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Cross sections for inner-shell ionization by slow heavy charged particles, if compared to predictions

given in the plane-wave Born approximation, are reduced strongly by the Coulomb deflection of the

particle in the field of the target nucleus, and by the increase in binding energy of the target electrons

induced by the presence of the particle. We use the framework of the perturbed-stationary-state

approximation to incorporate these effects ab initio into the theory of inner-shell ionization and derive

the binding effect given by Brandt, Laubert, and Sellin. Our result formally unifies the Coulomb

deflection of the particle trajectory with the perturbation of the atomic states in their effect on the
ionization cross section and suggests systematic ways for further improvements.

I. INTRODUCTION

When an energetic charged point particle passes
through matter it may eject inner-shell electrons
of the target atom into excited or ionized states
by direct Coulomb encounters. The resulting va-
cancies may be detected by observing character-
istic x-radiation or Auger-electron spectra. The-
oretical ionization cross sections for production
of these vacancies have been studied in the plane-
wave Born approximation (PWBA), usually em-
ploying hydrogenic wave functions for the atomic
system, ' 3 and in a classical binary-encounter ap-
proximation.

Consider the regime where the incident velocity
v~ of the particle is so low that (v~/Zz vo) «1, where
Zz is the effective atomic number of the target for
the shell in question and vo ——e~/)r. In this regime
two substantial v&-dependent effects appear which
are not included in these approximations: (i)
Coulomb deflection of the particle by the target
nucleus, and (ii) increased binding of the target
electrons owing to the presence of the slowly mov-
ing particle. The theory of the first of these ef-

fects has been studied thoroughly by Bang and
Hansteen, who obtain cross sections in a semi-
classical approximation in the sense that they in-
corporate the hyperbolic trajectory of the (heavy)
particle in the Coulomb field of the bare target
nucleus.

Brandt, Laubert, and Sellin, hereafter referred
to as BLS, discovered that the binding effect may
give rise to K-shell ionization cross sections con-
siderably smaller than those calculated from these
theories. They arrive at a successful description
of their experimental results by employing the de-
flection-corrected PWBA formula for the cross
section, but, in addition, they replace the binding
energy of the K electron for the isolated atom as
it occurs in this formula by an augmented energy
which allows for the binding effect of the finite
positive charge of the particle. The incremental
binding energy is evaluated by bound-state per-
turbation theory at a given impact parameter and

averaged over impact parameters according to the
excitation probability, before integrating the cross
section over all f nal electron states. This ap-
proach was reviewed recently and has been studied
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further.
The BLS approach is based on reasonable phy-

Sical arguments. This paper intends to derive the
binding effect ab initio in the framework of the per-
turbed-stationary-state (PSS) theory. We find
that at low speeds of impact, where the PSS the-
ory is most accurate, the BLS procedure gives
the correct theoretical description of the cross
sections. Possible improvements are discussed.

II. THEORY

d x2 d

xu„(R(t))( )u, (R(t)) . (P)

The phase P=(1/8) fs„W,„(t )dt in Eq. (2) is a
constant for a given collision and will be neglected
hereafter since it disappears when computing t g„l
for the final result. Equation (2) incorporates the
identity

The incident particle of charge Z&e, moves on a
prescribed trajectory with radius vector R(t) mea-
sured from the nucleus of the target atom at time
f (Fig. 1. ) The Hamiltonian of the N-electron
atomic system is taken to be H, (r„r ,s. . . , r)),)
in the absence of the charged particle, where r&

is the position vector of the jth electron relative
to the nucleus. The effect of the charged particle
is given by the additive energy operator

N —Z&e
2

I, -R(f)l

which appears in the time-dependent Schrodinger
equation as [H, + V(f)]%' = iK84'/St Follo.wing stan-
dard developments of PSS theory, "we expand 4
in terms of time-dependent adiabatic wave func-
tions;

d %gran

=( „()) tp„(t) .

