PHYSICAL REVIEW A

VOLUME 7, NUMBER 4

APRIL 1973

Bilinear Contributions to Equilibrium Correlation Functions”

T. Keyes' and Irwin Oppenheim
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139
(Received 20 November 1972)

The long-time behavior of autocorrelation functions of conserved variables and of their corresponding
dissipative fluxes is studied using the Mori formalism. A set of variables including linear and bilinear
forms of the conserved variables is treated and consistent expansions to quadratic order in the
wave-vector dependence of the appropriate correlation functions are carried out. The treatment is
self-consistent and does not involve factorization of time-dependent correlation functions. Explicit
calculations for the wave vector K and the frequency-dependent shear-viscosity coefficient are carried
out in two dimensions. The asymptotic time dependence of the shear-viscosity correlation function is
proportional to t~! when k—>0. The effect of higher-order nonlinear forms of the conserved variables
has not been studied; such a study is essential to ensure the validity of the asymptotic time

dependence found here.

I. INTRODUCTION

There has been much recent interest in the pres-
ence of long-time “tails” in time-dependent cor-
relation functions which were once commonly con-
sidered to be rapidly decaying. The correlation
functions in question are those of the dissipative
“fluxes,” whose time integrals yield the transport
coefficients of linear hydrodynamics, as well as
the self-diffusion coefficient. A long-time tail was
first observed! in a computer study of the single-
particle velocity-autocorrelation function (the flux
for self-diffusion) by Alder et al. Following
Alder’s experiment, there have been numerous
theoretical calculations®® of the long-time tails.
These calculations have usually involved either
the mode- mode coupling theory of Kawasaki® or
the Landau-Placzek method, * and they conclude
that, for long times, the flux-autocorrelation func-
tions decay as +"%2, where d is the number of di-
mensions,

The effect of the ¢ tails on the fluxes in two di-
mensions?® is to cause logarithmic infinities in
the transport coefficients; thus, linearized hydro-
dynamics “does not exist” in two dimensions. The
analogous effect in three dimensions, while less
spectacular since the time integrals of the correla-
tion functions remain finite, is still of great im-
portance since the macroscopic equations are non-
local in time,

Since two-dimensional problems are easier to
treat theoretically than three-dimensional prob-
lems, we shall confine our attention in this article
to the nature of hydrodynamics in two dimensions.
We take the attitude that an understanding of the
two-dimensional problem is qualitatively similar
to an understanding of the three-dimensional prob-
lem.

One question with which we shall be concerned
is that of the self-consistency of both the Landau-

7

Placzek method, and of the simpler versions of
the mode-mode coupling theory, as they have been
applied to the long-time tail phenomena. Let us
illustrate this point by outlining the mode-mode
coupling approach to the long-time tails. Suppose
that the density of the one conserved variable in
the (hypothetical) system is A(F,#). We define

Az ()= [&F F AR, D af (1)
and

Ap()=dk-jz (1), )
where 7 is the flux for A; for small %, the region
of interest, the time variation of A becomes very
slow (A-0). From Mori’s® theory of irreversible
processes, we may obtain an equation for the cor-
relation function, (A;(#)A_0)),

fom et (Ap() A (0)) at
_ (Ap A

TSRl e GOt/ A Ay

3)

where ( ) denotes an equilibrium ensemble average,

(ROT .= ([Pt (1~ )] 11~ P g)
=(71 010, (4)

and P; is the projection operator onto the space of
the slow variable A;,

P,LG=({AG)/(A%))A ()

for an arbitrary variable G;. In Eq. (5) we have
omitted the k subscripts, and we have written (4%
for (ApA.;). We shall employ this procedure,
from time to time, and we shall omit vector sym-
bols on % subscripts, in cases where our meaning
is hopefully obvious. Since A is the only slow
variable in the system, and since all the quantities
in the correlation function in the denominator of
Eq. (3) are projected orthogonal to A, it is usually

1384



Ki BILINEAR CONTRIBUTIONS TO EQUILIBRIUM...

assumed® that G,;(tfj_g)" decays much more rapidly
than (A,(#) A_,) for small 2. Under this assumption,
one is led to the approximation

J et Gt~ 7G0T at 6)
i.e., the Laplace transform is replaced by its
s=0 value, Furthermore, for small 2, one gener-
ally attempts the substitution

GOT- lim G037 (7

k=

Under these conditions, we recover the usual® re-
sult

ST e (A0 Ay at=(4%) /(s + D) (8a)
or

(A(DA,)=(AZ) ™ (8b)
where A, the transport coefficient, is given by the
relation

e BTN
A= lim eSt MRCAkL gr= 1lim  A(R, s).
k=0,8+0J0 <A > k0,50

(9)
The validity of Eqs. (8) depends upon the assump-
tion that (j,()7..) is rapidly decaying, and the as-
sumption that lim,. o (J,()J_,)" is well behaved.

In the mode-mode coupling theory, 8 one recog-
nizes that, while J}(¢) is orthogonal to A, in the
sense that (4,7%(t))=0, we may form a set of bilin-
ear variables, A,,,.A_,, with wave vector k for all
k’/, which do not have to be orthogonal to (1 -P;) j; .
Since A, is slowly varying for small &, A,,..A_,.
will also be slowly varying if £ and &’ are sufficient-
ly small. Thus, we may write®

(1=Pp)Tp=[(1 = PL)T,]™e

ic 1 - P) j’ A rA I>
7‘ <( BL " mkak 3
T (A A

where Ec is a “cutoff” wave vector such that
A A, is no longer slowly varying for &' 2%,
and we have assumed that ((4,,,. 4 _,)A _pp00Agpe))
is zero unless K’ =k’’. By slowly varying, we mean
slow compared to molecular relaxation times. The
quantity [(1 - P,)J,]™° is the microscopic, or rapid-
ly decaying, part of (1 —PL)j:a, while we have hope-
fully isolated the slowly varying part of (1-P;)7,
in the second term on the right-hand side of Eq.
(10). We have ignored trilinear and higher non-
linear parts of the flux, of form A, ¢ e A 40 A 4o,
etc., and we shall ignore these terms throughout
the article; this is our first basic assumption. The
consensus of opinion!?2® seems to be that the most
important effects are contained in the bilinear
terms, although this question remains somewhat
open.

