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The muitiphoton transitions in the hydrogen atom are investigated by taking into account the higher-order
terms arising from the S-operator expansion. These higher-order effects originate induced shifts and induced
breadths on the virtual-atomic-energy levels. It is shown that these perturbations play an important role for
resonant multiphoton processes. In this case, the theory predicts a particular flux dependence of the
transition rates. Furthermore, the well-known dispersion curves are strongly modified in the neighborhood of
any resonance. Thus the transition rates can exhibit several peaks. Numerical results are given for a
three-photon bound-free transition from the 2§ state of hydrogen.

I. INTRODUCTION

The multiphoton-absorption processes are con-

- veniently handled with the help of time~dependent
perturbation theory.'™ Within this framework one
usually considers the lowest-order nonvanishing
term which describes the phenomenon of interest.
It seems that this approximation is not sufficient
for a good description of resonant processes and
when high-intensity radiation sources are in-
volved.®® In fact, among the higher-order terms
arising from the S-operator expansion, some of
them give a contribution to the cross section which
may no longer by negligible. It is easily shown
that the main contribution is brought by higher-
order terms involving photons of the radiation
field.

This paper is devoted to the analysis of higher-
order effects occurring in resonant bound-bound
and bound-~-free multiphoton transitions. It is
shown how these effects perturb atomic energy
levels. These perturbations caused by the Hamil-
tonian which produces the transitions originate in-
duced shift and induced breadth of intermediate
levels. As a consequence we find that the rate of
any process can be calculated by the use of two
equivalent methods. Firstly, one may consider
the contribution coming from all the relevant terms
of the S-operator expansion, each of them exhibit-
ing unperturbed atomic energies. In this case,
the calculations are done in the so-called undis~
placed energy picture. Secondly, one may keep
only the lowest-order term in which the perturbed
atomic energies are substituted to the unperturbed
ones. The calculations are then worked out in the
displaced energy picture. The advantage of work-
ing in the undisplaced energy picture is that the
rate of any multiphoton transition may be numer-
ically calculated, up to an arbitrary order, with
great accuracy. This is because, in this case,
the implicit technique of Schwartz and Tieman!®~12
may be applied for the evaluation of the sums over
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the intermediate states. It is not so in the dis-
placed energy picture, but in this scheme the ex-
pression of the transition rate has a particularly
compact form which can be easily discussed.

In Sec. II we consider bound-free and bound-
bound multiphoton transition rates as deduced from
the lowest-order term of the S-operator expan-
sion. Radiation corrections are taken into account
through the electron propagator discussed by
Low.

The higher-order effects due to the radiation
field are introduced in Sec. III. We find that the
dominant contribution is brought by the terms
which involve the repeated occurrence of absorp-
tion followed by emission, and emission followed
by absorption, of a photon of the incoming light.!8=2°
These effects are summarized into a perturbed
propagation operator which is subjected to a care-
ful analysis. We show how the higher-order terms
originate a shift and a breadth of the atomic levels.

The aim of this paper is to investigate the effects
of an intense radiation field on resonances occur-
ring in intermediate states. Then, for shortness,
we have overlooked an unessential treatment of
perturbations on initial and final atomic states.

For further discussion the reader is referred to the
paper of Sen Gupta!* and to references quoted in.
The case of resonance is discussed in the displaced
energy picture. It is found that the order of non-
linearity (as defined in Ref. 9), of any multiphoton
process varies rapidly with regard to the wave-
length of the radiation. When damping phenomena
are taken into account, the values of the order of
nonlinearity exhibit typical variations about the
ones previously found from unperturbed theories.
This fact has been confirmed by recent experi-
ments. 17 In addition, these variations can ex-
plain the discrepancies which exist between theo-
retical’™" and experimental results.%®

In Sec. IV, the procedure for calculating the Nth-
order matrix element is discussed and some nu-
merical results are given in Sec, V.
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II. LOWEST-ORDER MULTIPHOTON PROCESSES

For brevity we put Z=c =1, but we restore 7% and ¢ in the computational formula. In previous papers, ®’
we have calculated the cross section for some multiphoton processes occurring when a hydrogen atom is
irradiated by an intense light source. It has been seen that, when the energy corresponding to one or sev-
eral absorbed photons approaches that of a transition line, the cross section becomes infinite; then the the-
ory fails at exact resonances. This difficulty can be avoided by using the electron-propagation operator
derived by Low3:

iw(t ~t,)

SF(xl, xz) = E_’%E s dw e—'l‘—z—"—) lpn(§1)a"(§2). (2. 1)

Wpt @ = Wpp(w

In Eq. (2.1) w,,(w) is expressed in terms of 5,,(w) and y,,(w), which denote the natural level shift and the
natural - level width, respectively,

Win(@) = 8pn(@) + 35 V) - (2.2)
In the nonrelativistic dipole approximation it is found that
e2 [EA(E)'ﬁ] 12
= —————#‘— .
Om() ;;272?2 j 2T wiro- (Kl (2.32)
71'62 S\ "l >
Yumlw) = —z—ElL Zlkl |[€ (&) - Dlinl%6(w+w; - |k|) ; (2. 3p)
1

