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Continuous-wave NMR was used to study the temperature dependence of the static nuclear magnetic
susceptibility of solid He® and solid mixtures of He' in He’. Measurements were performed in the
purest sample (3.7 10~ He' in He’) at four molar volumes (21, 22, 23, and 24 cm'/mole) in the bec

5

phase, and at several He' concentrations ranging from 3.7X10"* to 2.0x10°* at 21 and 23 cm‘/mole.
The temperature range of the measurements was from 0.95 to 0.32 K. The data were fitted to a
Curie-Weiss law with an rms deviation from best fit of less than 10~ % and best values of the Weiss
constant 6 were obtained. Susceptibilities and temperatures were measured to better than 0.1%. The
temperature scale was based upon the susceptibility of the purest, most-dense sample. The desired
accuracy in the susceptibility measurements necessitated a new method of data reduction. The accuracy
in the extracted values of @ was better than 41 mk. The values of 8 in the purest sample
(—0.244-0.82 mK at 21 cm’/mole, —1.034-1.06 mK at 22 cm’/mole, —1.494-0.27 mK at 23
cm’/mole, and —3.074-0.78 mK at 24 cm’/mole) agreed within experimental uncertainty with those of
earlier workers, operating at lower temperatures. They provide a high-temperature check on those
measurements. The measured effects on 6 of the He' impurity are consistent with the work of Richards
and Homer, but the measurements show an improved accuracy. The data, as a function of x, the
atomic fraction of He®, have been fitted to the equation 6(x) = 6,(1 + Kx). Values of K of —430 =450
and —194-10 were obtained at 21 and 23 cm’/mole, respectively.

I. INTRODUCTION

During the past decade there has been counsider-
able theoretical™2® and experimental?*~* interest
in those properties of pure solid He3, as well as
solid mixtures of He* and He®, which depend upon
the exchange interaction between He® nuclei. Many
of these properties have been described by means
of a Heisenberg Hamiltonian

H¥=-272 8- §, 1)
(nn)
together with the usual dipole-dipole and Zeeman
terms, where J is the exchange energy and the no-

tation (un) indicates a sum over nearest-neighbor
pairs only. % n the presence of He* impurities, a
second term!**® has been added to Eq. (1) in order
to describe the exchange between a He® and a He*
atom;

H}*=-2J'" 7} D}, Dj,, (2)

(nn) o

where we have used a notation similar to that of
Balakrishnan and Lange. ® It is possible that the
presence of He? in the He? lattice also leads to
modification of Eq. (1) by creating a local distor-
tion around the He? atom. !* This distortion might
produce an enhanced value of J.
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In solid helium the combined effects of small
atomic mass and weak interatomic potential pro-
duce a large spread in single-particle wave func-
tions around the equilibrium lattice sites, with an
accompanying large zero-point motion and near-
neighbor wave function overlap. The probability of
exchange between neighboring helium atoms is thus
relatively large, and this is reflected in non-neg-
ligible values of nuclear exchange interaction, a
situation unique to solid He®, Further, the mag-
nitudes of J and J’/ can be varied over a wide range
in solid helium by changing the interatomic distance
through pressurization.

Experimental investigation of those properties of
pure®® solid He® influenced by Eq. (1) allow mea-
surement of J. In particular, at temperatures less
than a few tenths of a degree below the melting
point, H? plays a major role in determining the
modulation of the dipolar fields at individual nuclei,
and thus the nonequilibrium dynamics of the spin
system. Magnitudes for the exchange energy J can
be deduced from measurements of the transverse
and longitudinal nuclear relaxation times. Relevant
experiments?32426=2 an( their interpretations have
been reviewed by Guyer, Richardson, and Zane, °!
as well as by Richards. ** HY'® also strongly influ-
ences the equilibrium thermodynamics of the solid
below about 0. 2 K, which provides the basis for the
extraction of exchange energies from the pressure-
vs-temperature measurements performed by Adams
and co-workers® in Florida. In addition, H>®
strongly affects the melting curve of He® below
about 10 mK, as seen in the experiments of Wheatly
and co-workers. ¥

Finally, H>®influences the equilibrium magnetic
properties of the solid and predicts a nuclear align-
ment temperature in low magnetic fields of order
|J1/k. Sufficiently far above this temperature the
nuclear magnetic susceptibility closely follows a
Curie-Weiss law,

X=T_§ ®

with a Weiss constant for a bcc lattice given by
6=4J/k (4)

(see Ref. 53).

Early susceptibility measurements in pure
pure®+2:25:32 He3 were not accurate enough to un-
ambiguously determine J, but at best could put up-
per bounds on |J|. The more recent and more ac-
curate work of several groups® ™% has, however,
shown that 6, as defined in Eq. (3), and thus J, is
negative in the bcc phase, implying antiferromag-
netic ordering at very low temperatures. Addition-
al evidence® is provided by measurements of P vs
T in the presence of high magnetic fields, though a
very similar experiment did not obtain this result.?
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Determinations of J in pure He® by the methods
just described have been thoroughly reviewed in a
paper by Richardson. ® General agreement, to
within a factor of 2, is found among the various de-
terminations,  at all molar volumes throughout the
bce phase. The dependence of J on molar volume
is also in fair qualitative agreement with theory.

The situation with regard to dilute solid mixtures
of He* in He® is less clear. While pressure-vs-
temperature, susceptibility-vs-temperature, and
relaxation-time measurements have been per-
formed on such dilute mixtures, a consistent inter-
pretation of all the experimental data appears to be
lacking. The presence of He? strongly affects the
He® nuclear relaxation times. ***~% Ag reviewed
by Guyer et al., *! the effects can be accounted for
by the presence of H>'* in the total exchange Ham-
iltonian. Bernier and Landesman, however, have
pointed out that the effects can also be explained
with enhanced exchange. '

Henricksen, Pancyzk, and Adams*! have mea-
sured P vs T for several dilute He*-He® mixtures
and molar volumes, and to within the accuracy of
their experiment they found no effects due to the
He* impurity.

Recently two studies ofthe effects of dilute He* on
the temperature dependence of the susceptibility
have been performed. The first was that of Cohen,
Pipes, Verosub, and Fairbank. * They observed
large deviations from Curie—Weiss law behavior in
some cases, and Curie~Weiss law with very large
values of the Weiss constant, of both signs, in
others. The later measurements of Richards and
Homer®® showed Curie— Weiss behavior, with a
Weiss constant of 0+ 5 mK at all He* concentrations
and molar volumes, apparently inconsistent with
the results of Cohen et al,

In this work we have used the technique of nu-
clear magnetic resonance to reexamine the temper-
ature dependence of the nuclear magnetization of

dilute solid mixtures of He* in He® in the bcc phase.

