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Atomic bremsstrahlung-polarization correlations between incident electron and emitted photon are
discussed for incident-electron kinetic energies in the range from 5 keV to 1 MeV. Results are reported from
an exact numerical calculation in partial-wave formulation using screened potentials. It is shown that
bremsstrahlung can be used as an analyzer of polarized electrons, a transmitter of polarization from
electrons to photons, or a source of polarized radiation. Comparisons are made with previous work where
available.

I. INTRODUCTION

Recently it has become possible to predict rather
accurately atomic-field bremsstrahlung cross sec-
tions for incident-electron kinetic energies
T~(—= E~ —m, c ) in the range 5 keV to l MeV. These
predictions are obtained numerically for screened
central potentials, using an exact partial-wave for-
mulation. We' have reported results obtained in
this way for the unpolarized case. Good agreement
was obtained with recent experiments.

We wish to report here results obtained in the
same calculations for the bremsstrahlung-polariza-
tion correlations. In this work it is assumed that
the final electron is not observed, and consequently
we only consider correlations involving incident
electron and final photon. Interest in this sub-
ject was increased when it was discovered that elec-
trons from P decay and g-e decay' are polarized.
In recent years considerable effort has gone into
the development of high-intensity collimated po-
larized- electron beams. However, in the energy
region considered here the only polarization prop-
erty of bremsstrahlung which has been studied ex-
perimentally is linear polarization. 4 ~ Predictions
for the polarization correlations in the Born ap-
proximation mere given by Gluckstern, Hull, and
Breit; Gluckstern and Hull; Banerjee; McVoy; and
Fronsdal and Uberall. The corresponding result

averaged over initial and summed over final po-
larizations is the mell-known Bethe-Heitler for-
mula. Theoretical predictions beyond the Born ap-
proximation were given for the nonrelativistic re-
gion by Kirkpatrick and Wiedmann, and for the
extreme high-energy region by Olsen and Maximon.
In the energy region we consider here the only re-
sults available are (i) one value for the asymmetry
function obtained by Rozics and Johnson" using ex-
act electron point-Coulomb wave functions in a par-
tial-wave expansion, (ii) a few results for linear po-
larization reported by Brysk, Zerby, and Penny
from a numerical calculation similar to ours, and
(iii) calculations by Haug" for the special situation
in which all the incident electron energy is radiated
(the tip region). Haug used approximate electron
wave functions to obtain analytic results valid (ne-
glecting screening) at least for low-Z elements.
The purpose of this paper is to survey the types of
polarization correlations which exist, to examine
the dependence of the correlations on energy and
Z, and to see how well they are predicted by sim-
pler calculations. A more detailed tabulation is
not now feasible, owing to the length of the comput-
er calculations.

In Sec. II we describe the mathematical forma-
lism for these calculations and our numerical meth-
ods. In Sec. ID me discuss the behavior of the po-
larization correlations at small and large photon
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angles, at extreme low and high energies, and for
low atomic number Z. Then we present our numer-
ical results and we comment on the validity of Born
approximation and the importance of atomic-elec-
tron screening effects. Comparisons are made with
previous theory and experiment when available.

II. THEORY

We use the formalism of our atomic bremsstrah-
lung work ' 4 and write the bremsstrahlung cross
section, differential in photon energy and angle,
and in final electron angle, as

do = (2v)-'(E,E,p, n'/p, ) dndfl, d&,
l M„l ', (2. 1)

subject to energy conservation

In order to specify the polarization completely, the
three parameters $ must be determined, e, g. , by
polarization measurements with respect to three
linearly independent bases. For these bases, we
could take (i) two states of linear polarization with
perpendicular planes of polarizations, (ii) two other
states of linear polarization making angles v/4 with
the planes of polarization in (i), and (iii) the two
states of left and right circularly polarized light.