As a consequence of the above, (ﬂ(t)f_k)* may no
longer be considered rapidly decaying, and we must,
at the very least, consider the transport coefficient,

(10)

Ak+k'A-k’ ’
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X [see Eq. (9)], to be a function of frequency. Let
us, nonetheless, consider the calculation of

limg.g .0, Mk, s). We have

% ((1 —PL)ﬁA-k-k'Ak )2
<(Ak+k'A-k’)2 >2

1.
et D
- kl

x f (A A ) O [Aps Ap JOY A, (11)
0

where A ;. arises from the “microscopic” part of
(1 —PL)j:, and we have ignored any cross correla-
tions between the slowly and rapidly decaying parts
of (1-P;)7,. If we further assume that the time-
independent correlation functions in Eq. (9) are in-
dependent of k and k’ , and if we make the factori-
zation approximation,

([Arsar A JO) [ Auarer A 100))
= (Ak+k'(t)A-k-k'> <Ak'(t)A-k’>;
we obtain

1 (1=P)JkAuA )
(A% ((Agr A )2 )2

A =Kmlc+

o K¢
X 2i{Au)A 4 YRat.  (12)
0 i

A comparison of Eqs. (12) and (9) shows that,
for long times,

-

kc

Lm (5(0])" @20 (Ap(®) Ay )™ (13)

- 3
If we substitute Eq. (8b) into the above, ignoring
the T on the correlation function, and replace c
by [V /(21)?] [¥edk’, where Vis the volume and d
the dimensionality, we obtain, for d=2, the much-
discussed!*?® result

lim (§,() )t at™!
k=0

(14)

for long times. As a consequence of Eq. (14), A,
as defined in Eq. (9), is logarithmically infinite in
two dimensions. These results depend upon the use

" of Eq. (8b), a small-£ result, for (A4,.()A_,.) over

the whole range of 2’ sk, .

The self-consistency question''2® mentioned
earlier is now visible; Eq. (14), which predicts an
infinite value for A, was derived using Eq. (8b),
which assumes a finite value for A. The laws
governing the behavior of the slowly varying vari-
able A, are not at all obvious, in light of the in-
finite X predicted by Eq. (14). Since the infinite )
which we have calculated is actually the lim, .o
of the more general 2 and s dependent quantity de-
fined in Eq. (9), one is led to the conclusion that
A (R, s) is not well behaved for small 2 and s. Thus,
Egs. (8) which depend both upon the assumption
that A is not a function of s at small s, and the as-
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sumption that we may take the lim,.y, are upon
shaky foundations indeed. The calculations outlined
above are not sufficiently precise to determine the
validity of ordinary linear hydrodynamics, the va-
lidity of the % expansion, the presence of the ¢/2
tails, or the existence of infinite transport coef-
ficients in two dimensions.

Recently, Zwanzig?® used the phenomenological,
bilinear Navier—Stokes equation to show that the
flux correlation function for viscosity has a ¢! tail
in two dimensions as & —+0. Zwanzig’s method
does not suffer from most of the problems outlined
above, and his work is similar in spirit to that
which we shall present. However, his use of the
phenomenological equation, and his early specializa-
tion to the -0 limit, indicate that a more com-
plete, nonlinear approach to the problem is desir-
able.

In this article, we shall deal with all the above
considerations via the “complete”® mode-mode
coupling theory. This is done by applying the Mori®
formalism with a set of variables consisting of
both the linear and bilinear “hydrodynamic” vari-
ables. All the fluxes which appear in the resulting
theory will therefore be orthogonal to both the lin-
ear and the bilinear hydrodynamic variables. As
we are ignoring tri- and higher nonlinear hydrody-
namic variables, the fluxes will be considered to
have no slowly varying parts, and the associated
transport coefficients may be considered indepen-
dent of £ and s. We shall then solve the resulting
bilinear equations for correlation functions of the
linear variables. The results shall allow us to ex-
amine the phenomenon displayed in Eq. (14) (#-¢/2
flux-autocorrelation functions), which has hereto-
fore been derived with so many questionable assump-
tions.

II. DERIVATION OF EQUATIONS

In this section we consider a classical fluid sys-
tem consisting of N identical point particles in a
volume V. The results are valid in the thermody-
namic limit N, V-, N/V fixed under the assump-
tion that only linear and bilinear combinations of
macroscopic variables need be considered.

A. General Theory and Variables
Mori’s® identity for the set of variables is

Jy et QOQ)dt=- 7s) f, e (QU)Q* Y,
(15)
where, e.g., (Q( HQ*) is the matrix whose i ele-
ment is (Q;()Q¥), and Qf is the complex conjugate
of Q;. The transport matrix 7-!(s) is given by the
relation
L) = [~ (Q@*)+ [y €™ (QW) Q*)"at] (QQ*)™.
(16)
The significance of the dagger on the time-depen-
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dent correlation function on the right-hand side of
Eq. (16) has been discussed following Eq. (4); the
only modification needed for this many variable
case is that the projection operator P projects onto
the space of the entire set Q. Since the set Q is
chosen to contain all the linear and bilinear hydro-
dynamic variables, we shall assume that (g t)g)*
decays on a microscopic time scale. Thus _7_"1(s)
may be replaced by its s =0 value [see discussion
concerning Eq. (9)]. We may then take the inverse
Laplace transform of Eq. (15) to obtain the equa-
tions

£ Q*)= -1 =0) QUIQ"). am

Equations (17) are a set of coupled linear differen-
tial equations for the correlation functions. We
shall call the coefficients which arise from the first
and second terms on the right-hand side of Eq. (16)
as the Euler coefficients and the dissipative coef-
ficients, respectively. The long-time tail behavior
of Q()Q*) arises from the fact that, in the thermo-
dynamic limit, Q has an infinite number of com-
ponents and the set of Egs. (17) consists of an in-
finite number of equations.

The conserved variables for a simple fluid® are
the spatial Fourier transform of the number densi-

ty,
ny= 2 e, (18a)

of the momentum density,

N Cd
De= 2 Biettr, (18b)

i=1

and of the energy density,

N -
€,= 20 €T, (19)
i=1
where T;, P;, and €; are the center-of-mass posi-
tion, the momentum, and the energy of the ¢th par-
ticle, respectively, and N is the number of parti-
cles. In the following, for simplicity, we shall
ignore €,; this corresponds roughly to the assump-
tion that there exist no temperature fluctuations in
the system, and should not affect the general form
of our results., We shall denote the set of linear
variables of Eqs. (18) and (19) by L.

The bilinear variables B, . AL My peoprs Myt D opr
Drsnt Bope s and PpypeBope, for all Kk’ <kc . We include
both #,, B+ and B,..e7 s as an alternative to keep-
ing just one of the forms, SAY Npp; p_k{, with the
recognition that both k;=K / and k; =k -k’ lead to
different variables of form Ly Ll . Of course,

a variable L., L., is identical for K=K’ and K,
=-k-k.

