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Improved apparatus has been developed for measurement of the constant-volume heat capac-
ity Czof condensed phases at low temperatures. The high-pressure calorimeter is closed
by a remotely operated valve at the calorimeter and several problems associated with the usual
blocked-capillary technique are thus eliminated. The heat capacity of hcp 4He has been mea-
sured from approximately 0. 35 E to the temperature of the transition to a mixed phase and for
molar volumes V between 20. 5 and 21. 0 cm /mole. The data permit reliable extrapolations to
0 K to determine ep the Debye characteristic temperature at 0 K, and the entropy. Qz can
be represented by the same function of T/Sp for all molar volumes in the range studied. The
data are in good agreement with Ahlers s recent measurements in the limited region of overlap,
but the temperature dependence of C~ at low temperatures and densities is different from that
deduced by Ahlers by extrapolation from higher temperatures and densities, The values of OH()

obtained in this work and by Ahlers at higher densities can be represented by 0~0= 2340V" '
x -'0969

I. INTRODUCTION

The constant-volume heat- capacity measure-
ments reported in this paper and in two additional
papers to be published later were originally under-
taken to determine the thermodynamic properties
of the bcc phase of 4He. However, as the work
progressed it became apparent that it would be in-
teresting to extend the measurements through the
adjacent two-phase mixtures and into the hcp and
liquid phases. Accordingly, measurements were
made at 35 molar volumes between the saturated
vapor line and 20. 5 cm'/mole. Most of the mea-
surements start at a temperature between 0, 3 and
0. 4 K (two thirds of them extend below 0. 35 K).
These temperatures are low enough to establish
the coefficients of the T terms in Cv and reliable
extrapolations to 0 K and entropy determinations
were therefore possible. At the higher densities
many of the runs were terminated just above the
melting temperature of the hcy or bcc phase, but
16 runs were extended to 4 K to obtain the thermo-
dynamic properties of the liquid to that tempera-
ture. The measurements have been described in
two theses, '~ and some of the results have been
reported in brief communications. 3 6 This payer
gives a description of the apparatus and general
techniques, and the results of the measurements
on the hcp phase. In a second paper, ' hereafter
referred to as TPH II, the measurements on the
bcc phase and measurements on the two-phase
mixtures (which give information on the pressure
temperature phase diagram) will be described.
The measurements on the liquid phases will be
reported in a third paper, TPH III.

Dugdale has summarized the results of heat-

capacity measurements on hcp 4He that were re-
ported prior to 1965. In most cases the measure-
ments did not extend below 1 K and neither Qo, the
Debye characteristic temperature at 0 K, nor the
low-temperature temperature dependence of the
effective Debye temperature, O~(T), were well de-
fined. In some measurements, 'o '3 however,
there were indications of anomalous behavior that
was described either as a maximum in 8(T) or as
a linear term in C~. More recently, the heat
capacity of hcp 4He has been measured between 16.9
and 20. 9 cm /mole and to 0. 3 K by Edwards and
Pandorf +; at 12.2 cm'/mole and to 0.2 K by
Sample and Swenson'4; and between 13.7 and 30.9
cm'/mole and to l. 4 K by Ahlers. "

Only in the
measurement by Sample and Swenson was there an
indication of a linear term in C&, it was smaller
than those reported earlier and was attributed to
an apparatus effect. The results reported in this
payer cover only a limited range of volume but the
precision is high enough to give reasonable ac-
curacy in the volume dependence of the thermody-
namic properties. Furthermore, the measure-
ments extend to sufficiently low temperatures to
establish unambiguously the T term in Cv and
therefore the properties at 0 K and 8(T).

In previous measurements of the constant-volume
heat capacity of solid He, the samples were held in
the calorimeter by a plug of solid He in the filling
capillary. A number of experimental problems
and possible sources of error are associated with
the use of this technique. First, the range of
molar volumes that can be studied is limited to
that in which the plug can be maintained solid (at
some temperature, not necessarily that of the
sample). This is an inconvenient complication in
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an overestimate of the heat capacity of the sample,
particularly at low temperatures where the linear
term in the heat capacity of the capillary is larger
relative to the sample heat capacity. It seems
possible that in some cases this effect may have
contributed to the appearance of a linear term in

C~.
In the measurements reported here, the prob-

lems associated with the blocked capillary tech-
nique were avoided by using a valve to close the

cell. The valve stem, which could be manipulated
from outside the cryostat, was located inside the
cell and sealed the opening to which the filling
capillary was connected. Before each series of
measurements the cell was filled with liquid at the
required density at 4. 2 K, the valve was closed,
and the filling capillary was evacuated.
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FIG. 1. Sample cell and inner part of the cryostat.

studying the bcc phase of 'He at low densities be-
cause the pure bcc phase or bcc-hcp mixtures are
stable only in a very narrow temperature range and
the stable phases or mixtures at both higher and
lower temperatures include a fluid phase. Con-
stant-volume measurements on ~He in the liquid or
solid-liquid mixtures at molar volumes greater
than 21 cm'/mole (approximately the maximum
molar volume of the solid phases) are, of course,
not possible with the blocked-capillary technique.
Since solid helium is relatively soft, there is also
some question as to how well the solid plug main-
tains constant- volume conditions. Par ticularly at
low densities or at temperatures near a melting
point, a gradual slipping of the plug would seem to
be a distinct possibility. Finally, the thermal
conductivity of the He in the capillary is relatively
large, and can introduce substantial heat leaks
that reduce the precision of the measurements. In
some cases systematic errors may also be intro-
duced because the thermal relaxation time of the
empty capillary is longer than that of the filled
capillary. If the heat capacity of the capillary is
large, as could be the case if it were made of
steel, the apparent contribution of the capillary to
the heat capacity of the empty cell could be signifi-
cantly less than the effective contribution to the
heat capacity of the full cell. The result would be

A schematic diagram of the low-temperature
part of the eryostat is shown in Fig. 1. The vacu-
um jacket shown in the figure was surrounded by a
pumped He bath that could be regulated at tem-
peratures between 1.1 and 4. 2 K. The sample cell
was supported by thin Mylar disks and stainless-
steel tubes from a copper platform that could be
reduced in temperature to 0. 25 K by evaporation
of He in the He chamber. The upper mechanical
heat switch, which provided thermal contact be-
tween the He bath and the He stage, was operated
from outside the cryostat by relative motion of two
concentric stainless-steel tubes attached to the
threaded connections above and below the bellows.
The lower heat switch was similar in construction
and operation but served two purposes. It provided
thermal contact from the He stage to the sample
cell, and, when closed, the jaws gripped a square
neck on the cell to support the cell against the
torque necessary to close the cell valve. In this
way the light Mylar disks that supported the cell
vertically were protected from damage when the
valve was operated. The cell valve was operated
by engaging a square end on the actuating screw
(see Sec. II B) with a square hole in a bushing at
the lower end of a stainless-steel tube. The tube
could be rotated from outside the cryostat,

B. Sample Cell

1. Cell Construction

The construction of the cell is illustrated in
Fig. 2. The body consists of three pieces of
hardened Berylco 25 beryllium-copper alloy" held
together with threaded connections for mechanical
strength and sealed with indium solder. The valve
stem is sealed to the body with a heavy beryllium™
copper bellows and lead-tin solder. The material
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dimensions of the seat on closing, and thereafter
can be opened and closed successfully many times.
However, if the cell is dismantled, changing the
relative orientation of stem and seat, it is neces-
sary to remachine and repolish both. All valves
used in heat-capacity measurements were tight to
superfluid He at pressures to 30 atm.