Measurements were performed at four He? concen-
trations ranging from 3.5x107 to 2,.0X10™% The
purest sample was measured at 21, 22, 23, and
24 cm®/mole, while the other mixtures were mea-
sured at 21 and 23 cm®/mole. The temperature
range for the measurements was 0. 95 to 0. 32 K.
The recent measurements of the susceptibility
of pure solid He® by other groups® %% were all
performed down to temperatures below 40 mK.
The pressure measurements! and melting-curve
work®® were also very-low-temperature experi-
ments. The temperature region below 300 mK is
characterized by high thermal impedances, leading
to long thermal relaxation times; and also by long
longitudinal relaxation times. These effects might
possibly lead to errors in thermometry, due to
poor thermal contact and to saturation in the nu-
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clear spin system during NMR measurements,
These problems are present to a much smaller ex-
tent above 300 mK. The present work serves as a
high-temperature check on the lower-temperature
experiments. It also provides additional and more
accurate data on the effects of He* on solid He®
through a study of changes in the Weiss constant
due to the presence of the impurity. In particular,
the apparent inconsistency between the results of
Cohen et al. 3 and those of Richards and Homer®®
is carefully reexamined. To our knowledge, the
susceptibility measurements in He3-He* mixtures
reported here are the most accurate of their kind
available.

II. EXPERIMENTAL TECHNIQUE
A. Refrigeration

Much of the cryogenic equipment was of conven-
tional design with well-known techniques used to
minimize the heat leak into the cryogenic regions.
Sample refrigeration was achieved by pumped He*
and He® refrigerators which attained temperatures
of 1.0 and 0. 3 K, respectively. The apparatus in
the vicinity of the sample chamber is shown in Fig.
1. The sample chamber was machined from nylon,
with the sample region having an i.d. of 0. 052 in.
and an internal length of 0.5 in. The exterior of
the chamber was provided with a small groove
which served as the form for the NMR coil pro-
ducing the ﬁl field. The chamber was screwed onto
a threaded copper fitting on the inside wall of a

He® Refrigerator
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/ )/-Vapor-Pressure Pot

Germanium Resistors
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= \NMR Coil

Exchange-Gas Can
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FIG. 1. Details of the apparatus in the vicinity of the
sample chamber.
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copper support can which acted as a heat shield.
The can was connected to the He® refrigerator by a
solid copper bar 15 in. long and % in. in diameter.
The sample chamber fitting was bored out to re-
ceive the fill line.

B. Thermometry

The sample temperature was measured by using
two commercial arsenic-doped germanium resis-
tance thermometers (GRT’s), one of which was
mounted on the He® refrigerator, with the other on
the top of the sample-chamber support can (see
Fig. 1). They were calibrated against the combin-
ation of a He3-vapor-pressure thermometer, and
the nuclear susceptibility of the purest and most
dense (21 cm®/mole) solid He® sample, by a pro-
cedure to be described in what follows.

The GRT’s were from two different manufactur-
ers, °° and both had a claimed repeatability upon
cycling between room temperature and 4, 2 K of
0.5 mK. Extensive checks of the repeatability
were made on a number of these GRT’s by cycling
the resistors in a standard liquid-helium storage
Dewar on the order of 100 times. Both of the re-
sistors used were repeatable approximately within
the quoted range. ® The repeatability between room
temperature and 0. 32 K, however, was only about
1 mK for the sample-can GRT, and much worse
for the He®-refrigerator GRT. The GRT’s were
nevertheless usable as temperature standards as
long as they were kept below liquid-nitrogen tem-
perature after calibration. Under these conditions,
the repeatability at 0. 32 K as measured against
vapor-pressure thermometry was within 0. 1 mK
for both over a period of several months.

The resistance-measuring currents used ranged
from 1.2 pA at 0.95K to 0.5 pA at 0.32 K, and
produced heating ranging from 4X 10" to 1x1073
erg/sec, which were observed to have negligible
effect on the germanium-sensing-element temper-
ature.

The GRT’s were checked for magnetoresistance
effects between 0 and 1 kG, An upper bound to the
observed magnetoresistance, AR(H)/R(H=0), was
0.05% at 1 kG and 0. 35 K. In addition, drifts of
one GRT with respect to the other which would rep-
resent temperature shifts larger than 0. 1% were
never observed over the entire range of tempera-
tures used.

A vapor-pressure bulb in the top of the sample
support can (Fig. 1) was connected to the room by
i- and %-in. thin-walled stainless-steel tubes,
which were thermally anchored at the He® refriger-
ator. These tubes were joined to the vapor-prés-
sure bulb by a common 4-in. annealed copper tube
which extended from below the He® refrigerator.
The principal vapor-pressure-measuring instru-
ment was an MKS Baratron type-77 differential
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pressure meter with two type-"77H strain-gauge
pressure heads, one with a range from 0 to 30
torr, and the other with a range of O to 1 torr. A
CVC, GM-100A McLeod gauge was also available.

The He3-vapor-pressure gas was analyzed by
mass spectrometry®” before the beginning of the
data collecting, and again afterwards, and found to
have a He? concentration of less than 0.1%. Ac-
cording to Roberts et al.,”® this is sufficient to as-
sure a temperature error of less than 0. 02% be-
tween 1.0 and 0. 3 K.

In order to calibrate the GRT’s, the nuclear sus-
ceptibility of the purest He® sample at 21 cm®/mole
was measured as described in Secs. II C and II D,
and assumed to follow Curie-Weiss law behavior.
The Weiss constant was calculated from Eq. (4)
using the value of |J| measured by Pancyzk and
Adams, 3! and the negative sign for 6 measured by
Kirk, Osgood, and Garber.® The Curie constant
was evaluated in the temperature region above
0.8 K, where vapor-pressure thermometry could
be used without application of a thermo-molecular
correction, Lower temperatures were then calcu-
lated from the measured susceptibilities. *®

By repeated measurement of the height of the
NMR signal, the thermal relaxation time for es-
tablishing equilibrium between the sample and the
thermometers was determined to be less than five
min at all temperatures used.

C. Susceptibility

The static magnetic susceptibility of the solid-
He® samples was measured using continuous-wave
nuclear-resonance techniques. Determination of
values of the Weiss constants with an uncertainty
of +1 mK or better, from data taken above 0. 3 K,
required measuring relative susceptibilities to
0. 1% or better.