We use the spinor representation for Dirac elec-
tron wave functions. In this representation any ma-
trix element between four-component states may be
reduced to matrix elements between two-component
spinors

Ej =k+Eg. (2. 2)
x=~ ~. x',

Here we denote the energy and momentum of the
initial and final electron as (Ei, pi) and (E2, p~), and
the energy and momentum of the photon as (k, k).
The atomic bremsstrahlung matrix element

Mz, = (2 ma/k) f d' ygz e e* g, e (2. 3)

where e is a complex unit vector describing photon
polarization such that & &~ = 1 and & k = 0, and in
the spinor representation

0 j

with g the familiar 2x2 Pauli matrices. gi and g2
are the initial and final electron wave functions
asymptotically normalized to unit-amplitude plane
waves of four-momentum (E» p, ) and (Ez, p~) plus
outgoing or incoming spherical waves, respectively.
We chose a coordinate system centered at the atom-
ic nucleus with the z axis 0 along k, y along kxp~,
and x in the (k, p, ) plane (the emission plane). This
choice leads to substitution rules for the matrix
element M&, which simplify our discussion of the
polarization correlations.

Now let us consider the photon polarization.
The wave function of a photon with a definite momen-
tum k and a definite polarization is

A =0
and

A(x) = (2v/u)" 'e-""e.

with

(2. 6)

From Eq. (2. 6) we have

(1-o BXX'=0.

For normalized X, the solution is clearly

XX'= l(I+o &),

permitting the determination of f from y. Alter-
natively, from Eil. (2. 6) we have also Xio. gX=1.
In the rest system P is the only vector available,
so

(2. 7)

The two-component spinor X is the large component
of the asymptotic constant four-component spinor
corresponding to an asymptotic free-particle plane-
wave state. The small component of the asymptotic
spinor may be written as (0'p)/(E+1) X. This gives
a simple way to separate out quantities depending
on polarization. The polarization state of an elec-
tron is specified by its spin direction g in the rest
system, with

.(yxp)/l yxp
(2. 6)

Cg= 0 y) C3= 0 p]

(fi, f2, f3) form a right-handed set.
The spin direction f is determined from X by re-

quiring that X be an eigenstate of o f:
0 ~X=X

We describe the photon polarization with Stokes
parameters

x' x=&. (2. 6)

$~= GG~Eq (i =0~ 1~ 2~3~)~

where

~s t oo= 1

The four-component wave functions gi and gz
are' linear in X, and ya, respectively. Hence we
may write the matrix element M&, as

M~, = (2v n/u) u' f d'r ]' ci. eg i', e 'R'r-
and = (2vo. /u)" 'X,'M(Z) X, . (2.9)

t= e, x+e2y, with
I ~il +

I "I The 2x2 matrix M(e) is linear in e and is some lin-
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ear combination of the unit matrix and the Pauli
spin matrices o, i.e. ,

M(e) = e, M, + e2M2,

o,(k, 8) = X,D„(k, 8),

with

X0=32nE1E2P2k /Z Pl

(2. iS)

(2. Is)
with M, and M2 linear combinations of the unit ma-
trix and the Pauli spin matrices 0. Under' ' the
time-reversal transformation & the bremsstrahlung
matrix element M&; of E(l. (2. 3) becomes

M '=(211o(/k)' f d 0 (T(t)*) To(* ~ e T 'Tg*e'"

litf f
—Aff*f

since T =i~ y = T = T '= —T*, where the prime re-
fers to the substitutions

((r)- 0', ((r), (~1, ~2)-(-~1, ~2)
~, 0

(2. 10a)

and

I AI + I Bl + I CI + I Dl
00 2(4~)' (2. iv)

The real numbers C„„(k,8), satisfying I C„„I & 1
since cross sections cannot be negative, are the
polarization correlations between incident electron
and emitted photon. The nonvanishing polarization
correlations" are

I AI '+
I aI '- I CI '- I Dl '
2(4 )'D

As the potential t/' is invariant under the time-re-
versal transformation, the transformed states T(I)1*

and Tgf are physical states —Tg* corresponds to
the continuum state asymptotically with opposite
space momentum p and opposite spin. This implies
the equivalence of two matrix elements, in which
the polarization properties are related as

X-o,x, (el, e2)- (-&1 &2) (2. 10b)

Re(A.C*+BD*)
(411)' D

Re(AD~ —BC~)
32 (4 }3D

Im(AC*+ BD*)
(4v)'D„ (2. 18)

In terms of g and g these become

(C„~2, ~3) ( ~„-C„-~3),

(~„&., &,)-(-&„-&. , &,).