The valve stem was separated from the actuating
screw by a hardened steel bearing. The bearing
was located by dimples cut into the ends of the
stem arid actuating screw by a ball-end mill. The
ends of the stem and activating screw contacting the
ball were also tapered 5'. Without this taper, in-
terference with the screw threads tended to develop
as the beryllium copper was deformed by the hard-
er ball.

A total of four slightly different sample cells
were used for heat- capacity measurements. They
all used the same body but in the course of various
alterations and repairs the valve stems and bellows
were replaced and slightly different amounts of
solder were used in reassembling. These modifi-
cations produced small changes in volume and heat
capacity, which were, therefore, redetermined
each time the cell was changed. The different
cells will be designated by numbers 1-4.

FIG. 2. Details of the sample cell design.

and wall thickness of the bellows were chosen to
provide constant-volume conditions in the range of
temperature and molar volumes of the heat-capacity
measurements and to make corrections for expan-
sion unnecessary. At the same time, however, it
provided a safety that would rupture before the
cell body in the event that the valve became in-
oper able.

The tip of the valve stem was made of annealed
beryllium copper to permit deformation to match
the hardened valve seat. However, it was found
necessary to harden the valve stem over most of
its length to avoid problems with deformation of
the stern at the pressures necessary to provide a
seal. The valve stem was therefore made in two

parts held together by soft solder. In early ver-
sions of the cell the seat was machined to a 60'
angle and heavily nickel plated, and the stem was
machined to 59 and gold plated. It was later dis-
covered that an effective seal could be obtained at
lower pressures and consequently less deformation
of the stem tip by increasing the area of the mating
surfaces and carefully polishing both seat and stem
tip. The stem-tip angle was also changed to 58'.
With these changes the plating was found to be un-
necessary. Because the valve stem does not turn,
but moves only vertically, it deforms to the exact

2 Heat Capacity ofEmpty Cell

The data necessary to correct the measured
heat capacity for the heat capacity of the empty
cell were obtained in separate experiments, which
were repeated each time the cell was modified or
repaired. Unfortunately the beryllium copper
used in the cell, and several other commercial
beryllium-copper alloys, "have significant heat-
capacity contributions of magnetic origin. (Beryllco
25 alloy contains 0. 2-0. 3'%%uo by weight of cobalt,
and dilute cobalt-in- copper alloys have been observed
to have large heat capacities iri excess of that of
pure copper. ") The heat capacity of the cell is
about twice as large at 0. 3 K as it would have been
if this contribution were not present. Furthermore
a more complicated expression is needed to fit the
heat capacity of the empty cell. For temperatures
below 2 K an expression of the form C„»=n+yT

3+ PT was found to be adequate, as illustrated in
Fig. 3. Typical values of the parameters were
o, =0. 635 mJ/K, @=2.11 mJ/K, and P=0. 223 mJ/
K . At 0.35 K the heat capacity of the empty cell
is 40'%%uo of the measured heat capacity in the hcp
phase, 50/g in the liquid near the saturation pres-
sure, and 75% in the liquid near the freezing line.
The relative contribution of the heat capacity of the
empty cell is much smaller at higher temperatures.
For examp1. e, for the liquid at the freezing line it
is only 45'%%uo of the total at 0.45 K and decreases
extremely rapidly with further increases in tem-
perature. Different expressions were used to fit
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the heat capacities of the cells at temperatures
above 2 K, but in that region the heat capacity of
the cell was so small relative to those of the sam-
ples that accurate fits were not important.

C. Gas-Handling System and Measurement of Sample
Molar Content

The gas-handling system used for sample purifi-
cation, cell filling, and measuring the number of
moles of gas in the samples is illustrated in Fig.
4, High-purity He gas was taken from the purifier
(silica gel at liquid-nitrogen temperature) used in
conjunction with the Giauque Low- Temperature
Laboratory He liquefier, and stored at high pres-
sure in the storage tank. Before use the gas was
passed over activated charcoal at liquid-nitrogen
temperatures and, after run 18, through an addi-
tional trap at 4. 2 K. At the time the 4. 2 K trap
was installed we were unaware of the effect of im-
purities on C~ later reported by Ahlers" but the
similarity of results obtained before and after the
installation of the trap suggests that impurities
were not important in any of the measurements.

I I

I.O 2.0
(K)

FIG. 3. Heat capacity of empty cell number 1, shown
as fractional deviations from a three-parameter equation.
The different symbols represent measurements made at
different times. In later measurements, on the other
cells, the precision was improved by approximately a fac-
tor of 3.

Samples were delivered to the traps by a high-
pressure regulator and then admitted directly to
the cell. The cell-filling pressure was measured
to +1.5 psi by a 0-1500 psi Heise gauge. " The
cell valve was always closed at 4. 220 K and at a
filling pressure calculated to give the desired molar
volume. The PVT data obtained by Hill and
Lounasmaa were used for this calculation.

After most experiments, n, the number of moles
of He in the sample, was determined by measuring
the gas volume. For this purpose the sample was
collected in a pair of thermally insulated copper
tanks as the cell was warmed to liquid-nitrogen
temperatures. The volume of the tanks was ac-
curately known, and the temperature and pressure
at which the gas was collected were measured.
The correction for the dead volumes (cell, connect-
ing lines, and high-pressure manifold) was deter-
mined by evacuating these volumes, expanding the
gas remaining in the tanks into them, and remea-
suring the pressure. In the earliest runs on which
useful heat-capacity data were obtained, 9 and 11-
18, the accuracy of the n determination was limited
by the temperature stability of the collecting tanks.
Improvements in the collecting system were made
after sample 18 was studied, and the estimated ac-
curacy of the n determinations for samples 19-45
is 0. 02%.