A block diagram of the Rollins-type continuous-
wave spectrometer used for detection of the reso-
nance signal is shown in Fig. 2. The tank circuit,
tuned to a resonant frequency of 3. 54 MHz, had a
@ of about 80 and an empty-coil resonant impedance
of 2700 ©. A superconducting solenoid in the per-
sistent mode provided the large field, ﬁo, at the
sample. The measured field homogeneity during
operation was 0. 02%/cm. Further inhomogeneity
was provided by two large coils wound on the ex-
terior of the Dewar and powered by a stable dc sup-
ply. The f, field could be swept over a limited
range, by means of a small superconducting sweep
solenoid, which was part of the same closed loop
as the main solenoid (see Fig, 1). A 1-G change
in ﬁo was produced per ampere of current in the
sweep solenoid.

A phase-locked rf oscillator in series with a 1-
M& ceramic resistor provided a constant-current
source for the tank. The rf frequency drifted typ-
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ically less than 1 Hz out of 3. 54 MHz during a run,
but the amplitude often drifted on the order of 0. 5%.
The rf voltage across the tank was amplified by a
low-noise preamplifier built after the design of
Clark.®® The total gain of the amplification chain
was 1.6x10%, The amplified signal was rectified
and filtered with a resultant bandwidth of about 10*
Hz. The rectified rf voltage was monitored con-
tinuously. The detected nuclear-resonance signals
were averaged 64 times for each point by a Fabri-
tek model-1061 signal-averaging computer (SAC),
which had a 1024-channel memory. The H, field
sweep, and hence the resonance signal, was syn-
chronized with its memory address system.

Extraction of a measure of x, (the static nuclear
susceptibility) from the measured voltage signal,
with the precision needed in this experiment, re-
quired careful attention to tank-circuit analysis,
measured line shape details, and nonlinearities
and calibration of the spectrometer.

Bruce, Norberg, and Pake® early pointed out the
difficulty of obtaining resonance signals in a Rol-

Calibration hp8708A Fluke885AB
Logic Synchronizer Voltmeter
\ <
Yy -
Address hp 6066 Rectifier
rf Osc." :
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- M——————

y Yy Iy
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Y T_/\__r v 4
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FIG. 2. Blockdiagram of Rollins-type spectrometer.
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lins spectrometer of purely absorptive nature in
situations requiring large signal amplitudes. An
analysis was made of the circuit used in the pres-
ent work in order to investigate possible higher-
order corrections to the tank voltage than are usu-
ally calculated. ?® The result is that the usual re-
sults are valid provided that the voltage applied at
the tank has a frequency w,= w,+ Aw, where w, is
the resonant frequency of the actual circuit, and
Aw is given by

Aw/wr= [Q02+ 2]-1 ) (5)

where Qg is woL/R, w, being the resonant frequency
of the equivalent parallel circuit.® In this case,
assuming that for an inductor enclosing a material
with susceptibility x, one can write L = Ly(1+ 4my)
(see Appendix), and also that x=x'-ix’’ the rec-
tified voltage across the tank driven by a constant
amplitude current source is very close to

|'UO] (1_1 (4"Q0x,)2 (6)
(1+41Qx"") 2 (1+4mQx"")% ) ’

where |v,yl is the voltage drop across the empty
coil. I w differs from w,, a term linear in X’ is
mixed into the signal [v|. For small frequency
differences, this is seen as a base line offset in
the resonance signal, and experimentally w, was
selected by matching baselines.

Defining Alv | = |vgl ~ |v ], it is easily seen that

lv]=

7\2
A]LU|I ~ 41TQOXII+1 (471Qox")

2 (1+4mQx"")?

(M

Thus, for a point on the resonance line for which
X'=0,

Alv|/|v] = 41Qex"" , (8)

which, for |AL|/Ly=0.01, is accurate to a part in
10* or better. Equation (8) and the fact that '’ is
proportional to y, was the basis for our data reduc-
tion.

In order to accurately measure the relative
height® of the averaged resonance line, a precise
calibration of the spectrometer was made for each
sweep through the resonance. This allowed cor-
rections to be made for short- and long-term gain
drifts in the amplifier chain, fluctuations in the ap-
plied rf level, and nonlinearities in the calibration
itself. The calibration was accomplished by step
modulating the amplitude of the oscillator output
after each sweep through the line, The amount of
modulation was adjusted so that the height of the
step was as close as possible to the height of the
resonance signal. The modulation step occupied
approximately the last 50 channels of the SAC mem-
ory. The output of the oscillator was measured by
a digital rms voltmeter at the point just before the
modulation, and again at the top of the modulation
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step. The digitized voltages of the oscillator be-
fore and after modulation were additively stored in
a specially built auxiliary two-channel memory.
The calibration calculated from the differences in
the summed voltages before and after the modula-
tion step, together with the height of the step in the
SAC memory, was then used to calculate the height
of the resonance line.

The digital rms voltmeter, consisting of a Hew-
lett Packard 400E rms voltmeter, 2212A voltage-
to-frequency converter, and 5216A frequency
counter, was calibrated against a Ballantine model-
393 high-frequency transfer voltmeter, with a
quoted accuracy of 0.02% between 1- and 2-V rms
input. This was checked in turn against a dc volt-
age known to an accuracy of a part in 10°, and its
nonlinearity was found to be less than two parts in
10%.

The calibration accounted for any rf level or gain
changes occurring in more than 4 secs. Fluctua-
tions in shorter times were observed to be negli-
gible.

D. Data Analysis

The amplitude of the rf voltage, vy, applied to
the tank and the rate of field sweep, dHy/df, were
determined by requiring a signal-to-noise ratio of
1000: 1, without saturating the spin system. The
field inhomogeneity across the sample, AH, (arti-
ficially broadened by external coils) was set so that
the line shape contained a small reference struc-
ture, used as described in the following. The ex-
perimental parameters satisfying these require-
ments and selected for all runs of this experiment
were an rf level of § mV, peak to peak (providing
an H, field of 4x10™* g); a dHy/dt of 0.5 G/sec
(corresponding to a SAC memory advance rate of
500 channels/sec); and a AH, of 50 mG. In addi-
tion, the delay time between the end of one sweep
and the beginning of the next was set at 2.5 sec,
which was sufficiently long for Hj to relax to its
pre-sweep value, and the calibration time (time
between the unmodulated and modulated carrier
voltage measurements) was set between 3 and 4
seconds, which was long enough to allow for the
damping of transients. The amplitude of the H,
field sweep was one gauss.

The value of dHy/dt used was greater than
2/yT,T, for all samples studied, and as shown in
Fig. 3, our observed line shapes were not those
characteristic of adiabatic slow passage. The de-
tails of the line shape varied with changes in dH,/dt,
AH,, and sample molar volume. In order to prop-
erly identify the x =0 point on the line, and to
avoid spurious éxperimental results due to unavoid-
able variations in Hy, dH,/dt, and AH,, as well as
temperature- and density-dependent changes in the
relaxation times, T, and T, it was necessary to
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investigate the origins of our observed line shapes.

