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Since two recent investigations revealed different structures for the one-electron reduced-
density matrix (one matrix) of the Weiss wave function of the lowest (*P) state of lithium, we
have reanalyzed the Weiss wave functions for both the lowest 28 and 2P states of the three-elec-
tron ions. Although Weiss employed “’S restrictions” in the construction of his P wave func-
tions, their natural spin orbitals are not as spatially symmetry adapted as they are for the %5

states.

The natural analysis! of correlated wave functions
has proved in recent yeau's2 tobe a powerful tool for
understanding of the correlation problem and the
comparison of wave functions of apparently dissimi-
lar form. This method involves the determination
of the eigenfunctions x; [natural spin orbitals (NSO)]
and eigenvalues v; (occupation numbers) of the one-
electron reduced-density matrix (one matrix)

vo(®y, x9). Here yylxy, x1) is defined by

Y\P(xlyx;):Nf\I’(xlxx25"‘,xn)

X‘Il*(xlly L TRERD) xn)dxz-”dxn ’ (1)

where N is the number of electrons and x; denotes
the space and spin coordinates of electronZ. In
terms of the y;(x) and v;,

yals, €9 = vy x ko) (2a)
and

S veley, 2D x, @) dri=vyx,0x1) (2b)
where

2 v;=N (2¢)

J=1

and the v;’s are ordered such that
0<vy<v;<1, (2d)

Natural analyses have been performed for a
number of atomic systems of S symmetry; in par-
ticular for two-,? four-, * six-, ° and ten-electron®
atomic ions. For atomic wave functions of S
symmetry, the NSO are eigenfunctions of the one-
electron operators 7% I,, s? s,, and ¢ (the inver-
sion operator). As a result, the eigenvalue spec-
trum possesses degeneracies of order 2(27+ 1)
between all NSO with the same quantum number 7.”

In the construction of correlated wave functions
for atomic states which are not of %S symmetry,
one is faced with the additional problem of describ-
ing properly the orbital (L #0) and spin (S#0)
polarization effects in addition to the normal cor-
relation problem found in the more symmetric S
states. This polarization leads to a quite different
structure of the one matrix. In particular, Lars-
son and Smith® have analyzed a number of wave
functions for the Li (25) ground state and demon-
strated the effects of spin polarization, the only
type present for 25 states. Here the NSO eigen-
value spectrum possesses degeneracies of order
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TABLE I. The NSO occupation numbers of the Weiss wave functions for the three-electron ions (2P).
Type Li Be' B c* N of*
s 0.999 8345 0.9997616 0.9998131 0.999 8632 0.9999003 0.9999340
0.0006462 0.0004287 0.0002896 0,0002032 0.0001476 0,0000995
0.0000408 0. 0000396 0.0000239 0.0000145 0.0000092 0.000005 4
0,.0000071 0,000004 4 0.0000027 0.0000017 0.0000012 0.0000007
0.0000006 0. 0000005 0,0000004 0.0000003 0.0000002 0.0000002
0.0000001
so 0.9966203 0,9980937 0,998796 2 0.9991772 0,9994044 0.9996076
0,0014550 0,0008472 0,.0005438 0,0003730 0.0002691 0.000169 2
0.0000842 0.0000831 0.0000560 0,0000376 0.0000259 0.000013 2
0,0000165 0.0000088 0,.0000053 0,0000036 0,0000025 0,0000029
0. 0000007 0.0000004 0.0000002 0,0000001 0.0000001 0,0000001
0.0000001 0.0000001
sB 0.996 656 0 0.9981309 0.9988143 0.9991848 0,9994069 0.9996072
: 0.0013757 0.0007169 0,.0004406 0.0002981 0.0002145 0.0001286
0.0000294 0.0000208 0.0000151 0,0000108 0,0000078 0.000006 2
0.0000046 0.000004 8 0. 0000033 0.0000022 0.0000016 0,0000011
0.0000006 0.0000003 0,0000002 0,0000001 0.0000001 0.0000001
0,0000001 0.0000001
DB 0.0006097 0.0003751 0.0002500 0.0001766 0.0001308 0.0000916
0.0000330 0.000034 0 0.0000240 0.0000164 0.0000115 0.0000076
0.0000069 0.0000051 0, 0000036 0.0000027 0.0000020 0.0000015
0.0000006 0. 0000006 0. 0000004 0,0000003 0.0000003 0.0000002
Dot, .0, DB 0.0005730 0.0003223 0.0002057 0.0001425 0.0001047 0,0000730
0.0000202 0.0000118 0.0000077 0,0000054 0.0000040 0.000002 8
0,0000018 0.0000010 0,0000007 0.0000005 0, 0000003 0.0000002
0.0000001 0.0000001
pB 0.0005629 0.0003026 0.0001861 0.0001254 0.0000903 0.0000620
0.0000198 0.0000110 0.0000069 0.0000047 0.0000034 0,0000024
0. 0000017 0.0000010 0,0000006 0,0000004 0.0000003 0,0000002
0.0000001 0.0000001
doo, ... dypa 0.0000163 0.0000097 0.000006 4 0.0000046 0.0000034 0,000002 4
0,0000016 0.0000009 0.0000006 0.0000004 0,0000003 0, 0000002
0.0000002 0.0000001 0.0000001
doB, ... dyB 0.0000163 0.0000097 0,000006 4 0.000004 6 0.0000034 0,000002 4
0.0000016 0.0000009 0.0000006 0.0000004 0.0000003 0,0000002
0. 0000002 0,0000001 0.0000001
fa39%, .., fusB 0.0000015 0.0000009 0, 0000006 0.0000004 0.0000003 0.0000002
0.0000002 0.0000001 0.0000001
Latlly ooy Gagf 0.0000002 0,0000001 0.0000001 0.0000001

