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and (3.11) of Ref. 2, when the pump-field amplitude in the latter
relations is multiplied by the phase factor ei '.

A general treatment of time-dependent linear susceptibilities
for systems driven near resonance will be presented by the author
in a subsequent publication.

"B. R. Mollow, Phys. Rev. 188, 1969 (1969); Phys. Rev. A 2, 76

(1970). The analysis of these papers is based on a quantum
regression theorem derived by M. Lax [Phys. Rev. 172, 350
(1968), and references cited therein].

A realistic analysis of the frequency instability we have
described would have to take into account the nonzero angular
width of the pump wave.
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Jackson's model for adsorbed helium monolayers is suitable for studying thermodynamic properties in

the mobile limit. In particular, low-temperature specific heats can be calculated over a range of
areal densities. The dominant contributions come from longitudinal surface phonons. We report here (i) an

extension of Jackson's model to account for surface-phonon-surface-phonon interactions, (ii)
'

computations of low-temperature specific heats to several coverages, and (iii) a comparison of theI

computed results to experiment.

I. ADSORBED HELIUM MONOLAYERS IN MOBILE LIMIT

Consider N helium atoms physically adsorbed on
a smooth surface of a crystalline substx'ate. Let
the adsorbing area be denoted by A. The system
ls th6n characterized by R single pI1yslcRl param. -
eter: n=N/A, the areal density of the adsorbed
layer.

Following our recent wox'k published in Refs. 1
and 2, we make the preliminary approximation that
the substrate serves no other purpose than to px'o-
vide a static "external" field V(r) to each adatom.
The Hamiltonian of the system is then given by

S @3e=Z V, '+Z V(r,.)+ 5 ~(~,),
1 «&.y gr

where r is a three-dimensional vector and v(r)
x 6px esents the Rdatom-Rdatom intel Rctlon poten-
tial. In this work the pairwise, central I ennard-
Jones 6-12 potential is used.

To solve the Schrodinger equation

Jfg(l, 2, . . . , X)=Zq(i, 2, . . . , X)

for the ground state and the low-lying excited
states, we proposed in Ref. 1 the employment of
a set of correlated basis functions:

v&v&, vovo. .., ,vt)(vt)) )Pl) BPo &
' ' i aN PN)

=.(, . , ). n.., -, (., -„)I, (s)
&=1

where I' denotes a symmetrical correlating factor
which accounts for the short-ranged adatom-
adatom correlations and p„„(vp) stands for the
wave functions describing the motion of a single
Rdatom, i.e. , the eigenfunctions of the single-pax—

ticle Hamiltonian;

h(r) = V'+ y(r).2m
(4

The quantum number p, characterizes the bound
states normal to the a.dsorbing surface (the a di-
rection), and the two-component vector v charac-
terizes motion parallel to that surface. For a
realistic crystalline substrate, y must clearly
contain Bloch functions possessing the periodicity
of the surface.

The subspace spanned by a set of basis functions
of the type (3) with just one elementary excitation
is of most importance when one considers low-
temperature properties of the system. %6 take
for this subspace p, , =

jU, and j,=v, and p, =0 and

v, =0 for all j 11. The basis functions of interest
are then given by

~00K g p) /

&o = &oo, oo, ... , oo =II Woo(&& Pr) )
1

and p is a two-component vector in a plane parallel
to the adsorbing surface.

In the special case nf a completely uniform and
homogeneous substrate, the single-particle func-
tions become

y, „-(ap) = )(,(z)e'" ' ", (7)

where v now represents R two-dixnensional wave
vector. Consequently Eq. (5) reduces to

QOS~i ~
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giving rise to Jackson's models of mobile adsorbed
monolayer s.