D is the electron momentum and e"(k) is the photon polarization vector. Then, the natural breadth of the
resonant line acts as a damping factor which makes finite the corresponding cross section. The S-matrix
element describing the N-photon bound-free transition is

SPT=(—ie)" [ dxy [ duy.y -+ [ drsn, - N o (iyloy) | 4 (xy)
XSp(yy Xy AT (Xyey) * + A (5)S p (0, 2)A* (1) | (1)) @ In,) (2. 4a)
For the N-photon bound-bound transition the matrix element is

Ssvl’v())Bsz(—i A “‘ dej de‘l S dx1<7lp -N+ 1, ]'Sl ®<iN(xN)| ¢4m (xN)
m=

XSF(xN, xN-1)¢m(xN.1) . 'ﬂ-m(xg)sp(xg, x1)¢m(x1) I io(x1))® Inp> 9 (2- 4b)
where

Ailc)=[1-58G, ) (x,) +6G, DA (x,) , (2.5)
5(i,j) is the Kronecker symbol, and the notation 4* is used for 3; ¥;A%(x), where the v, are the Dirac ma-
trices. The positive- and negative-energy parts of the em potential A*(x) are given by

A =[A W =VED j (—zf‘rﬁ‘%‘)lm @ e dk . 2.6)
A

In Egqs. (2.4), the radiation field is described in terms of the occupation number state |n); |4,(x,)) and
liy(xy)) are used for the initial and final atomic states, respectively.

III. HIGHER-ORDER EFFECTS

The rates of bound-free and bound-bound transitions calculated from Eqgs. (2.4) are the lowest-order ap-
proximations to the considered processes. In fact the S-operator expansion provides many higher-order
terms. For a well-defined atomic transition involving absorbed and emitted quanta, only terms leading to
the correct final occupation number state do not vanish. It may be easily verified that the remaining high-
er-order terms can be set up from the lowest-order one by the admixture of contributions owing to one or
several processes which may be summarized in the following manner: The electron absorbs a photon of
the radiation field and then emits the same quantum; or a photon of the field is emitted first and then ab-
sorbed. '®*™2° These processes are both described by the operator M defined as

MF(xl, xa) = (ie)z[A'(xl)SF(xl, xz)A'(xa) +A+(x1)SF(x1, xz)A-(x'z)] . (3. 1)

Such an operator can act at any stage of the Nth-order multiphoton transition. Then, all elements of the
S-operator expansion may be rearranged to put forward particular sets of terms which are summed. In
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using a standard technique of resummation of diagrams, 2! one observes that the expression of transition
rate obtained by this way can be deduced from Eqs. (2.4) in replacing the electron-propagation operator Sg
by the perturbed propagator Si given by the integral equation

Sk, %5) = Sp(xy, 25) + f J ax'dx"'Sg(ey, x ) Mp(x', xS x5) . (3.2)

Then, the N-photon bound-free and bound-bound transition rates including higher-order effects are to be
calculated from the matrix elements expressed in Eqs. (3.3a) and (3. 3b), respectively:

BB (—de)" [dxy [ dxye e+ [ duin, = N|@Gyley)|
XA+(xN)Sl':~(x1v, x}v-1)A*(xN-1) o 'Ai-(xz)s‘z'r(xz, x1)4+(x1)’] io(x,)) In,) ’ (3.3a)

Siee=(~de)" Ziv)l dxns dxy.y """ j-dx1<"p -N+1, 1sl®<iN(xN)l¢m(xN)

X SI'"(xN, xN-1)¢m(xN-l) t ¢,,.(xg)81',-(x3, x1)¢m(x1) ‘ ’lo(xl» ®|n,) . (3. 3b)

In Egs. (3.3) the functions Sy lying near the initial and final states give some contributions which are the
same as the ones arising from corrections to external electron lines. Such contributions will be ignored
throughout this paper.

A. Calculation of Si

Following Low'® we set
1 - -\
Srlry, %g) = 2mi ?g dw Ogy(w) e** 172 9, (%,)3, ) , (3.4)

where Ois an operator acting on the radiation-field states. The summations run on the complete set of
atomic states, discrete plus continuum. Substituting Eqs. (2.1) and (3.4) into Eq. (3.2) and taking the
inner product with ¥,,X;)8" * * fi,(X,) we find

iw(ty=t,)
dw Omn(w)eiw( t7t) — \ do _i__l.z—_ B mn
Wi+ W = Wy (W)

1 eiwl(fl'ta) —
+ 2 5 S dx3dx, S dw, “""—“_‘_“wm 01— Wy (@) D X3) Mg (g, 24)

X2y 5dwzz[),(§4)0,,,(wz)e""z”*i"z) . (3.5)

