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Elastic total and spin-exchange cross sections are computed for electron scattering by Li, Na, and K,
for energies below the first excitation threshold. The method used is the variational form of solution of
continuum Bethe-Goldstone equations. Results are in substantial agreement with close-coupling

calculations and with recent experimental data.

I. INTRODUCTION

This paper presents results of variational calcu-
lations of electron scattering by Li, Na, and K at-
oms in the low-energy region, below the npp excita-
tion threshold for atomic ground-state configura-
tions nps, The method has been described in suf-
ficient detail elsewhere, ' and will not be repeated
here. Variational equations are solved equivalent
to the continuum Bethe-Goldstone equation for the
incident and series electrons in electron-alkali-
metal-atom scattering. 2 The method is similar to
that of Harris and Michels. The specific varia-
tional formalism used here is the "optimized anom-
aly-free" (OAF) method. '

Detailed close-coupling calculations of low-ener-
gy-electron scattering by alkali-metal atoms have
recently been published. ' The present results,
using quite different methodology, essentially con-
firm these close-coupling results, while providing
a test of the new methods used here. Only the low-
est-order phase shifts have been computed (L = 0, 1,
2 for singlet and triplet states). The results ob-
tained indicate that in the elastic scattering region
higher-order phase shifts would simply duplicate

results already obtained by close-coupling calcu-
lations or by the polarization formula used by
Moores and Norcross for L & 8.

Theoretical and experimental results on elec-
tron-alkali-metal elastic scattering have been re-
viewed by Bederson. Recent literature is dis-
cussed by Moores and Norcross. 6

II. CHOICE OF BASIS FUNCTIONS

In a previous publication' we have described an
investigation of the relative convergence properties
of two methods of choosing basis functions for lin-
ear expansion of the variational wave function.
Radial orbital basis functions are of the form

Nt" e "Y~ ——(e, g) .
With the e + He problem as a test case, two methods
of choosing basis functions were examined: (i) a
sequence of exponents g in decreasing geometric
progression for fixed n, complemented by an in-
creasing arithmetic sequence of exponents for the
same index n, (ii) a sequence of exponents g in
increasing geometric progression for fixed n, com-
plemented by a sequence with fixed P and increas-
ing powers n. It can be shown that both methods
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define complete basis sets as the number of func-
tions increases without limit. The calculations on
e + He indicate that method (i) gives more consis-
tent results. ' This method has been adopted for
the present calculations.

States of the target alkali atoms are taken into
account by adding orbitals describing the ground
state to set (i) or (ii). The target-atom basis or-
bitals are those of Nesbet for Li, and the double-

/ functions of Clementi' for Na and K, except that
inner-shell orbitals are represented by a single ex-
ponent. ' Preliminary calculations on e + Li indi-
cate that results using the target functions of Nes-
bet, Clementi, ' and eiss" are similar. This is
partly due to the fact that in the present work all
basis orbitals are used in the expansion of each
variational orbital, whether the latter is identified
with the target atom, with the external orbital of a
closed channel, or with a perturbation of an exter-
nal open-channel orbital. Inadequacies in the tar-
get-atom basis are compensated by functions from
sequences (i) or (ii). A double f-representation of
the nap excited valence orbital is included in each
basis set.

Exponents defining the orbital basis sets used
here are listed in Table I.

III. RESULTS

A. Phase Shifts

Calculations have been made on the elastic scat-
tering of electrons by Li, Na, and K for s-,P-, and
d-orbital waves. Polarization and correlation ef-
fects are taken into account by the inclusion of the
virtual excitation of the outermost nos electron
from the ground state of the target atom, using the
Bethe-Goldstone method. In this way, we include
not only the excited state nop of the target, which
contributes most of the dominant dipole polariz-
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FIG. 2. L =1 singlet and triplet phase shifts for scat-
tering by Li.

ability of the nos state, but also all higher-order
singly excited states that can be constructed from
the given set of basis orbitals.

