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The self-diffusion coefficient in Kr has been measured throughout a large range of densities
(0.35 & p &2 g/cm3) at temperatures near the critical one. The results are compared with
molecular-dynamic calculations and with the CH4 behavior. Although the qualitative agree-
ment is good, disagreement from a quantitative point of view was found. The "normal be-
havior" of the self-diffusion coefficient in the critical region has been deduced.

INTRODUCTION

At present the "computer experiments" seem
to be the most powerful way for investigating the
static and the dynamic behavior of the dense fluids.
Some of the numerical predictions must, however,
be compared with real experiments. This ensures
that the hypothesis about the intermolecular po-
tential on which the model is based gives a correct
description of the world around us.

Recently a thorough study has been published~ on
the self-motion of atoms in a Lennard-Jones
fluid; the study was carried out using computer
experiments. These "experiments" have a range
of 0.72 «T* «5. 09 and 0.30 &p* «0. 85, where
T* = ke T/e and p* = po /m are the reduced temper-
ature and density, c and o. the depth and the core
of the Lennard-Jones potential, m the atomic
mass, and k~ the Boltzmann constant.

Noble gases Ar, Kr, and Xe are the substances
which should be described by a classical Lennard-
Jones fluid. The authors~ compare the numerical
results of the self-diffusion constant with some
experiments on Ar and claim a very good agree-
ment. However, these experiments cover a small
range of densities and temperatures since 0.725
«T* «0. 925 and 0. 763 «p+ «0. 835; that is, the

measurements are only near the triple point.
Since suggestions have been made that at ir ter-
mediate densities many-body forces become im-
portant, it is worthwhile to measure the self-dif-
fusion coefficient in Kr for a large range of den-
sities (0. 1 & p* &0.7). Moreover, if the experi-
mental data are taken at a temperature near the
critical temperature T, but outside the critical re-
gion [i.e. , (T —T,/T, ) &3%], we obtain the "nor-
mal" behavior of the self-diffusion coefficient in
the critical region. This point is quite important
since the deduction of an anomalous behavior of
the self-diffusion coefficient at the critical point
depends upon a good knowledge of the "normal" be-
havior. This problem has caused erroneous state-
ments in the past. 4' Finally, we wish to point out
that extensive measurements are available for the
self-diffusion in CH4 at various temperatures and
for 0. 07 «p* «0. 82.

Since CH, is a polyatomic molecule, the com-
parison between the behavior of Kr and CH4 will
give us an idea of the importance of the internal
degrees of freedom in the self-diffusion process.

EXPERIMENTAL APPARATUS

The capillary method of Anderson and Sadding-
tonv has been used. Since we were interested in
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FIG. l. Block diagram of the experimental apparatus.
1 to 19 are high-pressure valves. 8 and Y are reservoirs
of natural Kr; A is the reservoir containing Kr-Kr mix-
ture of high concentration of Kr 5. The mixture to be
used in the diffusion experiment is prepared mixing nat-
ural Kr from B or Y and radioactive Kr+ from A, and
then it is stocked in Z. T~, T&, and T3 are cryogenic
traps with thick walls so they can hold up to 400 atm.
TX1 and TX2 are Texas pressure gauges. Mi, Q, and

Ms are Bourdon gauges. B are vacuum pumps. P is the
bellows manostat. P~ is a mechanical piston. For the
diffusion cell see Fig. 2.
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obtaining high densities at temperature near T„
the apparatus was built to hold pressures up to
4QQ atm and to perform the diffusion experiments
down to the liquid-nitrogen temperature. The
block diagram of the whole apparatus is shown in

Fig. 1 and details of the diffusing cell are illus-
trated in Fig. 2. The experiment was carried out
as follows.

(i) After evacuating the system and closing SV,
the mixture of Kr-Kr"' held in the reservoir Z is
condensed in the basin V through valve 14. T, is
used as a cryogenic compressor. The pressure
in V is given by TX1.