Then, we introduce the operator  defined as

Qn(w) = Q) + Qpplw) (3.6)
with
* (o)= - bRy () ay®)al(®)
Q,,,,,(w)—zh) Z:I j & oKl —wg@ ’ (3.7)
- = BEERE el
Q = mi\ 2 P in A A .
() Z)‘; Z} S dkw¢+w— Kl —wylw) V ’ 8.8)
and
r Dy e - > > ine:
Iy (k) = QIR (m|a - & e™*|n) . (3.9)
It should be pointed out that a'a/V is the flux operator in natural units.
After some algebraic manipulations one finds that O,,, is given by the equation
8 Qi (@)0;,(w)
-——mn _Nemi\W)Yip\wJ
Omalw) W+ W = Wy () +E¢ WO+ W = We (W) ° (.10)
which yields
Opplw) = 1 (@) Opy(0). 43 iw)Oyle) 1{)04(w) (3.11a)

+
Wp+ @ = Wep(®) * Wyt ® = Wen(w) " Gon Wt w ~Wpy(w) ’
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Opa ( )=£ﬁ%+%% (m#n) . (3.11b)
Let the operator Ulw) be such that?
Upnlw) =0 it m=n , (3.12a)
Opn(@) = Uppw)Opplw) i m#n . (3. 12b)
Then from Egs. (3.11a) and (3. 12b) one finds that the diagonal part 0,,(w) can be expressed in the form
Om{w) = Wptw = w":(w) - Whilw) ’ (3.13)
where
Won(w) = Qpplw) +§n Q,:(w)Us,(w) (3.14)
and
U, () = Qpnlw) Qmi(w) Up(w) (3. 15)

O+ W = W (@) 370 O+ @ = W) °

while the nondiagonal part O,, is deduced from Egs. (3.12b), (3.13), and (3.15). Substituting Eqs. (3.12b)
and (3.13) into Eq. (3.4) one finds that Sy is given by

0, X)X, Wt t,)
Sr(xuxz Z; j Ot @ — Wy~ W::(w) e 172
1 U E) () il ty-t,)
* 21r ,,?,, w,,+w = W) = Wek(w) Una(w)e 72 . (3.16)
m#n

In the future the off-diagonal part of S; will be neglected because it is of higher order in e? than the diag-
onal one.

In contrast to Eq. (3.2), Eq. (3.16) exhibits the expression of the propagation operator in the displaced
energy picture.

B. Resonances

We consider a radiation field of fixed amplitude with small random-frequency variations. We are led to
phase diffusion, and no detailed treatment of this model will be presented here, since number of authors
have used it for describing a well-stabilized laser beam.%»#* As a result of heavy calculations, it ap-
pears that at each step m of the interaction, the linewidth b of the light gives rise to a damping factor
(¢m?b) associated with the absorption of the mth photon. Then, multiphoton bound-free and bound-bound
transition rates may be derived from Eqs. (3.3), by the use fo a propagation function which differs from
Eq. (3.16) by the additional damping caused by the radiation field. For a linearly polarized field in a pure
state, it is found that

?NY%BF:FNIK(NI\’I())BFl 2(Nw,) (3.17a)
TR = PV KPP 2V - Doy - 0, } (3.17b)

In Egs. (3.17) p(Nw,) is the density of final atomic states and g{(N - 1)w, — w,} is the atomic-line-shape
function defined as

2(%7? +N2b)
N =
gl w,} (wo+Nw, — wf)2+ (% 8Y#+ N?p)? ° (3.18)
where vy is the width of the final state and w, and w; are the unperturbed energies of the initial and final

state, respectively.
The Nth-order reduced transition matrix elements are given by

RNPT = 2 hN,N-l(Ep)SN-I,N-Z(E’ —wo— N -1)w,)

igrigresasiy

XSN-a,N-s(Ep: —wo— (N =2)w,) -+ 31,0(E, —wo—w,) (3. 19a)

N
~(N)BB _ - - >
N,0 _Z; E H(NI?N-I(kM ks)U(N,:)l, N-z(kp, ks: —Wo— 5% }?—1))

=1 il' i2’ eeos iy g
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X U, vy K, = wo = E{R-y) * * * UK, o- &1, (3.100)

with (_,)

. Py
Sm,nlley ) = W+ Wy = Wy (@) = Wi (@) = 5m20 ? (3. 20)
H (6, K" = [1 = 500, ) Vi) + 6 (v, m), &) (3.21)

- Hm(k K')
V), ’ _

Unall, K, @)= oy S W) = flm = 80, m Fo (8.22)
E(m) = ‘g'(,,,-j_) +wp— 6(V, m)(w,+ws) (528 =0) . (3. 23)

E, and Es denote the photon momentum of the incoming and outgoing quanta, respectively. The function
W(w) deduced from Eq. (3.14) is given by the series

1

+ Wy = Weglw) Dam(@)+eee s (3.24)

Wm(@) = FDpp(w) + F2 23 Dp(w)
q#m w

where

- x* - -
D,,,,,(w) = Zj} ( hnl(k))hlm(ﬁﬁ) + h;:l(kﬂ)hl!!(kb) ) . (3. 25)

Wwtwitwy=wyiw)  w+w;—w,—w;w)

