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An approximate form of the Faddeev equations has been applied to the charge-transfer process in
proton-hydrogen collisions. The effect of coupling with the direct channel has been taken into account.
This formalism satisfies the unitarity condition below the breakup threshold. Results for the
ground-state capture cross section have been obtained with and without the inclusion of the effect of
proton-proton interactions. The experimental findings for the capture cross section in the energy range
1-150 keV lie in between our two sets of results. At high incident energies our results with and
without the proton-proton interaction have approached the Jackson —Schiff and Brinkman —Kramers cross
sections, respectively. The differential cross sections for the capture in 'the forward direction have been
compared with the corresponding results of other theorists. Results for the elastic cross section have
also been obtained.

I. INTRODUCTION

The problem of electron transfer in the proton-
hydrogen (H', H) system has drawn the special at-
tention of many theorists since this is one of the
simplest type of rearrangement collisions. Several
experimental investigations' have also been car-
ried out on this problem. Brinkman and Kramers
(BK) have investigated this problem in the first-
order Born approximation, neglecting the proton-
proton interaction. The neglect of this interaction
is justifiable since the ion-nucleus interaction can
be removed by Canonical transformation (cf. Wick's
comment in Ref. 3). Jackson and Schiff (JS)3 and
Bates and Dalgarno, who have reconsidered the
problem after many years, have shown that the
effect of the proton-proton interaction when taken
in the first Born approximation reduces the cross
section consi. derably in better agreement with ex-
periment. Unexpectedly, this reduction does not
become vanishingly small even at high energies.
In the high-energy limit, the JS cross section ap-
proaches the BK cross section multiplied by 0. 661.
These results have encouraged further investiga-
tions into the actual nature of the cross section.
One may also visualize the problem in an impact-
parameter treatment. The proton- proton interac-
tion in this formalism affects the transition ampli-
tude by introducing a phase factor, and thus the
transition probability cannot be affected. Sil has
developed a variational method which has been
applied to the problem in the impact-parameter

formalism. He has concluded that when the Schro-
dinger equation is solved exactly the proton-proton
interaction would not contribute to the capture
cross section. Dalgarno and Yadav have made
calculations for the capture cross section using the
perturbed- stationary- states method of Bates,
Massey, and Stewart. Further work by Drisko,
who has included the proton-proton interaction,
has shown that the electron-transfer cross section
obtained by taking higher-order Born series up to
the third-order term does not converge to the BK
results. Prodhan and Tripathy Pave also obtained
similar results using the impulse approximation.
The work of McCarrol and Salin' has also reached
a similar conclusion. Geltman" has suggested a
formalism to study the electron-transfer problem
by including the proton-proton interaction in the
unperturbed part of the problem. For this inclu-
sion, the plane wave in the final state is replaced
by a Coulomb wave. Their results for the capture
cross section lie between the corresponding BK and
JS values for all energies. In the high-energy limit,
their value of the cross section approaches 0. 8
times the BK value. Gallaher and Wilets' have
used a Sturmian basis in their close-coupling ap-
proximation for the low.-incident-energy region and
have obtained good agreement arith the experimen-
tal findings. In their investigations on the proton-
hydrogen collision, Cheshire, Gallaher, and Tay-
lor' have also used the close-coupling method.
They have retained 18, 2s, 2P hydrogenic states
and three orthogonal pseudostates are then added.
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The (O', H) collision is a three-body problem.
Therefore it is reasonable that it should be studied
by the sophisticated and elegant Faddeev formal-
ism. In this paper, an approximate form of the
Faddeev equations' has been applied to investigate
this problem. This method can include the effect
of couplings to all physical states and the unitarity
is preserved below the breakup threshold. This
formalism has been applied to electron-hydrogen
scattering by Sloan and Moore" and Sil and Ghosh. "
The positron-hydrogen collision problem has also
been studied by the same method by Banerjee
et a/. It may be mentioned that Chen and Kramer
(CK)~' have investigated this problem through the
first- order Faddeev-Watson multiple- scattering
approximation. ' The electron-transfer cross-
section results of CK lie inbetween the correspond-
ing BK and JS values and are very close to the
results of Geltman in the intermediate energies.

Asymptotically, the CK values approach the JS
values from above. Recently Shastry et al. have
reconsidered the same problem retaining the first-
order terms in the Faddeev expansion.

II. THEORY

We consider the following direct and rearrange-
ment channels:

H'{i)+H(2, 3)- H'(1)+ H(2, 3),

H'(1)+ H(2, 3)- I"(3)+ H(l, 2),

(2. la)

(2. lb)

respectively. In the initial state for both processes,
particles 2 (electron) and 3 (proton) form a bound
state and particle 1 (proton) is free. In the direct
process [Eq. (2. la) j the final state remains un-
changed. In the rearrangement channel [Eq. (2. lb)]
the final state, after the collision, represents a
bound state (1, 2) with 3 as the outgoing particle.