Thus, we have

(2. iS)

Im(AD* —BC*)
(4w)'D

Im(AB+ —CD+)
20 (4v)3 D

or

X2(~1M1+ 2M2) X1 (~y X2) ( ~1M1+ 2M2) ~y Xl Im(AB*+ CD*)
(411)' D

M, = A(8)+ iB(8)&.&,

M, = iC(8) o (y&&pl)/g&&p,
~

+iD(8)o P, , (2. 12)

where 8 is the angle bebveen k and p&', A, B, C and
D are complex-valued scalar functions. Here we
are assuming that the final electron is not observed,
otherwise the four scalar functions would depend
on further angular variables.

Integrating the bremsstrahlung differential cross
section, E(l. (2. 1), over dA2, using Eqs. (2. 9) and
(2. 12), and summing over final electron spins, we

may write the bremsstrahlung cross section,

s(k, k, F, , () = ao(k, 8) (-,
' r I g, k; c„.(k, k)),

(2. ia)
wltll Cpp—= 1 pip= 1 $0—= 1 alld

Although Elis. (2. 15)-(2.18) were obtained assum-
ing a complete polarization of the photon, i. e. ,
I g I

= 1, it is easy to see that they are also valid for
a partial polarization, I pl & 1, since any statistical
mixture can be obtained by incoherent superpositio&
of two appropriately chosen pure states. That the
only nonzero polarization correlations are as just
given follows from the application of E(I. (2. 11) to
E(l. (2. 13).

In partial-wave expansion' the atomic brems-
strahlund-polarization correlations are given by

Coo=- »

Z (-) 1"1cosS Z (A', A,
gag)gg m~l mal

+A'A +A, A,'+A„A'),
do.

Z dk dQ~
(2. 14)

C12 = Dpp Z (-)'1"1 cos5 2 lA2, cos8
gggggg m Imal

(Note that f „ldagn„are not four-vectors. ) Here
op(k, 8) is the differential cross section averaged
over the initial electron spins and summed over the
final photon and electron polarizations:

+A22 sln8),

C32=D00 Z (-) 1'1cosS 2 (A21sin8
gag ~K~ m-i
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—A22 cos8},

C,1=D()I) Z (-)'1"1 sins Z (A,1 cos8
K2K 1K1 m»l m2l

+ A12 sin8),

C21 = D()() Z ( ) 1 sins Z IA11 s1118
K2 m-)m2I

—A12 cos8j
(a. 19)

C2()= Dt)() Z (-)'1"1sins Z fA',A'
mN lm2l

+A, A —A A,' —A A,),
C»=D;,' Z (-)'1"1sins

K2K1K1 m~ I m2l

+A.,'A -A A', —A'A, ].
Here

Dp()= + (-) 1 1 cosS Z (A»A»'
K2K1K1 m»l m21

+A'A +A»A, +A A ]; (2. 20)

5-=5
K1 K1 P

A21=A, A +A A, —A,'A' —A'„A,',
A22=A A +A,'A,'—A, A, —A'A',

A11=A.,'A +A'A, -A, A' —A„A', ,

A12=A, A,'+A'A -A A' —A,'A, ;

(a. 21)

A', (rn) =

A;(m. ) =

C„'...I,, „„„,(j,) Z'„,„,(m),

Ctt1, m»1 ~l1, ttt»1»1/ 2(P1) ~ttatt1™
(2. 22)

The reduced partial-wave matrix element A', is ob-
tained from A', in Eqs. (2. 22) by replacing /t1 with

K1, The symbol K is a compact notation for the
total angular momentum j and parity, with /t = v(j
+ —,') as j = l a —,

' (or j= l v —,'); the symbol C„'„—= C(l—', j;
m —s, s=+ 2) are the Clebsch-Gordan coefficients.
In Eqs. (2. 22) the R matrix element is defined as

2

Z„',„,(m) = Z Q'„(m) Z P'„(m) s„, (a. 2S)
n*1

l
where the index I runs from I l2- l, I to (l2+ l,) in

steps of 2 for n= 1, and from I l2 —l1l to (l2+l1) in
steps of 2 for n = 2. The Q's and P's in Eqs. (2. 2S)
are related to the Clebsch-Gordan coefficient and
the 3-j symbol by

Q»( ) ~ ( )m@1/2[(21 +1)(al +1)]1/2C»~CV

Q 2(m) = —r/„(-) [(2l2+ 1) (2l1+ 1)] C2 C ~1. ,
(a. 24)