The polarization index has been dropped in the above equations since no confusion can exist. Further-

more for brevity, the intermediate states have been denoted by their lower subscripts, i.e., ;-1
i~2, .... Asis easily seen from Egs. (3.17)-(3.25), the multiphoton absorption rates have a somewhat

complicated flux dependence. This is due to the occurrence of the complex quantity W(w), which has a
simple meaning when it is split into its real and imaginary parts. Thus, Eq. (3.24) yields

Wian(@) = App(w) + 3 iTpp(w) (3.26)

where
Apw) = A W) + AR (W) + -+, (3.27a)
L) =T (@) +T& (@) + -+ . (3.27b)

A and T, the ith approximations to A and T', are the real and the imaginary parts of the successive
terms of the series Eq. (3.24), respectively. It is simple matter to interpret A(w) as the level shift and
I'(w) as the level breadth originated by the radiation field on the virtual level of energy w. If the energy
w coincides with the energy w, of the level n, then one deals with the shift and breadth of the atomic level
n. Recent experiment have confirmed such atomic perturbations.?~%*' Far from resonance the expressions
for the corresponding quantities can be simplified. They are given in the Appendix.

Suppose that a particular level (#,,m,) is energetically distant from the inital one by an integer multiple
p of the photon energy w,, i.e., w,=wo=w,,o>~pw,. Such a resonance will cause important changes in the
multiphoton process. In order to simplify the discussion, let us consider a resonance occurring for
p=N-1 in a N-photon bound-free transition. Before writing the expression for the resonant ionization
cross section we define the following quantity:

N
Mk)(wo‘wn"'pr): Wo,pt+ VW, N2b+z'}’k )Pnl’m . (3.28)

F
Fowp<(wo.u+Nw»)z+(Nab S ZA LI (wo.n+pr) +(NZo+ 3y,

After summation over k the real and the imaginary parts of W‘,’*’ occur in the expression giving the first
approximation to the shift and breadth of the virtual level j of energy wy+Nw,, respectively. In using Eq.
(3. 28) we have

2 2 N-1
w _ 4nrg 1 ( F

oM =210 - ]
BF o w’ Fowp

(N-Z) |
h’N;r hr.N-a Ky =2,0

iNz_g wo, vz + IV = 2)w, — 5, Wila(wo, s + (N = 3)w,) = Tyes, Wi(wo, s + N = Dw,) = Wi (wo,, + (N - l)w,,)— iN-2)%

X

1
X Dot (N =D, — 33 WP (wg, o+ OV = 2)w,) — iV — 1)%

: p(Nw,) . (3- 29)
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From Eq. (3.29) it is clear that the resonance oc-
curring for the absorption of the (N - 1)th photon
modifies the behavior of the function W‘N'_)Z(wm ,

+ (N =1)w,) related to the absorption of the (N - 2)th
photon. As the photon energy approaches the
resonant value w$® =w,,o/(N - 1), the argument of
the function Wi (w,,,+ (N - 1)w,) becomes more
and more small. Then, if we plot the real part of
this function, say Re{W{%(w,,,+ (N -1)w,)}, against
the photon energy w,, the curve presents two ex-
trema at w,=w}=wi® + [V - 1?0 +3v,)/(N - 1)? and
is zero at exact resonance; i.e., when w,=w§®.
On the other hand, Im{Wy2,(w,,,+ (N - 1w,)} takes
its maximum value at exact resonance and is a
rapidly decreasing function everywhere. We de-
duce that its dominant damping effect is not ob-
tained when w,=wj. For these values of the photon
energy the quantity wg, yoq + IV — 2)w, — Re(Wi),) ex-
hibits a maximum (minimum) and a minimum
(maximum) successively. Then, one observes
that a resonance occurs for one of the two partic-
ular values w,. The amplitude of the correspond-
ing peak on the dispersion curve has a weak de-
pendence with regard to the damping caused by the
induced breadth. The detuning of the resonance
gives rise to the reverse phenomenon. The above
energy difference becomes more and more large
and reaches a maximum for which the dispersion
curve exhibits a minimum. The extrema of the
function Re(W4",) do not coincide exactly with those
pointed on the dispersion curve. The reason lies
in the fact that the resonance peak varies both with
the photon flux and with the photon energy. It is
straightforward that, as the intensity of the radia-
tion increases, the resonance (or the antireso-
nance) condition is satisfied for values of w, which
depart more and more from wj. When low-
intensity radiation sources are involved (I<10!°
W/cm?), the position of the resonance peak essen-
tially depends on the damping terms. Thus, for
light with narrow linewidth (<1 A), the photon en-
ergy corresponding to the resonance peak is very
close to w{® and is practically centered on this
value.