D. Determination of Cell Volume and Sample Molar Volumes

In addition to the number of moles of sample,
the volume of the cell, V„must be known to derive
the dependence of thermodynamic properties on the
molar volume, V. The bcc phase is thermody-
namically stable only between V= 20. 84 and 21. 10
cm'/mole. Furthermore, no two samples with
molar volumes differing by more than 0. 04 cm'/
mole are thermodynamically stable at a common
temperature. Particularly for this phase, there-
fore, very precise determinations of V are neces-
sary. Accurate determinations of e and V, together
with measurement of the various transition tem-
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FIG. 4. Gas-handling system. A

4.2-Ktrap was inserted in the line to
the cell in the later measurements.
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peratures would also establish the V-T phase dia-
gram. Conversely, and this was the original inten-
tion, the phase diagram established in earlier
work could be used to determine V from the ob-
served transition temperatures and v would then
have to be determined only to the accuracy neces-
sary for calculation of the molar heat capacities (a
much less stringent requirement). As the work
progressed, however, it began to appear that there
might be systematic errors in the V-T phase
boundary reported by Grilly and Mills ' for the bcc
phase. The improvement in the accuracy of the e
measurements after run 18 (see Sec. IIC) was
made to permit an independent determination of the
relative values of V. The volume of cell number 4,
which was installed at the time the improvements
in the measurement of n were made, was calculated
from the data of Grilly and Mills on the molar
volume of bcc 4He at the melting line and the mea-
sured n and melting temperature, A smooth curve
was drawn through the Grilly and Mills data, and
the point V= 21.020 cm'/mole, T= 1.62"IO K, cor-
responding to the observed melting temperature
was used with the measured n to obtain V, =11.4525
cm . The molar volumes of samples 24-45, which
were studied in this cell, were assigned from the
measured e's and V, . The molar volumes of the
other samples for which useful heat-capacity data
were obtained, 9 and 11-22, were assigned by a
less direct comparison with the same point on the
Grilly and Mills melting curve. In most cases this
comparison involved the phase diagram established
with cell 4, and the assignment of these molar
volumes will be described in more detail in TPH
II. Samples 12-18 were all studied in cell 3 and
in each case n was measured, although less pre-
cisely than in later runs. Values of V, for cell 3
were calculated from the measured ~'s and assigned
V's and were found to be consistent, i. e. , to show

no systematic dependence on V. The assigned
values of V, (or of V) can also be compared with

the PVT data for liquid He reported by Hill and

Lounasmaa because the cell was always filled
with liquid at 4. 220 K and at a measured pressure.
The Hill and Lounasmaa data give values of the
volumes that are an average of 0. 2% higher than

those assigned with no systematic dependence of
the discrepancy on V. For molar volumes in the

pure liquid region the assigned molar volumes can
also be compared with Kierstead's recent work ~

on the V-T X line and the observed A. temperatures.
The agreement is within 0.05% for molar volumes
below 24. 5 cm'/mole, but systematic differences
develop at higher molar volumes.

It appears probable that the relative values of V

are in general accurate to about 0. 02%, the esti-
mated accuracy of the n measurements. The
absolute values of V, however, depend on the ac-
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I'IG. 5. Isotherms for He constructed from quantities
reported in Ref. 2&. ~Vm and AVt, represent the volume
change at melting of the hcp phase and the volume change
at the transition from the hcp to the bcc phase.

curacy of the determination by Grilly and Mills '
of the V-T phase boundary of the bcc phase in the
vicinity of the point chosen to determine V,. Com-
parison with other data suggests possible errors
of up to 0. 2%.

The triple-point temperatures of the bcc phase
determined by Grilly and Mills ' are in conspicuous
disagreement with an average of other values™-2'7
mK low at the low-temperature triple point and 12
mK low at the high-temperature triple point-and
the shape of their bcc phase diagram differs sig-
nificantly from that determined in this work. In
view of these discrepancies some further discussion
of these data and their use in assigning molar volumes
is perhaps appropriate. Grilly and Mills deter-
mined the I'-V isotherms by introducing He from a
room-temperature manometer and monitoring P
as a function of the amount of He that had entered
their experimental cell. Idealized isotherms, con-
structed from their reported volume changes and

approximate values of compressibilities, are shown

in Fig. 5 for a temperatur e near the middle of the bcc
phase and for a lower temperature at which the liquid

is in equilibrium with the hcp phase. The molar
volume of He in the cell should be accurately deter-
mined at any time that equilibrium is established.
The molar volume of the solid at melting was de-
termined by slightly overpressurizing to promote
solidification and waiting for equilibrium. Equi-
librium was more difficult to obtain at the solid-
solid transition however and the width of the bcc
phase in volume was not reported by Grilly and
Mills. They obtained the triple-point temperatures

. by extrapolating the observed width of the phase in
pressure to the temperatures at which the width
vanished. This width varies only slowly with tem-
perature near the middle of the phase, but more
rapidly near the ends. Furthermore, both the pure
bcc phase and the hcp-liquid-I mixtures have a



R. GARDNER, J. K. HOFFER, AND N. E. P HILLIPS

strong tendency to supercool before the hcp and bcc
phases, respectively, appear. Thus, near the
high-temperature end of the stable region of the bcc
phase the phase could be missed entirely, and at
all temperatures at which it is observed it could ap-
pear to extend to higher pressures than the equi-
librium pressure. Consequently, there are good
seasons to expect relatively large errors in the
triple-point temperatures reported by Grilly and
Mills. , and, particularly, errors that tend to make
both triple-point temperatures low. There is no
reason, however, to expect these errors to affect
l.he reported melting volume at temperatures where
there is no difficulty in obtaining the phase, i. e. ,
near the middle of the phase. The general cor-
rectness of Grilly and Mills 's temperature measure-
ments is attested by the good agreement of their
upper A. temperature, the only "triple-point" tem-
perature for which they claim high accuracy, with
other values, A different interpretation of Grilly
and Mills's data was made by Ahlers, who as-
signed a correction to Grilly and Mills's tempera-
ture scale that was linear in temperature and gave
the calorimetrically observed triple points. The
modified V- T curve so obtained was used by Ahlers
and also by Edwards and Pandorf in assigning
molar volumes to bcc samples.

E. Energy and Temperature Measurement

Z. Liners Measurement

A heater consisting of 60 ft of 0. 0009-in. -diam
91%-platinum-9%-tungsten wire was varnished to
the surface of the sample cell. Several turns of
copper wire which were also thermally anchored to
the cell were connected between the heater and the
leads. These copper terminals were intended to
ensure that superheating of the heater wire during
energy input did not produce a loss of heat to the
surroundings that was not properly accounted for
by the conventional extrapolation of fore- and after-
drifts. The copper heater terminals were connected
to the measuring instruments by separate current
and potential leads of which the section between the
cell and the 'He temperature stage consisted of —,'-in.
lengths of the same wire used in the heater. It was
assumed that half of the energy dissipated in the
current leads by the heater current went to the
sample and the very small correction for this ef-
fect was calculated from a rough measurement of
the lead resistance at room temperature.

The heater current was drawn from a stepwise
adjustable 0-500-V constant-voltage power supply
and adjusted by a decade-resistance dividing net-
work as well as by the voltage adjustment. The
heater current was controlled by a mercury-wetted
contact relay. A second relay of identical type that
was arranged with its control coil in series with
that of the first controlled a constant-voltage signal

that actuated an electronic timer. The heating
periods were measured to 0. 1 msec and the simul-
taneity of the two relays and the rise time of the
heater pulse were established to be within that
limit. The heating periods were normally 10 sec
or longer. Various standard resistors could be
switched into the circuit in series with the heater
and were used to measure the heater current and
heater resistance. A Leeds and Northrup type K-3
potentiometer and electronic null detector were
used for voltage measurements. The potentiometer
was guarded against leakage from the high-voltage
supply and the working batteries. The heater-cur-
rent stability and reproducibility were good enough
that no measurement of the heater current was
necessary during the heat-capacity points. The
total error in the energy measurements should be
approximately 0. 05%.

