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Two-photon emission from heavy elements with a single K-shell vacancy (e.g. , Cu ) is considered.
Simple closed-form expressions are given for the spontaneous, singly stimulated, and doubly stimulated
two-photon emission rates. The material parameters relevant to these two-photon processes are shown to
be the one-photon absorption cross sections and oscillator strengths.

I. INTRODUCTION

We describe here a simple theory of the decay
of a K-shell vacancy in heavy elements such as
Cu by the process of two-photon emission. ' Spon-
taneous, singly stimulated, and doubly stimulated
processes are considered. We show that with
suitable approximations the matrix elements de-
scribing the material parameters important to
the two-photon emission process can be obtained
from those describing one-photon emission and
absorption. This permits us to obtain simple
closed-form expressions which contain only known
material parameters. The close relationship be-
tween corresponding linear (one-photon) and non-
linear (two-photon) processes is similar to that
found previously, and appears to be character-
istic of the x-ray region. Since the two-photon
emission rate is found to be comparatively intense,- 10 the one-photon rate, there exists the pos-
sibility of experimentation.

Two-photon absorption and emission by atomic
hydrogen' and by heavy hydrogenic ions have re-
ceived very con.siderable attention. Although in-
ner-shell electrons are often considered to be hy-
drogenic in nature, this important body of work-
which provides the necessary background to our
present treatment —cannot simply be applied to
many-electron. ions. The reason is that the sets of
intermediate states available to an I -shell electron

in atomic hydrogen, for example, are very dif-
ferent from those which are available in Cu. These
distinctions are made more apparent later when
the similarities and differences between the two
kinds of systems are discussed.

The model we use here is that of a single elec-
tron moving in some effective spherical potential.
It is supposed that this potential reproduces the
set of energy levels which are available to the
electron. Such a description considers only the
existence of sin. gle-particle excitations and is thus
equivalent to a representation of the wave function
in terms of a single Slater determinant. We ex-
plicitly neglect electron spin, since we assume
that two-photon emission accompanied by a spin
flip is a weaker process than one in which no spin
flip is required. '

In order to be specific, we treat the case of a
Cu' ion with a single K-shell vacancy, and consider
the process of two-photon emission by an L-shell
electron dropping down to fill this vacancy. The
initial state of the system is thus an electron in
the I shell and a hole in the K shell, while in the
final state the position of the electron and hole are
reversed. The energy levels available to the elec-
tron are shown in Fig. 1. While we treat an iso-
lated ion, we consider our results to be applicable
to solid copper. The reason for this is that the
deep K- and I -shell electrons are not much af-
fected by the presence of other atoms, while the
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FIG. 1. Energy levels of
the one-electron model used
(not to scale). The binding
energies are listed in elec-
tron volts for Cu. In the ini-
tial state the electron is in
the L shell; in the final state
it is in the K shell. The
first empty excited state is
the N shell. Note the small
spread of the excited bound
states, - 8 eV, relative to
the large L- and X-shell
binding energies.

specific properties of the empty bound states do
not, as we show later, enter explicitly. The con-
tinuum states might be expected to be very dif-
ferent for the free ion and for the solid, but, ex-
cept near the absorption edge, the one-photon
photoionization coefficients, which are dependent
upon the properties of these states, are known to
be approximately independent of the chemical corn-
position of the sample. This implies that the same
is true for the wave functions, probably because
an electron in the continuum sees" mainly the
screened spherical potential of the heavy hole it
lef t behind. We expect, theref ore, that the gross
features of two-photon emission by a heavy ion
will be a characteristic of the ion and only secon-
darily dependent upon its environment.

In the following sections we treat first the ma-
trix elements describing the material parameters
and then the spontaneous and stimulated transition
rates.