Following Sloan and Moore, ' the on-shell three-body transition amplitudes may be written

harv

v n'~=1 ~
(2. 2)

(the notations are the same as used by the above authors), where o, and P denote channels with the initial and
final momentum K and K . Here we have neglected the excitations of the target atom and two values of v
are possible since the proton-proton bound state is not possible. The operator Y&" is a multiple-scattering
series of the two-body operator Tz" and takes the form

~g"=~~Go &- ~a~ ~-&o + T'"+ ~ Tv" &o&6"+ . 6'o~+
QA 4e g4 v464e

We retain only the first-order terms in (2. 3), and from the high-energy consideration we may write

(2. 3)

(1) (1)~11 ~12+ ~13 ~ ~13 12+ ~13 y

33 23+ 13 ~

(1) (1)

Accordingly, the matrix elements of F" become Born or Born-Oppenheimer transition amplitudes. We
retain only the ls state in the summation over n" in Eq. (2. 2). Therefore, Eqs. (2. 2) reduce to two cou-
pled equations,

&k'» IF»lk»& = &k'» IFll'lki'&- f~[f dk" «'» IFII'lk" ») ~(E-E")&k"» IF lk'»&

+ f dk" &k'» ll',",'lk" is) 5(E —E")(k"ls IF» lk'1s&],

«'» IF ilkls& = &k'» IFS'i" lk») —fv[f dk" &k'» IFs'l'lk" »& ~(E —E")«"» IF» lk»&

~ f dk" &k'» IFS 'lk"»&~(E E")&k"» IF»lk»& .
Now the matrix elements of the two-body operators have been expressed as

&k'1s
I

F~",'
I
k»& = —(I/4v') f,„(If '

~ If).

Similarly, the expressions for the three-body amplitudes are

&k'» IF~ Ik»& = —,fg Ã' f~).

(2. 4)

(2. 4')

(2. 4")

With the help of (2. 4 ) and (2. 4"), we can write Eq. (2. 4) as
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~ds zuf11(ls, ls) (k' k)= f,1(ls, ls)(k' k)+ f 3„(», ls)(k' ~ $df)f „(ls, ls)(k" ~ k)

~ f s (is, is)(d' ~ d")f „(is, is) (&' i's ) sis(S'dd" dd "I,
f„(», »)(k' k)=f,',(ls, ls)(k' ~ k)+, f,', (ls, ls)(k' ~ k")f„(ls, ls)(k" ~ k)

sf '„(is, is) (d' ~ i'(")f s(ls, is) (d" ~ fi) sisd" dd" dd "I

(2. 6)

Equations (2. 6) can be expressed as

F' = g'+ —g'(8 8" p")F'(8")sin8" d8"dp"
(2. 6)

= g +—g (8, 8", p")F (8")sin8" d8" d91",

where

f11 f31 s

g 3
f11 f 31'

Thus we see that the I"' and I' are decoupled. We
have calculated the three-body transition matrix
elements with both BK and JS as inputs. The ex-
pressions for BK and JS amplitudes are taken from
Brinkman and Kramers and Jackson and Schiff, '
respectively.

III. RESULTS AND DISCUSSION

We have solved numerically the two uncoupled
integral equations (2. 6). We have obtained two
sets of results for the direct and the rearrange-
ment collision amplitudes, one with BK as input
(BK„; pr stands for the present results) and the
other with JS as input (JS„). In the case of BK„
we have performed the p" integration analytically
and in the other case the p" integration has been
performed numerically. Thus we are left with
one-dimensional integral equations. These re-
sulting integral equations have been solved by using
the Gaussian-quadrature method and the conver-
gence of the results has been tested by increasing
the number of Gaussian points. The BK and JS
cross sections have been calculated as a check of
the program. We have calculated the total cross
sections for the elastic and rearrangement pro-
cesses, the incident energy varying from 1 keV
to 2 MeV. We have also calculated the differential
cross sections in the forward direction.

In Fig. 1 we have shown our BK„and JS„curves
for the ground-state charge-transfer cross sec-
tion and compared them with the recent experi-
mental findings. ' All the experimental points lie
between the JS„and BK„curves in the energy
range 1-150 keV. From 1 keV to about 50 keV,
the BK„values are in close agreement with the
experimental findings due to Fite et a/. , whereas

I

from 60 keV and above, JS„curves are closer to
the experimental findings of Ryding and Gilbody.
It may be mentioned that the curves due to Wilets
and Gallaher, "McCarroll, ' Ferguson, "and

McElroy, which are all very close to McClure's
experimental findings, also lie between our two
results. It is too early to comment as to which one
of the inputs is more physical. It will be interest-
ing to study the influence of the coupling to higher
excited states and the effects of virtual excitations.