Calculations of resonance line shapes for reso-
nance times short compared to relaxation times
have been worked out for the case of no field inho-
mogeneity. % The effect of field inhomogeneity on
adiabatic slow-passage lines has also been treat-
ed.% The general problem for short resonance
times and large field inhomogeneities, however,
has not, to our knowledge, been published.

A procedure for calculating observed line shapes
under these more general conditions is given in the
Appendix. It is shown there that the inductance of
the rf coil containing the sample can, to a good ap-
proximation, be written as L= Ly(1+4mx) even in

<«<——50 mgauss —>

Rectified Signal Voltage, Alvl (Arbitrary Units)

Magnetic Field

FIG. 3. Observed line shapes. The top resonance
line was taken at 21 cm3/mole and the bottom at 24 cm®/
mole.

the case where dHy/dt=2/yT1T, and the field in-
homogeneity over the sample, AH, is large com-
pared to the natural linewidth. y is given by Eq.
(A6a). It is essentially the volume integral of the
magnetization per unit volume, divided by the vol-
ume integral of the H; field. Its real and imaginary
parts, both of which are proportional to y, have
time dependences which are not simply related to
one another. A given set of experimental conditions
(e.g., coil geometry, Hy(r, t), Hy(r, ), T, sample
distribution, etc.) determines the time dependence
of x, and thus the resonance line shape, as calcu-

lated from Eq. (6).
As described in the Appendix, values for x(¢)

were calculated by numerical techniques for a mod-
el set of experimental parameters. The observed
qualitative agreement between the model and ex-
perimental line shapes under a variety of experi-
mental parameters 1eads to the belief that the
straightforward calculations in the Appendix are
valid.

If y is written

ix=x"+ix == vHoxo I D) +i'(1)] , )
and if for some time ¢,

X'@¢=0, (10)
then clearly

X"'(&)=vHoxoI"' ') . (11)

Thus, for clarity only the point where y' =0 is de-
fined by a time ¢’ during resonance. Then Eq. (8)
gives

Alo|/|v] = =41QquwoxoI"(t) (12)

During a run, —4nQqwyI’’ (#) is constant and tem-
perature independent, % so

alo]/]v] <y (13)

Calculations showed that the x’ =0 point could be
far from the top of the resonance line. The con-
tribution to the height of points on the line (each
point being a channel in the SAC memory) due to
x’ #0 was roughly proportional to 1/72. These
points grew faster with decreasing temperature
than the point at which x'=0. Thus, comparing
successive points in the lines at the highest and low-
est temperatures of a run, or reducing the data at
several points on the line and using the point with
the most negative value of 6, provided an experi-
mental method of identifying the y’=0 point. Iden-
tifying corresponding points on all of the lines mak-
ing up one run was accomplished by using the de-
tailed structure of the line itself as a reference
frame, It was found that points on the line defined
by three adjacent channels near the middle of the
top of the line all gave the most negative values of
0, within experimental error. This region was in
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the same place for all the lines under all conditions
of the experiment, The reduced data reported in
what follows was always taken from the point in the
middle of this region.

With the x’ =0 point determined, from Egs. (3)
and (13),

C ’
“Aioi/Tol T
where C'« C. Thus, best values of 8 were found
by fitting Tvs 1/[Alvl/lv!] to a straight line. For
this purpose, the best-fit equations of Kermack and
Haldane® appropriate to the case of equal error in
ordinate and abscissa were used.

T (14)

E. Sample

The gas for the purest He® samples was purchased
from Mound Laboratories. All of the impure sam-
ples were mixed from this gas in a gas-handling
system which was similar in design to that used by
Fairbank and Walters?! and by Adams, Meyer, and
Fairbank, 22

After data collection on the purest sample was
completed, it was mixed with a calculated amount
of He! in a Toeppler pump to make the first impure
sample. Each succeeding impure sample was
mixed from the preceding sample by addition of
more He'. The He* added was cleaned in a liquid-
helium trap before mixing, and special care was
taken to ensure thorough mixing. The mixed sam-
ple was again cleaned in a helium trap. The con-
centrations of all the samples were measured by
mass spectrometry,” with the sample for analysis
being drawn off immediately after completion of the
susceptibility measurements. The resulting con-
centrations of He* in He® were 3.7X1075, 3,2x10™,
2.9%107, 2.0%x10% respectively. As a check, the
last mixture was analyzed both before and after
taking data, with a resulting concentration measure-
ment of 2.1X10? before the runs, and 1.88x10?
afterwards. Based upon this, a conservative esti-
mate of the error in the concentration determina-
tion is 20%.

Solidification of the sample was observed by sit-
ting on the NMR line (i.e., adjusting Hjto wy/7)
with a rf voltage level sufficiently large to partially
saturate the signal in the liquid. As T, is much
shorter in the solid than the liquid, the solid sat-
urates much less, and formation of solid was indi-
cated by growth of the NMR line. When the line
ceased growing, solidification was complete.

Attempts made to grow the sample by the often-
used blocked-capillary technique failed because of
plug slippage. For this reason, all of the crystals
in this work were grown at constant pressure and
temperature, rather than constant molar volume.
The sample temperature, determined from the He3-
vapor pressure, or for the most dense solid, the
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vapor pressure of the He* bath, was set equal to
the melting temperature T, and the sample pres-
sure was set about 1 atm below the melting
pressure P,. T, and P, were determined from
the phase diagrams.® Fifteen to twenty minutes
were allowed to establish thermal equilibrium in
the sample.

In order to prevent supercooling and blockage of
the fill capillary during gradual pressurization, the
sample pressure was suddenly increased from 3 to
5 atm beyond P,, which appeared to seed the crys-
tal growth. The pressure was then lowered to P,
and the solid was observed to form rapidly at the
constant temperature T,. It was possible to tell
whether the sample line was open by giving a rapid
1-atm increase in sample pressure, which pro-
duced a disturbance in the sample region that was
detected as a dip in the resonance signal.

Once the resonance signal had ceased growing,

a check was made to assure that the fill line was
open. The solid was allowed to anneal for 1 h

with the temperature set 2-3 mK below T,. Then,
if the resonance signal still indicated an intact sol-
id, the temperature was lowered and the pressure
raised to several atmospheres above P, so that the
He® would freeze high in the fill line.