2. Resistance Thermometers

The same two four-terminal germanium resis-
tance thermometers were mounted on the sample
cell and used for the heat-capacity measurements
on all samples. The main thermometer had resis-
tances of 500, 88, and 28 Q at 0. 30, 1.0, and 4. 2 K,
respectively, and was calibrated between 0. 3 and
25 K as described in Sec. IIE 3. With appropriate
working currents, e. g. , 1 p, A at 0. 3 K, 5 p.A at
1 K, and 20 pA at 4. 2 K, this thermometer could
be operated with adequate sensitivity for most pur-
poses at all temperatures within the range of the
measurements. These working currents were low
enough that no significant deviations from the "zero-
current" resistance temperature relation were
produced. A second higher-resistance (23000 0
at 1.1 K and 1800 0 at 4. 2 K) germanium thermom-
eter was used to obtain a higher sensitivity for
measurements on the bcc phase. This thermometer
was calibrated against the first at sixteen tempera-
tures between 1.09 and 2. 16 K and the data were
fitted by a two-parameter equation to 0. 5% in tem-
perature. This equation and a smooth curve through
the deviations of the calibration points from the
equation were used for calculating heat capacities.
A current of 4. 7 p, A was used in the second ther-
mometer. At this current there were substantial
temperature differences between the thermometer
element and the sample cell but they were accurate-
ly reproducible from run to run and the sensitivity
achieved was substantially higher than would have
been possible otherwise. The second thermometer
made possible heat-capacity measurements in the
bcc phase over temperature intervals of 1 or 2 mK
to a 1%—a useful capability in view of the narrow
range of existence of that phase.

The thermometer resistances were measured
by a dc-potentiometric method. The potentiometer
was a six-dial Rubicon instrument. Unbalance
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FIG. 6. Heat capacity of hcp He plotted as C&/Ts vs T.

voltages were amplified by a Keithley breaker
amplifier with constant gain and displayed on a re-
cording potentiometer. Approximate constancy of
thermometer current, without the use of ac line-
operated devices, was achieved by drawing the
current from a 90-V battery of low-temperature-
coefficient mercury cells and a stable stepwise-
adjustable series resistance. The potentiometer
was guarded from leakage from the high-voltage
parts of the current source.

3. Thermometer Calibration and Temperature Scale

Three independent calibrations of the main
thermometer were carried out. In the first calibra-
tion (before the first heat-capacity measurements)
the thermometer was calibrated against He vapor
pressures 5 (T,8) between 1.1 and 4. 2 K and the
calibration was extended below 1..1 K on the as-
sumption of a Curie law for the magnetic suscepti-
bility of a spherical single crystal of CMN

[CezMg, (NO, )» 24H, O]. For the vapor-pressure
measurements, a copper vapor-pressure bulb that
was connected to the manometers by a vacuum-
jacketed tube was arranged with its lower half pro-
jecting into an evacuated chamber. The thermom-
eter was placed in thermal contact with the lower
end of the bulb and the whole assembly immersed
in a temperature-regulated'He bath. Above the X

temperature the vapor pressure of liquid in the
bulb was measured; below the X temperature the
bulb was evacuated and the pressure above the sur-
face of the bath was measured. For the calibration
at lower temperatures the thermometer was placed
in thermal contact with the CMN and both were
cooled by contact to a 'He chamber. The suscepti-
bility of the CMN was measured by a 23-Hz mutual-
inductance bridge.

At an early stage of the heat-capacity measure-
ments (in 1965) the thermometer was removed from
the sample cell and recalibrated. In this second
calibration the primary thermometer and several
other germanium thermometers, some of which had
also been calibrated at various earlier times, were

l 30.
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FIG. 7. Heatcapacityofhcp Heplottedas C~/T vs T for
T&1.2 K.

0.5 I.5

compared with CMN susceptibility and He vayor-
pressure measurements and the calibration was
extended above 4. 2 K by gas thermometry. Al-
though the vapor-pressure measurements were
made by techniques similar to those used in the
earlier measurements, inconsistencies of several
mK in the various He vapor-pressure measure-
ments were apparent at this point. In particular,
the new vapor-pressure measurements gave tem-
peratures an average of 2 mK higher than the
earlier calibration in the region between 1.5 and

2. 5 K. The reasons for the inconsistencies were
not clear, but the heat capacities were calculated
on a temperature scale that gave more weight to
the new data. (The possibility that the thermometer
resistance changed with time was ruled out by the
consistency of determinations of transition tem-
peratures, particularly the low-temperature triple-
point temperature of the bcc phase, that had been
made at various times between the two calibra-
tions. )

Several years after the heat-capacity measure-
ments were completed the primary thermometer
and one other thermometer that had been included
in the second calibration were again calibrated.
On this occasion both He vapor pressure (T~)
and He vapor pressures were measured, and both

gave results that were in good agreement with the
first calibration. (Within the precision of the
measurements, both germanium thermometers
indicated the same discrepancies between the sec-
ond and third sets of vapor-pressure measure-
ments, providing additional evidence for the stabil-
ity of the main thermometer. ) It therefore seems
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Sample
~ -26
-29

--42
-51

V (cm5/mole}
20.960
20.905
20.705
20.456

FIG. 8. Reduced Debye tempera-
ture as a function of reduced tem-
perature for hcp He. Only the
later runs, for which the precision
is highest, are shown.

0.85—

0.80
0.00

I

0.02 0.04
T/80

I

0.06 0.08

probab1. e that the temperature scale on which the
heat-capacity data were calculated is in error (too
high) by several mK in the 1.5-2. 5 K region. Since
the associated maximum error in the heat capacity
is only 0. 3%, and tends to be smoothed out by the
procedures used in deriving thermodynamic proper-
ties from the heat capacities, the heat-capacity
data have not been corrected. However, the values
reported for the temperature coordinate of V- T
and P-T phase boundaries have been corrected.

III. RESULTS AND DISCUSSION

A. Temperature and Volume Dependence of Cy

The heat capacity of hcp He was measured at 9
molar volumes between 20. 456 and 20. 960 cm'/
mole. At each volume the measurements extend
from between 0. 3 and 0. 4 K to the upper limit of
the hcp phase„The data for representative sam. -
ples are shown plotted various ways in Figs. 6-8.
As demonstrated in these figures, there is no
indication of a linear term in the heat capacity.
The data were fitted, by several different methods,
to

C~=A3T +AqT'+A7 T +.. . .
The rms deviations obtained by a least-squares

fitting procedure were not significantly smaller
when the T term was included than when it was
omitted. For temperatures up to 1.2 K, the data
are adequately represented by the T and T terms, .

as illustrated in Fig. 7. The coefficients of these
terms, obtained graphically from plots of the type
shown in Fig. 7, are given in Table I. At tem-
peratures above 1.2 K a small negative T term is
required, in addition to the T' and T terms, to
obtain a good fit. Values of 0~0 and Q~ were calcu-
lated from A3 and Cl/ according to the definitions

A, = (—", ) m'ft 8,' (2)

C,/3Z = D(r/8),
where D is the Debye heat-capacity function (the T
approximation, D=4m 1 /58', is adequate for the
present purpose). The values of 80 are given in
Table I and 8/80 is plotted vs T/80 in Fig. 8. This
figure includes only data for 4 molar volumes for
which the precision is relatively high, and for
which a high density of points was taken close to
the temperatures of the transition to a two-phase
mixture.