(27+ 1) between all NSO of the same ! and m, quan-
tum number.

For 2P states, all such degeneracies should dis-
appear in general and the NSO are eigenfunctions
of only I,, s s,, and ¢ due to the polarization by
the unfilled shells, This behavior was demon-

strated by the natural analysis by Brown and
Smith® (BS) of some B (2P) wave functions due to
Schaeffer, Klemm, and Harris, 1

In their analysis® of the Weiss 45-term wave
tunction for the Li (?P) state, !*'® BS observed that
the Weiss one matrix does not show much of the

TABLE II. First three NSO occupation numbers of the Weiss wave functions for the three-electron ions (2S).

Type Li Be' B" ct N* oo
sa 0.999 564 2 0.9996144 0,999 706 2 0.9997730 0.999 823 7 0.9998592
sa 0.996 6432 0.9981824 0.998864 1 0.9992227 0.999 4376 0.999574 3
sB 0.996 4950 0.9980195 0.9987306 0.9991146 0.9993521 0.999504 7
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TABLE III. NSO occupation numbers of the Weiss TABLE IV. Comparison of leading NSO occupation
0%* (25) wave function. numbers (multiplied by 2 +1) for Li (%S).

sa sB DB, DoB, p.B Larsson Larsson
0.999 8592 0.9995047 0. 000 099 4 Number _ Type Weiss 25 term 100 term
0.9995743 0.000143 2 0. 000 0084 1 sa 0.999564 0.999504  0,999494
0.0001451 0.000004 2 0.000001 2 2 sa 0.996643 0,996679  0.996 632
0. 000 004 5 0.000 0003 0. 0000002 3 B 0.996495 0.996479  0.996 447
0.0000005 4 P8 0.001878 0,001871  0.001892
5 pa 0.001844 0,001816 0,001 837
P4y Pots P Aok oee, B dwd, ..., d.a 6 sa 0.001325 0.001327  0,001335
0. 000092 4 0. 000 003 0 0. 000002 7 7 B 0.001325 0,001319  0,001329
0.0000355 0. 0000005 0. 0000009 8 po 0.000388 0,000408  0,000421
0.000003 3 0. 0000001 0. 0000002 9 P8 0.000132 0.000143  0.000143
0. 0000005 10 dg 0.000086 0,000100  0.000087
11 do 0.000083 0,000100 0, 000085
Sons coes foB Gy ey 8B 12 pa 0.000075 0.000081  0.000 084
0. 000 0002 0. 000 0000 13 B 0.000027; 0.000033  0.000029
14 sa 0.000027, 0.000031  0.000028
15 B 0.000023 0.000012  0.000021

(BN

expected structure as was found for the B (*P) wave
functions. In particular, there was no mixing of
the basis orbitals of different symmetry, i.e.,
S+do+8&o, Po+fo, ds+&., etc. In addition, there
were some partial degeneracies among those with
the same ! quantum number., Thus the pya, p.c,
and poB NSO’s were degenerate with the same
radial parts. Similarly, the d-type NSO’s were
degenerate with the da’s all having the same radial
part and the df’s all having the same radial parts,
but different from the da’s. The f-type NSO’s
were degenerate with the same radial part for both
the fa’s and fB’s. A similar statement is true

‘for the g-type NSO’s.