In Table II we present the results of the calcula-
tions. In Fig. 1 we compare our s-wave results
for Li with previous calculations. Our 3S results
agree well with those of Norcross, e who has used
a scaled Thomas-Fermi statistical model poten-
tial modified by a term allowing core polarization.
The two- state close- coupling calculation of Burke
and Taylor shows a sharp peak at low energy;
)his is due to a breakdown of the asymptotic ex-
pansion of Burke and Schey' for very small ener-
gies. Our work shows a small peak in the phase
shift in the energy range k -0, in agreement with
the calculation of Norcross. Our 'S results agree
exactly with those of Norcross; there is also good
agreement with Burke and Taylor except at ther-
mal energies, where their calculation is appar-
ently incorrect for the reason given above.
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FIG. 1. L =0 singlet and triplet phase shifts for scat-
tering by Li.

FIG. 3. L =2 singlet and triplet phase shifts for scat-
tering by Li.
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TABLE I. Orbital basis sets.

e +Li

g wave

p
d

n=l
n=2
n=2

n=l
n=2
n=2
n=3

g =2.6906, 1.0, 0.5, 0.25, 0.125, 0.0625, 0.03125, 2. 0
K=0. 6714, 1.9781
f =0.6024, 0.4859, 2. 0, 1.0, 0.25, 0.125, 0. 0625, 4. 0

L =2.6906, 1.0, 0.5, 0.25, 0.125, 0. 0625
f =0.6714, l. 9781
f = 0.6024, 0.4859, 2. 0, 1.0, 0.25, 0. 125, 0. 0625
f =3.0, 1.5, 0.75, 0.375, 0.1875, 5. 0

d wave

p
d
f

n=l
n=2
n
n=3
n=4,

K =2.690e
K =0.6714, 1.9781
K =0.6024, 0.4859, 1.0, 0. 25,
K = 1.5, 0. 75, 0.375, 0.1875
0 =2. 0, l. 0, 0.5, 0.25

0. 125

g wave

p wave

d wave

d
f

n=l,
n=2
n=3
n=2
n 3 j

n=l
n=2
n=3
n=2
n=3
n=3

n=l,
n
n =3.
n=2
n
n =3.
n=4

f =10.6259
f =3.2857
f = 0.7549, 1.2594, 0.3, 0.09,
f =3.4009
g =0.7549, 1.2594, 0.3, 0.09,

f =10.6259
f =3.2857
f =0.7549, 1,2594, 0.3, 0.09,
g =3.4009
g =0.7549, 1.2594, 0.3, 0.09,
&=0.3, 0. 09, 0.6, 1.0, 2. 0, 3

K =10.6259
f =3.2857
C = 0.7549, 1.2594
g =3.4009
f =0.7549, 1.2594, 0.3, 0.09,
g =1.0, 0.6, 0.3, 0. 09, 2. 5
0 =1.333, 0. 8, 0.4, 0.12, 2. 5

3.0, 5. 0

3.0, 5.0

2. 0, 3.0

2.0, 3, 0
.0

2. 5

g wave

p wave

d wave

n
n=2
n=3
n=4,
n=2
n=3
n=4

n=l
n=2
n=3
n=4
n=2
n=3
n=4,
n=3

n=l,
n=2
n=3
n=4,
n=2
n=3
n=4
n 3 j
n=4,
n=4

5 =18.4895
f =6.5031
K =2. 8933
0 =0. 8738, 0.3, 0.09, 0.027, 0. 0081, 1.5
K =7.5136
f =2.5752
g =0. 8738, 0.3, 0. 09, 0. 027, 0.0081, 1.5
K =18.4895, 1.0, 0.3, 0.09, 0.027, 0.0081, 2. 0
C =6.5031
4 =2. 8933
f =0. 8738
f =7.5136, 2. 0, 0.6, 0.18, 0.054, 0.0162, l. 0
f =2.5752
L = 0.8738
f =3.0, 0.9, 0.27, 0.081, 0. 0243, 2. 0, 5.0

K = lS.4S95
f =6.5031
f =2. 8933
f = 0. 8738
f =7.5136
K =2.5752
& =0.8738, 0.3, 0;09, 1.5, 3.5
g =0.75
g =0.6, 0.3, 0.09, 1.5, 3.5
g =1.0, 0.6, 0.3, 0. 09, 1.5, 3.5
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TABLE II. Scattering phase shifts (rad).
2.0—