Due to the method used to seed crystalliza-
tion and to slow drifts (approximately 1 atm per
5 min) in the pressure applied to the sample
during the solidification, the pressures thatthe sol-
ids were formed and annealed under was P,+1 atm.
This results in an uncertainty in molar volumes of
about £0,1 cm®/mole at 24 cm®/mole, the worst
case. For the low concentrations of He! used, the
phase diagram of the mixtures was essentially iden-
tical to that of the pure solid.®® No corrections
were applied.

F. Data Collection

Measurements of the NMR signal as a function
of sample temperature and molar volume were car-
ried out in all of the samples described above. The
measurements on the pure (He* concentration
=3.7%107%) He® at 21 cm3/mole were used to es-
tablish the primary temperature scale, as already
described. The order of the data collecting was as
follows. First, five runs were made at 21 cm®/
mole in the pure sample, followed by five runs at
22 cm®/mole and six runs each at 23 and 24 cm?®/
mole. These were followed by seven more runs at
21 cm®/mole to check for drifts in the temperature
scale. (The time between the initial 21-cm®/mole
runs and the final 21-cm®/mole runs was about
eight weeks.) Then three runs each at 21 and 23
cm®/mole were made on each of the three mixtures,
in order of increasing He* concentration. (These
measurements required 2 weeks. )

Each run commenced with zeroing and calibrat-
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ing the digital rms voltmeter against a standard
cell traceable to NBS and against the Ballantine
high-frequency transfer voltmeter. The Baratron
heads were zeroed, and the rf frequency adjusted
to give zero base line offset in the resonance sig-
nal. The value of H, was adjusted to center the
resonance signal in the SAC memory.

The temperature points at which resonance line
measurements were made were chosen during the
first run at approximately 50 mK intervals, as
estimated by the vapor pressure. The resistances
of the GRT’s were recorded against these vapor
pressures. The temperature points of all of the
other runs were then determined by the resistance
of the sample can GRT.

The sample was cooled to the first temperature
point as indicated by the sample-can GRT, and
with the He® refreigerator stabilized, the vapor
pressure was recorded. The temperature was
thereafter kept stable by reference to this vapor
pressure, permitting recording of the He3-refrig-
erator GRT, and setting of the modulation level of
the oscillator necessary for calibration, as dis-

cussed previously.
Five minutes were always allowed to pass be-

tween the initial temperature stabilization and the
beginning of the resonance-signal measurement.
After this interval, the SAC was started, and auto-
matically stopped after 64 sweeps. While the mem-
ory was being printed out, the sample was cooled
to the next temperature. All of the successive
points were taken as just described, except that
several times during the first few runs, many
points were taken at each of a number of tempera-
tures, in order to check for reproducibility.

After the point at the lowest temperature was
completed, the sample was warmed by means of a
manganin-wire heater wrapped on the copper rod
between the sample can and He® refrigerator. Up-
on warming, additional data points were taken at
four or five temperatures, including the tempera-
ture at which the run started. Comparison of the
first and last points allowed a check for long-term
drifts.

The starting temperatures for each run varied
with molar volume in order to avoid the region of
strongly temperature dependent 7', just below the
melting temperature. The 21, 22, 23, and 24 cm?®/
mole runs were started at 0,95, 0.90, 0.85, and
0.73 K, respectively. Below these temperatures
T, becomes approximately constant, ! and this was
the region in which data were taken. Extra tem-
perature points were included in the 23 and 24 cm®/
mole runs to compensate for the reduced tempera-
ture interval of measurement. The total number of
of points in each run varied from 17 to 21.

As discussed earlier, use of Eq. (14) to deter-
mine a temperature scale required knowing C’,
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This was evaluated from temperatures determined
by vapor-pressure thermometry in the region above
0.8 K, where the vapor pressures were accurate
without recourse to thermomolecular corrections.
For all the temperature-scale runs, two to four
data points (one data point equals one SAC-averaged
resonance line) were taken at each of the four tem-
peratures 0. 800, 0.850, 0.900, and 0.950 K. For
each data point the value of C’ was determined from
Eq. (14) together with the value of 6 obtained by
Pancyzk and Adams, ® and these were averaged to-
gether. The averaged C’ was then used to deter-
mine the values of T for all of the other tempera-
tures at which data was taken. The final tempera-
ture scale was an average of the scales determined
from each of the runs. Since a quadratic contri-
bution of X’ to the line height would make the tem-
perature too small, the x’=0 point for these runs
was determined as that point which gave the high-
est temperature at the low end of the scale.

III. RESULTS, DISCUSSION, AND CONCLUSION
A. Pure He®

The data for the runs in the purest sample are
given in Table I. The labeling of the runs for each
molar volume corresponds to the order in which
the data were taken. For each run, the best-fit val-
ues of the intercept 6 and the slope C’ are shown,
in addition to the rms perpendicular distance of the
data from the best-fit line. For purposes of com-
puting this rms distance, [Alv]/|v]]™? was normal-
ized to T at the highest temperature for each run
so that equal weights would be given to the ordinate
and abscissa. The average intercept for each mo-
lar volume, ¢6), is given, along with the standard
deviations of the 6’s, The average intercept and
the standard deviations from that average were
computed from the list of intercepts obtained from
each run for a given molar volume. The average
values of the slopes are also included. The aver-
age slopes scale with T, in the manner predicted
by the model line shape, if correction is made for
the change in filling factor with molar volume.

The values of (§) are compared with the results
of other groups in Fig. 4. The solid line was cal-
culated from Eq. (4), using the exchange energies
of Pancyzk and Adams® measured at very low tem-
peratures. The data of Kirk ef al.,*® as well as
our own, were taken very close to 21, 22, and 24
cm®/mole, and the separation of the data points at
these molar volumes is only for clarity. The sep-
aration at 23 cm®/mole is real. Data taken close
to 24 cm®/mole by Anderson, Reece, and Wheatly*
and by Sites, Osheroff, Richardson, and Lee® have
been omitted from Fig. 4, in order to avoid crowd-
ing at the low-density end. Their points fell near
the Pancyzk and Adams line.