The derivation of the bilinear “hydrodynamic”
equations is simplified if we use bilinear variables,

-
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B}, »» which have been orthogonalized to the linear
variables, in the sense that (B ,.L.,)=0. The
necessary orthogonalizations may be performed
with the aid of the relations®

(nyn.,)=Ngk), (20)

where g(k) is of order unity and involves a pair dis-
tribution function, and

(B:D; )=mkgT 6,41, (21)

where I is the unit tensor, 3, is the Kroneker 5, T
is the absolute temperature, %2y is Boltzmann’s
constant, and m is the particle mass. We also re-
quire the definition

(Moo ) = NF(R, E'), (22)

where f(%, k') is of the order of unity, and involves
a three-particle distribution function. The orthog-
onalizations are

(Beser Bre)’ = Bpape Bope) = mkpTn,l, (23a)
(ot Dorr)’ = Mo Boge) =8 (R +E")By, (23b)
Brone 1)’ = Bropet.pe) =g &) By, (23c)
Mgt pe)’ = Mpupen_pe) = [ FRy k') /g(R)] 1y - (23d)

The B’ variables, plus the linear variables, con-
stitute our “complete set” of slowly varying vari-
ables. Hereafter, we shall refer only to the
primed bilinear variables, and we shall therefore
omit the primes.

B. Euler Equations: Schematic

We now use Eq. (16) to derive the bilinear Euler
equations. First we shall give a general discus-
sion of the order of magnitude in N, the number of
particles, of the elements of the matrices (QQ*),
QQ*), @Q*)™", and the Euler 7! matrix, QQ*)
(Q Q*)'l N becomes infinite in the thermodynamic
limit, and is an important ordering parameter.
We wish to determine which coefficients may be
discarded, as well as to outline the detailed deriva-
tion which is to follow. The static average of a
product of two linear variables, or of the product
of the time derivative of a linear variable with a
linear variable, may be of order N; these same
averages, for bilinear variables with the same E’,
may be of order N2, The static average of the pro-
duct of a bilinear variable with a linear variable,
abilinear variable with a different E’, orthederiva-
tive of a bilinear variable with a different k’, may
be of order N. We shall arrange the components
of the vector Q with the linear variables first,
followed by the bilinear variables for a given E',
followed by the bilinear variables for a different
K’, and so on. Then, the (QQ*) and (QQ*) ma-
trices have a diagonal block in the upper left-hand
corner which may be of order N, a further set of

diagonal blocks (for each k’) which may be of order
N?, and off-diagonal (olock) elements which may

be of order N. Owing to our orthogonalization,
there are no linear-bilinear coefficients in @ Q*)“.
It may then be seen from an expansion in 1/N that
@Q*)™ has diagonal blocks of order 1/N and 1/N?,
with off-diagonal elements of order 1/N3,

We may now schematically carry out the multi-
plication, QQ*) QQ*)™, to obtain the Euler equa-
tions. It is necessary to realize that, while N -~
in the thermodynamic limit, so does M, the num-
ber of values of k’ between 0 and k,, the cutoff
wave vector, Thus, some of the elements of the
product matrix, QQ*) QQ*)™, will consist of M
terms of a given order in N, and the total N order
of the matrix element will be M times the N order
of the individual terms. The number M is given
by

k,
M= 1=V, (24)
k*=0
where we have used the substitution

PR o ),,fd"l?,

V is the volume, andd is the number of dimensions
If we let V=Na®, where a is a length on the order
of the interparticle spacing,

M ~N(ak,)". (25)

It is 4 basic requirement of our approach that 1;_.
is a wave vector with the property that (ak,)*<« 1
With this fact in mind, we obtain the “schematic”
Euler equations

dt @‘k(t)Q-Q 1 <L @) Q-k)"’ N 2 CBk,kl(t) Q-lz>’
(26a)

2 B0 =1 LOQ+1 Byt Q0

> Br,2() Que) s

(26b
N kz¢k1 )

where L and B represent linear and bilinear vari-
ables, respectively, and Q_, may be any member
of the set of variables. Equations (26) are merely
intended to indicate the N order of the coefficients
in the coupled equations; although Eqs. (26) were
derived with the Euler equations in mind, they are
in fact correct for the complete (Euler plus dis-
sipative) equations,

Consider the solution, via Laplace transform, of
the schematic equations

(l-‘k(s) Q. (s+1)= LQ. +Il\f 2 B: ,kl(s) Qs
El
(27a)
<§k,k1(s)g-k>(s +1)= Be, it Q) + (l-'k(s) Q)
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t2 D Bale) Q) (2M)
2:%1

Nz,

where (Q(s)Q*) is the Laplace transform of @Q(t)Q*
As we wish to obtain the correlation functions of
the linear variables, we let Q_, in Egs. (27) be

L.,. Combining Eqs. (27), and using the orthog-
onality of L and B’, we obtain

(Lals)L) (“1*11\]%) L 1) o

— B.26)L). (28)

The 1/N 3:1[1/(s +1)] term, which multiplies
(L,(s)L.,) on the left-hand side of Eq. (28), repre-
sents a contribution to the frequency spectrum of
{L,(s)L.,) due to linear-nonlinear “coupling,” which
is of order (akc)", and which therefore remains
finite as N—~, To obtain the first contribution to
the spectrum of (L,(s)L_,) due to couplmg among
nonlinear variables of different k we combine
Egs. (28) and (27b), with the result

@&m@(

=L, L)+ —ﬁ— IEDIEEDY
Rl k221 §8:32,%!
(29)
By repeating the above process, we see that the
contribution to the spectrum of {L,(s)L.,) due to
coupling among bilinear variables of different K
is of order (ak, [l +(ak,)™ + (ak,)*...], i.e., of
order (ak,)®35.0[(ak,)?®]". The sum over n is just
a geometric series, and thus the coupling among
nonlinear variables of different k' contributes a
part of order (ak,)% to the spectrum of (L,(s)L_,),
while the contribution of linear-nonlinear coupling
is of order (ak,)’. The B, — B,.. coupling is there-
fore a “higher order” effect which we shall ne-
glect in all the following. Since the only effect of
the off-diagonal elements of the inverse matrix,
@QQ*)™, is to produce the B,s— B, coupling, we
may then assume that (QQ*)'1 is (block) diagonal.

C. Euler Equations

It is now a simple matter to calculate QQ*),
and, by inversion of each diagonal block, @QQ*)™.
We need the relation®

<nk§_k>:0: (30)

as well as the properties of averages of various
products of single-particle momenta, which fol-
low from the Maxwellian distribution. We also
require the factorization approximation for equal
time correlation functions, which is correct to
order 1/N (away from the critical point), and suf-

T. KEYES AND I.
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ficient for our purposes:
((Ak.,.kl B_k:)(C_k_k: Dkl)> = <14k+kl C-k-k') (ka .B_ko>
+ @At Dpe) By Cppry. (1)

The second term on the right-hand side of Eq. (31)
contributes only if k’= - k.