In Table I, we have presented our two sets of
results for the total cross section along with the
corresponding BK and JS values for the incident
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FIG. 1. Present calculations of the ground-state
charge-transfer cross section, BK and JS~, are co1n-
pared with the experimental results of Mcclure (Ref. 1),
Fite et al. (Ref. 1), and Hyding and Gilbody (Ref. 1) in
the energy range 1-150 keV.



CHARGE TRANSFER IN PROTON- HYDROGEN COLLISIONS BY. . . 1547

TABLE I. Charge-exchange cross section~ for the ground
state in units of mao.

Energy
(keV) BK sil b JS

1 1217.365
2 579.413
3
5

10
15
20
30
50

100
200
400
800

1000
2000

200.483
79.432
42. 397
25.701
11.481
3.367
0.399
O. 263(-1)
0.102(-2)
0.270 (-4)
0.793(-5)
0.156(-6)

23.517
21.242

17.591
13.979
11.302
9.119
5.853
2.400
0.351
O. 243(-1)
0.962 (- 3)
o.25v(- 4)
o.v5v(- 5)
0.151(- 6)

18.636
15.911
14.314
12.383
10.012

144.019
69.024

24.373
9.974
5.489
3.426
1.615
0.511
o.v33(- 1)
0.598(- 2)
0.291(-3)
0.943(- 5)
0.293(- 5)
o.6v4(- v)

11.907
10.149

7.345
4.869
3.405
2.451
1.350
0.489
o.v34(- 1)
0.602(-2)
0.289(-3)
0.930(-5)
0.288(-5)
0.663(- 7)

'The number in parentheses in each entry is the expo-
nent of 10 by which the cross-section value should be
multiplied.

Reference 5.

O

O

0)
V)
OK
C3

0t-

10

10

10

energy range 1 keV to 2 MeV, as well as the re-
sults obtained by Sil for the range 1-10keV.
From 1 to 10 keV, results obtained by Sil are
inbetween our two sets of results. From the table
it is apparent that BK and JS values are too high
in the low-energy region. Noticeable differences
between the JS and the JS„values have been found

up to 0. 76 keV; the values are almost identical
from 100 keV and above. The difference between
BK and BK„values, however, exists up to about
800 keV.

In Fig. 2 we have given our two curves and the
curve of CK for the total capture cross section.
The CK' curve lies inbetween our BKp and JSp,

Energy
(keV)

Present
BK as input JS as input FBA

1
2
5

10
15
20
30
50

100
200
400
800

1000
2000

58.539
43.660
25.655
13.674
7.949
4.825
2.022
0.699
0.385
0.236
0.129
0.067
0.055
0.028

16.858
11.322
5.653
2.835
1.824
1.357
0.955
0.699
0.417
0.238
0.129
0.067
0.055
0.028

58.214
29.107
11.642
5.821
3.881
2.910
1.940
1.164
0.582
0.291
0.145
0.072
0.058
0.029

TABLE II. Total cross sections for the elastic scattering
of protons by hydrogen atoms in units of mao.
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FIG. 3. Results of forward-direction differential cross
sections are compared with the corresponding CK results
from 50 keV to 2 MeV (in units of ~aors.

PROTON ENERGY (keV)

FIG. 2. Total capture cross-section results BK
JS~ are compared with CK and BK curves for the energy
range 100-700 keV.
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curves. It may be mentioned that the values due
to Geltman' which are slightly greater than the
CK results are closer to our BK„values. The
cross-section results obtained by Shastry et al. ,
which are in good agreement with CK results, also
lie inbetween our two sets of results. There is no

difference between the JS and JS„curves from
100 keV and above. Similar features have been
obtained for the charge-transfer cross section for
(e, H) scattering investigated by Banerjee et al. '7

In Fig. 3 we have given our two curves for the
differential cross section at 8= 0 scattering angle
along with the corresponding CK curve. Here we
also find that the CK curve lies inbetween our two
curves. The CK curve approaches the JS„curve
from above at high energies.

We have also calculated the total cross sections
for the elastic scattering of a proton by a hydrogen

atom which are presented in Table II along with the
first Born-approximation (FBA) results. The ef-
fect of couplings on the rearrangement channel has
been taken into account. When BK is taken as input
our results are greater than the FBA results from
1 to 30 keV. Above this energy, our values are
less than FBA. Our results with JS as input are
always less than FBA. At 1 keV our result is about
3. 5 times less than FBA. With the increase of en-
ergy, the difference decreases. From 200 keV to
MeV, our two results are more or less the same.
At the highest energy, i.e. , at 2 MeV, our two re-
sults differ from FBA by about 3%. A similar fea-
ture has also been noticed for the same process by
Sinfailam and Chen. 4 For (e'-H) scattering, Sil
and his collaborators' '~ have obtained similar dif-
ferences between their results and the correspond-
ing results of FBA.
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