Jackson3 classified the one-excitation states in-
to two types: the longitudinal surface-phonon
states,

v(~jj) =v(Pjj),
that

(Q„-lHIP„-) (QplHlgp) 0'v'
2jnS(v) '

(1O)

a result which is strictly valid only if $0 is the true
I

—= &o,oo, ... , oo
= ~ e'" ' ' 4'0 = P 40

]=1

and the transverse surface-phonon states, which
are essentially Eq. (8) with p, oo. Treating these
surface phonons as elementary excitations obeying
Bose statistics, he calculated their contribution
to the low-temperature heat capacity and carried
out numerical work for the transverse surface-pho-
nons, assuming the substrate to consist of a layer
of argon smeared out over a perfect metal with Cu
parameters. He found the contribution to the heat
capacity by the transverse surface phonons totally
negligible at temperatures below 5 'K. For lack
of information concerning $0, the contribution by
the longitudinal surface phonons which actually
dominate at low temperatures was not evaluated.

The purpose of this work is to (i) extend Jack-
son's model to include the effects of low-order sur-
face-phonon-surface-phonon interactions, (ii) com-
pute the heat capacity contributed by the longitudi-
nal surface-phonons, and (iii) discuss the results
in light of recent experimental findings by Bash, 4

Vilches, ~ and co-workers.

II. SURFACE-PHONON-SURFACE-PHONON INTERACTIONS

As in Feynman's theory of bulk helium, s an
upper bound to the longitudinal surface-phonon
spectrum can be determined variationally by eval-
uating the expectation value of II with respect to
the trial wave function Q„- = p+0. Along with Jack-
son3 we find, under the simplifying approximation

ground-state wave function of the system. S(v)
is the two-dimensional liquid-structure function
defined by

(S(v) =1+n 1 e'"''[g(p) —1]dp,
with

N(N 1) —J $0 dpp ~ ~ ~ dp jj
g(P12) = „2 (~2d- . . . d-" ~

The longitudinal surface-phonon heat capacity
C~(T) i.s given by

C (r) 1
""e'e~jpjj'vdv

(14)2 (ex~/3BT 1)2 ~

B

Preliminary numerical calculations to be pre-
sented in Sec. III indicate that q„ is linear at small
v and quadratic at large v, as one would expect
from sum rule arguments which apply in two di-
mensions as well as in three. For intermediate
v, say 0. 3A '& v & 3.0 A ~, the surface-phonon
spectrum goes through an inflection, achieving. a
rotonlike dip if the areal density is sufficiently
high. At very low temperatures, C~(T) is domi-
nated by the linear portion of the spectrum. As
the temperature exceeds 1 'K, the "roton" part
begins to contribute significantly. An accurate
determination of that part of the spectrum is there-
fore necessary. In bulk helium we learned that
while the Feynman wave function is accurate in the
long-wavelength limit, it is quantitatively worth-
less in the roton region: The roton gap obtained is
more than twice the experimental value, giving rise
to a heat capacity which is much too low. To rem-
edy the situation, one must take into account pho-
non-phonon interactions, at least to the lowest or-
der, either by modifying the trial wave function in
the manner of Feynman and Cohen, or by perturba-
tive calculation in the manner suggested by Jack-
son and Feenberg. 7 Since the latter procedure is
more transparent and can be systematically gen-
eralized by means of a canonical transformation,
we have chosen to adopt it for the present use.

Accordingly we go beyond the one-excitation sub-
space to include two-excitation basis functions:

Aye, p, 'mt, pp. .., ,pp +(1P 2 i ' ' ' 1 N)+(0 is@(21pl)9 g~v ' (22P2) Ppp(23 P3)

POO(hajj

PN)j

9 ..-(2jpj)9. :(ejPj)" p X.(2;)XO (;)e'"' "" "
15 H j 5 jj +00(21pj)~00(2jpj) - jw j Xo( j)Xo(ej)

40.