We shall assume that g(2) or g(2’) may always
be replaced by g(2—0), which we shall write as g.
The argument of g(k) is always less than %,, and,
away from the critical point, g(k) does not differ
significantly from g(%2—0) until 2! is of the order
of the range of the intermolecular potential. Simi-
lar considerations hold for f(k, #’) [see Eq. (22)].
With the above information, it is seen that QQ*)
is not only block diagonal; it may, with negligi_ble
error (the error is of order 1/N, with no compen-
sating factors of M), be considered diagonal. The
Euler equations may thus be written

(Qin) . *
it Z) HQ7). 32

All the elements of (QQ*) follow easily from the
information presented above, the conservation
laws, and the relation

(AB)=— AB). (33)

The first of the resulting equations is

dt <nk(t)Q-k> (ﬁk(ﬂQ-k)} (34)

which is the equation of continuity. The bilinear
Euler momentum transport equation is

(pk(t)Q_k> zk"L e)Que) +1 *kB; (1 é)

XE <[nk+k'n-k ](t)Q-k>+ 2 <[Zk §k+k' Pope

+D ot B z'E] #)Q..).  (35)

The factor } preceding the E-: S prevents over-
counting via the symmetry of & and -k -Kk’.

In order to discuss Eq. (35), recall that, near
equilibrium, the equations governing the dynamics
of correlation functions are believed’ to be identical
to those governing the dynamics of nonequilibrium
ensemble averages of the slow variables. The
heuristic, nonlinear Navier-Stokes equation is®

L (508, 1) = F- 0, 1) + 5+ BE O)TE Y, (36)

where ( )’ denotes a nonequilibrium ensemble aver-
age, @ is the pressure tensor, and V is the velocity
field. We may inverse Fourier transform Eq. (35)
to obtain

(ﬁ(r £)Q(0, 0))— L3 ontr, HQ)
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ol (1~ £/g%F ([on®(F, 1)/n0]Q)

+9 (BE OB, 1)/nem]Q),  (37)

where ng i8 the average number density and 6x is
the density fluctuation. This result is correct in
a coarse-grained sense, i.e., for lengths 3 %7l
This limitation should not be a factor in comparing
Eqgs. (36) and (37), as the heuristic, macroscopic
Eq. (38) is itself only intended for use over mac-
roscopic distance scales, One compares Egs.
(38) and (37) by realizing that a term Q(T,#)Q) in
Eq. (37) correspomls to a term Q(F, #))’ in Eq. (36).
1t is well known that the first term on the right-
hand side of Eq. (37) corresponds to the linear
term in the expansion in the density fluctuations
of the pressure gradient, which appears on the
right-hand side of Eq. (36), i.e.,
- d

-’?’i’w(r, £)=9- &% n(E, t). (38)
The second term on the right-hand side of Eq. (37)
is easily shown to correspond to the quadratic term
in the expansion of the pressure in the density.
The velocity fietd ¥(¥) is related to our variables
by the relation®

F(@) =5 &) /mn(F). (39)
E we write
n(?) =n.+5.n(f), (40)

and if we combine Eqs. (40), (39), and (36), and
expand in powers of the density fluctuations, we
obtain

(ﬁ(r t)'=F.0F, t)+ <(1';(E_LP(T_L>'

ngm

+ ) (41)

The tirst term in the large parentheses on the right-
hand side of Bg. (41) corresponds to the bilinear
momexntum term which we have derived in Eq. (37).
Thus, we see that simple expansions of the heuristic
Eg. (38), to bilinear order in the fluctuations, gen-
erate the Euler equation which we have derived in-
dependently, One should recall that the bilinear
variables which appear in Eq. (37) are actually the
orthogomalized variables defined in Egs. (23).

There exist no heuristic analogues to our Euler
equations for the bilinear variables. These equa-
tions are

_ (B, 1)D@, t)om)’
nim

(g-1/8)
m

L aaenae Q0) = i (B(0)Q)

z(l?+-"

+ _ ([Pk&k'"-k' ](t)Q-k)
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-z—id? ([1gpe 5-m](t)9_-k>=— %“ ik ) -k'](t)Q_k)
+”(_7nl“{—) ([PuasrBoe 16)Q ), (43)

a <[ph+k'p-k'](t)Q-k> =k T([ikpk(t +pk(t)lk]___-k>
+(kBT/g)i(E+E’)<[nk4k'5-k'](t)_Q_-k>

- (kBT/g)<[§k+k'n-k'iE’](t)_Q_-k> . (44)

The equation for ([pk‘k.n_k,](t)Q_,J follows from
Eq. (43) via the substitution K’~-kK-kK".

D. Dissipative Coefficients

We now treat the dissipative coefficients, i.e.,
the coefficients arising from the second term on
the right-hand side of Eq. (16). Our main aim
here is to demonstrate the origin of the 72 tails
of the correlation functions. Therefore, while we
shall be careful in treating the physics of the prob-
lem, we shall be somewhat cavalier in handling the
algebra involved,

Our basic physical assumption is that the set Q,
which consists of linear and bilinear forms, con-
tains all of the pertinent slow variables in the sys-
tem. Thus, while a & expansion of the dissipative
terms in which only linear forms are included is
not valid, a k and k' expansion for the set Q is valid
in two and three dimensions. We shall retain terms
up to quadratic order (%, kk’, k%) in these vari-
ables.