As BS pointed out, theWeiss 2P wave function was
constructed in a similar manner to the Weiss %
wave function'!'® (i.e., “S-type restrictions”)and’
hence left out configurations of the form sdp, sdf,
etc, which would allow coupling of the s, d, and g
orbitals and also of the p and f orbitals in the one
matrix. It is just configurations of this type which
are necessary to properly describe the atomic hy-
perfine structure of the Li (?P) state, ®'12

Subsequently, Banyard, Dixon, and Tait (BDT)
analyzed® the Weiss functions for the (3P) three-
electron isoelectronic series (Li-N**), They re-
ported a structure of the one matrix which dis-
agrees with that of Brown and Smith in that the o

and B p-type NSO’s were each (27 + 1)=threefold
degenerate. Because of this disagreement, we
have reanalyzed the one matrices of the Weiss (3P)
wave functions. As presented in Table I, we con-
firm the structure reported by BS for Li (?P) and
have extended the analysis through O*.

For the purpose of comparison, we have analyzed
again the Weiss (%) functions and report these
eigenvalues for Li-N* in Table II, which differ
from those reported by BDT. ' In Table III, the
entire eigenvalue spectrum for o* (%) is pre-
sented. In Table IV, the leading NSO for Li (%S)
are compared for the Weiss wave function (E
=-1"7,47710 a. u, ), the Larsson’® 100-term wave
tunction®®(E = — 7. 478025 a.u. ), and the Larsson!®
25-term®®@ wave function (E=-"7.471683 a.u.). By
comparison, the restricted Hartree-Fock energy
is - 7.4327 a. u,
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This is an addendum to the author’s previous paper [Phys. Rev. A 4, 1778 (1971)], where
master equations describing the spontaneous emission from a collection of identical two-level

atoms and oscillators were derived without the use of rotating-wave approximation,

How-

ever, the terms corresponding to the frequency shifts were not adequately included. Here

such terms are properly treated and the appropriate master equation is given.

of the frequency-shift terms is also given.

In a previous paper, ! which appeared under the
same title as the present one, we considered
spontaneous emission from a collection of identical
two-level atoms and a system of oscillators with-
out the use of rotating-wave approximation (R. W. A.).
The master equation describing the spontaneous
emission from a system of two-level atoms (which
were assumed to be confined to a region whose lin-
ear dimensions were small compared to the wave-
length of emitted radiation) was found to be

% __; s
ot - ’wo?[su p]

-2 (S;Sjp - S;pS; + S;S;p - S;pS; +H. c.), (1)
if

where w, is the energy separation between two
atomic levels and y is equal to 3(natural lifetime)™,
In (1) p is the reduced-density operator correspond-
ing to the atomic system alone and S} are the com-
ponents of the spin-angular-momentum operator
corresponding to spin-3 value. In the derivation of
(1), we ignored the frequency-shift terms.? The
purpose of this addendum is to include such terms
in the master equation and to give the explicit form
of these terms. We will also make a few comments
on theuse of R.W. A, We will consider, for the sake

Explicit form

of simplicity, only the case of a single two-level
atom.

The Hamiltonian of a single two-level atom in-
teracting with a quantized radiation field can be, in
the dipole approximation, written as

H=wosx+2 wksa;sraks**zs; [8rsars(S*+87)+ Hoe. ],
S k

()
where the coupling coefficient g, is given by®
(27 \/? - -
gks=-1’<-L_75T— ) P2 ({10 €xs). @)

All the symbols have the same meaning as in Ref.
1. The master equation for the reduced-density
operator p, in Born and Markovian approximations,
may be written as

—Z-§+so TrRlH(¢), [HE-17), pg0)p®)]ldr=0,

(4)
where all the operators are in the interaction pic-
ture and Trjy indicates the trace over the radia-
tion-field variables. In (4) pr(0) is the initial vacu-
um state of the radiation field, i.e.,

pr(0)= '{Oks}> <{0hs}l . (5)