The inclusion of the 21-cm?®/mole data in Table I
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TABLE I. Results of runs in pure (3,7 % 10~° He? solid
He® at 21, 22, 23, and 24 cm®/mole. The 21-cm®/mole data
is included as a check on the data which made up the tem-
perature scale.
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rms perpendicular

Slope distance from

Run 6 (mK) (c’ best fit (x 10~4)
21/1 -0.77 0.1440 7.8
21/11 0.79 0.1435 5.8
21/111 0.23 0.1436 5.3
21/1v —-0.05 0.1440 4,2
21/vV 0.97 0.1453 8.5
21/V1 -0.68 0.1454 8.4
21/VII —1.49 0.1436 7.7
21/VIII -1.20 0.1434 5.7
21/1IX -1.33 0.1443 7.3
21/X 0.17 0.1437 6.4
21/X1 0.15 0.1439 7.8
21/XI1 0.36 0.1437 5.7

{()=—0.24 mK; 0,=0.82 mK; (C’)=0.1440
22/1 —0.45 0.1414 5.1
22/11 -2.66 0.1416 6.3
22/111 -0.05 0.1390 7.1
22/1V -0.45 0.1402 3.7
22/V -1.53 0.1404 4,0

(6y=-1.03 mK; 0,=1.06 mK; {(C’)=0.1405
23/1 -1.12 0.1359 4,5
23/11 -1.95 0.1356 4.3
23/111 -1.41 0.1364 6.6
23/1v -1.54 0.1382 4,0
23/V —1.48 0.1377 2.5
23/VI -1.41 0.1375 4.9

(6)=—1.49 mK; 04=0.27 mK; (C’)=0.1369
24/1 -3.78 0.1328 5.9
24/11 —3.72 0.1322 3.2
24/111 -1.96 0.1318 5.5
24/1V -2.55 0.1322 4.3
24/V -3.77 0.1327 5.3
24/V1 -2.64 0.1320 4.1

(6)=-3.07 mK; 0, =0.78 mK; (C’)=0.1323

and Fig. 4 is not meant to indicate that these mea-
surements are representative of new values of 6.
Rather, the value of {(8) given confirms that this
temperature scale was self-consistent.

Figure 4 shows that the accuracy in 6 of the
present high-temperature work is competitive with
the measurements at much lower temperatures,
and thus provides confirmation of both sign and
magnitude of 6. The volume dependence of 6 agrees
quite well with that determined by Kirk et al.,*®
and that calculated from the exchange energies of
Pancyzk and Adams. *

B. Dilute Mixtures of He* in He®

The data for the dilute mixtures of He* in He® are
shown in Table II. The quantities listed are the
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same as for the pure-He® data of Table I. The av-
erage values of 6 for each sample including those
for the purest mixtures discussed above all have
standard deviations on the order of 0.5 mK. The
values of (6) are consistent with the measurements
of Richards and Homer, 3* who interpreted their
data as placing a value of 0+5 mK on 6 for all of
their samples at every molar volume measured.

Comparison of Tables I and II shows that the
scatter in the data for the mixture runs is about the
same as for the pure runs. The values of {6) for
the 23-cm®/mole solids at all three He* concentra-
tions are seen to be essentially the same as that
measured for the pure solid within one standard
deviation. Indeed, if the (6)’s for all of the 23-cm?/
mole runs are averaged together, the result is
-1.44 mK, as compared with the value of —-1.49
mK for the purest solid.

The data at 21 cm®/mole, however, suggests a
small shift of (6) in the ferromagnetic direction,
which appears to be statistically significant. As

TABLE II, Results for runs in dilute solid mixtures
of He* in He® at 21 and 23 cm®/mole. Runs labeled A, B,
and C are at He! concentrations of 3.2x 10, 2,9x 103,
and 2.0X 1072, respectively.

rms perpendicular

Slope distance from
Run 0 (mK) (c’) best fit (x 10~%)
21A/1 0.22 0.1435 6.6
21A/11 0.06 0.1437 7.0
21A/1I1 -1.12 0.1437 10.2
{6)=—0.28 mK; ¢,=0.73 mK; (C’)=0.1437
23A/1 -1.56 0.1354 5.3
23A/11 —-1.77 0.1355 5.6
23A/111 -2.25 0.1362 6.8
(0y=—1.86 mK; 0,=0.35 mK; (C’)=0.1357
21B/I1 0.85 0.1436 7.0
21B/II 1.06 0.1434 4.5
21B/1I1 1.42 0.1433 5.5
{6)=1.11 mK; 0,=0.29 mK; (C’)=0.1434
23B/1 —-0.80 0.1351 4.9
23B/11 -0.95 0.1351 6.0
23B/III -2.36 0.1352 5.5

(0)==1.37 mK; 0p=0.86 mK; {(C’)=0.1351

21C/1 0.63 0.1413 6.0
21C/11 1.80 0.1410 5.0
21C/1II 1.68 0.1407 7.1
(6)=1.37 mK; 04=0.64 mK; (C’)=0.1352
23C/1 -0.47 0.1352 5.6
23C/11 -1.38 0.1353 5.1
23C/IIL -1.08 0.1352 2.8

(8)=—0.98 mK; 05 =0.46 mK; (C’)=0.1352
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FIG. 4. Plot of measured Weiss constant of pure solid
He® vs molar volume. A comparison of our results with
other recent magnetic susceptibility and pressure data.
®, results listed in Table I, this paper. O, results
from Ref. 37. A, results from Ref. 39. Solid line in-
dicates results from Ref. 31.

seen in Table II, there is no overlap between the
standard deviations for ¢ at the two lowest He*
concentrations, and those of the two highest. The
measured values of 6 do, however, overlap to with-
in two standard deviations.

With difficulty, this shift in (6) could be explained
by a shift in the temperature scale such that the
temperatures measured were higher than the actual
temperature of the sample. Such a shift would have
been undetected in the event that both of the GRT’s
calibrations as well as the vapor-pressure mea-
surements had shifted by just the right amounts so
that they would all be consistent relative to each
other, yet still all indicate the wrong temperature.
While such an occurrence is possible, it is highly
improbable.

Alternatively, the GRT onthe sample support can
(GRT,) could have shifted relative to the other GRT
(GRT,) and the vapor-pressure measurements. In
order for the sample temperature to be colder than
measured by GRT,, for a given GRT, value, GRT,
would have to read greater than usual, and the vapor
pressure would have to beless than usual, In fact,
no such shift of GRT; relative to GRT, was seen,
within a +3 @ scatter (equivalent to +0.2 mK at
0.32 K). Also, the only shift in vapor-pressure mea-
surements observed between the period of the sec-
ond set of temperature-scale-determining runs in
the pure solid, and the runs in dilute mixtures, was
an approximately 0.04-pu shift to higher vapor pres-
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sures (0.12 mK at 0.32 K), which is in the wrong di-
rection to account for the necessary temperature-
scale shift, While it is felt that the thermometry
remained accurate during the runs in the He®-He*
mixtures, a final check of the temperature scale

at the end of all the runs, in order to verify the
thermometry accuracy was planned but could not
be carried out owing to experimental difficulties.