It is necessary to obtain the correlation functions
(1- P)Q e"-P1Ei(1 - P)Q) [see Eq. (4)]. Since b,
and nm.p_k. are contained in our set of variables,
and since 7%, = zkm Py and

ik - ik’

>
NpaptNope = . Wyt = Nyt Popt
rer'Tlop s PrartMp et Pert

da
dt

“it is easy to see that (1 - P)n,=0 and (1 - P)

X (Mpypeftope)’ =0, Furthermore,

d - P
(1-P)— (nk+k'p-k' )=Q1- P)(ik * Npep? g.kG)y

at (45)

where the stress tensor g, is defined by the relation

By=ik - 0,. (46)
There are no obvious subtractions, similar to
those described above, owing to the action of
(1= P) upon (d/dt)P, or (d/dt)(PpepD-we). Of course,
(1= P) is expected to remove any linear or bilinear
hydrodynamic contributions to _Q , allowing us to
assume that the dissipative coefficients are inde-
pendent of frequency and expandable in % and &’.
First consider the p,, D, dissipative coefficient,
We have
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lim e'ﬂ('ﬁk(t)ﬁ'_kwdt:s dt(=ik) (1= P) g, e P12 (1= P)g,,) - (ik) =Nmk T ik + ¥ - -k,  (47)

=0 Jg 0

[
> -

Yo —ik)+ Py=iK - °[iK P, + Dk - $iK - P, T |

o>

where a'® is the “bare” kinematic viscosity tet- (ik - g_‘
rad; @ differs from the ordinary kinematic vis-

cosity tetrad insofar as it has no bilinear hydrody-

namic contributions. The tetrad &' is related to

the bare coefficients of kinematic shear and bulk where T is the unit tensor.
viscosity, n° and 17‘1,, respectively, by the relation In a similar fashion, we define

ik P, T}, (48)

lim -St <(1 P) (n_k_kcp,k: )' (1-Prig t(l - P)‘c% (le,.klﬁ_kl )’>dt=j dt ii;,‘ <(1"' P)(n_k_k.o,k:)3e(1'P“'u(1 -— P)
s=0 J, 0 -

X(pogeOupe)) + = iK " = NgNmk gT(~iK’) ¥+ (Gk’). (49)

[

It is not necessary to consider the orthogonalized to resemble the decay of the ¢ autocorrelation func-

form of the B variables in Eq. (49), and in similar tion, as n, is slowly varying. Thus, o and g
equations, as the effects of the orthogonalizations m1ght be simply related; this point requires further
are of order 1/N, The decay of the correlation study. Finally, we defme the remaining diagonal
function appearing in Eq. (49) might be expected matrix element,

lim '“<(1 p) (p_k_,,.ﬁ*k.)’ el-Pist (g P)— (pm.p ,,.)>dt (Nmk g TR[i(R+K ')+ —i(K+K")

=0

ARy R L AEAE) O iR iR @ i 4EY)]. (50)

|

It is expected that the sixth-order tensor 'y“”, like Euler equations; the coefficients which give rise
/_3“’, should have a close relation to the bare vis- to this coupling are linear in % and k', Off-diagonal
cosity a™’. However, €‘® involves correlation dissipative coefficients will be bilinear in % and &’,
functions equal to zero at =0, and should be very and, since we are assuming that # and £’ may be
small, treated as small quantities, these coefficients

We shall ignore the off-diagonal dissipative coef- should be neglected. The validity of this procedure
ficients. Our equations already contain linear- shall be explicitly visible later on.
bilinear coupling, linear-linear coupling, and bi- We may now write down the bilinear hydrody-
linear-bilinear coupling which arises from the namic equations to second order in k and 2’;

]
d ik
-d—f (ﬂk(t)_@_k> ;’;l_ (p (t)Q-k)y (513-)
d - . = kT -k
i <pk(t)_Q-n> "g— (e (8) Q-k> +ik E]'i,_ (1 - “‘)2 {[1paperione ](t)Q-k>
ZN E ( [Zk pkuz'p-k‘ +pk4k'p-h' ik ] )9-k>+ 43 '2(4) -iK)- <5k(t)_Q_~k> , (51b)

d - flg K+’ - ik’ -
a ([papempe ](t)Q-k> (g 7{1/8 ik- (pat Q-k> A ) <[ph+k’n-k’](t)9-k> T { [nmk'P-k'](t)Q-k) , (5lc)

(» =

E <[nk*h'§-k'](t)g-k> == E’Z,Z ik ’<[”Lkok'”~h' ](t)g-k>+i krk) '<[§k9k'§-k'](t)_9-k> + (’E ! '_ﬁ“’ -ik ’) '([”k+k’§-k' ](1)9-k> ’

(51d)

A [ BrowBop 1) Qup = R T (B (6)@up) + (B )GE) Q1))
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+ kaT &+ k') <[nk-ﬂz'§-k'](t)9-k> - Ek-rh'n-k'(iE ')](t)g-kﬂ

4

+ [i(E+E ,)_zw) -i(K+E’)+iE" z(s) ~iE’—i(E+E’)'§‘°’ R 'E(G) E+E r)] '([f’m'ﬁ-k'](t)g-ﬁ .

Equations (51) are based upon our two fundamental
assumptions; the assumption that trilinear and
higher-linear variables may be ignored; and the
assumption that £ and 2’ may be treated as small,
The solution of Eqs. (51) for the autocorrelation
functions of the linear variables will constitute,
within the context of our assumptions, a self-con-
sistent treatment of the problems discussed in the
introduction. We remark that, although the re-
mainder of our work shall be concerned with two
dimensions, Eqs. (51) are also valid in three di-
mensions.

1II. SOLUTIONS

It is not possible to answer the questions which
interest us by just examining Eqs. (51); the equa-
tions must be solved. We shall discuss the proper-
ties of the transverse momentum autocorrelation
function in two dimensions from Eqs. (51). This
discussion illustrates all the general features of
nonlinear effects upon hydrodynamic correlation
functions in two dimensions. Thus, we let K =%%,
and we calculate (p3(#)p%,). As we shall proceed
by Laplace transform methods, the quantity which
we shall actually obtain is

CHOV RN AR CHOTIRT (52)

For comparison’s sake, we first mention the
predictions® of ordinary linear hydrodynamics for
(p3t)p%); they are (K=kX)

(BUDD%Y (p2p2) =™t (532)

[T e pr00p 2N p1p %) dt=1/ (s + k), (53D)

where 7 is the ordinary coefficient of kinematic
shear viscosity. The area under the normalized
time-correlation function is equal to (p 3(s=0)p%,)
x(pYp2, i.e., to (°n)? [see Eq. (53D)].

1t is possible to write® an exact equation,

ST e p a0 N pip ) At =1/ [s + Kok, 5)],

(54)
where 7(k, s) is determined as in Eq. (4),
© gt 1-P .2 (1-P)iL t 1-P oy dt
* (55)

Equations (53) result from Eqs. (54) and (55) if
7(k, s) is independent of % and s for small # and s,
and 7(k, s) is replaced by lim ,.q,,.9M(%, s)=17.
After we finish the calculation of (p3(s)p?¥,), we
may cast it in the form of Eq. (54) in order to

(51e)

r

actually determine 7(k, s); this will allow us to
examine the properties of lim ,.¢, .07k, s). We
may then inverse Laplace transform 7(%, s) to de-
termine the autocorrelation function of the flux for
p1, and to determine if a t2 tail exists. Thus, a
calculation of (p(s)pl) “includes” a calculation
of the hydrodynamic part of the flux autocorrelation
function,

Let us now Laplace transform Eq. (51b), for
Q. =p%; the result is

(PSP LNDIP LT

ik 1
=<s+k2011- I—\?IW 3 ?{( [pzék’p,-'k'](s)ps-,k>

-1
+<[pz.h»p°:k']<s>pfk>}<pz<s)pfk>'1) . (56)

where o, = n°, the bare shear viscosity discussed
earlier. The bilinear contribution to 7(%, s) [see
Eq. (54)] is contained in the third term on the
right-hand side of Eq. (56). Our task is to use the
linear Eqs. (51) to express the correlation func-
tions involving pi,.ep % and p3,.0%.. in terms of

the p} autocorrelation function, and thus to evaluate
the bilinear shear viscosity contribution.