P'(m) = (-)"2"1""'r(l l l m+-')

P', (m) = (-)"2"1""'r(1„1,' l m+-')

with

t'(t„t„t;I) = (2t-+ t) ('0 0 0 I,-m m 0
(a. as)

C'„= r„/[l„+q„m„+—,')/(2l„+ 1)]1/ 2,

C-„= [(l„-q„m„+-,')/(al„+ 1)]"'
(n= 1, 2, 1,2 ),

~n' En s

lk ~k

mn2 mn ~

~K ~k2 P

The s integrals in Eqs. (2. 2S) are given by

s1= J dry, (kr)g„ f„,
s2 ——1"dr j,(kr) g„ f„,

where g„and f„satisfy the Dirac radial wave func-
tions,

(a. 26)

dg/dr =[8+1—V(r)] f—2g/r,

df/dr = —[E —1 —V(r)Jg + gf/r,
(2. 2V)

We first discuss the behavior of the atomic-field
bremsstrahlung-polarization correlations in sev-
eral special situations: for small and large photon
angles, at extreme low and high energies, and for
low atomic number Z. Then we present data for
each of the correlations.

A. Behavior of the Polarization Correlations for Small and Large
Photon Angles

We have written in Eqs. (2. 19) expressions for
the seven polarization correlations in terms of re-
duced partial-wave matrix elements A', and initial
continuum-wave-f unction phase shif ts. Some gen-
eral information can be deduced from these questions
concerning the behavior of the polarization correla-
tions at small and large photon angles. From the
definitions of the reduced partial-wave matrix ele-
ments A', , Eqs. (2. 22), by expanding the spherical
harmonics in terms of small 8 (or 11 —8) we see that
only terms like A', A,' or A'2' in Eqs. (2. 19)-(2. 21)
do not vanish for forward (and backward) photon
angles. Thus the unpolarized angular distribution
g()(k, 8) does not vanish for forward (and backwa, rd)
photon angles, while all the polarization correla-
tions except C32'vanish in the forward and back-
ward directions. For small and large photon angles
the polarization correlations C2o, C», C», and C»
go as 8, while C03 and C31 go as 8 and C32 is of or-

in the screened central potential I/(r) for the atom
in question. The results presented in this paper
were calculated from Eqs. (2. 19). The s integrals,
given in Eqs. (2. 26), are the basic integrals to be
obtained numerically. The numerical method and
its accuracy have been discussed in our previous
bremsstrahlung work. "

III. RESULTS AND DISCUSSION
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T~ = 0.035 MeV

Born Approx.

Expt. o o o STZ

C ——This Work

1.0—
O O 0«O

o/ ~— '~~o
0.6—

o.. /
k/T, =0.6

0.2 —//
/

0.8—

0.0 I

50
I

60
I

90 120 150 180

der 1. Also, for small photon angles one has the
identity Cz3= —C», while for large photon angles
one has Cp3 C]$.

8 (deg)
FIG. 1. Atomic bremsstrahlung-polarization correla-

tion C03 for the case Z =6, T& =0.035 MeV. The symbol
C refers to the point-Coulomb potential. The numbers
attached to the curves give the value of k/T& unless other-
wise specified.

B. Behavior of the Polarization Correlations at Extreme Low and
High Energies and for Low Atomic Number Z

In the nonrelativistic theory, e ~ E* in the matrix
element M&, of Eq. (2. 3) is replaced by p. E* and
all the dependence on electron spins disappears.
This leads to a differential cross section proportion-
al to (1+C03 $3) and all the polarization correla-
tions except CO3 vanish. At low energies, the po-
larization correlation C03 is positive which indicates
that the radiation is polarized prevalently parallel
to the emission plane (the plane through p, and k).
That is, the electric vector of the radiation is in the
plane of emission, which is what would be expected
from classical considerations. On the other hand,
at high energies the radiation is in general ellip-
tically polarized with the major axis of the polariza-
tion ellipse always perpendicular to the plane of
emission; iI. e. , the photons of high energy are emit-
ted in the plane of the magnetic vector. Also, at
high energies the linear polarization is independent
of the polarization of the initial electron. The in-
dependence of the linear polarization on the initial
electron spin is also predicted by Born approxima-
tion. However, this is not true in general, which
has already been pointed out by Haug's calcula-
tions. In the extreme high-energy limit as well
as in the limit of Born approximation the polariza-
tion correlations C03, C&z, and C3z are of order 1;
i.e. , they do not vanish with large E or small Z.