The lack of a final temperature-scale check, to-
gether with the relatively small number of runs
used to establish the standard deviations in Table
II, lead to the conclusion that the observed shift in
(6) is only suggestive of effects intrinsic to He®-
He* mixtures, and should be interpreted as pro-
viding an upper limit to a He*-dependent 6 shift.

As indicated in the Introduction, the effects of
the He* impurity on the properties of the solid-He®
system can be described by including an enhanced
exchange term and an isotope exchange term, in
the total system Hamiltonian. Using a Hamiltonian
containing both exchange terms, Eqgs. (1) and (2),
but no exchange enhancement, Balakrishnan and
Balakrishnan'® have recently calculated an expres-
sion for 6(x), which is Eq. (16) here, where x is
the atomic fraction of He*. In this model, J'/, the
He®-He* hopping frequency, plays no role in deter-
mining 6.

Bernier** has considered a Hamiltonian with only
the enhanced Heisenberg term present (in addition
to the unenhanced term), and from the partition
function for an isotopic mixture of solid helium, he
calculates the He! dependence of 8 in the limit T
>0, and to first order in He* concentration, as

0lx)=04{1 + x[14(J,/J) - 53]}, (15a)

where J and J, are the normal and enhanced ex-
change energies, respectively, x is the He* con-
centration, and 6, is the value of 6 at x=0. Rich-
ards and Homer, * using molecular field theory,
arrive at a similar expression:

6(x)=0o{1 +x[14( ,/N]} .

Both (15a) and (15b), however, exhibit anomalous
behavior in the limit J,~J, where one would expect
that

0x)=6,(1-x) .

(15b)

(16)

This anomaly in Eq. (15b) can be traced™ to the
expression for X, of Richards and Homer. The or-
igin of that in Eq. (15a) is found in the assumption
that J,/J> 1, which was used in its deviation. A
linear dependence of 6 upon x is reasonable, how-
ever in the region where x is small enough. An in-
tuitively appropriate form of 8(x)in the dilute-He*
region is thus taken to be

6(x)=0,(1+Kx) , (17)
which incorporates Eqgs. (15a), (15b), and (16).
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FIG. 5. Plot of measured Weiss constant vs concen-
tration of He? at 21 cm®/mole. Each point represents a
single run. The solid lines are the equation 6= §,(1 + Kx)
for K=-880, —430, and +20, and 6;,=~0.20 mK,

The exact nature of K and its dependence on J,/J is
dependent upon the details of the model assumed for
for the localized lattice strain produced by the im-
purity and will not be pursued here. K is taken to
be a parameter dependent upon molar volume,.

The data listed in Table II are plotted in Figs. 5
and 6 for the 21- and 23-cm3/mole solids, respec-
tively. A least-squares fit of the 21-cm®/mole
data to the equation 6(x)=a +bx with no error as-
sumed in x yields the values a=—0.20 mK, with a
standard deviation of 0.20, and b=86.1, with stan-
dard deviation 25.7.” The value of a and that of
6y, which was assumed to be —0.25 mK for pur-
poses of establishing a temperature scale, are in
agreement within one standard deviation. They are
also in good agreement with the value of (8) for the
purest sample listed in Table I indicating self-con-
sistency. Using the equation 6(x)= (- 0.20+0, 20)
+(86.1£25.7)x and Eq. (17), a value for K of — 430
+450" is obtained. Eq. (17) is plotted on Fig. 5
for 63=-0.20 mK and K= - 880, — 430, and +20.

A similar analysis of the 23-cm®/mole data of
Fig. 6 yields 6(x)=(-1.58+0.14)+(30.7+15,7)x.

A value for K of —19+10 is obtained. Equation
(17) is plotted on Fig. 6 for 6,=-1.58 and K=~ 29,
-19, and - 9.

One purpose of these measurements was to check
the discrepancy betweenthe results of Cohen efal.*
and those of Richards and Homer.* Our measured
values of {§) in He®-He! mixtures are consistent
with, and an irnprovement upon, the values of

NUCLEAR MAGNETIC SUSCEPTIBILITY OF SOLID He® AND...

1719

Richards and Homer. However, the measurements
of Cohen et al. appear to be inconsistent with both
the results given here and the results of Richards
and Homer, The reasons for this lack of agree-
ment are not fully known,
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APPENDIX

This appendix derives a method for calculating
NMR line shapes that can be observed under a wide
range of experimental conditions including those
used in this experiment, In addition, it shows that
under certain conditions the expression
L=Ly(1+4mwy) is appropriate to the case of an in-
ductor filled with a material having a magnetization
which is nonuniform and exhibits local time depen-
dence, which differs from point to point in the ma-
terial.

Faraday’s law states that the voltage difference
across the ends of an inductor which encloses area
A is given by

B-dA. (A1)
A

Writing B(F, ) =H(F, ) + 47M(F, 1), where H(F, 1)
=Hy(¥, #) +H,(F, #), and for simplicity assuming a
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FIG. 6. Plot of measured Weiss constant vs concen-
tration of He? at 23 cm®/mole. Each point represents a
single run. The solid lines are the equation 6= gy(1 + Kx)
for K=-29, —19, and —9, and §,=-1.58 mK.
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FIG. 7. Plot of calculated magnetic susceptibilities,
x " and x’’, with Ty=0.25 sec, dHy/dt=0.1 G/sec, h,
=0.05 G, and g(h) = N(0.68 +1.6% —2.01%. The inset is a
plot of g(n).

coil geome_t.ry such that dA is everywhere perpen-
dicular to H,, a situation appropriate to the present
experiment, one obtains

- ~——U A, 0-dk
A

4mi fK(?,wg, t)ﬁl(?,t)-dfi]. (A2)
) _

Here, the result of Jacobsohn and Wangsness®* has
been used, which states that under general reso-
nance conditions, the magnetization as a function
of space, time, and the rf frequency w, can be
written

iM=M""+iM = K(F, wg, ) H, (T, ¢)
with
- - 14
K(F, wy, )= = vxoHo(F, 01 [ at’ exp[- (¢~ 1)/T,

(A3a)

~if, (| HF, )| ~wpat” Tt . (A3b)

Equation (A3b), an integral form of the Bloch equa-
tions, depends upon the assumption M, =~ M.