(a.u. ) (eV)

0. 05 0. 034
0.10 0. 136
0. 15 0.306
0.20 0.544
0. 25 0. 850
0.30 1.224
0.35 1.667

—0.343
-0.773
—l. 145
-1.490
—1.751
-1.977
-2.144

Sg

e —Li'
0. 017

-0.234
—0.505
—0. 788
-1.049
—1.280
—1.515

e —Na

0.058
0.189
0.239
0.272
0.279
0.301
0.525

P

0.307
l. 952
2.162
1.981
1.876
1.787
1.660

0.003
0.038
0.099
0.175
0.277
0.473
0. 892

0.003
0.037
0, 093
0. 151
0.202
0.264
0.322

1.5

1.0
CC

0. 05
0. 10
0. 15
0, 20
0. 25
0.30
0.35

0. 034
0. 136
0. 306
0.544
0. 850
1.224
l. 667

—0.410
—0.946
—1,284
—1.610
—1.894
—2. 128
—2. 305

-0.047
—0.310
—0.598
—0. 883
—l. 153
—l.417
-1.669

0.087
0.176
0.266
0.254
0.251
0.242
0.374

0.230
1.315
1.774
1.717
1, 627
1.489
1.388

0.010
0.042
0.081
0.181
0.315
0.507
0, 572

0. 010
0. 041
0.071
0.147
0, 233
0.308
0.291

0.0 0.1 0.2
k (a.U. j

0.3

3p

0.4

0. 05
0. 10
0. 15
0. 20
0. 25
0.30

0, 034
0. 136
0.306
0.544
0. 850
1.224

—0.567
—l. 227
—1.573
—1.890
—2. 166
-2.400

0. 065
—0.427
-0.800
—1, 112
-1.428
—1.744

0.150
0.315
0.383
0.331
0.260
0.353

2.706
2.348
2. 022
l. 788
1.443
1.290

0. 024
0.068
0.218
0.437
0.679
l. 003

0, 024
0.061
0.169
0.309
0.433
0.440

Figures 2 and 3 show, respectively, the P and D
results for Li. The 'P pha, se shift indicates the
existence of a narrow resonance above the 2s
threshold, while the 'P phase shift increases rap-
idly near the 2P threshold. This can be considered
to be a resonance enhancing a threshold cusp ef-
fect. ' The rapid increase in the 'D phase shift in-
dicates the existence of a resonance in this channel
near the 2P threshold.

The results for the s, P, and d waves for Na are
shown in Figs. 4-6. Our work shows good agree-
ment with the Thomas-Fermi calculation of Nor-
cross, 6 and also with the close-coupling calcula-
tions of Moores and Norcross, who obtained es-
sentially the same results using two, three, and
four states. The results for Na show all the es-
sential features mentioned above for scattering by
Li; i.e. , (a) small peak in the ~S phase shift for

FIG. 5. L =1 singlet and triplet phase shifts for scat-
tering by Na.

k-0, (b) the low-lying ~P resonance, (c) the 'P
cusp near the first excited SP-state threshold, and
(d) the 'D resonance near the 3p threshold. These
features can also be seen in the K results, shown
in Figs. 7-9.

Close- coupling calculations on electron scat-
tering by Li, Na, and K have also been done by
Karule. ' The present work shows good agreement
with those calculations, except at thermal energies.

In regions of rapid change of the phase shifts
shown in the figures, calculations were carried out
on a finer grid of k values than those indicated in
Table I. In particular, all P phase shifts were
computed at intervals M = 0. 01. The 'P resonance
in K was traced with bP =0.001. Small hk values
were used for 'P and 'D phase shifts just below the
nP threshold.

Some irregular structure is apparent in our re-
sults, particularly for P phase shifts above the res-
onance region. Details of the variational calcula-

I

e + Na S wave 1.0—

0.0

—1.0
U

CC

~ -20

—3.0—

0.0 0.1 0.2
I

0.3
k (a.u. )

Present——Moores 5 Norcross
' ' ' ' ' Norcross 3P

0.4

C
(U 0.5—
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0.0 0.1 0.2 0.3

3p

0.4

FIG. 4. L =0 singlet and triplet phase shifts for scat-
tering by Na.