Since Eqs. (51) are rather complicated, we shall
employ some simplifying assumptions, and treat
some limiting cases, in what is to follow. We
emphasize that none of our simplifications will
violate any important physical ideas, but will
rather be in the nature of neglect of “fine points
we shall discuss each approximation as it arises.
First, we shall calculate { p3(s)p?,), and (&, s),
for s=0 and % negligible with respect to &’. Later
on we shall see that ignoring & with respect to &’
leads to a small error. Next we shall outline the
calculations, and present the results, for the two
cases, finite # and s =0, and finite s and 2 <£’, In
the finite £ calculation, we shall assume that the
“viscous ” tensors, a'®’, g, and y‘® may be re-
placed by scalars times the unit tensors, ol
BIY, and yI‘® and that ¢‘® may be equated to
zero. These approximations will not affect the
essential features of our results. Finally, we
shall perform the calculations for finite # and s,
under the above mentioned assumptions, and under
the assumption that the fluid is incompressible.

As we shall see, the assumption of incompressibil-
ity leads to a simple multiplicative error in 7(k,s),
owing to overcounting of “shear” modes.
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A. Calculation of n(0, 0)

In order to eliminate correlation functions in-
volving pj,ep 2y and p3,,ep%,e from the right-hand
side of Eq. (56), we introduce a very useful trans-
formation., For a given E', consider an (x ', y)
coordinate frame in which 2’ 12’ (recall 2 lix). We
have

¥+ p*p*=2cos¢ sing (p* p* - p*'p*’)

+ (cos®p — sine)(p*'p*" +p*'p*"),  (57)

where ¢ is the angle between K and K’. We may
combine Eqs. (56) and (57), and calculate the cor-
relation functions involving the primed bilinear
momenta via the transformed Egs. (51). The
transformed Eqs. (51) are greatly simplified by
the condition %y, =0,

For &, s—-0, the solution of the transformed
equations is very simple. We set s=0, we let
E+K'~EK'for all K’, but we keep the linear factors
of 2 which, when multiplied by the factor of » al-
ready present in the bilinear viscosity term in Eq.
(56), will yield the %% factor in the damping coeffi-
cient, £°n(k, s). A little algebra now gives

Lim ([ pFpt e l(s = 0)p2 R 2y, — €5%0)
o

=lim {ikok T [1+5 (1= f/g2)](pF (s =0)p%,)

+ikykp T5(1=f/82XpY (s =0)p%) 1},  (58)

llm <[Pk+h'i’-k']($ =0)p¥ Y2y, e,: %)

=lim [ikk ,T (P} (s =0)p%)],  (59)
k=0

hm ([ pFeD2e )(s =0) %,

X[k'z(')’n +Y1— 25;:;:) +kBT/”'LgB.|. ]

=lim [ik ok s T{p} (s =0)p%)
k=0
+ikyk s T (P (s=0)p%)],  (60)

where the subscripts Il and L refer to the longitudi-
nal and transverse components, respectively, of
the bare viscosities a, 8, and y. The subscripts
and superscripts on € refer only to the indices for
the stress tensor at time zero and time #, respec-
tively, in Eq. (50); we have ignored the momentum
indices, The next step is to perform the inverse
transformations, expressing p”', p"', ke, and kg
in terms of p*, p*, and k. When we substitute the
inverse-transformed Eqs. (58)-(60) into Eq. (56),
we find that the p* correlation functions are multi-
plied by angular functions which will vanish in the
sum over %’; thus, we now drop those terms. The
inverse-transformed Eqs. (58)-(60) yield

OPPENHEIM 7

lim sing cose ( [Dianet % = Dhawed’ee 1(s = 0)p2,
P

1
_lm—zﬁ—sm(bcosdn J,,,+-——-—,,,,>
Yo~ €xy

n Exx

x{pi(s = 0)p%), (61)
lim (cos® — sin®G ) [Piwe D% + Dlare DTael (5= 0) p2

= lim ikky T(cos?p — sin¢)?

k=0

1 y ¥y
X k/Z(,y" oy, - 2€xx) + kBT/mgB <pk (S = 0)P-t>(6-z)
Equations (61), (62), (57), and (56) may now be
combined to complete the k, s~ 0 calculation. The
sum Y in Eq. (56) is replaced by
k=0

v ar ko
— do k' dR’
o, ),

We now see that the k&’ integral in Eq. (56) posses-
es a logarithmic infinity due to the contribution
to the integrand of the x’x’ and y’y’ terms in Eq.
(61), whereas the contribution of the x’y’ and y’x’
terms 1n Eq. (62) isfinite, and therefore negligible.
Since k' =k+ K is parallel to x’, p* ‘p* may be
thought of as a pair of long1tudmal fluetuations,
p¥'p*" as a pair of transverse fluctuations, and
p¥p*" or p¥'p*¥ as a transverse fluctuation plus a
longitudinal fluctuation. Thus, we have obtained
the well known result that the major bilinear con~
tributions to the transport coefficients (neglecting
heat modes) come from pairs of transverse and
pairs of longitudinal (sound) modes. This compari-
son of our results with simpler versions of the
mode-mode theory is made possible by the trans-
formation to the (x’, y’) frame. Our final equa-
tions are

g 2
hm (Pi(s = 0)p2) ( PaD? o = [kz"hﬂ‘ };SI;;T

‘ 1 ko dp!
X( ‘YH - xx ) ,[ ] ’ (633«)
1
n k= 0 s=0)= o, + ( xx + )
( )= 167rp - €5

Yo ap!
X k! ) (63*))

i.e., n(k=0, s=0)= It is actually inceonsistent
to retain ¢, in Eqs. (63), as we have discarded bi-
linear contributions of possibly comparable mag-
nitude. We retain terms like a,, and shall con-
tinue to do so, for illustration.