Equation (15) includes longitudinal and transverse
surface phonons as well as mixed surface phonon
states. It will become clear presently that only
pure longitudinal surface phonon states are impor-
tant in this calculation. Thus we consider only the
states

=(PRE Pp, p )40 ~ (16)

And since the set Q; of Eq. (9) includes the second
term of Eq. (16), it is suffi. cient and indeed more
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convenient to consider

Qpv pT' p„p„'Qo t
I (1V)

which hereafter mill be referred to as two-sgrface-
phonon functions. We find and the three-surface-phonon matrix element

[»(v»(l v —v'l»(v')] "'E"8(")[1—8(l v -v'I)]+' v'[8(l v -'I ) - 8(")j]2m

1 ~ I (vIHIv —v', v') I

v'0 0 ~v ~l v - v'I ~v'

Measuring energy in units of 8' /2m A 2,

E„-=«„/(e'/2m A-'),

E„=«o/(8' /2m A. ) = v /8(v) 'K A2,

Rnd m x'1ting

v" =
I

v —v'
I

= (v + v' —2vv' cos8) ~

(21)

(22)

1E„=E„+.p
kl? Q„

0

dv d8
do

v' (v'8(v') [1 —8(v")j+ vv' cosa [8(v")—8(v')] P
S(v)8(v')8(v") [E,—E„, —E„"]

(24)
an equation which can be solved by iteration ox by

graphs.
Note thai in principle the intermediate states in

Eq. (21) should not be limited to two longitudinal
surface phonons. However, practicality (as well
as experience with bulk helium) dictates that ma-
trix elements involving more than tmo surface pho-
nons can be disregarded. Also, intermediate
states containing transverse surface phonons do
not contribute significantly since on the one hand

the energy denominator will increase by a sizable
amount, and on the other hand the matrix element
in the numerator will decrease as a result of nodes
appearing in the single-particle functions.

The latter required the use of Kirkmood's super-
position approximation for the three-particle dis-
tribution function:

X(X-1)(X-2) fP,'de dp„
go ( P12 ~ P23 ~ P31) 3g J wo&P& ' ' ' &Px

g( P12) g(P23) g( P31) (20)

The leading correction to Feynman's spectrum
&~ can be obtained by second-order Brillouin-Wig-
ner perturbation theoryv using the three-surface-
phonon matrix element as the perturbation. An

implicit equation for the perturbed energy spec-
trum q„ is obtained:

III. CALCULATIONS AND RESULTS

The discussion in the last section suggests that
the only quantity required for evaluating C~ (T) is
tile liqu&d s'tl'11ctlll'e fllllctioll 8(v). Tile definition
of S(v) through Eqs. (12) and (13) is identical to
that defining the liquid-structure function of a tmo-
dimens ional system.

In a recent paper, e we reported on detailed cal-
culations for the ground state of two-dimensional
helium. Variational mave functions of the Jastrow
form

y (1 2 . . . X) = II c"&'&~&~2

8(v) - hv/2mc as v- 0, (26)

mhere e denotes the velocity of sound, a quantity
that can be obtained fxom the energy-density rela-

mere employed, in terms of which two- and three-
particle distribution functions were defined, as in

Eqs. (13) and (20). Parametric forms of u(p) were
chosen and the energy expectation value Eo
= (Qo IHigo)/(&toi &to) was minimized with respect
to u(p). The crucial task in such a, calculation is
the determination of g(p) for every given choice of

u(p); this was accomplished by means of several
mell-knomn integral-equation techniques, which
confirmed and improved earlier results of corn-
puter experiments. Further confidence mas gained
mhen these results were checked out by the use of
a highly efficient Monte Carlo program which mas

developed for another purpose.
Fl OID Ref. 9 me box'x'om tile rRd1Rl d1stl ibution

function g(p) and the ground-state energy Eo for a
range of areal densities, n. The knomledge of

g(p) gives us S(v) w111cll, lloweve1', is accllrate
only i.n the regions of intermediate and large v,
This is because the small-v behavior of S(v) de-
pends on the long-range behavior of g(p), and the
latter cannot be accurately determined by varia-
tional calculations such as that of Ref. 9, even
with the 1nclusion of px'opex' long-rRnge pRx'ts 1n

u(p) according to the procedure proposed by
Chester and Heatto. ' There is however an alter-
nate way of determining 8(v) at long wavelengths.
As in bulk helium,
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tion (the equation of state):

c = l/(mn~)"',
where

3 s d(ZO/N) s d its/N))K= S
d

+S
d 2AS dS

1.0-

Q.e—
= o.ose A-'