FIG. 6. L=2 singlet and triplet phase shifts for scat-
tering by Na.
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I
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FIG. 7. L =0 singlet and triplet phase s ishifts for scat-
tering by K.

FIG 9 L sing e=2 ' l t and triplet phase shifts for scat-
tering by K.

t' 4tions (complex eigenvalues of the m matrix, moo
d m ' diagonal elements of similar magnitude) in-

d t that our results are not very c.os
and nz„xagona e

lose to absolute&ca e a
This canconvergergence of the variational expansion. i

t'al inbe attri u e ob t d to the strong polarization potential '

m totic orbitalalkali scattering, for which our asymptotic or x a
functions are expected to be inadequate.

In the variational algorithm used here, a matrix

nal elements ordered by increasing magnitude.
This ordering is achieved by a sequuence of 2&&2 ro-
tations of the matrix, after it is reduced to triangu-
lar orm y af b an orthogonal transformation. om-
puted phase s i s canh'ft can have small discontinuities as
functions of k, when diagonal elements of opposite
sign cross each other in magnitude. This becomes
a practic pro

' al blem when the variational wave func-
t work.t ell converged, as in the present wor .

For this reason, in calculating the P an p as
shifts reported here, the 2&&2 rotation angles con-

necting elements of slpo and m, ',I ' were modified to
interpolate smoothly between ratios of diagonal ele-
ments varying from 0. 1 to 10.O.

B. 'I' Resonances

The search procedure for resonan ces" has been
d to locate the low-lying 'P resonance just aboveuse o

the groun -sth nd-state level of the target atom.
able I.of basis functions used are given in Tab e

Our calculation gives the following values for the
resonance energy E„,and wand width I'.
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FIG. 8. L =1 singlet and triplet phase shifts for scat
tering by K.
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FIG 10. Total cross section for scattering by Li.
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-ran e dipole potential coup xng,
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In atomic hydrogo en the 2s an d 2P states are degen-

rate d' ole interac-erate and the resulting degenerate ipo

cross section for scatteringFIG. 13. Spin-exchange cross se
by Na.
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s in-exchange cross sec-The total scattering and span-ex

1000
1700-

900 1600- Present

~ Ka rule

800 1400-

700 1200-

0(mq2)

600

500
o(vraO)

2

1000-

800-

400
600

300 400-

200 200-

100 -'i
I

0.1

I

0.2
I

0.3
I

0.1

I

0.2 0.30
k (a.u. )

for scattering by Na.FIG 12. Total cross section for

k (a.u. )

ss section for scatteri g yin b K. TheFIG. 14. Total cross sec x

of Visconti eg al. no sabsolute measurements o i
th those of Collins eg al.figure) agree wi
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FIG. 15. Spin-exchange cross section for scattering
by K.

tions are given in terms of partial cross sections

o(k) =Z [ (ok) o+, (k)] (2)

o"(k)=Z o'P (k),
where

o', (k) =~ (2f +1) sin'q', (k),

o, (k)=T(2E ~1) sin q, (k), (4}

o", (k) = ~ (2f + 1) sin [rP, (k) —q., (k)] .

The signs (+) and (-) indicate the singlet and trip-
let contributions, respectively.

The total scattering and spin-exchange cross
sections for scattering by Li and Na are given in
Figs. 10-13. Our calculations, which include only
s, P, and d waves, agree well with the theoretical
results of Norcross~ and Karule. ' There is a pau-
city of experimental results for the total cross sec-
tions of Li and Na. Perel et al. '6 give relative mea-

surements which are normalized using the K results
of Brode. ' However, there is evidence that the
absolute measurements of Brode are too large by a
factor of 2 in magnitude and also in error for the
energy variation.