This is easily shown to hold for the many-electron
system by following the proof of the corresponding
result for a one-electron system given by Mott. v

Using the Bethe integral for the Coulomb poten-
tial, the matrix element may be written as

8V'(f)( —iZ)e d p ( SR(t) gg I&,&.~

~
~

St „( 2H P ), Sf

x e "&

Figure 1 shows a set of Cartesian coordinates

00

P;=Z (t)u( u(t)}Rexpl
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(P (R(t ))ttt)
m-"0

(1)
where the subscript i denotes the initial condition
a ( —~) = 5;. Here,

[H.+ ~(f)] „(R(f))= W. (R(f))~(R(f))

is understood to generate the set of wave functions
u„(R(t)) corresponding to the nth excited or ionized
configuration of the N-electron system at fixed
separation R(t) between the target nucleus and the
charged particle. The interaction causing transi-,
tions between adiabatic states is taken to be weak
enough that only the first term in a perturbation
expansion is important. This should be a good
expansion for slow collisions since in the small-
velocity limit, the state 4', is purely adiabatic and
no transitions occur. Expanding the excited-state
amplitudes in a standard way, one finds

~( ) = - e " df [W,„(f)] '
St

t

xexp 8'g„ t' dt', 2

where a„(~) is the probability amplitude that the
nth state is occupied after the collision is over.
Here W, „(t)-=W, {R(t))—W„(R(t)), and

I

I

I

I

I

FIG. 1. This figure displays the coordinate system,
with origin at the target nucleus, used to describe the
collision problem in the y-z plane. The trajectory of
the particle is marked by the curved line. In the special
case of a straight-line trajectory the dotted line coincides
with the s axis. Then, R~(t)=band Z(t)=vqtz, where s
is the unit vector for the g axis.
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x e-"'& (6)

&(z) -=w, „(R,(z'), z ) —,dz
0

where Z(t=o)=0 and W,„(R,(Z), Z)-=W, „(t). H(t) is
replaced by (R~(z), Z) everywhere These. equa-
tions are obtained through a change of integration
variable from t to Z. Introducing the wave number
variable P= p, —Q(z), E—q. (5) becomes

do

2712
wCO

dP e' iF. (P Z)

(y, z) centered at the nucleus. The y axis is chosen
to pass through the point of closest approach, and
the z axis is taken parallel with the velocity vec-
tor of the charged particle when the latter is at
that point. The vector p which appears in Eq. (4)
may be resolved into the components p~, perpen-
dicular to the z axis, and the component p, along
the z axis. R(t) is resolved similarly into com-
ponents H~(t) and Z(t). In these terms

a„(~)= (iZ, e /20 ) f d p~ f dZ

x f .dp e&t8).'K)(s)+tp -A(s))z)G (R (Z) Z)gJ sPg L y p

(5)
where it is assumed that orders of integration may
be changed. Here

P) ' dR) (Z)/dZ+ Ps

point of closest approach, R~(0), Z=o, and (ii) the
«omponent of the wave number, p„evaluated at
W&„(R) (0), 0)/@u)(0) =-q0(0), where v)(z) =—dZ/dt
is the z component of the particle velocity for a
given value of Z; hq0(Q) is just the minimum mo-
mentum transfer necessary in the process of im-
parting energy W,„(R,(0), 0) to the atom and v)(0)
= [b/R~(0)] v„ from the conservation of angular
momentum for impact parameter b.

The convergence of the series, Eq. (10), de-
pends essentially upon the nea, r constancy of E as
a function of the orbit parameter Z evaluated at the
point of closest approach. If W,„(R~(Z),Z) and
the matrix element A„=- (g ) e "~&)„,appearing in
Eq. (6) both vary slowly enough as a function of
Z, the first term in the series should give an ex-
cellent approximation to the entire sum. We
demonstrate in Sec. III that for reasonable approx-
imations to F this is true. It is expected to hold
also for the exact form of I .

III. DISCUSSION

Consider first the approximation to Eq. (10) ob-
tained by neglecting all except the s= 0 term in
the series. It follows readily, then, that the
cross section for the i-f transition can be written
in the form

oy, ' -=2'! bdb! af+)(~)!

4nZge
~

bdb
I

")(0)~ b!

where

Fg (P, Z) =F=e s) d -G-
p (R~(Z), Z)

(6) ft'(0) —
! i)f, !