II. MATRIX ELEMENTS

The matrix elements describing the transition
of an electron between a state of higher energy
I k) and one of lower energy (l ), with the simul-
taneous emission or absorption of two photons,
were first given by Goppert-Mayer. ' Although in
her work she employs the dipole approximation,
which is inappropriate for the x-ray region, her
results are easily modified to permit inclusion of
the complete vector potential. ' " With the wave
vector k& and unit polarization vector u; of the
output field at frequency ~;, we may write the
matrix elements as

3P) (~g, wg, kg, k~, uq, fs2)=M, (A A)+M, "((p ~ A) ).
(l)

Here M(A A) arises in first-order perturbation
theory from the A term in the interaction Hamilto-
nian and is given by

M, "(A A)=u, * u2(k
~

e' &'"2"
~

l ) . (2)

M((p A) ) arises in second-order perturbation
theory and ls given by

M,"((p. A)')=(@/I)(&+ vi, 2) ~ [(k l(u~ &)e*"''
~P&

&:(P
I

(u2 &)e'"2'll&/(~&i- ~2)],
(3)

where the operator m&, 2 permutes the subscripts
1 and 2, and 0» is the frequency of the transition
from the intermediate state

~
p ) to the lower state.

In keeping with our model, we have suppressed the
sums over one-electron operators in Eqs. (2) and

(3).
We obtain initial estimates of Eqs. (2) and (3)

by noting that even in the x-ray region an expan-
sion of the exponentials is frequently permissible.
If a is the radius of the K shell, it is easily seen
that ka = 2 nZ, where n is the fine- structure con-
stant and Z the atomic number. For Cu we have
ka = 0. ll. For M(A. A) one obtains by inspection

M, "(A A) = i(ka) —(ka)'+ . ~ ~, (4)

so that only the term linear in k need be retained.
M((p ~ A)') may be estimated by noting that when
~&= &2= ~, is less than & the smallest possible
0», so that the approximation ~» — = ~» ap-
pears reasonable. Here the leading term is in-
dependent of ~ and ls

M, "((p A) )=(k ~z
—

i
l)= —,',

while the next-higher-order term is smaller by a
factor of order ka.

When only leading terms are retained, Eq. (2)
contributes only to the 2P- 1s two-photon transi-
tion and Eq. (3) contributes only to the 2s - 1s
transition. This division, however, is valid only
if one of the frequencies, e. g. , ~&, is not too
small. When ~& is very small compared to all
allowed values for 0» and 0», it may be seen
that

lim M, "(A A)= —lim M, "((p A)~) .
wo

1

This is an exact result, so that in this limit the
contributions of M(A ~ X) and M((p ~ A) ) become
mixed together. Since % goes to zero with +„we
will not concern ourselves to any great extent with
this low-frequency limit, except to point out how
the effects of Eq. (6) differ for the present prob-
lem and for the case of a hydrogenic system.

For Cu, the condition ~&- 0 is satisfied if ~& is
small compared to the frequency of the I.-absorp-
tion edge at -933 eV. For a hydrogenic system,
however, the near degeneracy of the 2s and 2P
levels, for example, requires a very much smaller
value for ~&. For such systems the limiting form
for is easily obtained. If the splitting of the
upper state I k) and its near-degenerate partner

I Q„) is 5„, then
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5tf,"(,- 0) =
COy+ 5g

x&p„
I
(u, v)e'"3' I &,

while, when the lower state is degenerate,

@Qay.~ ~y+ &p+ 2&y(op cos82 2

2mc Q~p ~
(9)

where g2~, ~ is the oscillator strength of the one-
photon 2P ls transition. In writing Eq. (9), we
assume a polarization-insensitive detection appa-
ratus.