The deviation of our total and spin-exchange
cross-section curves for Na from those of Nor-
cross, shown in Figs. 12 and 13, is due to a small
displacement of the position of the 3P resonance.
Since this resonance is associated with a virtual
state of configuration Bs SP, its position may be af-
fected by a displacement of the SP P threshold.
With the basis orbitals indicated in Table I for P-
wave scattering by Na, the 3P threshold is com-
puted to be 2. 005 eV if no virtual excitations of the
Na' core are permitted. The experimental thresh-
old is at 2. 104 eV and the computed threshold,
which may affect the resonance position, is low by
0.10 eV.

Since the present formalism takes into account
the electronic pair correlation in configuration nos

nop, this may also contribute to lowering the ener-
gy of the 3P resonance.

In Figs. 14 and 15 we compare theoretical and
experimental results for the total scattering and
spin-exchange cross sections of K. There is good
agreement between the present work, the calcula-
tion of Karule, and the absolute measurements of
Collins et al. ' Absolute total cross sections have
also been measured by Visconti et al. '9 The ab-
solute measurements of Brode are larger by a fac-
tor of 2, as mentioned above.

IV. SUMMARY

Calculations have been made on the elastic scat-
tering of low-energy electrons by Li, Na, and K
using a variational procedure which takes polariza-
tion and correlation effects into account by means
of continuum Bethe-Goldstone equations. Our
phase- shift results agree well with previous calcu-
lations. There is also good agreement for the to-
tal scattering and spin-exchange cross sections
with the measurements of Perel et al. for K. Fi-
nally, we have calculated the positions and widths
of the low-lying 'P resonances.
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The coincidence technique of Kessel and Everhart has been used to study the Ar++ Kr ~Ar' + Kr'"
+(m+n —1)e reaction at incident ion energies from 15 to 230 keV, and scattering angles from 10' to 40',
corresponding to distances of closest approach ranging from 0.38 to 0.06 A. Q values varied from less than
100 eV to greater than 3 keV, and the average numbers of ejected electrons varied from 1/2 to 7/2 for ar-

gon and from 5/2 to 8 for krypton. Unresolved Q structure is probably present at 0.2 to 0.3 A. As with

all previous data which the author) have handled where the Q „profiles are not multiply peaked, the
Ar'-Kr g values were found to be fit by the empirical relation Q „=A +BU' + CU"„where the U's are

spectroscopic energy deficits, with rms errors averaging about 2.5%. Several indirect means show that the
krypton is responsible for some 65% of the energy loss, possibly decreasing to about 55% at the highest

Q,„„values studied. The intrinsic ionization probabilities from the present study reproduce fairly well the
probabilities from previous Ar+-Ar and Kr'-Kr studies.

'I. INTRODUCTION

We used the coincidence technique of Kessel and
Everhart~ to study the

Ar '+ Kr -Ar' + Kr '"+ (m+ n —1)e

reaction. The kinetic energies of the incident ar-
gon ions ranged from 15 to 230 keV and the scat-
tering angles of the scattering argon ions ranged
from 10' to 40'.

This paper presents the Ar'-Kr experimental
datp and an analysis, using a method previously
employed by Hayden and Knystautas, ~ to determine
the inelasti'c energy lost by the scattered argon ion
and the recoil krypton ion in the collision. The
present data are compared. with data from prior
coincidence and noncoincidence experiments. The
experimental procedure is described elsewhere'
and is omitted here.

II. DATA

A. Q Values

A typical inelastic-energy-loss spectrum is
shown in Fig. 1, which presents data for 100 keV,
20' scattering, with all ions counted, regardless
of charge state. The least-squares Gaussian curve
fitted to the data has the following parameters:
Q = 1304 eV and 5Q = 575 eV (at l/p height). For
the given scattering conditions, the thermal mo-
tion of the target results in 5Q, =110 eV and the
instrumental broadening amounts to 6Q, =450 eV.
As the broadening effects are independent and es-
sentially Gaussian over the range of interest, the
natural linewidth, calculated from 5Q" = 5Qs —5Qz
—5Q„ is 303 eV. Data of this nature, for a wide
range of scattering conditions from 15 keV, 10' to
225 keV, 40' have been obtained and are presented