'
"0

w here

M, =! d'x) !i d'x0 ~ d'r„uz (R,(0), 0)
A Maclaurin's series expansion in powers of I',

1 , d'I
dP'

permits integration of Eq. (8) over P in formal
terms. A series in successively higher deriva-
tives of 6(z) results. Integration by parts yields

a (s) (lo)

where it is assumed that I' and all of its deriva-
tives vanish as t Zt -~. The cross section for a
transition from state i to state n is given by
o„,= 2 w J0 b db! a„(~)! .

The expansion displayed in Eq. (10) consists of
derivatives of F with respect to (i) the z component
of the particle trajectory, Z, evaluated at the

x Z e "0&')')~,(&0(0)!r» —H, (0)!)u, (R,(O), 0)

(12)
and K, (x) is the modified Bessel function of the
second kind. In the case of ionization o&,

' is dif-
ferential in the energy of the final electronic state.
R,(0) is the distance of closest approach. Although
arbitrary, the trajectory is assumed to be symmet-
ric about the y axis so that dR, (0)/dz = 0. The sym-
metry approximation is good as long as the energy
transfer is much less than the particle energy. If
N= 1, Eqs. (11) and (12) bear a close similarity to
Bang and Hansteen's' Eq. (3.8) for the ionization
cross section of a one-electron atom by a charged
point moving along a straight-line trajectory with
R,(0) = b.

The interpretation of the quantities appearing in
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Eqs. (11) and (12), however, is quite different from
that of the corresponding quantities occurring in
Bang and Hansteen's formula, which considers
only eigenfunctions and energies of the unperturbed
atom and is restricted to straight-line trajectories.
The present treatment includes the possibility of
strong perturbations of these quantities. More-
over, it derives the prescription to evaluate all
energies and eigenfunctions at the position of
closest approach of the incident particle moving
along an arbitrary trajectory. This is so because
Eqs. (11) and (12) employ atomic wave functions
u; p(R,(Z), Z) which are solutions to the time-in-
dependent Schrodinger equation at the place and
time of closest approach of the particle to the tar-
get nucleus, namely,

[H, + V(0)]u(,I(R,(0),0) = W(,p (R,(0),0)u(,p (R,(0), 0)

(13)
The eigenfunctions and energy eigenvalues are
those of the target atom perturbed by a point charge
at rest at the distance R~(0) from the nucleus.
Thus they are the same type of states employed in
molecular-orbital calculations. It is precisely
the initial energy value W, (R,(0), 0) that is calcu-
lated by BLS through first-order bound-state per-
turbation theory as an augmented electron ioniza-
tion energy at low particle velocities, and applied
to the calculation of K-shell ionization cross sec-
tions as prescribed by Eqs. (11) and (12). An
additional distinction from the Bang and Hansteen
formula is the reference not to e, but to the par-
ticle velocity evaluated at the distance of closest
approach, ()&(0).

One retrieves the usual semiclassical formula
from the PSS approximation if unperturbed eigen-
functions and eigenenergies are employed with a
straight-line trajectory in Eqs. (11) and (12), since
all terms for s &0 vanish.

We note in passing that the perturbing influence
of the particle on the atomic states described in
Eq. (13) is also the origin of the Z& polarization
effect. ' It contributes to the cross sections only
in the high-velocity regime" and is therefore not
developed here.

Consider next the error incurred by neglecting
all except the first term in Eq. (10). To this end,
it is necessary to make some definite assumption
about the form of W, &(R,(Z), Z) and the matrix ele-
ment appearing in Eq. (6). Assume for purposes
of simplicity that K-shell ionization of an atom can
be described though the perturbation by the particle
of only K-shell electrons, that the K-electron
wave function retains its spherical symmetry even
though the energy of the level may be affected ap-
preciably by the presence of the particle, and that
transitions occur only to S-wave continuum final
states. Transitions to such states are known to

predominate as n& becomes very small. "2 In this
limit the matrix element of the density operator is
given approximately by'

1 27/2
Ps( (e ))P( [(Z&P)2H J

1 /2 (~ )4 i (14)

where 8„is the Rydberg constant and a2~ is the
radius of the K-shell orbit. Both a)&» and Z$ may
be considered functions of the distance of the particle
from the nucleus; they, as well as the central
quantity W,p(R, (Z), Z), might be determined varia-
tionally for a given (R,(Z), Z) and Z&. But for the
purposes of estimating the errors of truncation, we
assume a straight-line trajectory for the projectile
and neglect the dependence of a2~ and Z2~ on
(R,(Z), Z) and Z&.