(ii) After closing SC and opening SV for a short
time, a sample of the condensed solution which we
call "standard" is taken out. It is transferred
through SC, 4, 3, and 2 to T3. If T~ is immersed
in the liquid nitrogen, it works as a cryogenic
pump taking at least 99/p. of the fluid contained in
the capillary: The condensation in T3 can be fol-
lowed, since the pressure can be read from TX2.
When the condensation is complete, we close valve
4. We warm up T, to room temperature, and the
sample is transferred to CG (the volume of Ts is
2% of the volume of CG). The pressure in CG is
read using TX2. The piston P, changes the volume
of the analyzing region and allows the determination
of the radioactivity of the gas in CG at the different
pressures. The radioactivity of the gas in CG is
measured by G. The vessel CG has an end win-
dow, in front of 6, made of Mylar, P. Q25 mm thick.
Since Kr ' emits P of P. 67 MeV, the absorption
by the two windows is negligible. C, is the specific

FIG. 2. Diffusion cel.l: (1) the capillary C (i.d. 0.07
cm; over all length 4. 8 cm); (2) needle valve SC of
Fig. 1; (3) needle valve SV of Fig. 1; (4) gears; (5)
mixture line connecting V with 14 (see Fig. 1); (6) capil-
lary line; (7) indium seal. The actual volume of the
basin V, which is filled with the mixture, is 7 cm .



300 CABEI I I, MODENA, AND BICCI

activity of the standard.
(iii) After evacuating the capillary line, we fill

the capillary C with natural Kr from T~. The
filling pressure is read from Ml and is made equal
to the pressure in V, read from TX1. Therefore,
the densities in C and V are the same. Then SC
is closed.

(iv) SV is opened. At this point the diffusion
period begins. To avoid turbulence the opening
time is not less than 20 sec. Also, the SV opening
system was built in such a way (see Fig. 2) that
there is no variation in the basin volume during
the opening of SV.

(v) SV is closed. The time between steps 4 and
5 is the diffusion time.

(vi) After evacuating the capill. ary line, the
fluid from C is transferred to CG as in step (ii).
However, in this case, the Kr" concentration was
not homogeneous along the capillary since there
will be a small amount of gas remaining in the
capillary line, perhaps with Kr ~ concentration
different from the average; we homogenize the
fluid contained in the capillary by moving the pis-
ton P& up and down after opening SC but before
condensing the Kr in T3. We control the degree
of homogenization by measuring the activity of
partial withdrawals of the same sample. We wish
to point out that if P, is in a fixed position we can
derive, from the reading of TX2 (which measures
the pressure in CG) the Kr density in which the

diffusion process took place. This pressure is
much smaller than one atmosphere even for high-
density runs. This method is very convenient and
it generally gives the density value within 1%.
This value is in agreement within this 1% limit,
with the density value derived from I'V7.'. '0

C~ is the specific activity of the diffusion sample.
(vii) Step (ii) is repeated; this makes it possible

to check that the Kr" concentration in V is main-
tained constant during the diffusion process.

The temperature of the diffusion cell is measured
by a Pt thermometer' with a sensitivity of + 0. 01 'K;
this thermometer is held mechanically very tight
to the diffusion cell. We also checked that along
our diffusion cell the temperature gradients are
less than 0.01 K. This indicates, as does the
very good reproducibility of Table I, that we can
exclude thermal convection. The temperature
control is obtained by regulating the vapor pressure
over the CHC1F2 (freon 22) bath by a bellows mano-
stat'3 capable of controlling the pressure to better
than 0.4 Torr. This value at 220'K gives b, T
~+ 0. 02 'K. This stability limit is in agreement

with the response of the Pt thermometer, As
mentioned before, the pressure of Kr in V is read
from TX1 which has a precision of 2~10 atm.
The knowledge of the temperature allows us to
derive the density using the I'VT data available in
the literature. 'o Taking into account the errors
in T, in p, and in the graphic interpolation of the

TABLE I. Experimental data and D values.