The time dependence of K(T, w,, t) is due to a
beating between precession of the local magnetiza-
tion and H,(F, ). A very simple estimate which

T. P. BERNAT AND H. D. COHEN T

considerably overestimates this time dépendence
uses the maximum possible beat frequency, Aw,
=vAH,, and yields for our experiment

| AK(F, wy, 1) | <Bwg| K(F, we, 1) |

EY; <108 | K(F, wy, 1)
as AH(): 50 mG-
Since
aH,(T -
__.H.Aa(_tr_’_t_). =w0|H1(r,t)| ,

we can then estimate, as w,=2x10" sec™! ,

(0K - -
J’Tt—]ei1 dA

oH, = |
< 5><10'5UK —;} <dA l .
(A4)
Therefore, the term in Eq. (A2) resulting from dif-
ferentiation of K(F, wg, t) with respect to time can be
neglected. Further, since the time dependence of

H,(%, ?) is due only to the time dependence in the
current I(t) which produces H,,

Hy(F, t)=I(¢) n,(F) .
Therefore, Eq. (A2) becomes

== Lo(1+4my —%tl , (A5)

where

<«<——— 50 mgauss —>

‘Rectified Signal Voltage, Alvl (Arbitrary Units)

]
Magnetic Field u

FIG. 8. Calculated resonance line shape obtained from

magnetic susceptibilities shown in Fig. 7.
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ix=(cLoy™ [, K(F, wo, ) by (F) - a & (A6a)

and

Lo=c™ [ by dA&. (A6b)
Hence, the inductance of the coil can be written in
the usual form. Calculation of the real and imag-
inary parts of x for a particular set of experimental
conditions leads to a knowledge of the line shape.

In order to make use of Eq. (A6a) in the absence
of an exact knowledge of the distributions of H, and
H0 across the sample, we assume that h (r) is con-
stant and that Eq. (A6a) can be written as

ix=v" [ KF, w,,00dV, (A7)

where V is the volume inside the coil.

As the spatial dependence of Hy(T,¢?) is indepen-
dent of time while, in the present experiment, its
time dependence is linear, we can write

Hy(T, )= wo/y+h(F) -kt .

Further, as the spatial dependence of K(%, Wy 1)
comes only from the spatial dependence of Hy(F,1),
we can replace the volume integral above with an
integration over % by introducing a weighting func-
tion g(#) dh, where g(h)dh is defined as the volume
J

(A8)

ix=—vHy Xo [ JJ at’ exp <— ~(t;—:) - iyk[(t+1)(t - t')])

-0

where
jea G=1)1
=(-1) {qu,ho G (A12b)
and
B,==(=1)%(g- 110, (A12¢)

Writing ix = x” + ix' , x” will receive contributions
only from cosine terms for ¢ even, %nd sine terms
for q odd. The mverse is true for x . Separate
integrals written for x and x are solvable by rel-
atively simple numerical techniques.

The evaluation of Eq. (A12a)by three-point Gauss-
ian quadrature, using a CDC-6600 computer, is
shown in Fig, 7, with the calculated line shape
shown in Fig. 8. The qualitative agreement be-
tween Fig. 8 and the experimental line shapes in
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fraction of sample with #(¥)=%. This results in

t +00 ’
iX:“YXOHO{fdt’[J exp<— (—tT'zL)

—i'yk[(t+t')(t—t')]—iyh(t-t'))g(h)dh]} - (A9)

Here, H,(T,?) outside the integral in Eq. (A3b) has
been replaced by its average H;, since the small
variations in that quantity contribute very little to
the time dependence of .

The integration over the field inhomogeneity in-
volves evaluating

L7 it gy an (A10)

where g(h)=0 for k outside the range 0=k =p,.
This is integrable in closed form for only a small
number of functions. Approximating g(k) by a
power series of order #,

n
g~ N2 byt (Al1a)
kal
where N is determined by setting
[ gmyan=1, (A11b)

leads to

)3 gl = £)]H{ A, exp[— in(t - t o] +B}] (A12a)

1

[

Fig. 3 is obvious—the differences are due mainly
to uncertainties in g(#).

The detailed structure in both the experimental
and calculated line shapes is due to a beating be-
tween the time dependence of the magnetization
and that of H,(f). The H, field inhomogeneity re-
sults in different parts of the sample contributing
different beat frequencies, which have to be added
to give the total structure,

According to this picture, andas seen experimen-
tally and in the model line shape, reduction of T, for
a given Hy and AH; leads to a line with smaller
structure. Increasing AHyfor a given dHy/dt and T,
has almost the same effect as decreasing T,, since
the spins dephase more quickly, leading to a rapid
damping of the beat signal. Decreasing dH,/dt
for given T, and AH, also decreases the structure.
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The order-disorder theory of a classical lattice model is used to obtain both the solid-solid phase
transition and fluid-solid phase transition in a single system. In this model, the range of the interatomic
potential is extended up to the fourth-neighbor distance. If the potential is suitably chosen, it is shown
that the phase transitions between the bec solid and fce solid, between the bee solid and fluid, and
between the fcc solid and fluid occur within the Bragg-Williams approximation. The results are shown

by the phase diagrams.

I. INTRODUCTION

Since Lennard-Jones and Devonshire! (LJD) for-
mulated a theory of melting of solids in terms of
the lattice model, the lattice model has been used
by many authors in order to investigate theoretical-
ly the phase transition between the solid and fluid. 23
A satisfactory explanation at least in the first ap-
proximation, has been given for the change of phase
from the solid to the fluid in terms of the interatom-
ic forces.

Recently, LJD theory has been refined and ex-
tended by Yoshida and Okamoto® to explain the melt-
ing curve maximum, which is a fascinating phenom-
enon found at high pressures. (This must be dis-
tinguished from the critical temperature for the co-
existence of solid and liquid. The melting curve
maximum implies that it is not possible to trans-
form solid phase continuously into liquid phase, in
contrast with the case between liquid phase and gas
phase.) In their theory, like in LJD theory, the
ratio of the number of occupied lattice points to
that of unoccupied lattice points is fixed and hence
the volume change of the system is represented by
the change in the lattice constant. By using an ef-

fective interatomic potential, the repulsive part of
which is properly soft, and using the Bragg-Wil-
liams approximation, they obtained a melting curve
which has a maximum in T-P phase diagram.

In high-pressure experiments,°~° not only the
melting curve maximum but also solid-solid phase
transitions have been observed in several sub-
stances. It is now a well-established fact that some
substances, e.g., Ce, Cs, and so on, undergo poly-
morphic transitions which contain several struc-
tural and also isostructural transitions. In some
cases of isostructural transition, the mechanism
is known to be the electronic transition, that is,
the promotion of electrons from one shell to an-
other or the collapse of one electron shell to an-
other. The mechanism of some structural transi-
tions is known to be the rearrangement of atoms
from one structure to another. This may be due
partly to the change in the mechanism of cohesion
resulting from the electronic transition, but most-
ly to statistical effects. The typical example of
the structural and isostructural transition is ob-
served in the phase diagram of cesium, 8+8 which is
shown in Fig. 1. The two separate experimental
results are superposed in one figure. The experi-