An interpolation between the small and intermedi-
ate v regions then completes S(v). The error
caused by this rather arbitrary interpolation pro-
cedure is imperceptible as far as specific heats
are concerned. '

Figure l shows the energy-density relation used.
g(p) is available at four areal densities: 0.030,
0.036, 0.046, and 0.056 A ; s=0. 036 A corre-
sponds to zero surface tension and is shown in
Fig. 3. The corresponding 8(v) and eo are given
in Figs. 3 and 4, respectively. At this low areal
density the roton region degenerates to a mere
inflection. A more recognizable roton can be
identified at s = 0.056 A 2; it is also shown in Fig.
4 for comparison.

The renormalization of surface phonons by mean+
of the second-order Brillouin-Wigner calculation
outlined in Sec. II gives rise to energy corrections
which are too small to be of significance. Even
for s=0.056 A the lowering of the roton dip is
merely a few percent. We conclude that it is suf-
ficiently reliable to use &„ in place of q„. The fact
that the corrections are small is no doubt con-
nected to the low densities with which we are con-
cerned. The bulk helium density of 0.0218 A '
scales to s=0.075 A, which is much higher than
the range of areal densities considered here.

The low-temperature heat capacities computed
for s=0.036, 0.046, and 0.056 A ' are presented
in Figs. 5, 6, and 7, respectively. In the case of
n = 0.030 A ', the areal density is below the zero-
tension value and one must consider two-phase

a. 0.B-

0.4-

0.2-

0.4
0.O I.O 2.O 3.O 40 5.0 B.O

pVO

I

7.0 8.0 S.O

FIG. 2. Two-particle radial distribution function for
two-dimensional He shown at the equilibrium density.

equilibrium.

IV. DISCUSSION

For areal densities above 0.036 A ~, the helium
monolayer will be under tension, but will remain
a monolayer. The cost in energy is too high for
forming a second layer, as demonstrated by a
crude calculation discussed in the Appendix. We
therefore have on hand three sets of specific-heat
calculations to compare with experiment.

Stewart and Dash4 carried out extensive heat-
capacity measurements for He4 adsorbed on argon-
plated copper sponge. Their best estimate of the
adsorbing area is 46. 75 m~, and a full monolayer
coverage requires 13.2 cm3 of He4. This corre-
sponds to an areal density of 0.076 A '. In Figs.
5 and '7 we include their data for x=0. 5 (n=0. 038
A ), and x=0. '1 (n=0. 053 A ~). Our results are in
qualitative agreement with these data. Dash, how-
ever, contends'3 that their high-temperature data

0.6

0.4-

0.2-

l.2

LO

0.0-
E/N
m)-02

-0.4-
-0.6

-0.8-

0.8

0$

0.4

n- 0.056 A'

~0 I I I I I I I I I

0.02 0.05 0.04 0.05 0.06 0.07
DENSITY (A ')

FIG. 1. Total energy per particle for the bvo-dirnen-
sional He system obtained by a variational calculation as
described in Ref. 9. The arrow locates the energy mini-
mum.

0.2

0.0 I I I

0.0 l.0 2.0 5.0 4.0 5.0 6.0 7.0
v (A-')

FIG. 3. Liquid-structure function calculated from the
radial distribution function shown in Fig. 2.
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FIG. 4. Energy spectra at n=0. 036 A and g=0. 056
A" showing the onset of a rotonlike dip as the density is
increased,

for low coverages do not approach the proper two-
dimensional asymptotic value of N)'p~. Consequent-
ly the substrate surface could not have been free of
lnhoDlogeneltles RQd oux' owQ slD1ple D1odel CRnnot

apply hex e.
Hickernell, McLean, and Vilches performed

similar measurements on exfoliated graphite, and
found that at high temperatures the data indeed
approach Njg~. It is suggested'3 that the substxate
surface is smoother and perhaps our model would
be mox'6 1 eRllstic fol this sei of expex'iDlents —Rt

least at temperatures low compared to the transi-
tion temperatures discussed in Ref. 5. These
data are shown in Figs. 5 and 7 (full coverage cor-
responds to n = 0. 1 A s). We find no agreement at
all. The reason is probably as follows. As pointed
out by Hickernell et gl. ,s the periodic structuxe
of the substrate may still be an important factor.
Also, in our model, the substrate has not been
permitted to play a dynamic role. It sexves no
other purpose than to restrict the adatoDls to
near-planar motion. In reality, the substrate ex-

