2(7 Dl (6. 13)
Similarly, (5.15) becomes
- Then
- Y 1_1_ - - &
f(t)"’fl dfmeXp[Y(f T—1>]f(T v T=2 Qn, (6.14)
m=0

0<t<1. (6.4)

Equations (6. 3) and (6. 4) are just Egs. (5.15) and
(5. 14) with the trivial notation change x’=7-1.

- o e/t ot
Gn= vy [ at S [ amiotry

m m

t.=1 t =1
Therefore, f(t) and R(¢) can at most differ by a xf ! ary ¢(r,) - - f m=1 o )dr,,, (6.15)
constant Jnet ‘ 1
ft)=AR(®) . (6. 5) mel 2
Now, using (4. 16) we obtain ~ I
o e/t o eIt 0om
J=vyf dt 72 f(t)=Ay[ dt 7z R(t)=Ay . By integrating over ¢ in (6. 15), we get
0 ° Q= Qnu=m, m=1,2, ... (6. 16)
Therefore, using (4. 15) we find
where
_RQ) Q) fQ1) o -1
W= e = (6.6) In= ()" [Tary oGy [ |7 dryo(ry)
s Tmat =1
Equation (6. 1) becomes . f1 m-1 oG )ar, . (6.17)
£y 1 J .
J? J FQ1) =10, 6.7) Let us now find f(0) from (5. 14) by iteration:
h ote that f(1)=£(0) £ 5.15), Defi <
where we n f(1)=Ff(0) from ( ) efine f(0)=EDQm, Qo=1, (6. 18)
-~ ms=
f@&)=r@)/f(1), t>0. (6.8)
0 -
Then = (=" [ dx; 9@y [dx, o)
fty=1, 0<t<1 (6.9) . o
c X[ angdleg) oo [ dn, 90,
= l—y[ dar "('T-_—ljg
A . m=1,2 .... (6.19)
, 1 1 = ;
XEXP LY\ T T7 -1 f-1), t21 Now change variables ¥; =1 —T,,;; . Equation
(6. 10) (6. 19) becomes
and (6. 7) becomes ryet
- . Qu=(=y)" [Taryly) [ | dryviry)
£(0) = =y [ at e */1957) . 6. 11) " 1
- Tma1 =1
First calculate J by iterating (6.9) and (6. 10); T j1. ATn (1) 5 (6. 20)
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where

z/)(7_)=exp{-y[1/'r - 1/(r -1} .

Notice

J

T1-1

Qn = Qo1 =qm= (=" <I

m

dr16(ry) J

-1

dTa Zp(Tz)J'

Q= (- ‘)’)/”dTl exp{y[l/Tl; DAGEE o Q.
1

X oo .J'Tm-l-l dT,,,zl)(Tm)+lJ& ary exp{y[1/7y = 1/(ry =2)]}
' %

T1
(6. 21)
For m >2, integrate dry in (6. 20) by parts:
argy(rs)
(ry=-1)°
T1-2 Tma1=1
X f drgp(rg) -+ f AT zp(r,,,)) . (6.22)
m-2 1

We have to prove q,n:(-]'m for m > 2. First integrate dT, in the first integral of (6. 22) by parts. This gives
three terms, one of which cancels with the second term in (6. 22), to give

© y-1 Tg-1
tm= ([ amoed [ anota [T arptey---
m-1 m

m -1

)
2
Y

m

L) -1
dTl ¢ (Tl)f dar
m-1

(12— 1)2

T9-2
zexp['y/*rz-'y/(Tz—Z)] J’ 2 d7'4¢(74)"'> . (6.23)

-3

We can now integrate over drg by parts in the first integral, and so on. Eventually, we obtain

® Tm-2 -1 Tme1-1
Gm= (- 7)"‘] dryd(ry) - J a7 et ¢(Tm.1)J ar , (1)
1

m 2

+£—_;y)—mfm dry¢lry) .-

Integrating over dr,, by parts now, we find

an= (=" [ " ary o) [ ar, (r)
. fle'l - O )T,

=Gm, M>2. (6. 25)

Since Qo=éo, Q1=:Q-1. Using (6. 16), (6.22), and
mathematical inductions, we conclude that

Qn=Qn, m=0,1,2 ....

Hence J = £(0) or W?=1/J.

Therefore the result of Frisch and Lloyd (for
small E) and ours give the same exponential de-
pendence on E, with the same coefficient.

VII. CONCLUSIONS

We have used the assumption of independent big
cells in the presence of only small cells in study-
ing the low-lying spectrum of a particle in one-
dimensional random repulsive 6 potentials. The
resulting density of states agrees with that of
Frisch and Lloyd? at small energy. The same

me.a-l aro SR Ty =Y =21} (6. 24

2 (T me1 "

1)2

method can be used for any nonoverlapping finite-
ranged repulsive potentials (see Appendix B).