Within the precision of the data, and for the very
limited range of molar volumes studied, 8/80 is
given by a universal function of T/8p except very
close to the transition temperature. The data for
the four samples represented in Fig. 8 define an
envelope for 8/8, that the data for each sample
follow to about 0. 08 K below the transition tem-
perature. In the 0. 08 K interval below the transi-
tion temperature the data drop below the envelope.
The drop in 8/80 corresponds to an increase in C»
that is associated with terms beyond the T' term

Sample V(cm /mole) A(mJ/mole K ) C(mJ/mole K ) Oo(K)

26
18
29
15
14
13
42

9
31

20. 9602
20. 9215
20. 9031
20. 900
20.846
20.742
20. 705
20. 521
20. 456

109.65
109.05
107.15
108.15
105.85
101.55

98 ~ 85
92.60
89 ~ 30

11.38
10.95
10.45
10.42
9.60
8. 57
8. 56
8. 0
6.66

26. 074
26. 122
26.280
26. 194
26. 383
26.750
26. 990
27. 586
27. 921

TABLE I. Low-temperature heat-capacity coefficients
[see Eq. (1)] and 00 for hcp He. T&1.25, Cz=AT
+ CT'.
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O
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provides a convenient basis for discussion of the
volume dependence of thermodynamic properties.
If Q/Qo is a universal function of T/80 the volume
dependence of Cv arises only through the volume
dependence of Q~o. In that case y= —d InQO/din V

and is independent of temperature. In the low-
temperature limit, by Eqs. (1), (2), and (4),

20.4 20.6 20.8 21.0

d lnQ&0
y (5)

V (cm~/mole)

FIG 9 Loggpep vs 1oggpV fox' hcp He.

in Eq. (1): Within the experimental precision, the
volume dependence of A, is given by A, ~80'. The
deviation of O~/O~o from the envelope is independent
of the type of transition that it precedes: Sample
26 melts to liquid II, samples 29 and 42 transform
to bcc solid, and sample 31 melts to liquid I. It is
not surprising that QH/O~, deviates from a universal
function of T/O~ abut it is surprising that the de-
viations are strongly correlated with the transition
temperature rather than with 00. One might think
that the observed deviations are spurious and
originate in a local superheating that produces
mixed-phase regions at temperatures below the
equilibrium transition temperature. If the time
required for thermal equilibrium to be attained
from the unstable two-phase mixture were much
greater than in the single-phase sample, an er-
roneously high value of Cv could be recorded. How-

ever, the equilibrium time would be expected to
depend on the type of two-phase mixture formed,
and in particular to be short for the hcp-II mix-
ture. As noted above, the "pretransition anomaly"
is not correlated with the type of two-phase mix-
ture formed. Furthermore, no difference in
thermal-relaxation behavior was observed between
points taken in the pretransition region and points
taken at lower temperatures, but there was a sharp
change in behavior, which did depend on the type
of two-phase mixture formed, at the point that
spanned the equilibrium transition temperatur e.
There is theoretical evidence for the occurrence
of vibrational instabilities in solids as the melting
temperature is approached, a~ but, thermodynami-
cally, the observed effect in Cv is in the direction
of stabilizing the solid. A similar but more pro-
nounced effect was observed in the bcc phase. That
effect was studied in more detail, and will be dis-
cussed in THP II.

The Gruneisen parameter y, which can be de-
fined by

At higher temperatures, deviations of O~/0~0 from a
universal function of T/8p correspond to a tem-
perature dependence of y. A graphical determina-
tion of yo from the data reported here is shown in
Fig. 9. Within an estimated uncertainty of +0.05,
yo = 2. 80. Apart from the "pretransition anomaly"
discussed above, C»= C»(T/Qo) to the accuracy set
by the sample-to-sample precision of the measure-
ments and the limited range of volumes studied.
With these qualifications, y= y, = 2. 80. The "pre-
transition anomaly" corresponds to a sharp in-
crease in y in the 0. 08-K interval below the transi-
tion temperature. The accuracy with which the ef-
fect is determined does not justify a detailed anal-
ysis but, very approximately, it corresponds to
an increase of y to 3. 7.

Except for the pretransition region, which is only
about 0. 08 K wide, 8/80 is a universal function of
T/Qo for the limited range of molar volumes
studied. Under these conditions Cv, S, E-EO, and
~o'-z ' [E is the energy and z = —V '(s V/sP)r] de-
pend only on the reduced temperature T/80. Table
II gives smoothed values of these properties as
functions of T/Qo. The volume dependence of these
properties is determined by the volume dependence
of Qo, for which a relation is presented in Sec.
III B.

B. Comparison with Other Calorimetric Data

Edwards and Pandorf' have mea, sured Cv for
hcp He at six molar volumes between 16.90 and
20. 93 cm /mole. They reported smoothed values
of Q which are compared with this work as plots of
8/Op vs T/80 in Fig. 10. To obtain values of Oo
for their samples 80 0„ the value of 8 at T/Q
= 0. 03, was read from curves drawn through their
smoothed values and was divided by 0. 9893, the
value of 80 0, /8o obtained in this work. This pro-
cedure gave Op values approximately 0. 5% higher
than the ones reported by Edwards and Pandorf for
four samples, but produced no significant change
in Qo for the 16.90- or 20. 93-cms/mole samples.
In comparison with their plot of O/Q«, vs T/8 (Fig.
3 of Ref. 13) this procedure reduced the sample-
to-sample differences in their data at low tem-
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TABLE II. Reduced thermodynamic properties of hcp He
at low densities.

T/Qp Q~/Q~ 10 CJR 10 S/R 10 (E-Ep)/RT
1 1 V

Kp w RT

0
0.002
0.004
0.006
0.008
0.010
0. 012
0.014
0.016
0. 018
0. 020
0. 022
0, 024
0. 026
0.028
0.030
0. 032
0. 034
0.036
0.038
0.040
0. 042
0 044
0. 046
0. 048
0. 050
0.052
0.054
0. 056
0.058
0.060
0.062
0. 064
0.066
0. 068
0.070

1.0000
1.0000
0.9999
0.9998
0.9997
0.9996
0.9995
0.9991
0.9988
0.9980
0.9972
0 ~ 9962
0. 9950
0. 9932
0.9911
0.9883
0.9850
0. 9809
0.9760
0. 9701
0. 9637
0. 9569
0.9493
0.9416
0. 9334
0. 9251
0. 9162
0.9076
0. 8989
0.8900
0.8818
0.8735
0.8650
0.8562
0.8480
0.8400

0
0. 0019
0. 0150
0 ~ 0505
0. 1198
0.2340
0.4046
0.6432
0. 9610
1.3716
1.8860
2. 5179
3.2808
4. 1939
5.2715
6.5389
8.0159
9.7358