Substituting Eq. (14) into Eqs. (6), (9), and (10),
and carrying out the differentiations, we find that
a'"=0 andf

(,& iZ, e' 2W2 x'K, (x)
@()( [(Z, - SI»)'H, ]' ' [qo(0)a(&»]'

(2& 1 b dW(p (b) H(x) (0&

6 W„(b) db x'K, (x) "
(is)

(i6)

where P =b/az». Zf has been chosen to be ZI
—S2E where S2~= 0. 3 is the screening constant of
Slater for hydrogenic wave functions, and az» ——ao/
(Z, —S,») with ao= h /me . W,' ' and Wz

' denote
the energy of the initial and final electronic states,
respectively, in the absence of the particle. We
perform the integration over impact parameters
to first order in af' '.

s co

(0& =2w! bdbiap, ( )i'
f 0

=2&(I bdb(ia"' ' —2a'"a' ')f f f
p

(i6)

Note af" and af") are purely imaginary
The integration in Eq. (18) shows that for 20-

keV protons on aluminum, for example, the cross
term contributes 23%%uo. At lower energies this

with x== qo(0)b and

H(x) =(96+ 9x )K(&(x)+ (2/x)(96+ 21x + 2x )K&(x),

where Ko, K» and K2 are modified Bessel function
of the second kind. &)(&Pe use W«(b) = W,&(b, 0) as
derived by BLS, namely,

((&&z((&)= p&« &((+ '
«» p &[( —(1+ p)e &))

+2 2E
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contribution diminishes monotonically and thus
demonstrates the convergence of the expansion in
the limit of small velocities. The effect of the
change in the binding energy on the term )a f ) of
Eq. (18) is to reduce the cross section by 85% for
20-keV protons on aluminum. The inclusion of
the cross term, which is zero in the Bang and
Hansteen calculation, gives a reduction of 88%.
Quantitative comparison with observed values is
outside the scope of this paper. To compare ex-
periment with theory a calculation must be under-
taken which includes trajectory deflection and sums
over all final electronic states. This, in effect,
has already been accompl. ished.

We conclude that for straight-line trajectories
in the low-velocity regime where one expects the
PSS method to be accurate, the series in Eq. (10)
is dominated by the first term.

On the other hand, when unperturbed atomic
states and energies are used with a straight-line
trajectory the first term dominates again since it
is the only nonzero term. The Bang and Hansteen
cross section, valid at high velocities, is then
obtained. This cross section is also obtained at
high velocities in the BLS approach since the bind-
ing effect disappears in this limit. Thus it might
be expected that the leading term in the PSS the-
ory, dominant in the low-velocity limit, also gives
the correct cross section at high velocities. One
makes the conjecture that in Eq. (10) the contri-
bution of the sum of terms a&" for s &0 is small
for all velocities in the case of a straight-line
trajectory.

The BLS approach via Eq. (13) is expected to
remain valid for straight-line trajectories even
if more accurate expressions for W,~(R&(Z), Z)
and u&,&(R,(Z), Z), and hence for the quantity p&,
[Eq. (14)] are developed. For instance at low in-
cident velocities where the important range of im-
pact parameters is (5/azr) « I, most K-shell ex-
citations or ionizations occur when the incident
particle is deep within the shell. . Under these con-
ditions the radial electronic charge distribution
specified by ru, &(R,(0), 0) is mainly outside the
region where the particle is found and thus should
be insensitive to variations in Z near Z=0. It is
this constancy of W«(R~(Z), Z) and p&, with Z that
ensures convergence of the expansion in terms of
derivatives with regard to Z. Since this feature
should be independent of the particular model used
for calculations, the validity of the BLS approxi-
mation is expected to persist if more accurate ex-
pressions for W~q(R, (0), 0) and pz, are used. It
might be worthwhile to employ variational methods
to obtain better values of these quantities for the
comparison of Eqs. (11) and (12) with experiment.