00
0.0 05 l.0 l.5 2.0 25 50 M 4.0

T(K)

FIG. 6. The specific heat at m=0. 046 A 2: solid line,
calculated; dashed line, eyeball fit to the data of McLean
(Ref. 5).

citations help to mediate adatom-adatom interac-
tions. In place of the bare He-He interaction e(r),
a somewhat more attractive effective potential
should appear in the Hamiltonian of Eq. (1). 4 A

microscopic calculation of the latter is at present
under way. The calculation reported in this paper
wiH. be repeated when such an effective potential
becomes available.

APPENIHX

Within the framework of Ja,ckson's model of He4

monolayers it is simple to make a crude estimate
of how much energy it would take to lift a particle
out of the monolayer to begin formation of a "sec-
ond layer. " In Jackson's model the Hamiltonian,
Eq. (1), is separable into two additive parts: one
concerned with motion parallel to the substrate and
the other with motion normal to it. Thus, the en-

gyeig v l e's ls s pa bl d b it-
ten

l.0 5.0- ~ - o.m

3.0 "

2.0

n
jj

j j

i

t

I I
i

I
i

1
I

I
1

)Ow

0.0 I 1 I
0.0 0.5 l.O l.5 R.O 8.5 5.0 5.5 4.0

Y( Kj

FIG. 6. Specific heat at a=0.036 A"': solid line, cal-
culated; dashed line, eyeball fit to the data of McLean
(Ref. 5); dot-dashed line, eyeball fit to the data of
Stewart and Dash (H,ef. 4).

0.0 ~~4 l

QO 0.5 I.O l.5 t 0 RS 3.0 5.5 4.0
T (eK)

FIG. 7. The specific heat at n=0. 066 A ~: sohd line,
calculated; dashed line, eyeball fit to the data of McLean
(Ref. 5); dot-dashed line, eyeball fit to the data of
Stewart and Dash (Ref. 4).
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0.29'K . (A2)

The normal contribution q, is just the ground-state
eigenvalue of the Hamiltonian, Eq. (4),

(A3)

(Al)

The parallel contribution can be immediately read
off Fig. 1 and at the highest density used in this
paper, m=0. 056 A 3,

g=10.22 'K, o'=2. 556 A . (Al 1)

The eigenvalue solution of Eq. (A9) is again done
numerically by the Numerov technique, which
yields for the ground-state energy

The substrate potential parameters c,, and p, were
previously defined in Eq. (A4). In Eq. (A10), n is
the monolayer number density as usual and & and
0 are the He-He Lennard-Jones-potential param-
eters

where
pa= —V. 03 'K . (A12)

n, =-,5 ader", ps = 6 &d2z&m ~ (A4)

q and r are the Ar-He Lennard-Jones-potential
parameters taken from molecular-beam experi-
ments':

&=25.4'K, r =3.4 A (A5)

d is the argon substrate number density assuming
an Ar liquid with the same density as the fcc solid:

d = 0.0251 A ~ (A6)

(AV)&~=-21.29'K .
Thus the total energy per particle for a He4 atom
in the first monolayer at a density of 0.056 A z is

q~= —21.58'K . (As)

To complete the calculation we need the ground
state energy of a single He atom placed over a
flat, uniform He~ monolayer which lies a distance
go above a uniform Ar substrate. go is chosen as
the expectation value of z calculated with the
ground-state eigenfunction y, of Eq. (A3). The
Hamiltonian for such a system can be written as

h d c,„pz+ I- 42m dz (z —zo) (z -zo)

where

n„= 5 vn4er", p = -', mn4zo' . (A10)

Equation (A3) was solved numerically using the
Numerov technique familiar to atomic-structure
calculations. '6 The ground-state energy obtained is

The difference in energy, 4p, between a He
atom in the monolayer and one in the first available
single-particle state above the monolayer (the
"second layer" ) is thus

4q=14. 5'K .
The energy 4z is considerably larger than the tem-
peratures characteristic of this problem. %e inter-
pret this to indicate that at the densities investi-
gated in this paper "second layer" formation due
to boiling particles out of the first layer is not an
important process.