11.7319
14.0511
16.7172
19.7678
23. 2786
27. 2573
31.7929
36.9108
42. 7414
49.2388
56. 5248
64. 7028
73.6466
83.5979
94. 6893

107.0817
120.5448
135.2899

0
0.0006
0.0050
0.0168
0.0399
0.0780
0.1348
0.2141
0.3198
0.4557
0.6258
0.8342
1.0849
1.3825
1.7316
2 ' 1373
2 ' 6051
3.1413
3.7530
4. 4478
5.2347
6.1228
7.1217
8.2421
9.4961

10 ~ 8958
12.4543
14.1865
16.1075
18 ' 2313
20. 5724
23.1464
25.9743
29.0752
32.4694
36.1729

0
0. 0005
0. 003V
0. 0126
0. 0299
0. 0585
0.1011
0. 1606
0.2399
0.3419
0.4696
0.6261
0. 8146
1.0384
l.3011
1.6069
1.9600
2. 3655
2. 8291
3.3572
3.9569
4. 6358
5.4018
6.2634
7.2308
8. 3138
9.5231

10.8711
12.3701
14.0313
15, 8663
17.8876
20, 1130
22. 5582
25, 239V
28. 1700

0
0.0000
0.0001
0.0003
0.0006
0.0012
0.0021
0.0033
0. 0050
0.0071
0.0098
0 ~ 0131
0.0171
0.0218
0.0275
0 ~ 0342
0.0420
0.0512
0.0619
0.0744
0 ~ 0890
0. 105V
0. 1250
0. 1471
0. 1723
0.2009
0.2338
0.2704
0.3115
0.3580
0.4086
0.4651
0.5284
0. 5995
0.6765
0.7609

peratures, but increased it at high temperatures.
Edwards and Pandorf's data for individual samples
show systematic deviations from the Q/Qo vs-T/80-
curve obtained in this work, but the deviations do
not show a simple dependence on volume. The only
volume studied by Edwards and Pandorf that falls
in the range covered by this work is 20. 93 cm'/
mole. For that sample their values of C~ are in

good agreement with ours below 1 K, but are ap-
proximately 5/o higher near the melting point. The
value of y, obtained by Edwards and Pandor f, 2. 60,
is in reasonable agreement with that obtained in
this work.

Ahlers has measured C~ for hcp He at several
molar volumes near 20. 9 cm'/mole, and, more
recently, ' at nineteen molar volumes between
13.7 and 20. 7 cm'/mole. None of these measure-
ments extends below 1 K and most of the more ex-
tensive second set of data are for temperatures
above approximately 1.4 K. The overlap with this
work is therefore very limited. However, where a
direct comparison can be made the agreement is
very good, as shown in Fig. 10. In Fig. 10,
Ahlers's data have been plotted using O0 values ob-
tained by interpolation from values found in this

work, so the comparison of his points with the
curve is equivalent to a direct comparison of the
two sets of C~ data.

Ahlers's measurements and ours are comple-
mentary in that our data, which extend to lower
temperatures, permit an extrapolation to 0 K in
the high-molar-volume region where his data do
not. It is of interest to compare the temperature
and volume dependence of the two sets of measure-
ments in more detail because taken together they
cover the entire temperature range of the hcp phase
for a wide range of density. This could be done
either in terms of the temperature and volume de-
pendence of 7, or in terms of a QH/e, -vs 2"/O~o p-lot

In either case an extrapolation of Ahlers's data to
0 K is necessary lto obtain S for the calculation of
(88/8V)r in the first case, and to obtain Q~o in the
second]. This extrapolation is hindered not only
by the lack of data below 1.4 K but also by the ef-
fect of an impurity in the gas sample from which
all but three of Ahlers's samples were prepared
(see Figs. 8 and 9 of Ref. 15). For molar volumes
near 14 cm'/mole it was established that use of
higher-purity He reduced C~ in the region 1.5-3 K.
The effect did not exceed 1% at any temperature,
but it was well outside the precision of the mea-
surements.

To obtain the properties at 0 K, Ahlers intro-
duced a parameter y',

(slnC /slnV)
(BlnC /blnT) (8)

l.05

1 00 ——-----

0.95—

0.90—
e
0

e—
4

0.85—
+ — 20.96-
X — 2 0.47

0.80 I I I I I I

0.0 O, O I 0.02 0.03 0.04 0.05 0.06 0.07
T/eo

FIG. 10. Comparison of Cz, represented by 8, as
measured in this work, by Edwards and Pandorf (Ref. 13)
and by Ahlers (Refs. 15 and 23). See text for description
of 80 values used.

which is probably more strongly temperature de-
pendent than y, but which can be derived directly
from C~. y' and y are thermodynamically related,
but the calculation of y from y' requires an extrap-
olation of C~ to 0 K:

1
, , BC~
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FIG. 11. Temperature dependence of 8 as determined
in this work and at several molar volumes by Ahlers
(a,ef. 15).

Ahlers calculated the volume and temperature de-
pendence of y in five steps: (i) Etl. (6) was used
to derive y' from C~; all C~ data were included.
(ii) y' was extrapolated to 0 K to obtain yo = 1.02
+0.083 V (at 0 K y' = y); for molar volumes below
16 cm /mole, y' was essentially constant up to
2. 5 K and yo was well defined, but for higher molar
volumes the values of yo obtained become increas-
ingly uncertain. (iii) O~o was obtained at V= 14.208
cm /mole by fitting C» data for a pure sample to
Eg. (1) and using Eq. (2); O~o and A, were then as-
signed for all volumes from the values at 14. 208
cm'/mole, the expression for yo, and Eqs. (2) and

(5). (iv) The C» data were refitted by Eq. (1) with

A3 constrained to have the values determined in
step iii; data for T/O~o & 0. 03 were omitted to re-
duce the effect of the impurity. (v) Entropies were
calculated from the new expressions for C~ and
were differentiated to obtain y from Eq. (4).

Ahlers's expression for yo gives y0=2. 74 for
the average value over the range of molar volumes
studied in this work. This is in excellent agree-
ment with our value, 2. 80, even though Ahlers's
relation for yo is to a large extent an extrapolation
for V~ 16 cm~/mole.