Finally, aside from the usual resonance peak,
the dispersion curve shows an additional peak
originated by the process discussed so far. It
must be pointed that these resonances give rise to
important changes for the flux dependence of the
cross section. One observes that o/} can take
very large values when the intensity of the radia-
tion source is varied. The corresponding curves
are distorted and resonant bumps appear. Thus
for particular values of the radiation intensity, the
cross section no longer varies as (F/Fg)¥™ but
rather as (F/Fy)"'~!, N’ being the effective order
of non linearity, N'=N+€(w,). The absolute value
of €(w,) may be large and its upper bound is es-

sentially determined by the damping terms. On
the other hand e(w,) takes on positive as well as
negative values and its sign depends on the photon
energy. The quantitative analysis of Sec. V will
clarify the above discussion.

IV. INDUCED SHIFT AND TRANSITION-CROSS-SECTION
CALCULATIONS

The high-order matrix element occurring in the
multiphoton transition cross section and induced
shift can be calculated by the use of two different
methods. The more precise uses the summation
technique developed by Schwartz and Tieman. In
this case, the formula must be worked out in the
undisplaced energy picture. Then, the cross sec-
tions are not calculated from the closedform given
by Eq. (3.17), but rather in considering all the
contributions to the process coming from all high-
er order terms of the S-operator expansion.
Nevertheless, the computation cannot be achieved
in a simple way when the natural shift and breadth
of intermediate states are taken into account.
These quantities must be ignored in the numerical
evaluation. This approximation does not affect the
numerical results in all the off-resonant cases.
On the other hand, the damping brought by the
linewidth of the radiation field has the dominant ef-
fect in the close neighborhood of resonances.
Finally, by this method, the probability amplitude
of any multiphoton process is the sum of the prob-
ability amplitudes corresponding to the set of dia-
grams shown in Fig. 1.

It must be pointed out that the calculation in the
undisplaced energy picture allows accurate evalua-
tion of each term of the series occurring in the ex-
pression of the transition rates. Far from reso-
nances a good precision is obtained by taking into
account the first few terms of the series, but it
is not so in the presence of resonances. In this
case, we observe that the convergence becomes
more and more weak as the wavelength of the ra-
diation is tuned to the resonant one. A good ac-
curacy requires a prohibitive number of terms.

In order to avoid an unessential expense of com-
puter time, we have investigated the resonances by
the second method. The calculations are made in
the displaced energy picture. The sums over in-
termediate states are carried out over a sufficient
number of discrete states to get a good stability
for the numerical result. For processes involving
a small number of photons this procedure leads to
satisfactory results. The lacking terms corre-
sponding to the continuum part of the spectrum
originate the principal source of uncertainty. We
have calculated their contributions for a three-
photon ionization of hydrogen in the 2S state. The
error slightly varies with regard to the wavelength
but its average value is less than 16%. In this
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section we give the general formula for the multi-
photon transition cross section in the undisplaced
energy picture. The induced level shifts, the
bound-bound and bound-free multiphoton processes
are treated on an equal footing with regard to the
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FIG. 1. Pictorial determination of

N Heeod R higher-order diagrams contributing to

\ a multiphoton process. M symbolizes
the operator defined in Eq. (3.1).

pact serial form for the relevant expressions can
be easily handled for numerical analysis. All
formulas are worked out in the atomic unit sys-
tem. The high-order matrix element occurring
in the calculation of level breadth, level shift,

Nth-order transition matrix element. The com- and multiphoton cross section is
]
so'— Z; (iszlqz]is.1>'"(ialqg|i1>(illqglio>
T ety [wo— ws1+ €(s = D, — i€*(s = 1)b]- -+ [wg — s + €(2)w, — i €*(2)b ][wo — wy + €V, — 1€2(1)b] *

where for convenience, we have introduced the parameters €(1),

(4.1)

€(2), ..., els=1). Itis clear that the

values taken by these parameters will determine the matrix element connected to the process we consider.

We do not describe the method leading to the exact evaluation of K‘

since it has been discussed at length

in previous papers.®? Nevertheless, the functions P, V, and y of Ref 6 depend now on the set of param-

eters €(1), €(2), ..., els~-1).

1,12,...,1 1.l

Tyrbgresart gpd

3e(€(1), 24| P) ¥ inyecan,  rmet 0y | 9) = DLy, lzll’)y(:(zyz;?;z;;:fff;(ti-x) |p) - 8(e(1), 0)S*71 (g, 21 | )P

loslsseeesld ol
5e(€(2), Lo | )Y (FaySecar, . Smaet s-nlf’)_:fD(lz: 13]2) Y {3y ety o Smme oot

Finally, the set of equation which is to be solved may be written as

Holgreen Tgetrl
€(2)5000s6(51)

|1) = 8(€(2), 0)8172 (g, I | PYP (2 orec by

e(els - 1),1,]p)y 55;1;,3| ) ;:o(zs_lzs| P)YA,|p) - 8(els = 1), 0)S P (g, 1)) P ory 1y) - o
3, D, and S are defined by
3, 1]p)=[p%+ 2(wq + €w, ~ 1€2D)] j—p +2[+Dp-1] , (4.3)
(I, l,|p)= {T;=1,+1) ((211+ 1) Zl‘L +p izé‘)ﬂ-(l,-l;+1)ﬁ , (4.4)
p © ap
Sty = 7wz LR, 1|7} (4.5)

dp'*
where £{ } stands for the Laplace transform. The additional terms
2 l, cveeend _qol
{6(e;, 00842 (nﬂll‘p)P(e{J’r{;}....e( sh ot

on the right-hand side of Eq. (4.2) arise from the exclusion of the state (ng, ;, m,), in the summations over
intermediate states, when €(j)=
The induced shift of the ith level is given, up to the Nth-order approximation, by