To zero order in ka, we may write

((p' A) )= (" '" )& &» Ix Iu&&u I»
I
»&

1 1
xQp 2, Qp ~ — — +

Qp @- (o~ Qp, ~- p

(10)
Note that

Iim M„"((p' A)~)= O as (u, -O.
This may be easily established with the aid of an
important theorem':

g(Q,„.Q„)&h le lp&&p l~ l»=0. (12)

We proceed to an evaluation of Eq. (10) by
establishing a relationship between the sum over
bound states and the integration over the continuum.
From Fig. 1 we observe that for all intermediate
bound states ~P&, Q~ z, may be well approximated
as constant and equal to the frequency of the J -ab-
sorption edge, Q&. Similarly, Q~, z may be set
equal to the K-absorption edge frequency Q~. All
that we require about the bound states, then, is
the sum

bound
states

This expression may be related through Eq. (12)
to an integration over the continuum states. Our

Sg,"(urq-0)= ' - &h I(u2 v)e' 2."lp, &
(u j —5g

x&y, I", -II&.
Because of this property, the two-photon emission
spectrum for hydrogenic systems "falls to zero
much more slowly with ~& than does the spectrum
of the many-electron systems of interest here.

Returning to the problem at hand, retaining only
leading terms, and writing 8 for the angle between

k& and k2, we have

2p 1+cos 82

~ lM '"' 4 l ~-i ~-~- =(

=+( (» lulu& I(» lel»
The justification for Eq. (14) is discussed further
in the Appendix. The right-hand side of Eq. (14)
we obtain from the absorption cross section

p (Q )=4rQQ
I

&J lz IP& I, (15)

where J=K or L for the 1s or 2s states. In

Eqs. (10), (11), (14), and (15), the necessary den-

sity- of- states factors have been absorbed into the
matrix elements. Although several- term expan-
sions are available as a representation of the ab-
sorption spectrum, ' here we use only the simple
result

p j(Qp j ) = 47TfOC Q jgj'/Qp j2 3 (16)

where g j is the total oscillator strength of the
J=K or L electron. We thus have

( I ~ ((p. A)')
I &,.i.~*.n.-= I. '(1+ '8)]em~

where

X [Q (2+ (QihQ j/&1%2) Inf 12]

(17)

4'i2= QxQj, /(Qx &i) (Qx —"2-) .
Note that our final results, Eqs. (9) and (1V), con-
tain only parameters relevant to the process of
one-Photon emission and absorption, so that we
have achieved a reduction of the problem in terms
of quantities that may be presumed known.

III. TRANSITION RATES

The rate at which a K-shell vacancy is filled by
an L-shell electron which emits &, spontaneously
into a solid angle &Q~ and &d& into &Q& is'

where d~ is the bandwidth of the emission and xo
the classical electron radius. Here we write

&15jf.
' I'&=&I~~" I'&+&IM~ I'&. (19)

In the presence of an unpolarized field with in-
tensity I& at u&, we have for the process of singly
stimulated emission:

Ii'~".'x= «~'(@"./~") (f2m~1)&1%.
I

&~Q~/4'-
(20)

In the presence of two unpolarized uncorrelated

problem thus reduces to finding a form for the de-
pendence on energy of the matrix elements
& 2s ) z ) p) and (p [ z [ ls ) when ( p ) is a state in
the continuum.

Following Breit and Teller, "we write for con-
tinuum states:

&2s le
I
p & & p le

I

ls &
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very large one-photon background. Nonetheless,
elimination of this background by suitable energy
discrimination and fast- coincidence techniques
seems possible. It thus appears that it is present-
ly feasible to measure the two-photon spectra de-
scribed here.
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FIG. 2. Two-photon spectrum [Eq. (17)] of Cu (solid
curve) and of H tRef. 5(c)] (dashed curve). The H spec-
trum goes to zero linearly with ~~ because of the 2s-2p
degeneracy. The Cu spectrum goes to zero as v~. This
latter behavior follows quite generally from Eqs. (6) and
(18) and is not dependent upon the detailed assumptions
of the calculation.

We discuss here the justification of using Eq.
(14) for the continuum states. A necessary condi-
tion for its use is that the matrix elements be real
single-valued functions of the energy of the states
[ P ). Since the angular momentum selection rules
effectively eliminate the orbital degeneracies, we
need only demonstrate that the radial part 8 of the
continuum functions can be taken as real and non-
de generate. Writing

fields with intensities Iz and I2, we have for doubly
stimulated emission:

X= rB = Me'~,

X satisfies

(A1)

0» is a normalized line-shape function for the 2P
level, and oa, is the corresponding quantity for the
2s level.