Equations (63) contain no proof of the presence
of ¢*! tails on the flux autocorrelation functioca in
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two dimensions. However, the infinite 7(k=0,
$=0) seen in Eq. (63b) implies that, for k=0, the
flux autocorrelation function [inverse Laplace
transform of 7%, s)] must decay as t™!, or more
slowly, at long times; the logarithmic infinity in
" Eq. (63b) is very suggestive of a ¢™! tail. One also
sees from Eq. (63b) that it is not permissible to
perform a k expansion on 7(2, s). These results
have been obtained self-consistently. We have
not assumed that a £ expansion is valid to prove
that it is not; we have assumed that a 2, &’ expan-
sion is valid. We have not assumed that 7(&, s) is
well behaved for small 2 and s; we have assumed
this for @, B, and y. The coefficients that appear
in Egs. (63), o, €(which we expect to be small),
and v, do not appear at all in ordinary hydrody-
namics. Furthermore, y, which involves the flux
autocorrelation function for py,up e [i.e., (1-P)
X (d/dt) pm,p_k.] is not trivially related to any defi-
nition of the vigcosity in terms of the usual stress
tensor [(1- P)p] correlation function.

B. Calculation of n(0, s)

We shall now present the results of the calcula-
tion of (p3(s)pYy - (PIp¥) for k=0 (i.e., we
neglect £ with respect to 2’) but for small finite s.
This calculation is still rather simple, as the
various bilinear momentum products, expressed
in the (x/, ¥’) coordinate frame, still correspond
to products of pure longitudinal and transverse
modes; the algebra is correspondingly uncompli-
cated. Proceeding exactly as in Sec, IITA, we
obtain

’121}51 (D3(s) P2 (Pap2™ = {s +k20‘.L

kT 1
2 Fp
+k 16mp P [(Vn

i;)-l 1n< (Yn"“ ez;)ki +$ )

+ (Y- €)1 n <3(7"——€§;—)-k—2-13>]}1 (64a)

and
lim n(k, s)=a,
k=0

kT 1 €¥%y-1 ('Vn‘ E;;)ki +$
(')/Il xx ]-
16mp 2 s

— €Y P2
- - et (Hm e )] o)

Equation (64b) explicitly contains the ¢! tail which
we have sought to investigate. An inverse Laplace
transform yields

hm Uit =20a,6()

kol (fram €00 - e RO
32mp t

to zero.

1393

('y.L" Eg)_l(l _l: e-%i(n—a’%)t)) ’ (65)
where j is the “flux” for momentum transport.

For long times, and k- 0 the projected flux auto-
correlation function decays as ™%, Note that the
decaying exponentials for longitudinal and trans-
verse modes in Eq (65) have decay coefficients
Ri(y,— €5) and 2k%(y, - €5), respectively; this is

a manifestation of the fact that the damping coeffi-
cients for longitudinal and transverse momentum
fluctuations are proportional to 3(y,— €) and

(y.— €), respectively. Equation (64b) is very
similar to Eq. (59) of Zwanzig’s paper (he treats
the case #—0, finite s). 2™ The important differ-
ences between the two equations arise because
Zwanzig has considered an imcompressible fluid,
and because his treatment involves a single bare
viscosity v, as opposed to our four bare viscosities
€ @, B, andv.

C. Calculation of n(k, 0)

In the above sections, we have obtained results
which are valid for 2 < k', We have already
pointed out, however, that one result of a proper
treatment of the bilinear effects might be a break-
down of the ordinary small-2 expansion for n(k, s).
Thus, it is of major interest to extend our calcu-
lations to the case of finite £, Furthermore, as
we have discussed, ignoring %2 with respect to 2’
introduces a small error into the zero-k result,
i.e., into our earlier calculations. Recall that
we are assuming that a 2, k2’ expansion of Egs.
(51) is valid even if a 2 expansion is not, and thus
we may obtain, consistently, anexpressionfor n(z, s)
which could never be obtained via a %2 expansion.

The algebra necessary to obtain (p,(s)p..)

(Ppp )t from Egs. (51) is greatly complicated for
finite k. Since k+ kK’ is no longer parallel to

k’( x"), pm. and pm, no longer correspond to pure
longitudinal and transverse fluctuations; algebra-
ically, the difficulties arise because (E + E')”' +0.
In order to make progress here we shall set y,
=y,=%, and similarly for 8. We shall set €=0,

It should be clear from the results which we have
already obtained that this approximation should not
fundamentally affect the validity of what is to follow.

We now consider the case of finite 2, and s equal
Equations (51) yield

lim (DY) P2 (DA™

2 -1
:(kaal+ k k;;LT % 2 (D1+D,,)> (66a)

N F)
and
X kgT 1
iljgl n(k, S)=0a, + 1\;1,% E %; (DJ.+ D,) ’ (66b)

where
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y(k2+ k%) + w/k'?[2F sing cos¢ + k sing]? (67a)

DJ. = ‘)/(K2+ k/2) I."Y(KZ‘*‘ kTZ) + wxz/k'z] ’

Do- YK+ k%) + w(k'2/Kk%) + w((k cos ¢ + k' (cos®p — sin®p)2{ 1/k % - Lk'2[(1/k2) + (1/R'®)]?}) (67b)
n= 72(K2+k/2)2+ [‘é"y(l(z+k'2)/K2k’2 w[3k’4+ K4—- 2K2k'2]+ ,é, wZ(l - k/Z/KZ)Z ’
w = kpT/mgB , (68)

and k%= |K+K’' |2, The quantities D, and D, repre-
sent the bilinear effects due to pairs of longitudinal
and transverse modes, respectively. It is easy to
see that, as -0 (recall that 2’ is small), both
D, and D, reduce to 2sin?¢ cos?¢/yk’2, in agree-
ment with the results already obtained. It seems
clear that y should be set equal to y, for D, and
toy,forD,.

The integrals which arise in Eqs. (66), after the
substitution

V ar kc
21—~ _—g'j d I dr’ kb’
@ (@n)° ¢0 ’

are evaluated by first transforming the angular
integral into a contour integral around the unit
circle. We then divide the &’ integral into three
parts,
fkc: fAk+ka+ fkc, (69)
0 0 Ak Bk
where A and B are numbers less than and greater
than one, respectively. For the three regions of
integration, we have B’ <k, k'~ k, and k' >k,
respectively. Upon evaluating the integrations, we
find, for small &,

Fon [T (70)

0 Bk

°

The final result is

lim (D3(s) P2 (DR D2 ™

lim n(k, s)
s=0

B kBT[ 1 (kc) 11 (kc>:l
=+ 1670 —n In Z, + 2—7" In 7. s
(71b)

where we have replaced y by the appropriate vy,
or v,, as indicated above, and we have noted that,
for small k/k., In(k./Bk)=1n(k./k).