N=1 s s-1
A(—wy)=20 ( 7 ) O [6(e(2j+1),1)+8(e(2j+1), —1)] 6(e(2), )R e(@s ~ 1)) (4.6)
=1 \WpLp i=0
where the notation {e,} is used for the set €(1), €(2), ..., €(i); F is the photon flux in CGS units and
Fy=3.22X10* cm™sec™. The function &, is defined as
slgseeeslpicensl
G {e@s = DN =G,y 745 + -« Iy sMzseilimm VP, (b st ) @.7
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The angular function G and the radial function P have the same meaning as the ones used in Ref. 6.

For bound-bound and bound-free transitions, the values taken by the parameters €(i) are determined
through formulas which are somewhat more complicated than the preceding one. This is because we must
take into account all the contributions arising from the repeated occurrence of processes involving absorp-
tion-emission and emission-absorption of photons. The values of the parameters € are easily determined
if we define the following functionals:

Y™ (i) = 8" (€Mp + 2m = 1), £V () +1) + 6 (e, + 2m = 1), £ () = 1) , (4.8)
jm

Z(um) (]m) = H 5,[E(nm-l'*'l +2m ~ 2)9 5'(V)(71m-1+l)] ’ (4 9)
1=0

where £ =£"/w,, £ being given by Eq. (3.23). 8’(a, ) is zero unless any number « coincides with
in which case it equals unity. 7, is defined in terms of the integer j,, as

M =Nmet+Jm s No=0 . (4.10)
In combining Egs. (4.8) and {4, 9) we define
k
W inad)=(TT 0GB G) 250 G) @.11)
m=1

Therefore, the cross section for the multiphonon bound-bound transition which takes place between the states
(nolgmy) and nylymy) may be written as

87 F )N'z w, ¥
vy _ 8T 2 Wg
98B = g7 70 <F0wp W) El

ZOW - DR {ew - D}

B () 2 bt -1 20 g - Doy - . @12

1 \Fowy/ (1)

#p is the classical electron radius and the index v is related to the emission of the single photon of energy
wg in the Raman-like process we consider.
The ionization cross section for the state (nyiym,) is

AN 47T27’?6 }..( If__>--l
B

3 Fo(&)p

. 2P0 - DR (e - 1))

w1 \Fowy

> F O\ > WA (0 2
+Z;( > o Wy iR {eV - 14+ 20)D) p(Nw,) , (4.13)
k

where a is the fine-structure constant. In Egs. (4.12) and (4.13) the sum over {j,} is achieved if we make
use of the following relations:

Ji+fet  +jp=N-1, ji1>1 . (4.14)
[
V. NUMERICAL RESULTS level shifts are plotted against the photon flux F.
Apart from the 3S level, we are roughly concerned
The induced shifts and induced breadths related with linear flux dependence. On the other hand, the
to some energy levels of H are computed at shift of the 1S level is such that the ionization po-
10600 A, The value of the level shift, calculated tential is slightly raised. From this last result,
up to the third approximation, is to be deduced an important lowering of ionization potential can-
from not be invoked in order to explain the observed
Ay=A, F+B, F2y Cans . (5.1) abno‘rmal va%uenof t.he order of nonlinearity for
multiphoton ionization processes. A further re-
In the first approximation, the level breadth is to mark is that the 1S and’'2S levels have nonvanishing
be determined from induced breadths with regard to electric dipole
transitions.
Loy =D F The theo ted so far i i ic
ry presented so far is applied to a typical
The coefficients 4,;, B,;, C,;, and D, cccurring three-photon ionization of hydrogen in the 25 state.
in Eq. (5.1) are given in Table I where F is ex- The calculations are worked out in the displaced
pressed in CGS units and A,; and T",; are in eV, energy picture. We have ignored the contributions

As an example, in Fig. 2 the values of several due to corrections to external electron lines, We
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TABLE I. Coefficients of Eqs. (6.1) and (5.2) for some hydrogen states. The number in parentheses indicates power

3S

3P

3D

of 10.
nl 1s 28 2P
Ay +1,9795 (- 32) +2,6225 (- 32) +2, 9567 (— 32)
By, —2.4248(~65) —1.0405(—64) ~5.0932(-64)
Cy +1,9928(~ 96) +2,2211 (- 96) +1,4412(- 95)
D, +1. 8174 (- 40) +1.0777 (- 39) +5,8063 (- 40)

—8.0383(—33)
—2.0225(-63)
+6.7477(-93)
+5.0239 (- 39)

—-1.7472(- 32)
-2.2191(-63)

—1.1769(-94).