1
2
3

5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

P (atm)

65. 83
64. 80
87.45
52. 36
71, 0
70.37
83.04
82. 60
98. 88
76. 07
72. 86
68, 88
84, 4
S5.4

111.28
97..45
94.3
97.35

101.5
82. 22
72, 89
62. 39
70, 6S
71, 20
68.27

232. 99
232. 97
283. 04
222. 80
223y 3
222. 80
218.31
218.34
218.38
218.34
21S.36
218.35
210.01
210.08
210.20
199.55
188, 6
183.57
222. 29
220. 25
220. 24
220. 22
220, 18
220. 21
220, 21

p (g/cm~)

0.46 +0.01
0.455 + 0.01
O. 85+0, 01
0.367+0.007
0.74+0, 01
0, 75 +O. 01
1.307+0.005
1.295 +0, 005
1.44+0, 01
1.185 + 0, 005
1.12 + 0.01
0.97 +0.Ol

1.533+0, 005
1.530 +0.005
1,625 +0, 005
1.74+0. 01
1.90+ 0.02
1,91+0,02
1.409 +0. 005
1.228 ~0.010
l.010+ 0, 005
0.570~0. 005
0, 907 + O. 007
0.933 + 0, 010
0.791+0.007

t (sec)

1198
3361
1799
1263
1800
1319
2522
1802
2411
8301
2406
1804
3607
3008
3005
3002
3125
5703
2408
3606
2403
1805
3125
2VG3

1414

D (cm2 sec ~)

5.69+0.34
6. 08 + 0.35
3.22+0, 17
6.66+0.65
3 ~ 69+0, 20
3.61+0,24
1, 82+0. 09
1.93+0, 08
1,66+0, 06
2, 36+0, 12
2.47+0.16
3.03+0, 21
1.37+0.07
1.29+0, 06
1.12 + 0.06
0.92 +0.04
0.615 + 0, 026
0.646+ 0. 020
1.51 + 0. 07
2. 04+0. 11
2. 79+0.15
4. 62 + 0.39
3.37+0.16
3.12+0.18
3.62 +0.40

Dp (g cm"

2.47+0. 22
2.63+0, 21
2.60+0, 17
2.42 + O. 29
2.59+0.17
2.69+0, 21
2.39+0,12
2.52+ 0, 11
2.41+0.10
2. 81+0,15
2. 78+0.20
2.- 96 + 0.23
2.18+0.11
2. 07+0.10
1.89 +0.10
1,76+0, 07
1.38+0.06
1.45 +0, 06
2.18 y0. 11
2.50+0, 15
2. 82+0.15
2.63 + O. 25
3.05 +0.17
2. 92 +0.20
2. 86+0, 34

sec ~)
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available PVT data, we derive the density with a
maximum error of 2/o at low densities and 0. 5%
at high densities. These density values agreevery
well, within the stated errors, with those derived
from the measurement of the total amount of the
capillary content, as we said in step (vi). For
details and drawings on the experimental apparatus,
we refer the reader to our internal report LNF
71/33 of the National Laboratory of Frascati.

EXPERIMENTAL RESULTS

The self-diffusion coefficient D can be evaluated
by solving the Fick law in the case of a one-di-
mensional capillary connected to an infinite source'3:

C, —C, 8 ~, 1 (2n+1) m Dt
C, ', (2n+ 1)' ~

4Z, '

where l. is the effective capillary length (in our
case the capillary has a diameter of 0. 07 cm and
an effective length of 4. 6 cm after one corrects
for the penetration of SV and SC in C), t is the
diffusion time, and C, and C, are the activities of
the standard and diffusion samples. C, and C„are
measured in counts per minute per Torr in CG.
The counts are corrected for the background and
the dead time of the counter. The errors in C,
come from the statistical error of the counts and
from the error in the value of the pressure in CG
obtained from TX2 (the sensitivity of TX2 is -50
mTorr). The indetermination in the knowledge of
the value of I. affects the absolute value of D by
an error which is smaller than 2%. The error on

t is smaller than 0. 5/o in every run and therefore
is negligible with respect to the other errors. The
values of D, calculated from Eq. (1), according
to our measurements are reported in Table I.
Since the errors in C„C„, and p increase with
the decrease of p, we cannot measure D with an
accuracy of better than 10% at densities lower than
0. 35 g/cm' using the diffusion cell we have at our
disposal.

