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Representation of the S@3) group by a maximally entangled state
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A representation of the S8) group is mapped into a maximally entangled two qubit state according to the
literature. To show the evolution of the entangled state, a model is set up on an maximally entangled electron
pair, two electrons of which pass independently through a rotating magnetic field. It is found that the evolution
path of the entangled state in the @Dsphere breaks an odd or even number of times, corresponding to the
double connectedness of the @Dgroup. An odd number of breaks leads to an additionghase to the
entangled state, but an even number of breaks does not. A scheme to trace the evolution of the entangled state
is proposed by means of entangled photon pairs and Kerr medium, allowing observation of the additional

phase.
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It is well known that when the spin of a spiparticle I. MAPPING BETWEEN A MES AND SO (3)

rotates for a whole cycle on the Bloch sphere the wave-

function of the particle changes a phasemofThis 7 phase

has been observed in several experimgmtg]. This prop-

erty is commonly attributed to the topological property, i.e., 1 )

the double connectedness of the (30group. The path on (. 8) = TE(CY|00>+,3|01> -B

the manifold of the S(B) group is categorized into two \

classes under a continuous deformation, one of which leadghere the coefficients and 8 are normalized to unity:

to a change ofr in phase to the wave function, the other of

which does not. However, it was argued by Milman and ac + BB =1. (2

Mosseri[3] that this# phase may be shared by the multi-

connectedness of both £8 and S@2) groups. They also It is seen that a .MES_ is defined by a pair of complex num-

argued that, in general, the phase is partly geometric and bers(a,,B). To visualize a MES,« and 8 can be param-

partly dynamic. Only in the extreme case that the spin pregtrized to

cesses on they plane in the Bloch sphere is the phase

fully geometric. Especially, ther phase still exists when the o= Ccos - ik, sing, 3)

spin initially points to the same direction of the magnetic 2 2

field, where there is no rotation at all. In such case the

phase is fully dynamic. Therefore, this phase may not be a

directly related to the S@) group. B=-(k,+ ikx)sinE, (4)
Milman and Mosseri found a one-to-one correspondence

between the representation of the (8Dgroup and the evo- where (k,,k,.k,)=k is a unit vector, and is an angle be-

lution of a maximally entangled state of a two-qubit systemyyeen 0o a);1d7'r. Hence a MES can also be written as

(MES) [3]. They adopted a discontinuously changing mag-y,(k a)) in the parameter space. It is easy to check that

netic field, which suddenly jumps from one direction to an- W(k,m+a))=—|W(-k, m—a)). That is, (k,=+a) and (k,

. R |
other. In the present paper a rotating magnetic field is used to
drive the evolution of a MES. A clearer formalism is pre- a) correspond to the same state except for a global phase

sented for the trajectory in SG), factor. This is just the case of the double-valued representa-

A MES finds great application to quantum communicationtlon of the SQ3) group, which is written as
and quantum computation techniques, and also to the study « B
of fundamental problems, e.g., nonlocality, of quantum me- DY2(k,a) :< . . ) (5)
chanics[4—6€]. Much attention has been paid to MESs in B a
recent years. It is interesting that MES can be applied to th
representation of the S@) group.

A two-qubit maximally entangled statdES) of a two-
state system can be written g

10+ a”

19), (@)

%orresponding to a rotatioR(k,a) in real space to a two-
state particle. AlthougtiR(k,77+a) and R(-k,7—a) are the
same rotation, one ha®DY3(k,w+a)=-DVY4-k,w-a).
Therefore, there is a one-to-one correspondence between the
*Electronic address: wliming@scnu.edu.cn two-qubit MES and the double-valued representation of
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SO3). In fact, any MES can be constructed by a rotation
from an initial MES, e.g.,

D4/(1,0) = (. 8)),

(6)
D, = D}k, a),

whereD, operates on the first particle. If a rotation operates
on the second particle, one has

D,[(1,0) =[(a,~ 8)),

(7)
D, = D¥%k,a).

One could define a S@) sphere with diameterr filled 1 o5 05 ”
by vectorsak =(ak,,ak,ak,). Due to(6) a MES corresponds ' ak /n '
to a point in the S@) sphere, and an evolution of the MES
corresponds to a trajectory connecting two points. The initial FIG. 1. Closed trajectory in the $8) sphere withd=/5,B

state|(1,0)) locates at the center of the &%) sphere. =1.3603. The arrow stands for the beginning state and direction of
evolution.
II. AMODEL HAMILTONIAN
Consider an electron in a rotating magnetic fi@dt) B=i Singtgﬁ(w- 2wp) — 2B cos aeiwot (15)
=B(sin # coswt, sin 6 sin wt,cos ), where 6 is the angle 2a 2hwyg '

between the field and theaxis, andw is the rotating fre-
quency of the field. The Hamiltonian of the electron is given

by

It is seen that a rotating magnetic field leads to an evolution
of a MES through a continuous trajectory in the (8D
sphere. Therefore, a rotating magnetic field is equivalent to a
cos sin ge™t three dimensional rotation in real space to the MES.