+1.8044 (- 39)

—3.3609(—32)
—2.6586(—63)
—3.5059(—93)
+4.3055(—39)

have limited ourselves to the first approximation
for the induced shifts. The radiation wavelengths
are chosen in such a way that the second absorbed
photon originates a resonance with the 4S and 4D
intermediate level. This happens when ),
~9725.4 A. Simultaneously, one observes that a
resonance is induced with the 3Plevel for the first
absorbed photon.

Figure 3 shows the dispersion curves for dif-
ferent values of the radiation linewidth (solid
lines). The dashed lines represent the energy dif-
ference A83p(w,) =wss,sp +w, — Re[Wis(was, a5 + 20,)]
and the dotted lines represent the function
Im[W3s(wss, 45 + 2w,) ]+ b. It is straightforward that
the first resonanc: peak at 9723 A is due to the
close neighborhood of the 3P level and the dis-
placed virtual level of energy wyg+w,. At this
wavelength the induced damping is small with re-
gard to the radiation damping. Then, the amplitude
of the peak depends on the radiation linewidth. As
the wavelength approaches the value 9725.4 A, this

_2 |
5Sx10 Alev)
4x1072}
3x1072

2x1072

resonance is rapidly detuned while the induced
breadth increases. When 1,~ 9725 A the induced
breadth reaches its maximum value and
Re[W3E(was, 45 + 2w,)] vanishes. Then A83p(w,)
exhibits an additional minimum value and a distor-
tion on the dispersion curve appears. Apart from
this sligoht modification, it is clear that for A,
~9725 A the effect of the one-photon resonance is '
practically washed out. Then, in order to explain
the second resonance peak appearing on the dis-
persion curves, one must refer to Fig. 4. Here,
the dashed lines represent the energy difference

A8,45(2w,) =wag, 45+ 2wy — Re(Z) Wis(was, s +°Jp)) ’
i

whereas the dotted lines represent the damping
term

Im(Z) Wis(sz,,+w,))+4b .
]

For this two-photon resonance the induced shift
and induced breadth have very small variations

FIG. 2. Photon flux dependences
of induced shifts for some energy
levels of the hydrogen atom. The

wavelength of the radiation is 1.06 p.
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FIG. 3. Three-photon ionization cross section of H in
the 28 state as a function of the wavelength (solid lines).
The dashed lines represent the real part of the denomina-
tor related to the first absorbed photon. The dotted lines
are the plots for the corresponding damping term. The
values of these two last quantities are to be read on the
right-hand-side scale. The photon flux is 10% em™? sec”

with regard to the radiation wavelength and have
small amplitude. In contrast to the preceding
case, the resonance condition is obtained when the
energy difference w,g,s5+ 2w, is made as small as
possible and comparable to Re{3; Wi (w,s, ,+w,,)}.
In practice, the one-photon and two-photon reso-
nances cannot be identified without a careful anal-
ysis. One observes that the most sensitive effects
are originated by the one-photon resonance. This

is illustrated in Figs. 5and 6 where we haveplot the '

three-photon ionization cross section against the
photon flux F. The wavelengths are close to that
which induces a two-photon resonance on the 4S
and 4D. The two sets of curves correspond to
equally spaced wavelengths located on both sides of
9725 A. The radiation linewidth is equal to 0. 25 A.
In Fig. 5, each curve shows a slope which is
greater than two, the value predicted by the lowest-
order theory. For a particular value of the radia-
tion intensity, a one-photon resonance with the 3P
level appears. The corresponding resonance peak
is displaced towards lower intensity values when
the wavelength approaches the resonant one. For
values of the wavelength exceeding 9725 A the

Y. GONTIER AND M. TRAHIN 7

curves shown in Fig. 6 exhibit decreasing values
for the order of nonlinearity; in varying the photon
flux a one-photon resonance with the 2P level
arises and the absolute value of the slope is rapidly
increased. It must be noted that for a given wave-
length the cross section shows several peaks as
the photon flux is varied. Each of them corre-
sponds to a particular level for which the resonance
condition is satisfied. For example, in Fig. 5 the
curve representing the plots of the cross section

at 9725 A has two resonance peaks. The first is
connected to a one-photon resonance with the 3P
level and the last involves the 5P level.

In Fig. 7 the order of nonlinearity for this three-
photon resonant ionization is plotted against the
wavelength (solid lines). We have considered the
previous typical values for the radiation linewidth,
but here the photon flux is F=10%® cm?sec™. A
comparison with the corresponding dispersion
curves (dashed lines), shows that the important
variation in N’ are originated by the one-photon
resonance.

PR S
9723 9725 9727

e i
\ 1., . . AA
\i Toizz o125 v
H10°" [
3 i
i~ ]
(.
. NA
9723 9725 9727

FIG. 4. Dispersion curves for the three-photon ioniza-
tion cross section of H in the 28 state (solid lines). The
real and imaginary parts of the denominator correspond-
ing to the second absorbed photon are represented by the
dashed lines and dotted lines, respectively. The right-
hand-side scale refers to these two last quantities. The
value for the photon flux is 10%° em™ sec.
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FIG. 5. Three-photon ionization cross section as func-
tion of the photon flux. The wavelengths considered are
greater than 9725.4 A. The first peaks observed in the
curves are produced by a one-photon resonance with the
3P level. At 97252 the second peak corresponds toa one-
photon resonance with the 5P level.