From Table I we can see the reproducibility of
D is very good, even for diffusion times changing
by a factor of 3.

Until now, few experimental data on self-dif-
fusion in Kr are available in the literature. In
particular, data are given only at room tempera-
ture for densities lower than the critical density'4
and at temperatures near the triple point~ for high
density. Our data are in good agreement with the
literature if the correction for the temperature
difference is taken into account.

DISCUSSION

To describe the data of Table I it is necessary
to choose the more representative thermodynamic
variables. Recently it has been shown" that for
the transport properties in dense fluids the most
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FIG. 3. Self-diffusion in Kr at 220 'K: {1) dots with
vertical bar, the experimental results of the present
work; (2) stars, results from molecular dynamics as
in Table I of Ref. 2; (3) solid line, behavior of self-
diffusion following the CH4 results {Ref. 17).
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significant thermodynamic variables ere density
and temperature. Moreover, the dependence on
the density is much stronger than the dependence
on the temperature. Our self-diffusion data en-
able us to analyze only the dependence of D on the
density. For this reason we prefer to scale these
data at exactly the same temperature, i.e. , 220'K.
The temperature correction can be made quite con-
fidently using the results either of the molecular-
dynamic computations~ or of the self-diffusion in
CH4. ' In both cases we find that, at least in our
range of densities and temperatures, the behavior
of D at p= const is of the type D=AT ', where A
is a constant dependent only on the density. This
relationship should not be considered a physical
law but rather a useful interpolation formula.

Furthermore, we wish to point out that a change
in the power of T from 0.V to 1.1 does not imply
a change in the self-diffusion coefficient greater
than the experimental error of D. This is true
for our case since the temperatures of the various
measurements do not differ much from 220 'K.

In Fig. 3 our experimental values of D, reduced
at 220 'K, are reported together with those obtained
from the molecular-dynamic values' given in
Table I of Ref. 2. The curve shown in Fig. 3 is
the third-order polymonial best fit, which has been
reported' to describe the self-diffusion in CH4.
The polynomial" has been converted for Kr at
220'Kusing theprinciple of corresponding states. "

First of all, we want to consider the compari-
son between our experimental data and the molec-
ular-dynamic results. We see that at high densi-
ties the agreement is rather good, as has already
been shown for the case of Ar. ~ At intermediate
densities there seems to be a discrepancy outside
the experimental errors. Unfortunately, there
are not enough data available for the molecular-
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FIG. 4. Ratio of the experimental diffusion coefficient
to the Enskog value as a function of density where the
density is measured relative to the close-packed density
po. The solid curve represents the hard-sphere behavior
from Fig. 1 or Ref. 20. The dashed line represents the
behavior of Kr derived from the best fit of our experi-
mental data. The experimental points for Kr at room
temperature, Q (Ref. 14); and at 125 and 135 'K, x (Ref.
3); the experimental points for methane at 298. 2 'K, e
(Ref. 6); and long the liquid branch of the coexistence
curve, Q (Ref. 6); the experimental points for argon at
104 and 95 'K, A (Ref. 3).

dynamic calculations in this density region to allow
us to establish this discrepancy in a definite way.
However, if this disagreement were confirmed,
we would have to conclude that it is not correct to
use the Lennard-Jones potential for describing a
noble-gas fluid i.n a large range of density.

From the comparison between the behavior of
the self-diffusion in Kr and in CH, we can see that
the qualitative shape is the same. However, from
R. QQRQtitRtlve point of vl. gw there 18 R px'ogx'essivQ

disagreement in the high-density region. Also,
around the critical density the small bump present
in Kr is completely outside the CH, behavior.

A very interesting situation has been pointed out
by AMer and Wainwright' concerning the atomic
motion in dense fluids. Analyzing their computer
experiments on hard-sphere fluids, they found that
at intermediate densities there is an unexpected long
persistence of velocity currents which leads to en-
hanced transport coefficients with respect to the
Enskog values. Moreover, analyzing the CH4 self-
diffusion experiments, it has been found that the
same phenomenon is also present.