Coo

I.O—

2 =l3
T) = 0.005 MeV

——Born Approx.

HFS
This Work

C

CO3

l, o—

2 = I3
T~ = 0.050 MeV

Born A p prox.

g Presentj Theory

0.8— 0.S
0.8

0.8

0.6
0.6

0.4
0.4

0.2
0.2

0.0
0 60 90 l20 l 50 l80

8 (deg)
0.0

0 60 90 l 20 I 50 I 80

FIG. 2. Same as Fig. 1 except that Z=13, T&=0. 005
MeV. The symbol HFS refers to the Hartree-Fock-
Slater potential with 3 of the Slater's exchange.

8 (d~g)

FIG. 3. Same as Fig. 1 except that Z = 13, Tt = 0. 050
MeV.
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C. Polarization Correlation Co3

—0.4
0

I

30
I

60
I

90
8 (deg)

I

l20
I

I50 ISO

The polarization correlation C» reflects the fact
that be inning with unpolarized electrons one can
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pendicular to the emission plane. Increasing pos-
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~ alues of this correlation indi-
cate that the radiation is polarized more nearly I.O

FIG. 10. Same as Fig. 1 except that Z = 79,
T~-—-0. 500 MeV.
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FIG. 9. Same as Fig. 1 except that Z ==79
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FIG. 11. Screening effects and Coulomomb effects on the
unpolarized cross sections and the polarized cross sec-
tions correspon xng o

ion lane for theparallel or perpendicular to the emission plane for e
case with Z=13, T&=5 keV, &=- .8.k T =-0. 8.
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parallel (or perpendicular) to the emission plane.
Nonrelativistically, the correlation C03 is always
positive. In the extreme high-energy limit as

52
Z =1&

T, = 0.005 MeV

FIG. 12. Same as Fig. 11 except that Z =79, T~ =50keV,
0/Tg =0.4.

well as in the limit of Born approximation CQ3 is of
order 1—i.e. , they do not vanish with large E or
small Z. At high energies, CO3 is small at the
tip of the spectrum and has its maximum value at
the soft-photon limit.

Results of our numerical calculation of the po-
larization correlation C03 are given in Figs. 1-10.
The correlation exhibits a "crossover" feature:
For photon energies above some minimum energy
radiation polarized in the emission plane is favored
for smaller angles of emission (as predicted by the
nonrelativistic theory), whereas polarization per-
pendicular to the plane is favored at larger angles.
The maximum value of the correlation is approxi-
mately k/T, for low Z and low energy In. the en-
ergy region considered in this paper, atomic-elec-
tron screening does affect the polarization correla-
tion C03 in the same cases that it affected the unpo-
larized cross sections. Thus, if the correlation
Cp3 is large and if the screening effect on the unpo-
larized cross section oo(k, 8) is also large, i.e. ,
yo(8) —= oo'""~(k, 8)/oo'"" (k, 8) differs considerably
from 1, then the screening effect on the polarized
cross sections o„(k, 8) and cr,(k, 8) are quite differ-
ent, where g„and g, are the cross sections corre-
sponding to that the photon is polarized parallel or
perpendicular to the emission plane. Sample re-
sults for yo(8), y„(8), and y, (8) are given in Figs.
11 and 12. The corresponding integrated results

0.008 52
Z =13
T~ = 0.050 MeV

0.004 0.08

0.000 0.04

-0.004 0.00

-0.008 0.04

30 60
I

90

8 (deg)

I I

120 150 180 0.08

FIG. 13. Atomic bremsstrahlung-polarization correla-
tion C32 for the case Z =13, T&

——0. 005 MeV. The sym-
bols C and HFS refer to the point-Coulomb potential and
the Hartree-Fock-Slater potential with 3 of the Slater's
exchange, respectively. The numbers attached to the
curves give the value of k/T& unless otherwise specified.

I

50
I

60
I I

90 120 150

8 (deg)

FIG. 14. Same as,Fig. 13 except that Z=13,
T~ = 0. 050 MeV.