APPENDIX A: PROBABILITY DISTRIBUTION FUNCTION

The probability distribution function of specific
cell lengths being LY, L2 ..., L”is from (3.8)

v - 1!

v 6(L'+L3%+...+L"-L).

(A1)
This is the microcanonical distribution in lengths.
For a large system, it can be replaced by the
canonical distribution

P I1%...,L" SAr P @ L, 0<L'<
(A2)

P(LY, L% ..., L") =

A’=p” from normalization.

The total length
14
L=21L
=1

now can take on values from 0 to «, However, we
show that the fluctuation of L around its average
value is negligible for the distribution (A2).
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* z
. i
Asgixt) |-
l—-B.=Ly(x
8- LW s
lll(x;)-Ar'
| Wix)e B — —A.
;oq’(ﬁ) B; i+
81+
L o
- x* x'[ x*
i-1 il i i
Y

FIG. 4. Potentials for finite-ranged case. The potential
is only nonzero between x7 and x.

Proof,
<L> - fo""Lpu e-a(L1+L2+-°-+L")dL1, ..dL’
=v/p. (A3)
The mean-square fluctuation

(AL)2=(L?% - (L)

(L?) = f: <Z)L‘>2 pP et B LG Iy L g
i

fo”(?(L’)2+ ZZ)LW)

i#
v _ao@hirieenryy g v
p’e dL":--dL

2v/p?+ v(v-1)/p?.

il

Therefore
(AL? = v/p?,

or
AL _Jvp L
&) v/ip  Yv o

Hence (A2) is equivalent to (Al).

APPENDIX B: GENERALIZATION TO ANY
NONOVERLAPPING FINITE-RANGED POTENTIALS

In this appendix, we generalize our result to any
nonoverlapping finite-ranged repulsive potentials.

Let the potentials be all the same, and nonzero
only inside a range b (Fig. 4):

V=1
v=2V,, (B1)
i=1

Vi=V({E)20, b>2z;20
=0, otherwise (B2)
2y=x-x;, b=xj-x;, (B3)
and
L' =x; - x%, (B4)

is the spacing between two potentials, The wave
function between the two potentials is still given by
that of a free particle:

Pi(e)=A; cosk(x — x7.,) + By(ko/K)sink(x - x7.,),

Xjay <X <¥] (B5)

where

Ay =Py and By = (1/ko)d' (i), (B6)
Ko is a positive number of the dimension of k, to be
chosen later, It is convenient to define also

Ay = P(x;)=A; coskL' + B, (ko /x) sinkL? |
(B7)
B, = (1/k) ' (x7)= - Ay(k/Ko) sinkL® + B, coskL? .
We again use the assumption of independent big

cells, and consider only low-lying energy levels.
Call the big cell under consideration j, i.e.,

kL'<«<1, i#j (28)

K/Kg<<1,
Equation (B7) reduces to
Ay =A; + By(koL?), B;=B;. (B9)

The relationship between 4;, B;, and A,,,, By,
can be found by considering the wave function ¢ in
V, (Fig. 4). Since E-0, this is given by

h—z da
= om 4% $R)+V@E@)p()=0 (B10)
or
dZ

T Pe)=uk) %),
where

u(zy)= 2mV(z)/m?

bey) =P), *j<x<x] .

Let g(2) and 2(z) be the two independent solutions
satisfying the boundary conditions.

g0 =1, 0= 0,

£0)=0, W(©O)=1. (B1D
g£(z) and 2(z) are related by the Wronskian

gR)NR)-g'@)h(E)=1. (B12)
Define

h(z)=Q@&)g),

h = Qg+ g’ (B13)

1 2 dz’
Q = or =/ —
& | &%z
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2 dz’
h<z>=0f i £(2) - (B14)

The solution in the potential V;, satisfying boundary
conditions at x7, is thus

$(2)=4,8() + Bykoh(z) . (B15)
Continuity at point x7 thus gives

A =80)A; + Bikoh(d) (B16)

By, = [g'(0)/ko]A; + Bi1' () .
Using (B9), we get finally

Auuy=g®) As + By [oL g (0)+ koh®)]

B,y = [g'®)/k0] Ay + By [g'0) L' + 1’ (b)),

i+j (B17)

where

b ’
16)=40) [ e =g0, o
0

L
%]%

and (B18)

r'®) = 2, g'(b)/b—fi L. g's, (B19)
&) | &= & ’

in which we do not indicate the dependence on b of

h®), »'(), g), and g’ (b) where no confusion may

occur. Equation (B17) replaces (3. 10) for the 6-

function case. Either A; or B; can be eliminated

from (B17):

Bi,,= By, (g+g' L* + 1')- B, ,

i+1 +

L 4}
Ajz =A4+1<g Al (g'Li+h')>
L™ 46
-4 L' s
i=1,2, ... (B20)

Notice from Eqs. (B10)-(B14) that g >1, #’>1,
g'>0, and 2 >0,

We briefly summarize the proof for localization
near cell j. Choose A;=0, and B,=B%; then

B,=BY(h'+g'L"), A,=Bko(gL'+h).