E the fields are polarized, the factor 1+ cos 8

in Eqs. (9) and (17) must undergo suitable replace-
ment. When the fields at && and &2 are correlated,
the product I,I& must be replaced by the appropriate
correlation function. ' If the transition proceeds
by absorption of ~ or ~&, the sign of the frequency
being absorbed is to be changed.

At present only weak x-ray fields are available,
so that the stimulated processes in Eqs. (20) and

(21) are not amenable to observation. This is not
the case for the spontaneous process in Eq. (18).
With &0&-&2-4m', d&-+-10' Hz, and )It' l- 10, we have 5'L, ,'Il.

- 3~10 sec '. This is approxi-
mately 10 the one-photon transition rate and does
not, in fact, differ greatly from that expected for
a hydrogenic model""' "' (WP'z-8Z = 5x 10
sec ') for Cu. In Fig. 2 we compare the two-photon
spectrum we compute here for Cu and that corn-
puted by Spitzer and Greenstein "for a hydrogenic
system.

Since more than 10"K-shell vacancies/sec can
easily be produced in the laboratory, 10' photon
pairs/sec are available for detection. This ex-
ceeds the rates available in the experiments of
Marrus and Schmieder. " The present experi-
ment, however, is plagued by the presence of a

where f is some real function assumed analytic
everywhere except at the origin. Then

MQ" + 2$'M' = 0,

so that for all ~40,

M Q'=C,

where C is a constant.

(A3)

(A4)

If at some point v= p O 0, M(p) = 0, then C = 0 and
Q' is everywhere zero. Therefore, either Q is a
constant and 8 is pure real, or M is nowhere zero.
Since the former assertion already satisfies our
requirements, we concern ourselves with the im-
plications of the latter. Forming the set of de-
generate real functions

X+ X+X

x-=i(x- x*),

(A5a)

(A5b)

we observe that if g, (x)=0, y (x)40, and vice versa,
for all ~+0. If we enclose the system in an impene-
trable spherical container, then if X, satisfies the re-
sulting boundary conditions, X cannot, and vice versa,
'so that only one of these functions need be retained.

An additional requirement for our use of Eq.
(14) is that the energy dependence of the sign of
the product of the matrix elements be known. It
is easily seen that this sign is independent of ener-
gy, since a change of sign implies, by continuity,
that the matrix element, and hence, the photoion-
ization cross section, vanish at the crossover point.
This, however, is contrary to experience.
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The spectra of carbon K- and argon L-shell Auger electrons resulting from ionization produced by

0.15—0.50-MeV/amu a particles and deuterons incident on a thin gas cell have been measured. Absolute

ionization cross sections were obtained from the Auger-electron yields and, in addition, the yields

obtained with equal-velocity projectiles were used to test the projectile z dependence of the ionization

process. Intense satellite structure was observed in the Auger spectra and these features were attributed

to Auger transitions from multiple vacancy states formed during the collision. '

I. INTRODUCTION

Several measurements have been reported ' in
which comparisons of x-ray yields resulting from
equal-velocity at-particle and deuteron or proton
bombardments have been used to test the theoret-
ical predictions'4 that K-shell ionization cross sec-
tions are directly proportional to the square of the
projectile charge. Significant deviations from the
expected dependence have been deduced on the as-
sumption that the fluorescence yields (which relate
x-ray production cross sections to ionization cr~ss
sections) are the same for a given target element,

regardless of the type of projectile being used to
produce the ionization. It has recently been dis-
covered, however, that even in collisions involving
relatively light ions, such as n particles and pro-
tons, appreciable L-shell ionization frequently ac-
companies the production of a K-shell vacancy.
Since the fluorescence yields for multiply ionized
states are expected to differ from those for singly
ionized states, the assumption that the fluores-
cence yield is independent of the exciting particle
could lead to erroneous results, especially for
light elements where the effects of multiple ion-
ization may result in a relatively large change in