Reduced 8-ps-T plots for several of Ahlers's
samples are compared with this work in Fig. 11.
The striking feature of Fig. 11 is that the curves

for Ahlers's data at low molar volumes are closely
similar to that for this work, but the curve for his
20.725-cm /' mole sample, which is in the middle
of our volume range, is not. It must be remem-
bered, however, that Ahlers's data at 20. 725 cm /
mole are based on extrapolation, both in V and T,
below T/80= 0.05. In view of the very good agree-
ment between our C~ data and Ahler'', where
direct comparisons are possible, and between our
value of yo and Ahlers's expression for yo, it seems
reasonable to assume that Ahlers's interpolated
curves for high volumes and low T/OH, are in error
(but only by 1/o in 8) and that the temperature and

volume dependence of C~ is represented by the
curve found in this work for molar volumes near
20 cm /mole and by Ahlers's curves near 14 cm'/
mole. The difference between these curves cor-
responds to less than 0. 2% in OH for T/OHO & 0.038.
This is outside the scatter in either set of data,
but not necessarily outside the combined systematic
errors. The difference in shape between Ahlers's
curve for 14. 815 cm'/mole and the curve obtained
in this work is related to the different ratios A,/A, :
Ahlers found small positive values for this ratio
for the three samples between 13.718 and 14.815
cm'/mole for which the temperature dependence of

C~ was not influenced by the impurity effect; in
this work A, was found to be zero, within the ex-
perimental error. It is possible that this difference
is real and reflects a volume-dependent property
of hcp He. Ahlers's measurements of A, and A,
are confined to a narrow volume range and do not
show a smooth volume dependence so it is not
possible to extrapolate his values to the molar
volumes studied in this work. Nevertheless, there
is a clear indication of a decrease in his values of
A5/A3 and an increase in A~/A, with incr easing
molar volumes, which is consistent with this work,
It is perhaps worth mentioning that we do not be-
lieve that our measurements were influenced by the
impurity effect discovered by Ahlers, for two rea-
sons. First, the introduction of a much more ef-
fective trap in the cell-filling line at liquid-helium
temperatures did not change the temperature de-
pendence of C~. Second, we found that C~ was
fitted by a simple expression of the expected form—
three terms of Eg. (1) over a wide range of tem-
perature. Ahlers found that this was not the case
for the impure samples. It should also be empha-
sized that the deviations from a common curve for
O~/OHO vs T/80 found in this work (see Fig. 8) do not
correspond to those found by Ahlers (see Fig. 11
or Fig. 11 of Ref. 15). The range of molar volumes
covered in this work was too small to observe the
gradual deviations found by Ahlers. The deviations
that we did observe occurred in a much narrower
temperature interval and would not have been ap-
parent in Ahlers's data, which are less closely
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spaced in temperature and molar volume.
Although Ahlers's relation for yp gives good

agreement with the value of yp observed in this
work, the agreement with Qp values, which are
determined more accurately, is less satisfactory.
Ahlers's relation for yp and his value of Qp at
14. 208 cm'/mole predict 8, values that are about
1%%up higher than those measured. This corresponds
to a discrepancy of 3% in C», which is appreciably
greater than our expected experimental error. The
Op values determined by Edwards and Pandorf'
are also, on the average, lower than those calcu-
lated from Ahlers's relation. The discrepancies
in OH0 at high molar volumes could be eliminated
without changing Ahlers's values of y, at lower
molar volumes by introducing a quadratic term in
the relation for yo(V). The accuracy with which yo
can be determined, however, does not seem to
justify this complication. We have therefore de-
rived a modified relation for yp. It has the form
suggested by Ahlers and gives the same value of

yo at 15.000 cm /mole, which is near the middle
of the range of molar volumes in which his yp values
appear to be most accurate, but it extrapolates to
the QHp values measured in this work. The relation
ls

y = 0. 8114+0.096 907, (8)
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FIG. 12. Percentage deviations of Op values from Eq.
(9). (Note the nonlinear scale for the deviations. ) In
the measurements by Heltemes and Swenson (Ref. 11) and

by Franck (Ref. 12) anomalous behavior was found at low
temperatures and the two sets of points correspond to dif-
ferent analyses of the data. Four of the ep values re-
ported by Edwards and Pandorf (Ref. 13) have been revised
upwards by approximately 0.5%, as discussed in the text.
Dugdale and Franck (Ref. 30) reported values of 0 at
OH/T=18, and approximate values of p were estimated
with the aid of Fig. 11. The dashed curve represents the
expression (Eq. 13 of Ref. 15) deduced by Ahlers for ep.
The ep values calculated from elastic constants are from
Refs. 31-35.

and the derived relation for 80 is

Q 2340@ po 8114 0 ~ 096 90V (9)

Equation (9) accurately reproduces the 0~0 values
determined in this work and those determined by
Ahlers for his higher-purity samples near 14 cm3/
mole. It also gives better agreement with Edwards
and Pandorf s Qp values than the corresponding
equation derived by Ahler s. Figur e 12 summarizes
the comparison of Eq. (9) with these and with other
experimental data, and shows that the agreement is
in general within the scatter of the data. At 20. 7
cm'/mole, the middle of the volume range covered
in this work, Eq. (8) gives y, = 2. 82. This is in

slightly better agreement than the value derived
from Ahlers's relation with our experimental
value, but the difference is not significant relative
to the experimental accuracy. Equation (8) also
reproduces Ahlers's values of yp for molar volumes
less than 17 cm'/mole to within approximately l%%uo.

At higher molar volumes the discrepancies with
Ahlers's data are greater, but there the probable
error in his values is also greater.

C. Comparison with Elastic Constants

Crepeau et a/. "have recently measured the
velocities of longitudinal and transverse sound
waves in oriented single crystals of hcp He at
1.32 K and 20. 97 cm'/mole. Their data make
available values for each of the five elastic con-
stants, and these have been used by Strauss' and

by Wanner and Franck" to derive values of Qp of
26. 0 and 25. 87 K, respectively. These values
are in excellent agreement with the value 25. 96
given by Eq. (9) and, therefore, with this work.
Values of QHp have also been derived from elastic-
constant data at higher densities. Franck and
Wanner" have derived the complete set of elastic
constants at 19.28 and 20. 32 cm'/mole from
longitudinal sound velocities, the compressibility,
and a special relation between the elastic constants
that is satisfied by an hcp crystal, such as hcp He,
for which the axial ratio is independent of density.
An extrapolation' of their values to 20. 97 cm3/
mole is in good agreement with the values obtained
by Crepeau et al. , but the values of 80 derived
from their elastic constants are approximately 1/o

higher than given by Eq. (9). Four of the five
elastic constants derived from longitudinal and
transverse sound velocities by Greywall" at 20. 5
cm'/mole are low relative to the other values but
the reported Qp is high. The values of O, derived
from elastic constants are also compared with Eq.
(9) in Fig. 12. Since the estimated uncertainty in
most of the elastic constants is of the order of a
few percent, the agreement between the calori-
metric and elastic-constant data is in general
satisfactory.
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D. Comparison with Measurements of (BP/B1")y

Techniques based on the use of sensitive strain
gauges have recently been used to measure (BP/
BT)„for hcp 4He. 38'" Since (BP/BT)»= (BS/BV)r,
these data can be used with experimental C~ data
and Eq. (4) to obtain values of y without the neces-
sity of differentiating the experimentally measured
quantities with respect to volume. The values of

y so obtained can then be compared with those de-
rived from the volume dependence of C~ as a test
of the consistency of the measurements.

Henriksen et al. "give plots of 8/y' ' [which can
be derived from (BP/BT)»] vs T for three molar
volumes between 18.75 and 20. 16 cm /mole.
Extrapolation of their data to 0 K and the use of Oo
values from Eq. (9) gives values of y that vary be-.

tween 5% greater and 15% smaller than those cal-
culated from Eq. (8). However, the spread in
their values of 80/y'~' is of the order of 4/0, so
the discrepancies are comparable to the precision
of the data.