,i-2.

(B21)

Therefore, (B20) and mathematical induction give
the following theorem.
Theorem (L):

(i) By, and A,,, have the same sign as BY;
@) |Bin|>|Bi| €+g'L?);

" Li+d .
@) [Ansl>14s] (g + prtS g2)

i=1,2...,5-1.

Therefore, the amplitude of the wave function
grows exponentially from the left-hand boundary
to cell j.

Similarly, we can show that the amplitude grows
exponentially from the right-hand boundary to the

cellj. The solution localized in big cell j is thus
I K A K AY

kL? = sm % B, %o B (B22)

Define
=1 L
th= B; _ &' /Ko + (g'I;_r + h'gtj-x ,
A, g+ko(gL’™ +h)t].,
(B23)

tju1 = By /A, ete.

Equation (B23) simplifies if we choose
Ko=g'/g>0, (B24)
P & (g'{«_';'%h’)tf.;L

1T g+ (gL hg,/g)tj-l
=1+ 1/g
(8'L 1+ g'0)+ g/t]y
S 1a Vg £ g
(@'L7+ g'6) + 1+ (g'L7%+ g’6)+- . -
(B25)

By the same proof as given in Sec. III, the positive
continued fraction in (B25) is convergent. Identi-
cal proofs hold for ¢},

Similar density of states can be obtained:

(N(E)) = (NL(E)W?, (B26)
v g 1
12 g (oo 55)
where (B27)
_ v
PET 8 (B28)
%, = tE ®ju+ 1) (B29)

J=1 = g[g+ (x,-1+ l)g'(Lj-I"' 5)] !

and the equations satisfied by the distribution func-
tion Q(x;) of x; are

Q(x’) o

Qxo) =o xigg’

1 g ,
><exp|:—p<gg,x0 - g'(x’+1)_5>] dx’ ,

0< %9 < (B30)

1
g(g+g's)
® Q')

P
xieg’
g/ Llgxg)=1=g?61=1

Qxg) =
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1 g ’
X exp[—p(‘grg,}‘f0 "l ) - 6)] ax’
1

%y > ———— (B31
°‘g(g+g’5)( )

and the normalization condition

fo& Qrg)dxg=1. (B32)
That is,
W=f Q(xg) exp(p m)ao . (B33)

0
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Bose-Einstein Condensation in a One-Dimensional Model with Random Impurities™®
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We study the thermodynamics of a one~dimensional system of noninteracting bosons in the
presence of random fixed finite-range repulsive potentials. It is shown that a Bose—Einstein
condensation into the lowest state occurs. The critical temperature increases with the num-
ber of impurities. The specific heat exhibits a discontinuity and is infinitely differentiable
from both sides of the critical point. For a suitably defined pressure the isothermals ex-
hibit a flat portion below the “transition length.”

tion occurs in the thermodynamical limit. In Sec.
III the transition temperature and detailed nature
of the transition are investigated. Finally, in

Sec. IV, it is shown that our result is not in con-
tradiction with the well-known Bogoliubov inequal-
ity,® which has been used by Hohenberg? to show
that there is no condensation into the lowest-mo-
mentum state in one-dimensional systems of bosons.

I. INTRODUCTION

In this paper we shall study a one-dimensional
gas of independent spinless bosons in the presence
of random impurities. These impurities are repre-
sented by fixed finite-range repulsive potentials.
The model is identical to the one studied in the
preceding paper, ! where the structure of the low-
lying states and the density of states was investi-
gated. There we found it possible to obtain these
levels for an arbitrary finite~-range impurity po-
tential. Now we imagine independent bosons oc-
cupying these states. In the interest of simplicity
the calculations are only carried out for the case
where the impurity potential is represented by a &
function of infinite strength. Considerations of the
same nature may be made for the general case’
(because the structure of the low-lying levels is
very similar), but we do not go into these here, as
the details prove to be quite complicated.

In Sec. II we show that the Bose—~Einstein transi-

II. EXISTENCE OF BOSE-EINSTEIN TRANSITION

For the case of impurity potentials represented
by 6 functions of infinite strength, the energy levels
can be given explicitly.! Let L, represent the jth-
largest distance between 6 functions (i.e., the
length of the jth-largest “cell”’). For v -1 impuri-
ties, LyZLy2Ly***2L,.

The levels are

2.2/r2
E; s=c*s"/L% s=1,2,...,

c=rtn®/2m.