For k-0, Eqgs. (71) differ slightly from our %,
s - 0 results obtained earlier [Egs. (63)], owing
to the factor of 3 multiplying the 1/y,1n(%,/k)
terms in Eqgs. (71). This factor arises because,
for &’ >k, the third term in the denominator of D,
must be kept, even though this term vanishes if
k=0. For finite E, a product of sound modes with

I
wave vectors k+ Kk’ and - K’ possesses an oscilla-
tory part with frequency ~ li('l; such oscillatory
time behavior tends to destroy any divergences in
the transport coefficients. This discussion indi-
cates that one must be very careful in taking the
k-0 limit, and that our earlier derivations have
not been rigorously correct.

The most interesting aspect of Egs. (71) is the
presence of the ln(k./k) terms in n(k, s). Clearly,
a term of form ln(%, /%) indicates that a # expansion
of the dynamical laws is invalid in two dimensions;
such a term could not be consistently obtained in
any theory which assumes the 2 expansion. We
have, however, obtained our results completely
consistently via the &, %’ expansion,

D. Calculation of n(k, s)

The most interesting calculation which we may
perform, of course, is that for the case of finite,
small 2 and s. In order to perform this calcula-
tion, in addition to our above assumption that
Yu=Yi=%, Bu=B.=PB, and €=0 we shall make the
less trivial assumption that the fluid is incom-
pressible. This means that we set #,=0 in Egs.
(51). The effect of our incompressibility assump-
tion is that we treat the sound (propagating) modes
of the fluid as nonpropagating modes. Thus, we
expect that our results shall overcount the bilinear
contributions to n(k, s) by a factor of 2; the true
bilinear contribution from a sound mode plus a
shear mode, which was negligible in the previous
calculation [see discussion following Eq. (62)],
shall be treated as a pair of shear modes, and will
enter into our result. However, no important
general aspects of the /2 behavior should depend
upon the compressibility of the fluid, and we ex-
pect our results to be basically correct.

The solution of Egs. (51) for n,=0, is easy;

(D3s) P2 (PRp2%™

21 2 -1
:[s+k2al+kk3Tln<s+2k“y)] . (72a)

8mpy s + By
B kyT ( s+ 2k§7)
n(k5 S)— a,+ 87Tp')/ In S + kz.y . (72b)

Comparison of Eqs. (72) with Eqs. (64) tends to
confirm our earlier speculation that the effect of
ignoring compressibility (besides eliminating the
difference between ¥, and v,) is to overcount the
bilinear part of n(%, s) by a factor of 2. In com-
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paring our finite-s results with our zero-s results
one should note that setting s to zero introduces a
factor of 2, i.e., ln(s +%%~ 21nk.

With Egs. (72), which are very simple to derive
via our method, we have obtained the full 2 and s
dependence of the bilinear effects. The inverse
Laplace transform of Eq. (72b) yields

kBT e-kzyt —-e -Zk%‘ﬂ
8mpy t

Ue®)jw)’ = @, 8() + ;

(73)
Thus, we see that the ¢! tail is present only as
k—~0. The “protection” of the ¢! tail for finite %,
which also occurs for the three-dimensional ¢™%/2
tail, will play an important role in any experimen-
tal attempt to observe the long-time tails.

IV. DISCUSSION

We now summarize the major points of the arti-
cle. We have assumed that there exists a set of
coupled transport equations for the correlation
functions of the linear (L,) and bilinear (L, L’,)
hydrodynamic variables, which possess wave-
vector- and frequency-independent transport co-
efficients. We have assumed that the bilinear
equations may be expanded analytically up to qua-
dratic order in 2 and 2’. We have also assumed
that we need only consider bilinear variables,
L L., for R’ less than the cutoff wave vector
ke; k. is considered sufficiently small such that
the k, k' expansion of the dynamical laws may be
consistently terminated at quadratic order. These
assumptions constitute our “model.”

The solution of the bilinear equations for the
transverse momentum density autocorrelation
functions yields, by comparison with a formally
exact linear law, the 2 and s dependent shear vis-
cosity coefficient, n(k, s), of the true linear equa~
tions. We have seen that 7(k, s) has an important
frequency dependence, and is nonanalytic in %;
these results are completely consistent with our
assumption of well-behaved bilinear equations.
Thus, we feel that we have dealt with the self-
consistency problem of the simpler theories?®
discussed in the Introduction.

It is our conclusion that, as #- 0, the viscous
flux-autocorrelation function indeed decays as ¢
in two dimensions, in agreement with all the other
theories. One should note that our expressions

for the long-time part of the flux-autocorrelation
function involve the bare transport coefficient y
which does not enter into ordinary hydrodynamics;
this underscores the impossibility of obtaining a
theory of the long-time tails via linear hydrody-
namics, It is also important to note that the long-
time tails exist only as 2~ 0; this consideration
(which also applies to the three-dimensional £3/2
tails) must be taken into account when searching
for experiments to observethe long-time phenomena.
It is of interest to consider the density depen-
dence of (¢, s) [Eq. (72b)]. Recall that we have
always referred to “kinematic viscosities, ” so it
is necessary to multiply our (%, s) by a factor of
p to obtain the ordinary shear viscosity coefficient.
Furthermore, it is easy to see that @ and y behave
as p"la,y and p~ly,, respectively, where o, and ¥,
are independent of p for small p. Thus, we may
write the low density form of Eq. (72b) as
pk T ln( ps + 2k%y, )
87y, ps + kv /"

p1(k, s)= o+ (74)
Equation (74) shows that the bilinear contribution
to the shear viscosity coefficient vanishes as the
density approaches zero, in agreement with the
low-density, kinetic-theory treatments® of the
bilinear effects. The bare transport coefficients
are difficult to determine experimentally but could
be obtained in principle if 7(k, s) were measured
over a range of 2 and s values.

Much further work remains to be done on the
nonlinear dynamics of collective modes. The first
problem is to extend the treatment in Sec. III to
three dimensions. We feel that a self-consistent
treatment of triple and higher-order nonlinearities
is of great importance. It is also desirable that
the connection between our approach and the kinetic
theories® mentioned above be explored. Such an
exploration would illuminate the interrelated roles
of the density, the wave vector, and the order of
nonlinearity as expansion parameters for the col-
lective dynamical laws.

Finally, it is of interest to evaluate the conse-
quences of the nonlinear effects upon the macro-
scopic hydrodynamic equations, the equations
describing the decay to equilibrium of nonequilib-
rium averaged quantities. Work is currently in
progress upon the above-mentioned topics.
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