180
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0.8

0.6

TABLE I. Bremsstrahlung unpolarized and polarized
cross sections 0.(k):—(k/Z )(do/dk), showing electron
screening and Coulomb effects for Z =13, T~ =5 keV,
k/T& ——0. 8. Symbols B, C, and HFS refer to the Born
approximation, and the point-Coulomb potential and the
Hartree-Fock-Slater potential with two-thirds Slater's
exchange, respectively (y=o~/0, f=—0 /z ).

0.4

0.2

0.0

00

Og

OrR
0'rL

+LL

erg (k)
(mb)

152.0
136.4
15.6
75.5
76.5
76. 0
76. 0

~c(k)
(mb)

335.2
272. 4
62. 8

166.7
168.5
167.7
167.5

OHFs (k)
(Inb)

295. 7
250. 9
44. 8

147.0
148.7
147.9
147. 8

0. 882
0. 921
0. 713
0. 882
0. 882
0. 882
0. 882

2. 21
2. 00
4. 02
2. 21
2. 20
2. 21
2. 20

—0.2

—0.4-
0

I

30 60
I

90 I 20 I 50 I 80
8 (deg)

FIG. 15. Same as Fig. 13 except that Z=13, T&=0.500
and 1.00 MeV.

are given in Tables I-III. In Figs. 11 and 12 and
Tables I-III we show also the Coulomb effects (i.e. ,
higher Born-approximation corrections) fo(e), f~ (8),
f,(g), and their integrated values, where we defined

f= &r'/o'

with the symbols 8 and C referring to the Born ap-
proximation and the point-Coulomb potential, re-
spectively. Coulomb effects, like screening effects,
show dependence on the polarization state.

The Born-approximation results for the polariza-
tion correlation CO3 are quite good for low-Z cases
sohenevex electron screening is not important, as
shown in Figs. 1 and3-5. We also present in Figs. 1,
3, 4, 6-8, and 10 comparisons with existing experi-
ments. (In the energy region we consider here CM
is the only correlation for which experimental data
exist. ) Agreement with the experiments of Scheer,
Trott, and Zahs' (STZ) is good. The older experi-
ments. l data of Motz and Placious (MP) deviate
from our predictions as in their unpolarized cases.
Our results generally agree better with the recent
experimental data, of Kuckuck and Ebert (KE), as

O. I 5

Z=79
T( = 0.050 MeV

Born Approx.

Z = 79
T) = 0.500 MeV

O. I 0

0.05
0.4

0.00 0.0

—0.05

- O. IO

30 60 90

8 (deg)

I

I 20 I 50 180 —0.8
0 30 60

I I

90 I 20 I 50 I 80

8 (deg)
FIG. 16. Same as Fig. 13 except that Z=79,

Tg = 0. 050 Me V.
FIG. 17. Same as Fig. 13 except that Z =79,

Tg = 0. 500 MeV.
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TABLE II. Same as Table I except that Z = 79, T& =50keV,
k/Tg =0.4.

T, = 0.050MeV

0'0

011

Og

CJZ L

+LL

0~(k)
(mb)

34.46
22. 58
11.88
16.74
17.72
17.36
17.10

o'|.(k)
(mb)

46. 72
31.95
14.77
23.34
23.38
23.58
23.14

37.29
26.47
10.82
18.69
18.60
18.80
18.49

0. 798
0. 828
0.733
0. 801
0.796
0.797
0.799

1.36
1.41
1.24
1.39
1.32
1.36
1.35

C 12

0.04—

0.00

——Born Approx.
HFS

This Work
C x x x

shown in Figs. 6 and 7, though there are still dis-
crepancies (see, e. g. , Fig. 6).

D. Other Polarization Correlations

The polarization correlation C3&, shown in Figs.
13-17, is a transmitter of helicity, producing cir-
cularly polarized photons from longitudinally po-
larized electrons:

—0.04

—0.08

I

30 60

Z = 15, k/Ti =0.8

90

8 (deg)

I

120 150 180

where g» and o» are the cross sections corre-
sponding to the emission of circularly polarized

FIG. 19. Same as Fig. 18 except that Z=13, 79 and

T& =0.050 MeV.