It is not surprising that whenwt=2m,wy=nw,n
=integers, the initial state acquires an additional phase, of
The two exact solutions of the time-dependent Schrédingere.,
equation are given by

HH=0o- B(t):B<sin 0t —cosé@

o2 D1(2m,w)|(1,0)) =-(1,0)). (16)
a.e )
|'J/¢(t)>:(b_ ot/2 )e“‘”ot, (99  The amazing property is that the above operation can be
+€ allocated to two particles of the initial state, i.e.,
corresponding to energy eigenvaluas, and “iwg, respec-
tvely, where 9 el ° o 1esp Dy(mnw)Dy(mn)|(1,0)=~|(1,0).  (17)
In general, one does not have such a property for another
+ -—
b. =a+h(w_ 22(;0) - 2: cose, (10 initial state. If wy=(n+1/2)w,n=integers, one will have
-7 sin
D1 (7, wo) Do( 7, w9)[(1,0)) = (1,0)), (18)
wo = %\,"(ﬁw)2_45ﬁw cos 6+ 4B?, (11)  acquiring no additional phase. Hence, one has a choice for

the additional phase through selecting the value®f

where the values i, can be determined by normalization ~ NOW we can trace the following evolution:

of solutions. ey

Now consider an initial statg1,0))=(]00)+|11))/v2 of (1,0} = [|g ()90 + [g-(O)p-O)IN(2) (19
two electrons, wherg0)=|,(0)),|1)=_(0)). Suppose the

first electron travels through a rotating magnetic field, then =Dy(t, @)Dt wo)|(1,0)). (20)
the system of two electrons evolutes in the form Under the choices,=nw,or(n+1/2)w,n=integers, this evo-
1(1,00) — [|¢ (O 9:(0)) + |¢_(t)¢_(0)>]/\r’@ (12) lution mgkes a clgseq trajectory in the @D sphere. An
example is shown in Fig. 1, where paramet@¢edB are set
to meetwy=w. The final time ist=7/w, that is, both mag-

=|(e.B)) = Dyt w9)|(1,0), (13 netic fields of the two electrons rotate half a cycle. It is seen
where new arguments have been assigned to the group elé@at this trajectory breaks three times on the surface of the
ment for convenience, and sphere. It is known that two ends of a diameter of the sphere
correspond to the same rotation but the group eleniént,
_ ot . otho-2Bcosd| ;. changes its sign. In this case, through a whole trajectory, the
a=|cos—+i sin e'wt (14 ; I
2 2 2hwg MES acquires an additional phase of
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Jn Entangled o n .
U u photon pair u-u
P2 P1 P3 P4

P3
d

P1
3 Optical axes of the
Kerr medium
p2 P4

FIG. 3. Scheme to produce thephase. P1, P2, P3, and P4 are
Kerr media. The optical axes are given by the directions of the
electric fields on the Kerr media.

27 21
1= T(nel —Ne)dy = TkldlEii (22

FIG. 2. Closed trajectory in the 38 sphere with6==/5,
B=1.8754. The arrow stands for the beginning state and direction ofvhere E; is the electric field applied to Kerr media P1 and
evolution. P3. Since the optical exes of P2 and P4 take an angl® of

) . . with the z-axis, they work as the following matrix,
With proper parameters, one can have closed trajectories

with even numbers of breaks, corresponding to a change of

21 in phase. An example is shown in Fig. 2. Hence, one has U :< A B 23
two classes of trajectories, one of which has an odd number 27\-B* A*)’

of breaks on the surface of the &) sphere and the other

which has an even number of breaks, corresponding to the

two classes of the double connectedness of the85@roup. SR

This is the case that Milman and Mosseri considef&l A=cos," +1 sin-"cos 2, (24)

whereas their trajectories are hardly possible to be realized,
since their magnetic field has to jump through a few discrete
points in the parameter space. b .
It can easily checked that the closed trajectories B=i sin>°sin 25, (25)

A-B-F-D-A andA-B-F-E-A and other ones that Milman and

Mosseri considerefB] belong to the two simplest classes of

trajectories which have 0 or 1 breaks, respectively, in the 2 2

SO3) sphere. Therefore, the present work extends their f/’z:T(noz—nez)dz:TkzdzEz, (26)
model to include a great number of closed trajectories with

even or odd numbers of breaks. _ o )
whereE, is the electric field applied to P3 and P4.

lll. REALIZATION OF THE o PHASE BY ENTANGLED It is seen that the combinatiokl,U,, is equivalent to a
PHOTON PAIRS rotating magnetic field. By comparing Egel3)—(15) and

A entangled photon pair emerging from a double refrac-EdS: (21, (24), and (25 one finds correspondence,
tion crystal [7] can be in one of four Bell stategb®y  ~ @ot, 2~ wt,cOS B~ (hw=2B cos6)/2hwo. Hence, the

=(|HaHp) + VoV /12, where|H) and |V) denote a horizon- €volution in Eq.(19), as shown in Figs. 1 and 2, can be
tally polarized photon state and a vertically polarized one€xactly traced by varying the electric fieléis andE, on the
respectively. These two entangled photons separate with ea&‘?{r media. With proper values of electric fields such that
other after emission, and then pass through two negativg’_l__n‘ﬁz' one may oE)talrlw)an additionat phase, or zero ad-
Kerr media P1 and P3, and two positive Kerr media P2 andlitional phase if¢; ={n+3) é,. _ _

P4, as seen in Fig. 3. The Kerr media are modulated by The m phase can be easily observed by various interfer-
electric fields, so that their optical axes are in directions a§nce experiments. For example, according to the scheme de-
shown in the lower part in Fig. 3. P1 and P3 point to theScribed by Milman and Mossefi8], one arm of the entangled
same direction, say theaxis, and the directions of P2 and photon pair can be transformed into a Mach-Zender interfer-
P4 can be adjusted by changing the directions of their elec®Meter. The two wave plates in that scheme are replaced by

tric fields. combinations of Kerr media P1 and P2 and that of P3 and
P1 and P3 change the relative phase betyeierand|V), P4 .
working as the following matrix, In summary, the present paper sets up a representation for
Lig the S@3) group by maximally entangled two-qubit states.
U, = (e _0 ) (21) The evolution of the entangled states showed the double con-
! 0 €#?2) nectedness of the $8) group. In the S8) sphere the
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