Jarvis, Ramm, and Meyer have given tables of
smoothed values of (BP/BT)» as a function of tem-
perature for eight molar volumes between 17.77
and 20. 72 cm~/mole. '4 Since y is expected to be

only weakly temperature dependent, it is reason-

FIG. 13. Temperature dependence of (8P/8T) z in the
low-temperature limit. The straight lines repres enting
this work and the circles representing the smoothed data
reported by Jarvis, Ramm, and Meyer (Ref. 34) are to be
read against the T scale at the bottom of the figure. The
squares represent the same data points as the circles but
are plotted against the T scale at the top of the figure.

able to try to fit the temperature dependence of
(BP/BT)» at low temperatures with an expression
of the form of Eti. (1). Plots of T ~(BP/BT)» vs T
and T' suggest that, like C», (BP/BT)» is repre-
sented by a sum of T and T terms in the low-
temperature limit. Figure 13 shows plots of this
type for the two highest molar volumes and includes
the straight lines calculated from interpolated
values of A3 and A~ and values of yo derived from
Eg. (6). A more general comparison of (BP/BT)»
and C~, for the same two molar volumes, is pre-
sented in Fig. 14. In Fig. 14 the values of T '
x(BP/BT)„given by Jarvis, Hamm, and Meyer are
compared with those calculated from C~ and the
values of yo given by Eg. (8). The values of C„
were obtained by smoothing and interpolating the
experimental data in both volume and temperature.
For each molar volume the upper and lower curves
represent, respectively, values of yo 2% greater
and 2% less than those given by Eq. (8). Most of
the (BP/BT)» points fall between the two curves
calculated from C~, indicating agreement between

y and the yo from Eg. (8) to within 2%. There is,
however, an indication, previously noted by Jarvis,
Ramm, and Meyer, of a minimum in y near 1 K.
This effect appears to be outside the combined ex-
perimental errors, but it should be noted that it is
very sensitive to temperature-scale errors. Both
sets of data [C» and (BP/BT)„] involve temperature
derivatives, and a comparison of the type presented
in Fig. 14 can be strongly influenced by small er-
rors in the temperature scales if those errors have
different temperature dependences.
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FIG. 14. Comparison of (8P/8T)z as calculated from
this work with that measured by Jarvis, Ramm, and Meyer
(Ref. 34). The circles and squares represent the smoothed
data reported by Jarvis, Ramm, and Meyer. For each
volume the two curves represent {8P/8T)~ calculated from
smoothed Cz data with y values 2% higher and 2% lower
than that given by Eq. S.
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IV. SUMMARY

Apparatus that is free of the major problems as-
sociated with the filling capillary has beendeveloped
for low-temperature C~ measurements on con-
densed phases under pressure. The heat capacity
of hcp He has been measured for molar volumes
near the maximum volume for thermodynamic
stability of the phase. The measurements extend
to low enough temperatures to permit reliable
extrapolations to 0 K and the determination of Oo

as a function of volume and of the entropy as a
function of temperature and volume. No evidence
for a linear term in C~ was found, in agreement
with other recent calorimetric data, both at similar
densities' and at higher densities' ' ' and with
measurements'6'7 of (aP//sT)». Over the limited
range of molar volumes studied, and excluding a
0.08-K interval preceding the transition to a mixed
phase, OH/O~o is a universal function of T/OHO. This

function is very similar to that determined by
Ahlers" for T/OHO & 0. 04 and smaller molar
volumes, but is significantly different from that
deduced by Ahlers for the temperature and volume

region covered in this work by extrapolation of his
data from higher temperatures. Ahlers's data, "
however, are entirely consistent with ours, as
shown by the good agreement between y, values and

between C~ values where they can be compared di-
rectly. Together, the two sets of measurements
give the volume and temperature dependence of C~
for molar volumes greater than 13. 'f cm /mole and

temperatures between 0 K and the transition tem-
perature. Over this volume range y, and Qo are
given by Eqs. (8) and (9), and for T/Oo & 0. 04 a
number of thermodynamic properties are functions
only of T/0~0, as given in Table II. These relations
are probably valid at lower molar volumes, to
within the probable accuracy of other work.
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A theory for neutron scattering by a semiclassical system, which is appropriate for liquid neon, is

described. The theory is based on a generalized mean-field approximation involving the polarization

potential and the screened response function, similarly to what has been done previously for argon and

helium. The screened response function is assumed to be a sum of Gaussian functions weighted by

the momentum-distribution function. The polarization potential and the width of the Gaussians are

determined by the zeroth and third moments of the scattering law. The momentum distribution has

the Maxwell —Boltzmann form, but includes quantum corrections to order I . The quantum-mechanical

zero-point energy is found to increase the kinetic energy per particle to a value of about 30%%uo greater

than the classical equipartition value. Calculations have been done for wave-vector transfers in the range

0.75-5.5 times the wave vector at the principal maximum in the static-structure factor, and the theoret-

ical line shapes have been folded with the resolution function for the experiments of Buyers et al. Com-

parison of the position of the maximum, full width at half-maximum, and line shapes with the experi-

mental results gives good agreement.

I. INTRODUCTION

In recent years inelastic-neutron-scattering ex-
periments have provided considerable information
on the dynamical behavior of simple liquids. Two
systems which have been studied in great detail
are the completely quantum case of liquid helium~

and the essentially classical case of liquid argon. '
For the case of liquid helium the spectral weight
of the density response is all in the frequency re-
gion which satisfies the inequality htu» kn T (T
being the system temperature), whereas the oppo-
site inequality holds for liquid argon. Further-
more, there are additional differences in the two
systems relating to the relative magnitude of quan-
tum-mechanical effects. For example, for liquid
argon the momentum distribution of the particles
is given by the classical Maxwell-Boltzmann func-
tion, whereas in liquid helium the momentum dis-
tribution is very different and in fact has a singu-
larity due to the quantum-mechanical effect of the
Bose-Einstein condensation.

Because the scattering properties of helium and

argon are so different, it is of interest to study a
system which is in some sense intermediate to
them, The only monatomic system in nature which
satisfies this requirement is liquid neon. It is a

liquid at temperatures between about 25 and 44 'K.
The spectral weight for the density response can
be concentrated at frequencies either large or
small compared to knT/ft, depending on the wave-
length of the response being observed. Also there
are small but observable quantum-mechanical ef-
fects in the structure of liquid neon and specifi-
cally on the momentum-distribution function.
Buyers, Sears, Lonngi, and Lonngis have per-
formed a neutron-inelastic-scattering experiment
on liquid neon, so there are experimental data
available with which the theoretical results can be
compared. For these reasons there is interest in
studying liquid neon.

The theoretical considerations in the present
paper are related to those used before for helium
and for argon. The zero-temperature limit of
this theory was used by Kerr, Pathak, and Singwi4

for calculations on liquid helium and the high-tem-
perature limit was used by Pathak and Singwis for
calculations on liquid argon. In the present paper,
the full finite-temperature quantum-mechanical
version of the theory will be used.

The outline of this paper is as follows. Section
II outlines the theory for the scattering law for
liquid neon and particularly discusses the proce-
dure for incorporating the quantum effects in the