C 12

0.000

2= 13

O.OOS MeV

——Born Approx ~

positive- (negative) helicity photons from longitudi. -
nally polarized electrons. [Here we chose C~
=z ' '(c,R +ikey) and el, =z ' '(e&k ie&y)-]This. is
the only polarization correlation which does notvan-
ish inthe forward and backward directions. How-
ever, like all correlations except C03, Csz vanishes
in the nonrelativistic limit. In the extreme-high-

—0.002

—0.004

G12

0.4—

Z = 79
T1

= 0.500MeV

——Born Approx.
HFS Presentf X X X

Theory

—0.006
0.0 '

—0.008—

0 30
I

60 90

8 (deg)

I

120
I

150 180

—0.4

-0.8—
0.9

FIG. 18. Atomic bremsstrahlung-polarization correla-
tion C&2 for the case Z =13, T& =0.005 MeV. The sym-
bols C and HFS refer to the point-Coulomb potential and
the Hartree-Fock-Slater potential with 3 of the Slater's
exchange, respectively. The numbers attached to the
curves give the value of k/T~ unless otherwise specified.

I

30
I

60
I

90

8 (deg)

I I

120 150 180

FIG. 20. Same as Fig. 18 except that Z=79,
T~= 0.500 MeV.
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e I except that Z=7 =500TABLE III. Same as Ta
keV, k&&~ =g g.

0.0

-0,2

I5

Bprn +pprp"

ThIs +Prk
C

0'0

0'g

&ra
&n
&I.a
(Fl,g

0~(k)
(mb)

1.368
1.060
p. 308
p. 410
0. 958
p. g26

0~(k)
(mb)

143
3.816
1.327
2. 006
3.137
3.405
1.738

~H~S@)
(mb)

4. 856
3.637
1.219
1.859
2. 997
3.211
1.645

0. 944
p. g53
p. 919
p. 927
0. 955
O. 943
p. 946

3.76
3.60
4.31
4. 89
3.27
3.68
3, 93

-0.4

-0.6

-08

I

30
I.

120 I 50 I80
I

0 60 90
8 (deg)
18 except that Z =13, T~ =g =0.500FIG. 21. Same as Fig.

and 1.00 MeV.
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dependence romm the linear Po-the opposite energy p
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~
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d

' the emissionelectrons transver sely polarize in
plane, namely,
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exce t that Z=13, 79 and23. Same as Fig, 22 excepFIG.
T& ——0. 050 MeV.
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C20

0.08—

0.00

T, = O. IOO MeV

79
HFS Z= This Work

I3 x )( x

0. 15

O. I 0

Z =79
T, = 0.500 MeV

k/TI = 0.5

H FS CII, Cs), C

c2o
Work

C) ),C&),C&& —-—
C~o x x x
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—0.08—
0.00

—0.16—

0
I
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8 (deg)

I
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FIG. 24. Same as Fig. 22 except that Z=13, 79 and

T& =0.100 MeV. —0.20
0

I

30 60
I I

90 I 20 I50 I 80

corresponding to the emission of circularly polar-
ized positive- (negative) helicity photons from trans-
versely polarized electrons. The correlation van-
ishes in the nonrelativistic theory. In the extreme-

8 (deg)

FIG. 26. The atomic bremsstrahlung-polarization
correlations C20, C&&, C3&, and C23 for the case Z=79, T&
= 0. 500 Me V, k/T& = 0.5.
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0.008—

Z -" lb
TI = 0.005 MeV

k/TI = 0.8

HFS
This Work

c

O. I

C2O

0.004

0.0 0.000

—O. I Z =79
TI = 0.25m
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—0.004

HFS
This Work—0.2 — C

Second
Born Approx.
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FIG. 25. Same as Fig. 22 except that Z = 79, T~ = 0.25mec,

k/Ti = 0.75.

FIG. 27. The atomic bremsstrahlung-polarization
correlations C&&, C3&, and C23 for the case Z =13, T&
=0. 005 MeV, k/T& =0.8. The symbols C and HFS refer
to the point-Coulomb potential and. the Hartree-Fock-
Slater potential with 3 of the Slater's exchange, respec-
tively.
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0.008—

I I
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FIG. 28. Same as Fig. 27 except that Z=13, T~=0. 050

MeV, k/T& =0.4.
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I
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high-energy limit'" as well as in the limit of the
Born approximation, like C03 and C», C» is of or-
der 1. Born-approximation results are quite good
for low-Z elements but for high-Z elements the dif-
ference between the Born results and ours is very
large. The atomic-electron screening effect on
C,e is again small. Sample results for y»= o»/
o» and yrz = of~/o'~~ are given in Tables I-III.