VI. CONCLUSION

This emphazises the fundamental role played by
the higher-order terms provided by the S-operator
expansion. We have shown that they must be taken
into account when a resonant multiphoton process
is considered or when high-intensity sources are
involved. In this last case a question arises about
the validity of the perturbation theory.2® Then, we
have limited ourselves to small photon flux values.
After summation of all nondivergent higher-order
terms, the expression for the perturbed Green’s
function has been set up into a close form. It ex-
hibits significant modifications concerning its en-
ergy denominator.?® One observes that the virtual
levels, occurring in any multiphoton process, are
shifted and broadened. The calculation of the shift
and breadth have been carried out when the energy
of a virtual level coincides with the energy of a
real level. We have seen that, in the hydrogen
atom, the ionization potential is slightly raised.
These perturbations in the energy of the virtual
levels strongly modify the behavior of any reso-
nant multiphoton process. The example we have
considered in Sec. V has shown that a two-photon
resonance induces a one-photon resonance in a
three-photon absorption process. In taking into
account the damping caused by the radiation, one
observes that the one-photon resonance produces
the dominant modifications. When the value for
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‘]028 1029 ‘D30 1031

FIG. 6. Three-photon ionization cross section as a
function of the photon flux. The wavelengths we consider
are smaller than 9725.4A. The peaks shown inthe curves .
are produced by the one-photon resonance with the 2P
level.

the radiation linewidth is increased, the two-
photon resonance effects becomes negligible with
regard to that induced by the one-photon resonance.

:—10'19

A LNA
9723 915 9727

FIG. 7. Effective order of nonlinearity N’ as a func-
tion of the wavelength (solid lines). The dashed lines
represent the three-photon ionization cross section. The
value for the photon flux is 10%® em™ sec.
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A confusion can exist for the interpretation of the
remaining peak in the dispersion curve and only
a detailed analysis yields a correct identification.
It must be noted that the discussion can be ex-
tended to a more general case. One can imagine
that, in a N-photon absorption process, the
(N - p)th absorbed photon gives rise to a resonance.
Then, one would observe the resonances induced
by the (N—p ~1)th and (N - p + 1)th absorbed photon.
We have shown that in the presence of a reso-
nonance, the order of nonlinearity is a rapidly
varying function of the radiation wavelength.
Therefore, it is clear that this quantity no longer
J

represents the number of absorbed quanta. These
new effects predicted by this theory have been con-
firmed by recent experiments. '*~!7 Nevertheless,
their physical interpretation will need further
careful investigations.
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APPENDIX

We derive here the explicit forms of level shift and level breadth which are used in numerical computa-
tions. For this purpose, we split the complex perturbing term W,,(-w,) given by Eq. (3, 24) into its real

and imaginary parts. When this is done one finds

Wonl = o) = AP (=) + A2 (=) + -«

'+%i[r§ull)(—wn)+rr(xﬁ)(—wn)+'“] ’ (A1)

where Al (w,) and T (w,) are the ith approximation to the shift and breadth connected with the nth level,

respectively.

In the nonrelativistic dipole approximation it is easily shown from Egs. (3.24) and (3. 25) that when no

resonance occurs in W,,(-w,), one gets

AD (= o)~ Z<(P‘)M(.b‘);n L 2Dy )
i

Fow, Wi=Wy+W, Wi—Wy—Wy

Fowp/ 7 #n r \Wi—wptwy

rs.:,)(-wn)“
Fow, Wi—WytWy Wi—Wy= W,

r®w)~>2 2 E( (P2)niD2)i; + (P)uilD i

(wi"wn_wb)

: 7n ok \wi—watw,)

-

A(z)(_wn)~( F )222 E((p,),,g(p.)q L 20y )_1_((13,)3(1»,)&,, +(p,>ik(p.)&,)
. ) :

Wi= Wy~ W,

____E_ i <(p‘)ni(p‘)in + (P‘)Ei(P‘)en )'y;,(—(:)i) ,

- Wy wk—w,,-%w, wk—w,,—w,
(A2)
Yii¥ 11V (po)lp,) (p)lD,)
(i (et il e B
(A3)

where p, is the z component of the electron momentum operator, i.e., the component of the momentum op-
erator in the direction of the polarization of the radiation.
Apart from F which is expressed in CGS units all quantities appearing in (A2) and (A3) are dimensionless

multiples of atomic units.

Because of the smallness of the natural linewidth (y <1.5X10™® a.u.), we see that the dominant contri-
_bution to T' is brought by 'Y, then the higher-order approximations to I" will be neglected.
It is not so for A. Thus it may happen that with increasing values of the flux the term A® brings out
significant contributions and then acts as a smoothing factor which limits the growth of A with respect to

F.
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