This calculation could be extended to a more
realistic system but the result would be, in gen-
eral, to increase the energy difference ~q. For
example, instead of the totally smeared out poten-
tial of Eq. (A3), a fit to the lattice summed poten-
tial (like Vo in Ref. 1) could be used. The well of
Vo is 50% deeper than the smeared out potential and

yields a ground-state eigenvalue of about —45 'K.
In this model, e2 [Eq. (A12)] is rather insensitive
to the substrate potential since the monolayer acts
to shield the single-particle states above it from the
substrate below it. Thus 6& will now be in the
neighborhood of 35 'K.

The equation of state shown in Fig. 1 and cal-
culated in Ref. 9 (using the BBGKY integral equa-
tion) is too soft at higher densities; thus, by em-
ploying a stiffer equation of state one could in-
crease &, in a direction which would favor second-
layer formation. A Monte Carlo equation of state&0

yields an energy of + 0.2 'K at z = 0.056 A ~. The
difference of 0. 5 'K between the two equations of
state is certainly not sufficient to bring 4& into the
low-temperature range at which the monolayer
systems are explored.

*Work supported in part by the National Science Foundation
through Grant No. GP-29130 and by the Advanced Research
Projects Agency through the Materials Research Center of
Northwestern University.
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Pressure Dependence of Self-Generated Magnetic Fields in Laser-Produced Plasmas
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The systematic dependence of the magnitude of the self-generated magnetic fields of a laser-produced

plasma on nitrogen background pressure has been investigated. At expansion distances of a few

millimeters or more, the strongest fields were found to reside at the front of the streaming laser

plasma. Magnetic fields were created in the laser plasma long after laser shut off by allowing the

streaming plasma to impinge upon a glass plate.

Magnetic fields spontaneously generated in the
absence of applied fields have been observed in
several experiments with laser-produced plas-
mas. '~ Stamper eI; g/. ' have suggested that these
spontaneous fields result from thermo-electric
currents associated with temperature and pressure
gradients existing during the early stages of the
formation and heating of a plasma by a giant laser
pulse.

We have made a systematic study of the depen-
dence of the spontaneous magnetic fields on the
pressure of the background gas which indicates
that magnetic fields are generated by pressure
gradients in the front of the expanding laser plas-
ma. Field amplification or field reversal can be
caused by increase or reversal of the pressure
gradients in the plasma front long after the end of
the laser pulse.

The equation describing the development of the
magnetic fields is obtained from the generalized
Ohm's law

J=o [E+V,xB+(1/en, ) vt', ],
where all quantities have their conventional mean-
ing and the subscript e refers to the electron com-

ponent of that quantity. Solving for E and using

88VxE= —---
8$

gives

—= v'x g', x5)+ v 5+ — vT, x vn, .8B 1
8t '

p Ocr en,
(2)

The first two terms on the right-hand side are the
flow and diffusion terms. The generation of a mag-
netic field requires that the last term, the source
term S, be nonzero.

The beam from a 300-MW (V. 5 J in 25nsec) neo-
dymium-doped glass laser was focused by a lens
with a 28-cm focal length. The principal targets
were aluminum and Mylar discs. The laser irra-
diation produced a 2-mm hole in the I;lylar (disc
thickness 0. 01 cm) but did not penetrate the alumi-
num. The laser beam entered a vacuum chamber
and struck the target at an angle of 30' with re-
spect to the target normal. The resultant plasma
streamed out along the target normal' defining a
convenient cylindrical-polar coordinate system
with the z axis along the target normal, the 8 = 0 ' line
vertically up, and the origin centered on the burn
spot. The magnetic field was analyzed with small