Thus our result constitutes a formal derivation
of the BLS binding effect. If the restriction to a

straight-line trajectory is dropped, Coulomb de-
flection appears here in a form somewhat different
from that of Bang and Hansteen, presumably be-
cause we expand the probability amplitudes in
terms of the wave-number variable P. In the
evaluation of the truncation error one finds af"
40, and it is not obvious that the series will con-
verge. Nonetheless the resulting prescription for
treating Coulomb deflection in the leading term is
physically appealing. The "straight- line" C oulomb-
deflection approach of Hansteen and Mosebekk, '3

where b is replaced by R, (0), is shown here to oc-
cur naturally as part of the exact description
found in the first term of the expansion in P. How-
ever, one should also replace v, by v, (0)
= [b/Z, (0)]v, .

In light of the only remaining uncertainty in the
formal theory, viz. , the series convergence in
the case of an arbitrary trajectory, it is practical
to retain the Bang and Hansteen hyperbolic Coulomb
deflection as derived and applied by BLS.

We summarize the procedure for obtaining a
cross section from the leading term of Eq. (10).
It is assumed that wave functions are available for
describing the atom in the presence of a point
charge located at the distance of closest approach
R~(0). These wave functions, solutions to Eq.
(13), are used to calculate the matrix element M,
[Eq. (12)] needed in the integration over impact
parameters to obtain the cross section Eq. (11).
In practice a one-electron model for the atom,
N= 1, isused. One can take a final electron state
with unperturbed wave function Mz(~, 0) and energy
W&(~, 0) = W&0' under the assumption that only the
perturbation of the initial state, leading to
u~(R~(0), 0) and W~(R~(0), 0), is important.

IV. CONCLUSIONS

The exact time-dependent wave function for
atomic excitation and ionization under the influence
of a slowly moving heavy charged particle on an
arbitrary trajectory can be systematically ex-
panded in a series such that the leading term con-
tains the dominant perturbation of the particle on
the target atomic states between which the transi-
tions take .place. The binding effect which Brandt,
Laubert, and Sellin described and incorporated
into the theory of inner-shell ionization is derived
ab initio. Our approach formally unifies the
Coulomb deflection of the particle trajectory in the
field of the target nucleus with the perturbation
of the atomic states in their effect on the ioniza-
tion cross section.
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Photoelectron angular distributions should show pronounced variations with energy across

autoionization resonances. This prediction applies quite generally to both atomic and molecular

autoionization. Examples illustrate both the magnitude of the spectral variation and the inability of the
Cooper-Zare model to account for the phenomenon. Calculations are reported for autoionization in

xenon between the fine-structure levels 5p' 'P3/2 and 5p ' 'P;„of the ion ground-state doublet. An

analysis is given of the recent measurements by Niehaus and Ruf on autoionizing levels of the mercury

Rydberg series 5d 6s '('D)np and 5d 6s '( D)n'f below the Hg+ 5d 6s 'D», threshold.

I. INTRODUCTION

The determination of the spectral variation of
photoelectron angular distributions threugh auto-
ionization resonances is a new and essentially un-
tapped resource for photoelectron spectroscopy.
Here this class of spectroscopic measurements is
theoretically analyzed. The analysis predicts quite
generally not only sharp spectral variations of the
angular distributions across resonance features,
but more importantly, angular distributions that
should depart markedly from those predicted by di-
rect (nonresonant) ionization models, such as the
Copper-Zare model. ' Deviations from direct ion-
ization predictions arise owing to the enhancement
by the autoionization process of the effects of just

those forces that are often sufficiently weak as to
go undetected in nonresonant photoionization. Ac-
cordingly, these resonances in photoelectron angu-
lar distributions are a sensitive new probe of photo-
ejection dynamics.

This study rests on the angular-momentum-
transfer formulation of angular correlations, given
recently by Dill and Fa.no. B also draws on ex-
tensive experience in analyzing the dynamical
origin and significance of the various angular mo-
mentum transfers allowed in any given ionization
process. This paper reports the most important
implications and results for autoionization of the
general dynamical analysis, whose full description
is deferred to a separate report.