The same analysis was made for all the experi-
mental results of the self-diffusion in Kr. In Fig.

4 we report the behavior of the hard spheres and the
data for CH4, ' Ar, ' and Kr, all as the ratio of the
diffusion coefficient to the Enskog value, as a func-
tion of the density.

To evaluate the diffusion coefficient from the
Enskog theory in the case of Ar, Kr, and CH4 we
need the effective core sizes which are deduced
from equilibrium data within the framework of the
van der Waals theory, ~o This can be done from a
plot of p V/XksT against 1/7' at a given density.
The core size is then determined. 3t that density
and at a given temperature from the high-tempera-
ture intercept of the slope at the temperature with
the known hard-spheres equation of state. The
PVT data used for Ar are taken from Bef. 21 and
those for Kr from Ref. 10; the calculations for
CH4 are available in Fig. 1 of Bef. 20. These
values of effective core sizes for Kr turn out to
be 3.40 A at 308.2'K, 3.45 A at 222'K, and 3. 50
A at 125 'K. The values of g(o) have been taken
from Monte Carlo calculations. Looking at Fig.
4 we can notice the following features.

(a) The experimental points of Ar and Kr fit
rather well the same curves as predicted by the
principle of corresponding states.

(b) Hard spheres, CH„and noble gases behave
qualitatively in the same way. For all of them
D/Ds, as a function of the density, goes through a
maximum greater than 1 at densities greater than
the critical density, and then decreases very rap-
idly in the high-density region„

(c) However, the behavior of hard spheres, CH„,
and noble gases is quantitatively different. The
width of the curves decreases and their maximum
decreases as well moves towards lower densities
as we consider the hard-sphere curve, the CH4
curve, and the noble-gases curve, respectively.

Three possible reasons can be suggested for
these differences: (i) the presence of an attractive
part in the intermolecular potential; (ii) the pres-
ence of internal degrees of freedom; (iii) a differ-
ent behavior of the repulsive part of the interatomic
potential.

We do not think point (i) is relevant. In fact,
although CH4 and noble-gases both have an attrac-
tive part in the interatomic potential, we find the
same discrepancy between them as between hard
spheres and CH, . Point (ii) also seems to us to
be irrelevant, since according to this hypothesis
it is not clear why CH, must have an intermediate
behavior between hard spheres and noble gases.
Point (iii) seems to us to be more reasonable. In
fact, previous measurements of the pressure de-
pendence of the diffusion coefficient' have been
interpreted in terms of the greater steepness of
the repulsive part of the interatomic potential in
the CH~ with respect to noble gases.

Finally we want to note that, looking at Fig. 3,
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the "normal behavior" of D for noble gases in the
critical region seems to be represented by Dp
slowly increasing with p at constant temperature.
The choice of the normal behavior as Dp= const,
as found in the CH4 case, would imply an under-
estimation of about 15/p. We want to stress that
our data have been taken at a temperature 4. 76%
higher than T„which is quite well outside the
critical region, as we can deduce from the equi-
librium properties~3 and the termal conductivity
measurement. ~4 As a result no noticeable critical
effects are present. On the other hand, we are
very near to T, as far as the temperature depen-
dence of the normal behavior is concerned.

Finally we would like to mention the density ex-
pansion of the transport properties. We do not
try to fit our data with a polynomial of powers of
density. We think that, in order to proceed cor-

rectly with such a development, the behavior of low
density must be known very well. Otherwise all
the coefficients derived are meaningless.

CONCLUSION

The experimental results of self-diffusion in Kr
clearly require more molecular-dynamic calcula-
tions for a Lennard-Jones fluid at intermediate
range of density. Such calculations are needed
both for understanding the possible failure of the
two-body potential and for clarifying the situation
of vortices in fluids where a Lennard-Jones po-
tential is present. The behavior of pol. yatomic
molecules seems to be different from the behavior
of the monatomic molecules only for details. The
"normal behavior" in the critical region has been
indicated.
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