The polarization corre. ation C~o, shown in Figs.
22-26, is an analyzer for transversely polarized
electrons in the case that the initial electron spin
is perpendicular to the emission plane. The po-
larization correlation C» vanishes both in the non-
relativistic and extreme relativistic' limits and
is ' of order of a=Ze. In Fig. 25 we show com-
parisons of our results with those of Rozics and
Johnson" (RJ) and of the second Born approxima-
tion for Z= 79. We disagree with these results.

The polarization correlation Cz3, shown in Figs.
26-29, involves the production of linearly polarized
photons from transversely polarized electrons. To
determine C» will require also determining Cao and

CO3, or at least designing a set of experiments
which subtract out their effects; C» is the only one
of the seven polarization correlations which cannot

FIG. 29. Same as Fig. 27 except that Z =79, T& =0. 050
MeV, k/T& -—0.4.

be determined independently. Like C~o, the po-
larization correlation C~3 vanishes in the nonrela-
tivistic and the extreme-high energy' limits and
is of order of a. For small photon angles we have
Cp3 C i ] p while for large angles we have C23 + Cgt ~

The polarization correlation C», shown in Figs.
26-29, like Cz3, produces linearly polarized pho-
tons from transversely polarized electrons. How-
ever, this correlation, also of order a, is between
electrons polarized in the emission plane and pho-
tons polarized at 45' to the emission plane. It
vanishes in the nonrelativistic and the extreme-
high-energy' limits. For very small photon angles
we have C» = —C», while for large angles we have
Cqq —+ C~3.

The polarization correlation C3„shown in Figs.
26-29, which is of order a, produces linearly po-
larized photons from longitudinally polarized elec-
trons. The photon polarization is again at 45 to
the emission plane. This correlation also vanishes
in the nonrelativistic limit and the extreme-high-
energy limit.
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It has been shown recently that static polarizabilities can be computed efficiently by solving the

multiconfigurational self-consistent-field equations for an atom in the presence of a point charge which

provides the polarizing field, The formalism developed here is designed to take advantage of these
calculations in the computation of dynamic polarizabilities. The approach is basically equivalent to a
perturbation method in which the unperturbed state is the statically polarized atom. The transition to
the time-dependent problem is effected by introducing a potential function which turns off the static
field and turns on a dynamic field with the desired time dependence. The spatial parts of the
time-dependent wave function are represented by linear combinations of the statically polarized

configurations, without explicit reference to the orbital model.

I. INTRODUCTION

In calculating the response of an atom to an ex-
ternal field, the usual approach is to make use of
a version of the coupled perturbed Hartree-Fock
(CPHF) method. ~ 8 This model starts with the un-
perturbed Hartree-Fock (HF) wave function of the
atom and leads to a set of coupled integrodiffer-
ential equations for the first-order corrections to
the atomic orbitals. These equations are generally
solved by expanding the first-order orbitals in an
appropriate set of basis functions, thereby trans-
forming to a set of matrix equations.

A critical step in the application of the CPHF
method to the calculation of atomic polarizabilities
is the selection of an efficient basis set. Since the
external field couples the unperturbed HF orbitals
to orbitals of different parity, the HF basis must
be augmented with suitably chosen polarization
functions. It is imperative that this set of func-

tions be compact if the magnitude of the computa-
tion is to be kept within reasonable bounds.

Alexander and Gordon circumvented the problem
of choosing the basis functions by solving the first-
order CPHF equations exactly for the He atom.
Their method worked quite efficiently and provided
a convenient set of exact values against which other
calculations can be measured.

Recently, Billingsley and Krauss demonstrated
a practical method for calculating the response of
an atom to a static multipole field. Their approach
is to solve the multiconfigurational self-consistent-
field (MCSCF) equations directly for the atom in
the presence of a charged particle which simulates
the external perturbing field. The coupling to
functions of different parity which results from the
relaxation of the spherical symmetry of the atom
in the presence of the field is optimized directly""""~ H ~ ~»idion principle. Furthermore, a
p escription was developed for choosing a suffi-


